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Abstract: This paper deals with the totally irregular total labeling of the corona product of a path with path. 

The results gave the exact values of the total irregularity strength of 𝑃𝑚⊙𝑃𝑛 for integer 2 ≤ 𝑚 ≤ 3 and 

𝑛 ≥ 3. 
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1. Introduction 

In research of graph theory, graph labeling is recently becoming highly interesting area. It comes from the 

availability of open problems in graph labeling. The research of finding the general labeling for any graph, the 

exact value of any labeling parameter, or even verification of labeling and its parameter for small class of 

graph, are challenging and widely connect to many other research areas and problems.  

Irregular 𝑘  labeling of a connected graph of order more than two, one of graph labeling that highly 

researched, is a map that assign every edge of a graph into 𝑘 positive integer such that the weights of each 

vertex are distinct. The largest value of 𝑘 for which a graph is irregular is called the irregularity strength, 

denoted as 𝑠(𝐺). 

In this paper, we consider a finite, undirected, and simple graph. In [1], Tilukay, et al., the exact values of 

the total irregularity strength of fan, wheel, triangular book, and friendship graphs, are provided. It is clear 

that fan graph 𝑓𝑛 is isomorphic to 𝑃1⊙𝑃𝑛, cycle graph 𝐶𝑛 is isomorphic to 𝑃1⊙𝐶𝑛, and star graph 𝑆𝑛 is 

isomorphic to 𝑃1⊙𝑆𝑛. As an advanced study of the research in [1], the extension for 𝑃𝑚, where 2 ≤ 𝑚 ≤ 3, 

is analyzed to provide the more general exact values.  

As mentioned in the first result of the totally irregular total labeling [2], the lower bound of the total 

irregularity strength of a graph (denoted by 𝑡𝑠(𝐺)) is the maximum of its total edge (or vertex)   irregularity 

strength; denoted by 𝑡𝑒𝑠(𝐺) or 𝑡𝑣𝑠(𝐺), respectively, by Marzuki, et al. as follows. 
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𝑡𝑠(𝐺) ≥ max{𝑡𝑒𝑠(𝐺), 𝑡𝑣𝑠(𝐺)}.                (1) 

 

The exact values of the total edge irregular strength of the corona product of a path with a path, a cycle, 

and a star are given by Nurdin, et al. [3], as follow. 

𝑡𝑒𝑠(𝑃𝑚⊙𝑃𝑛) = ⌈
2𝑚𝑛+1

3
⌉, for integer 𝑚, 𝑛 ≥ 2; 

𝑡𝑒𝑠(𝑃𝑚⊙𝐶𝑛) = ⌈
2𝑚𝑛+1

3
⌉, for integer 𝑚, 𝑛 ≥ 2;            (2) 

𝑡𝑒𝑠(𝑃𝑚⊙𝑆𝑛) = ⌈
2𝑚𝑛+1

3
⌉, for integer 𝑚,𝑛 ≥ 2. 

In other hand, the boundary of the total vertex irregularity strength of any graph is given by Baca, et al. in [4], 

as follow. 

⌈
𝑝+𝛿(𝐺)

Δ(𝐺)+1
⌉ ≤ 𝑡𝑣𝑠(𝐺) ≤ 𝑝 + Δ(𝐺) − 2𝛿(𝐺) + 1,             (3) 

 

Where 𝑝  is the order of 𝐺 , 𝑞  is the size of 𝐺 , 𝛿(𝐺)  is the minimum degree of 𝐺 , and Δ(𝐺)  is the 

maximum degree of 𝐺. 

 

Marzuki, et al. [2] found that for path graph (with no order 5) and cycle graph, lower bound in equation 

(1) is equal to its 𝑡𝑒𝑠.  Moreover, for several Cartesian product graphs, Ramdani and Salman in [5], also 

found the same result. It is followed by many other results, such as Ramdani et al. [6] for the gear graph, the 

fungus graph with even order and the disjoint union of stars; Tilukay et al. [1] for that fan, wheel, triangular 

book, and friendship graphs; Jeyanti and Sudha [7] for double fans 𝐷𝐹𝑛 , (𝑛 ≥ 3), double triangular snakes 

𝐷𝑇𝑝, (𝑝 ≥ 3), joint wheel graphs 𝑊𝐻𝑛 , (𝑛 ≥ 3), and 𝑃𝑚 +𝐾𝑚, (𝑚 ≥  3); Tilukay, et al. for complete graph [8] 

and complete bipartite graph [9].  Further results of 𝑡𝑣𝑠(𝐺), 𝑡𝑒𝑠(𝐺), and 𝑡𝑠(𝐺) can be found in [10 17]. 

Since many previous results lead to 𝑡𝑠(𝐺) = 𝑡𝑒𝑠(𝐺) for non tree graphs, our results are suspected to have 

similar conclusion. 

 

2. The Total Irregularity Strength of the Corona Product of a Path with Path 

Using the axiomatic deductive and pattern detection method, we derive the following theorem.  

Theorem 1. For every integer 2 ≤ 𝑚 ≤ 3, 𝑛 ≥ 2, 

𝑡𝑠(𝑃𝑚⊙𝑃𝑛) = ⌈
2𝑚𝑛 + 1

3
⌉. 

 

Proof. The corona product of a path 𝑃𝑚 and a path 𝑃𝑛 resulting a graph 𝑃𝑚⊙𝑃𝑛 of order 𝑚(𝑛 + 1) and 

size 2𝑚𝑛 − 1. Follow from equation (1) and (2), we obtain 𝑡𝑠(𝑃𝑚⊙𝑃𝑛) ≥ ⌈
2𝑚𝑛+1

3
⌉, for 2 ≤ 𝑚 ≤ 3, 𝑛 ≥ 2. 

Next, to conclude that it is the exact value of 𝑡𝑠(𝑃𝑚⊙𝑃𝑛), we need to prove that there is a totally irregular 

total ⌈
2𝑚𝑛+1

3
⌉ − labeling of 𝑃𝑚⊙𝑃𝑛 . Let 𝑉(𝑃𝑚⊙𝑃𝑛) = {𝑣𝑖, 𝑣𝑖

𝑗
|1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛}  and             

𝐸(𝑃𝑚⊙𝑃𝑛) = {𝑣𝑖𝑣𝑖+1|1 ≤ 𝑖 ≤ 𝑚 − 1} ∪ {𝑣𝑖𝑣𝑖
𝑗
|1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛} ∪ {𝑣𝑖

𝑗
𝑣𝑖
𝑗+1
|1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛 − 1}. 

Let 𝜆:𝑉 ∪ 𝐸 → {1, 2, 3,⋯ , ⌈
2𝑚𝑛+1

3
⌉} and 𝑟𝑖 = ⌈

2𝑛𝑖+1

3
⌉ for 2 ≤ 𝑖 ≤ 𝑚. Define 𝜆 as follows. 

𝜆(𝑣𝑖) = {
1,                            for 𝑖 = 1;          
𝑟𝑖 ,                           for 2 ≤ 𝑖 ≤ 𝑚;

  

𝜆(𝑣𝑖
𝑗
) = {

𝑗,                           for 𝑖 = 1, 1 ≤ 𝑗 ≤ 𝑛;         
𝑟𝑖 + 𝑗 − 𝑛,           for 2 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛;
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𝜆(𝑣𝑖𝑣𝑖
𝑗
) = {

𝑗,                        for 𝑖 = 1, 1 ≤ 𝑗 ≤ 𝑛;         
𝑟𝑖 + 𝑗 − 𝑛,       for 2 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛;

  

𝜆(𝑣𝑖
𝑗
𝑣𝑖
𝑗+1
) = {

1,                 for 𝑖 = 1, 1 ≤ 𝑗 ≤ 𝑛 − 1;         
𝑟𝑖 ,                 for 2 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛 − 1;

  

𝜆(𝑣𝑖𝑣𝑖+1) = {
2𝑛 + 1− 𝑟2,           for  𝑖 = 1;                         
4𝑛 + 4 − 𝑟2 − 𝑟3,  for 𝑖 = 2, 𝑛 ≠ 5;             
𝑛,                               for  𝑖 = 2 𝑛 = 4, 5.             

  

From the definition above, we have 𝜆(𝑣𝑚
𝑛) = 𝜆(𝑣𝑚𝑣𝑚

𝑛 ) = 𝜆(𝑣𝑚
𝑛𝑣𝑚

𝑛+1) = 𝑟𝑚 = ⌈
2𝑚𝑛+1

3
⌉ as the maximum label. 

Next, we checked the vertex weights and edge weights as follows.  

For the vertex weight, we evaluate the functions above and obtain 

𝑤(𝑣1
𝑗
) = {

3,     for  𝑖 = 1;             
2𝑗 + 2,   for 2 ≤ 𝑗 ≤ 𝑛 − 1; 
2𝑛 + 1, for  𝑖 = 𝑛;                 

  

𝑤(𝑣2
𝑗
) = {

2𝑛 + 3,     for  𝑖 = 1;             
2𝑛 + 𝑟2 + 2𝑗 + 1,   for 2 ≤ 𝑗 ≤ 𝑛 − 1; 

4𝑛 + 1, for  𝑖 = 𝑛;                 
  

𝑤(𝑣3
𝑗
) = {

4𝑛 + 3,     for  𝑖 = 1;             
4𝑛 + 𝑟3 + 2𝑗 + 1,   for 2 ≤ 𝑗 ≤ 𝑛 − 1; 

6𝑛 + 1, for  𝑖 = 𝑛;                 
  

𝑤(𝑣1) =
𝑛(𝑛+5)

2
− 𝑟2 + 2;  

𝑤(𝑣2) =

{
 

 
𝑛

2
(2𝑟2 − 𝑛 + 5) + 1,     for 𝑚 = 2;             

𝑛

2
(2𝑟2 − 𝑛 + 13) − 𝑟2 − 𝑟3 + 3,   for 𝑚 = 3, 𝑛 ≠ 5; 
𝑛

2
(2𝑟2 − 𝑛 + 5) + 6,  for 𝑚 = 3, 𝑛 = 5;                 

  

𝑤(𝑣3) = {

𝑛

2
(2𝑟3 − 𝑛 + 9) + 5,   for 𝑚 = 3, 𝑛 ≠ 5;

𝑛

2
(2𝑟3 − 𝑛 + 3) + 𝑟3,  for 𝑚 = 3, 𝑛 = 4, 5.

  

 

  Next, we evaluate the edge weights as follows. 

𝑤(𝑣1𝑣1
𝑗
) = 2𝑗 + 1, 1 ≤ 𝑗 ≤ 𝑛;  

𝑤(𝑣1
𝑗
𝑣1
𝑗+1
) = 2𝑗 + 2, 1 ≤ 𝑗 ≤ 𝑛 − 1;  

𝑤(𝑣2𝑣2
𝑗
) = {

2𝑛 + 2𝑗 + 1, 1 ≤ 𝑗 ≤ 𝑛, 𝑛 ≡ 2 mod 3;
2𝑛 + 2𝑗 + 2, 1 ≤ 𝑗 ≤ 𝑛, 𝑛 ≡ 1 mod 3;
2𝑛 + 2𝑗 + 3, 1 ≤ 𝑗 ≤ 𝑛, 𝑛 ≡ 0 mod 3;

  

𝑤(𝑣2
𝑗
𝑣2
𝑗+1
) = {

2𝑛 + 2𝑗 + 2, 1 ≤ 𝑗 ≤ 𝑛, 𝑛 ≡ 2 mod 3;
2𝑛 + 2𝑗 + 3, 1 ≤ 𝑗 ≤ 𝑛, 𝑛 ≡ 1 mod 3;
2𝑛 + 2𝑗 + 4, 1 ≤ 𝑗 ≤ 𝑛, 𝑛 ≡ 0 mod 3;

  

𝑤(𝑣3𝑣3
𝑗
) = {

4𝑛 + 2𝑗 + 3, 1 ≤ 𝑗 ≤ 𝑛, 𝑛 ≡ 2 mod 3;
4𝑛 + 2𝑗 + 2, 1 ≤ 𝑗 ≤ 𝑛, 𝑛 ≡ 1 mod 3;
4𝑛 + 2𝑗 + 1, 1 ≤ 𝑗 ≤ 𝑛, 𝑛 ≡ 0 mod 3;

  

𝑤(𝑣3
𝑗
𝑣3
𝑗+1
) = {

4𝑛 + 2𝑗 + 4, 1 ≤ 𝑗 ≤ 𝑛, 𝑛 ≡ 2 mod 3;
4𝑛 + 2𝑗 + 3, 1 ≤ 𝑗 ≤ 𝑛, 𝑛 ≡ 1 mod 3;
4𝑛 + 2𝑗 + 2, 1 ≤ 𝑗 ≤ 𝑛, 𝑛 ≡ 0 mod 3;

  

𝑤(𝑣𝑖𝑣𝑖+1) = 2𝑛𝑖 + 2,1 ≤ 𝑖 ≤ 2;  

It can be checked that the vertex weights and edge weights form increasingly sub sequences for which there 

is no two vertices of the same weight. 

From the evaluation on vertex weights and edge weights above, we obtain that the corona product of a 
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path 𝑃𝑚  and a path 𝑃𝑛 , 𝑃𝑚⊙𝑃𝑛  with every integer 2 ≤ 𝑚 ≤ 3 , 𝑛 ≥ 2 , is a totally irregular total graph 

with the 𝑡𝑠(𝑃𝑚⊙𝑃𝑛) = ⌈
2𝑚𝑛+1

3
⌉. ∎ 

 

3. Conclusion 

By equation (3) and the result above, we can conclude that the corona product of a path 𝑃𝑚 and a path 

𝑃𝑛 , 𝑃𝑚⊙𝑃𝑛  with every integer 2 ≤ 𝑚 ≤ 3 , 𝑛 ≥ 2 , is a totally irregular total graph with the          

𝑡𝑠(𝑃𝑚⊙𝑃𝑛) = ⌈
2𝑚𝑛+1

3
⌉ . In other word, the total irregularity strength of 𝑃𝑚⊙𝑃𝑛  with every integer      

2 ≤ 𝑚 ≤ 3, 𝑛 ≥ 2 is equal to its total edge irregularity strength. 
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