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ABSTRACT

Finite Matroidal Spaces and Matrological Spaces
Ziyad Hamad

The purpose of this thesis is to present new different spaces as attempts to generalize
the concept of topological vector spaces. A topological vector space, a well-known concept
in mathematics, is a vector space over a field IF with a topology that makes the addition and
scalar multiplication operations of the vector space continuous functions. The field F is
usually R or C with their standard topologies. Since every vector space is a finitary matroid,
we define two spaces called finite matroidal spaces and matrological spaces by replacing
the linear structure of the topological vector space with a finitary matroidal structure. The
idea is to combine a finitary matroidal closure operator like the linear closure operator
with a topological closure operator into a single closure operator called a common closure
operator. Therefore, one may take a set with a finitary matroidal closure operator and
a topological closure operator like the topological vector space. The study starts with
basic definitions, some fundamental properties and a collection of examples. The finite
matroidal spaces and matrological spaces are then presented. Furthermore, the idea of a
common closure operator is introduced and then a discussion is given of when to obtain
from a set and a common closure operator a finite matroidal space or a matrological space.
Finally, relationships of topological vector spaces with both finite matroidal spaces and
topological vector spaces are presented.
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Chapter 1
Introduction

The theory of topological vector spaces is one of the important areas of Functional Anal-
ysis concerning the study of a vector space endowed with a topology. Functional analysis
is a large branch of mathematics which is essentially an attempt to combine ideas from
Topology and Linear Algebra. The theory of topological vector spaces has important appli-
cations connected with Differential Calculus and Measure Theory in infinite-dimensional
spaces [4]. The importance of the theory of topological vector spaces arises not only in
mathematics but also in engineering and physics [5].

The purpose of this thesis is to attempt to generalize the concept of topological vector
spaces. As known, a matroid is a structure that generalizes the notion of linear indepen-
dence in vector spaces and graphs. Matroids are one of the richest and most useful ideas
of our day [23]. In the same idea, we aim to find a space that generalizes the topologi-
cal vector space and create a new branch of mathematics as an attempt to combine ideas
from Topology and Matroid Theory. A topological vector space is a vector space over a
field and a topological space at the same time provided that the vector space operations
(addition and scalar multiplication) are topologically continuous functions. This means
that topological vector spaces are endowed with two structures: a linear structure and a
topological structure. Since every vector space is a finitary matroid, the usual strategy for
generalizing the concept of topological vector spaces is to replace the linear structure of a
topological vector space with a finitary matroidal structure.

In this research, we will proceed to introduce two new spaces called finite matroidal
spaces and matrological spaces. Ideally, we would define a closure operator on a set that
behaves as a matroidal closure operator on finite subsets and behaves as a topological

closure operator on the infinite subsets. The main research point is to assess whether



topological vector spaces are finite matroidal spaces and matrological spaces. One very
important concept in the generalization, which will be used extensively throughout this
thesis, is the common closure operator. The common closure operator is actually an op-
erator defined on a set with a finitary matroidal structure and a topological structure by
combining the finitary matroidal closure operator and the topological closure operator.
This research will concentrate on investigating when combining a finitary matroidal clo-
sure operator and a topological closure operator on a given set produces a finite matroidal
space or a matrological space. In particular, we will discuss what happens in the case of a
topological vector space.

This thesis is organized as follows: Chapter 2 is concerned with important basic defini-
tions and concepts about spaces in general. Pre-closure operators and equivalent axioms
for defining spaces will be introduced as derived set operators, closure systems, neighbor-
hood bases, neighborhood systems and simplicial complexes. Afterward, we provide im-
portant definitions and theorems from Matroid Theory, General Topology and Functional
Analysis which are essential materials for our research. Chapter 3 will be an introduction
to finite matroidal spaces and matrological spaces where basic definitions and main theo-
rems will be given. Comparisons will be made between our new spaces and the old spaces
such as pre-independence spaces [34] and exchange systems [8] that show the difference
of our new spaces. Two important key theorems in our research that tell when a matroid
or topological space is a matrological space will be presented. Chapter 4 is devoted to the
study of common closure operators and their importants in combining finitary matroidal
structures and topological structures. In Chapter 5, we will discuss the relationships of
topological vector spaces with both finite matroidal spaces and matrological spaces to find
out which space is a generalization of the concept of topological vector spaces. Finally, we

state our conclusions in Chapter 6.



Chapter 2
Foundations

This thesis relies on a deep background from Matroid Theory, General Topology and Func-
tional Analysis. This chapter is dedicated to introducing the concepts and results that are

used in this research.

2.1 Spaces

In general, spaces are defined using operators as in [18], [15] and [34]. In this section,
after we define spaces using pre-closure operators, equivalent axioms for defining spaces
will be introduced as derived set operators, closure systems, neighborhood bases, neigh-

borhood systems and simplicial complexes.

2.1.1 Pre-closure Operators

Definition 1. An operator on a set X is a function cl : 2 (X) —» Z (X).
Definition 2. Let cl: & (X) — & (X) be an operator on aset X and Y C X.

1. The restriction of cl to Y, denoted by cly, is an operator clyy : Z (V) — £ (Y)
defined by
cliy(A)={y €Y :yecl(A)} foreachACY.

2. The contraction of cl to Y, denoted by cl.,, is an operator cl., : Z(Y) —» 2 (Y)
defined by

c.y(A)={yeY:yec(AUu(X\Y))} foreachACY.



In other words, if ACY and y €Y, then

¥ €cliy (A) if and only if y € cl(A).
yecly(A) ifandonlyif y ecl(AUX \Y)).

Definition 3. Let X be any set. An operator cl: & (X) — & (X) is called a pre-closure on
X if and only if

(CL1) ACcl(A) forallACX.
(CL2) cl(A)CScl(B) forall ACBCX.
cl is called a closure operator on X if it also satisfies the following condition:
(CL3) cl(cl(A)) =cl(A) forall ACX.
Definition 4. A space (X, cl) is a set X together with a pre-closure operator cl on X.

Theorem 5. Let cl be a pre-closure (closure) operator on a set X and Y € X. Then cly, and

cl.y are pre-closure (closure) operators on Y.

Proof. First, we show that cl;y is a closure operator on Y. So, we want to prove that cl;y
satisfies (CL1), (CL2) and (CL3). Let AC Y and y € A. Then y € Y and y € cl(A).
Thus, y € cl;y (A). Therefore, A C clyy (A), and hence (CL1) holds. Let AC B C Y and
Yy €cly(A). Then y € Y and y € cl(A). Since cl(A) C cl(B), we have y € cl(B). Thus,
Y € clyy (B). Therefore cl;y (A) € cl;y (B), and hence (CL2) holds. Let ACY and y € Y.
Then

yedy (clry (A))

if and only if
y€cd (cer (A))

if and only if
y €cl(cl(A))
if and only if
y €cl(A)

if and only if
Yy ecl Y (A) .



Therefore, cl;y (clry (A)) = cljy (A), and hence (CL3) holds. Thus, cl}y is a closure operator
onY.

Now, we show that cl., is a closure operator on Y. So, we want to prove that cl.,
satisfies (CL1), (CL2) and (CL3). Let ACY and y € A. Then y € Y and y € cl(A) C
(AU (X \Y)). Thus, y € cl.y (A). Therefore, A C cl., (A), and hence (CL1) holds. Let
ACBCYandye€cly(A). Theny €Y and y € cl(AU(X \Y)). Since cl(AU(X \Y)) C
cd(BUX\Y)), we have y € cI(BU(X \Y)). Thus, y € cl., (B). Therefore cl., (A) C
cl.y (B), and hence (CL2) holds. Let ACY and y €Y. Then

y € cl.y (cl.y (A))

if and only if
yec(cl, AUuX\Y))=cl(cd(AuX \Y)))

if and only if
yecd(AuX\Y))

if and only if
y €cly (A).

Therefore, cl., (cl.y (A)) = cl.y (A), and hence (CL3) holds. Thus, cl., is a closure operator
onY. O

Theorem 6. Let cl be a pre-closure operator on a set X and cl* : #(X) — 2 (X) be an
operator on X defined by

cd*(A)=Au{xeX\A:x¢cd(X\(AU{x}))} forall ACX.

Then cl* is also a pre-closure operator on X.

Proof. We want to show that cl satisfies (CL1) and (CL2). Let A C X. It is clear, from
the definition of cl*, that A C cI* (A), and hence (CL1) holds. Now, let A C B C X and let
x € cl*(A). If x €A, then x € B. By (CL1), x € cI*(B). If x € X \ A, then

x ¢ X\ (Au{x})).

Since A C B, then
AU{x} CBU{x}



which leads to
X\BU{x})SX\(Au{x}).

By (CL2),
AdX\BU{x})CcdX\AU{x}).

Since we have x ¢ cl(X \ (AU {x})), then

x¢cd(X\(Bu{x})).

So, x € cI*(B), and hence (CL2) holds. Thus, cl* is also a pre-closure operator on X. [J

Definition 7. Let cl be a pre-closure operator on a set X. The pre-closure operator cl* on

X, as defined in Theorem 6, is called a dual of the pre-closure operator cl on X.

Theorem 8. Let cl and cl’ be pre-closure operators on a set X. Then cl and cl’ are dual of each
other if and only if for each disjoint sets A,B € X and x € X \ (AUB) with X =AUBU {x}
we have

x € cl’'(A) if and only if x ¢ cl(B).

Proof. Suppose that for each disjoint sets A,B € X and x € X \ (AUB) with X = AUBU{x}
we have
x € cl'(A) if and only if x ¢ cl(B).

We want to show that cI’ = cl*. Let AC X and x € X. Take B=X \ (AU {x}). So, we have
A,B C X are disjoint and x € X \ (AU B) with X =AUB U {x}. Thus,

x €cl’'(A) if and only if x ¢ c1(B) =cl(X \ (AU {x})).

Therefore, cl’ = cl*.
Now, let A, B C X be disjoint and x € X \ (AU B) with X =AUB U {x}. By Theorem 6,
we have x € cI*(A) if and only if x ¢ cl(X \ (AU {x})) = cl(B). ]

Corollary 9. Let cl be a pre-closure operator on a set X. Then cl” is the unique pre-closure on
X such that for each disjoint sets A,B C X and x € X \ (AUB) with X =AUB U {x} we have

x €cl” (A) or x € cl(B) and not in both.

Proof. This is an immediate consequence of Theorem 8. O



Remark 10. The dual of a closure operator on a set X is not necessarily a closure operator

onX.

Proof. Consider X = {0} U {% ‘ne N} with the standard topology on X. Then the topo-

logical closure operator on X is

if A is finite
cl(A) =
AU{0} if Ais infinite

for all A € X. Using Theorem 6, the dual of the pre-closure cl on X is

. X\ {0} if0¢AandX \Ais infinite
c*(A) =
X if 0 € Aor X \ A is finite

for all A C X. Now, take A= @. Then
X\ {0} =cl" (@) #cl"(cI"(@)) =cl* (X \ {0}) =X.

Thus, although we have cl is a closure operator on X, cl* is a pre-closure operator not a

closure operator on X. n
Theorem 11. Let cl be a pre-closure operator on a set X. Then clI™ := (cl*)" =cl.
Proof. Let AC X and x € X. Assume, without loss of generality, that x € X \ A. Then
x € ()" (A)
if and only if

x Ec"(X\ (AUu{x}))

if and only if
x edX\([X\(Au{xH]u{x})

if and only if
x ecl(h).

Then (cl*)" =cl. O]

Theorem 12. Let cl be a pre-closure operator on a set X and Y € X. Then



1 clfy = (cl.y)".
2. 'y = (clry)*.

Proof. First, we prove part (1). Let ACY and y € Y. Assume, without loss of generality,
that y € Y \ A. Then

y €cly, (4)
if and only if
y ec(A)
if and only if
y¢dX\(Au{y}h)

if and only if
y (Y \Au{yhJuX\Y))

if and only if
y &y (Y\(AU{y})

if and only if
y € (cly)"(A).

Then cl”r‘Y = (cl.y)*. Now, we prove part (2). By Theorem 11 and then part (1), we have
eIy = ()™ = (")) = (el ) = (clpy)".
Then cl*., = (clry)*. O
Theorem 13. Let cl be a pre-closure operator on a set X and Z CY C X. Then
1. (CZFY)[Z =cly;.
2. (cly)., =cl.,.

Proof. First, we prove part (1). Let AC Z and z € Z. Assume, without loss of generality,
that z € Z \ A. Then

€ (Cer)rz A)

if and only if
z € cliy (A)



if and only if
z € cl(A)

if and only if
z €cly; (A).

Then (CITY)[Z = cl;;. Now, we prove part (2). Let AC Z and z € Z. Assume, without loss
of generality, that z € Z \ A. Then

z € (cl.y)., (A)

if and only if
zecly (AU(Y \Z2))

if and only if
zec([AU(Y\Z)JuX\Y))

if and only if
zec(AUX \ 2Z))

if and only if
zecl,(A).

Then (cl.y)., =cl.,. O
Definition 14. Let cl be a pre-closure operator on a set X and Y € X. Define

1. cly = clyx\y) and we say that Y is removed out.

2. cljy =cl\y) and we say that Y is contracted out.
In other words, if ACX \Y and x € X \ Y, then

x € cl\y (A) if and only if x € cI(A).
x € cl)y (A) if and only if x € cl(AUY).

IfY,Z CX with Y NZ = g, then define

clyy,; == (cl\Y )/z

clyy\z = (cl/Y )\z



The next theorem says that the order of taking restrictions and contractions does not

matter.

Theorem 15. Let cl be a pre-closure operator on a set X and Y,Z C X with YNZ = @. Then

Proof. Let AC X \(YUZ)and x € X \ (Y UZ). Assume, without loss of generality, that
x ¢ A. Then

if and only if
x € (cl\y )/Z (A)

if and only if
x €cly (AUZ)

if and only if
xecl(AUZ)

if and only if
X € CI/Z (A)

if and only if
X € (CI/Z )\Y (A)

if and only if
x €cly (A).

Definition 16. Let cl be a pre-closure operator on a set X.

1. AC X is called closed (or cl-closed) in X if and only if cl (A) = A.
2. AC X is called open (or cl-open) in X if and only if X \ A is closed in X.
3. ACX is called a spanning (or dense) set in X if and only if cl (A) = X.

4. I C X is called an independent (or cl-independent or discrete) set in X if and only if
x ¢cl(I\{x})foreachx €l.

5. B C X is called a base in X if and only if B is a maximal' independent set in X.

!B is a maximal independent set in X if and only if B is independent in X but B U {x} is not independent
in X for each x € X \ B.

10



6. D C X is called a dependent (or cl-dependent) set in X if and only if D is not inde-
pendent in X.

7. C CX is called a circuit in X if and only if C is a minimal® dependent set in X.

2.1.2 Derived Set Operators

We define derived set operators, and then we see how to induce pre-closure operators and

derived set operators from each other.

Definition 17. Let X be any set. An operator d : & (X) — & (X) is called a derived set

operator on X if and only if
(DR1) 8 (A)C 3 (B)forall ACB CX.
(DR2) If x€d(A),then x € d (A\ {x}) forall AC X.

An element x € 0 (A) is called a limit (accumulation) point of A and & (A), the set of all
limit points of A, is called the derived set of A.

Theorem 18. Let d be a derived set operator on a set X and define cl : @ (X) — & (X) by
cl(A)=AUd (A) forall ACX.

Then cl is a pre-closure operator on X.

Proof. We want to show that cl satisfies (CL1) and (CL2). Let A € X and x € A. Then
x € AUJ (A) = cl(A). So, A € cl(A), and hence cl satisfies (CL1). Let A € B € X and
x € cl(A). Thus, by (DR1), we get

x€AUJ(A)SBUJI(B)=cl(B).

So, cl(A) € cl(B). Hence cl satisfies (CL2). Therefore, cl is a pre-closure operator on
X. ]

Definition 19. A pre-closure operator on a set X as defined in Theorem 18 is called a

pre-closure operator on X induced by the derived set operator J.

2C is a minimal dependent set in X if and only if C is not independent in X but C \ {x} is independent in
X foreach x € C.

11



Theorem 20. Let cl be a pre-closure operator on a set X and define 0 : # (X) — & (X) by
A ={xeX:xecdA\{x})} foral ACX.

Then @ is a derived set operator on X.

Proof. We want to show that J satisfies (DR1) and (DR2). Let AC B C X and x € d (A).
So, x € cl(A\ {x}). By (CL2), x € cl(B\ {x}). Therefore, x € d (B). Thus, d (A) € d (B),
and hence 9 satisfies (DR1). Let AC X and x € d (A). Thus,

x €c(A\ {x}) =cl((A\ {x})\ {x}).

This means that x € d (A\ {x}). Therefore, & satisfies (DR2). Hence cl is a derived set

operator on X. O

Definition 21. A derived set operator on a set X as defined in Theorem 20 is called a

derived set operator on X induced by the pre-closure operator cl.

The following theorem shows that pre-closure operators and derived set operators work

nicely with each other.
Theorem 22. Let X be any set.

1. Let 0 be a derived set operator on X and cl be the pre-closure operator on X induced by

0. Then @ is the derived set operator on X induced by cl.

2. Let cl be a pre-closure operator on a set X and 0 be the derived set operator on X induced

by cl. Then cl is the pre-closure operator on X induced by 0.

Proof. First, we prove part (1). Let 3’ be the derived set operator on X induced by cl.
We want to show that 3’ = J. Let A € X and x € J’(A). By Theorem 20, we have
x €cl(A\ {x}). By Theorem 18, we get x € (A\ {x})U I (A\ {x}). Since x ¢ A\ {x}, then
x € 3 (A\ {x}). Using (DR1), we obtain x € J (A). Thus, ' (A) € J (A). Now, let AC X
and x € 2 (A). Using (DR2), we obtain x € d (A\ {x}). So,

x € (A\{x})UI (A\{x}).

By Theorem 18, we get x € cl(A\ {x}). By Theorem 20, we have x € 3'(A). Thus,
2 (A) € 9’ (A). Therefore, 3’ (A) = 2 (A) for each AC X.

12



Now, we prove part (2). Let cl’ be the pre-closure operator on X induced by 3. We
want to show that cl’ = cl. Let A C X and x € cl’ (A4). Assume, without loss of generality,
that x € cl’ (A) \ A. By Theorem 18, we get x € AU 2 (A). Since x ¢ A, then

x€d(A)=73 A\ {x}).

By Theorem 20, we have x € cl((A\ {x})\ {x}) = cl(A). Thus, cl’'(4) C cl(A). Now, let
A C X and x € cl(A). Assume, without loss of generality, that x € cl(A) \ A. Since x ¢ A,
then x € cl(A\ {x}). By Theorem 20, we have

x€3(A)CAUD(A).

By Theorem 18, we get x € cl’' (A). Thus, cl(A) C cl’' (A). Therefore, cl’ (A) = cl(A) for each
ACX. O

Theorem 23. Let J be a derived set operator on a set X and cl be the pre-closure operator on

X induced by 0. Then cl is a closure operator on X if and only if
J(AUd(A) CAUDI(A) foreachACX.

Proof. Suppose that cl is a closure operator on X. We want to show that for each A C X,
J(AUd (A)) CAUI (A). Suppose, by way of contradiction, that there isAC X and x € X
such that x € d (AU d (A)) \AU 3 (A). So, we have

Xx€(AUI(A)UI(AUI(A)) and x ¢AUT (A).

By Theorem 18, we get
x €cl(cl(A)) and x ¢ cl(A).

Thus, cl(cl(A)) # cl(A), which leads cl is not a closure operator on X, contradiction. There-
fore, 9 (AUJ (A)) CAU I (A) for eachAC X.
Now, suppose that

d(AUd (A)) CAUI (A) foreachACX.

By (CL2), we have
cl(A) Ccl(cl(A)) foreachAC X. (2.1.1)

13



We just need to show that cl(cl(A)) € cl(A) for each A C X. Let AC X and x € cl(cl(A)).
By Theorem 18, we get
x €cl(A)ud(cl(A)).

If x € cl(A), then it is done. If x € d (cl(A)), then x € d (AU J (A)). Using the assumption,
we get
x€d(AUI(A)) CAUI (A)=cl(A).

Then x € cl(A). Thus,
cl(cl(A)) Ccl(A) foreachAC X. (2.1.2)

By (2.1.1) and (2.1.2), we obtain
cl(cl(A)) =cl(A) foreach AC X.

Hence cl is a closure operator on X. [

2.1.3 Closure Systems

Now, we define closure systems, and then we see how to induce pre-closure operators and

closure systems from each other.

Definition 24. Let X be any set and &% C & (X) be a collection of subsets of X. Z is called

a closure system on X if and only if

F1) Xe 7.

(F2) (o € Z for each o C F with & # @.

Theorem 25. Let & be a closure system on a set X and cl : @ (X) — & (X) be defined by

d@)=({CeF:ACC} forall ACX. (2.1.3)

Then cl is a closure operator on X.

Proof. We want to show that cl satisfies (CL1), (CL2) and (CL3). Let AC X and x € A. For
each C € Z with AC C, we have x € C. Than

xeﬂ{Cef}:Agc}zcl(A).
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Therefore, A C cl(A), and hence (CL1) holds. Let AC B € X. Thus,
{CeZF:BCC}c{CeF:ACC(}.
Therefore,
(N{ceg:Aaccic({CeF:BCC).

So,
cl(A) € cl(B).

Hence (CL2) holds. Let A € X. By (CL1) and (CL2), we get
cl(A) € cl(cl(A)).
So, we only need to show that cl(cl(A)) C cl(A). Note, By (F2), that
d@=(){ceg:AccCleg.

Thus,
cdA)e{CeZ : :cl(A)CC}. (2.1.49)

From (2.1.3), we have
c(cl(a) = {CeF :cl(4) C C}.
Using (2.1.4), we get
cl(cl(A)) =cl(A),
and hence (CL3) holds. Thus, cl is a closure operator on X. O

Definition 26. In Theorem 25, the closure operator cl is called the closure operator on X

induced by the closure system .
Example 27. Consider X = N and & = {C CX : C is finite} U {X}. Then the closure
operator cl on X induced by & is
cl(A) = ﬂ{c €F:ACC} forall ACX
A Ais finite
= forallAC X.

X Ais infinite
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Theorem 28. Let cl be a pre-closure (not necessarily closure) operator on a set X and

F ={C CX:Cisclclosed in X}
={CCX:c(C)=C}.

Then & is a closure system on X.

Proof. We want to prove that % satisfies (F1) and (F2). Since X is the whole set, cl (X) = X.
So, X € &, and hence (F1) holds. Let . C & with ./ # @. We want to show that
cl(ﬂ ,;zf) =().«. By (CL2), we have []|.« C cl(ﬂ sz) So, we only need to show that
cl(ﬂ ,sz) - ﬂ /. We claim that cl(ﬂ ,127) C A for each A € .«#. To show this claim, note
that

mﬂ' CAforeachAe 4.

By (CL2), we get
cl(ﬂﬂ) Ccl(A) foreachAe .«.

For each A€ .&/, we have A€ Z. So, cl(A) = A for each A € .o/. Then we have
cl(ﬂg{) CAforeachAec .

Thus,
d(().) ().
Thus, cl((.«/) = ().«/. Therefore, (].«/ € &, and hence & satisfies (F2). So, & is a

closure system on X. n

Definition 29. In Theorem 28, the closure system & is called the closure system on X

induced by the pre-closure operator cl.

Theorems 25 and 28 show that pre-closure operators do not work nicely with closure
systems. It turns out if we have a pre-closure operator cl but not a closure operator on a

set and we induce a closure system %, then & will not induce the pre-closure operator cl.

Example 30. Take X = {1,2} and define cl: Z (X) —» & (X) by

{1} ifA=0
cl(A) = forall AC X.
X  ifA#@
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Clearly, cl is a pre-closure operator on X. But cl is not a closure operator on X because
{1} =cl(@) #cl(cl(@)) =cl({1}) = X.
The closure system % on X induced by cl is
F={CCX:c(C)=C}={X}.
The closure operator cl’ on X induced by & is

d'(A)=(){CeF:ACC} forall ACX
=X forallACX.

Now,
{1} = (@) # ' (1) =X.

Hence cl’ # cl.

Now, if we add the axiom that cl is a closure operator and not just a pre-closure operator,
we will have the following theorem that shows that closure operators and closure systems

work nicely with each other.
Theorem 31. Let X be any set.

1. Let Z be a closure system on X and cl be the closure operator on X induced by %. Then

Z s the closure system on X induced by cl.

2. Let cl be a closure operator on X and & be the closure system on X induced by cl. Then

cl is the closure operator on X induced by .

Proof. First, we prove part (1). By Theorem 25, & induces the closure operator
d@)=(){CeF:ACC} forall ACX (2.1.5)
Let Z' be the closure system on X induced by cl. By Theorem 28, we have

F' ={ACX :cl(A)=A}.
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We want to show that Z' = Z. Let A€ Z’. So, AC X and cl(A) =A. By (2.1.5), we have
({cegz:Acci=A

By (F2), we get
A=(){ceg:AcCleg.

So,
F'CZ. (2.1.6)

Now, let A€ Z. By (2.1.5), we have
d@=(){ceg:Acc}.

Since A€ % and A C A, then

and hence Ae Z’. So
FCF. (2.1.7)

By (2.1.6) and (2.1.7), we get ' = Z.

Now, we prove part (2). By Theorem 28, cl induces the closure system
F={CCX:cl(C)=C}.
Let cl’ be the closure operator on X induced by %. By Theorem 25, we have
' (A) = ﬂ{c €F:ACC)} forallACX.
We want to show that cl’ = cl. Let A C X. By (CL2), for each C € & with A C C we have
cl(A) Ccl(C)=C.

Thus,
d@c({CeF :AcCt=d(A).

So,
cl(A) Ccl' (A). (2.1.8)
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By (CL1) and (CL3), A C cl(A) and cl(cl(A)) = cl(A). So, we have cl(A) € & with A C
cl(A). Thus,
(M{ceF:AcC}cd@).

So,
cl’(A) Ccl(A). (2.1.9)

By (2.1.8) and (2.1.9), we get
cl’ (A) =cl(4).

Then cl’ = cl. O
Theorem 32. Let & be a closure system on a set X. Then any element C € & is closed in X.

Proof. Let C € & and cl be the closure operator on X induced by &. Then
cd(C)=n{DeZ :CCD}.

Since C € Z and C C C, then cl(C) = C. Thus C is closed in X. O

2.1.4 Neighborhood Bases

This section introduces an equivalent approach to get pre-closure operators and closure
operators on a given set. For each element in the set, we assign a family of subsets called

a neighborhood base.

Definition 33. Let X be any set. The function A : X — & (& (X)) is called a neighbor-
hood base on X if and only if for each x € X and for each A € 4" (x), we have x € A. An
element A € A (x) is called a basic neighborhood of x € X.

Therefore, for each x € X, A4 (x) is the collection of all basic neighborhoods of x.

Example 34. Let X = {x, y} and define A : X — & (# (X)) by

N (x) ={{x}}
N (y)={{y}}.

Then .4 is a neighborhood base on X.
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Example 35. Let X = {x, y} and define A& : X — & (% (X)) by

N (x) = {{x},{y}}
N (y)={{x,y}}.

Then A4 is not a neighborhood base on X because {y} € A (x) but x ¢ {y}.
Example 36. Let X = N and define #/ : N — & (£ (X)) by

A (n)=1{{1,2,3,...,n},{2,3,...,n},...,{n—1,n},{n}} forall n € N.

Then 4 is a neighborhood base on X.

The next two theorems tell us how to get a neighborhood base from a pre-closure

operator on a given set and vice versa.

Theorem 37. Let cl be a pre-closure operator on a set X. Define & : X — @ (% (X)) by
N (x)={ACX :x¢cl(X\A)} forall x €X. (2.1.10)

Then A is a neighborhood base on X.

Proof. Let x € X and A € A (x). By (2.1.10), we have x ¢ cl(X \ A). By (CL1), we get
x ¢ X \ A. Thus, x €A, and hence ./ is a neighborhood base on X. O

Definition 38. The neighborhood base 4 on X, defined in Theorem 37, is called the
neighborhood base on X induced by cl.

Theorem 39. Let A be a neighborhood base on a set X and define cl : @ (X) — & (X) by
c(A) = {x €X :ANA # @ foreach A’ € JV(X)} forall ACX. (2.1.11)

Then cl is a pre-closure operator on X.

Proof. We want to show that cl satisfies (CL1) and (CL2). Let A C X and x € A. For each
A € A (x), we have {x} C ANA’ which means ANA" # @&. By (2.1.11), we get x € cl(A).
So, A C cl(A), and hence (CL1) holds. Let A€ B C X and x € cl(A). We need to show
that x € cl(B). Let A’ € A& (x). Using (2.1.11), we have ANA’ # @&. Since A C B, we get
BNA # @. So, for each A’ € A (x), we have BNA" # @&. By (2.1.11), we get x € cl(B).
Therefore, cl(A) C cl(B), and hence cl satisfies (CL2). Then cl is a pre-closure operator on
X. O
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Definition 40. The pre-closure operator cl on X, defined in Theorem 39, is called the

pre-closure operator on X induced by 4.

Example 41. Consider X = {1,2} and define a neighborhood base A4 : X —» #Z (% (X))
by

A (1) ={X}
A (2)={{2},X}.

The pre-closure operator on X induced by 4 is

g fA=g
dA) =1 {1} ifA={1}
X otherwise

forallACX.

The following theorem shows that when a pre-closure operator on a set induces a
neighborhood base, the induced neighborhood base induces the same pre-closure operator.
However, when a neighborhood base on a set induces a pre-closure operator, the induced

pre-closure operator may not induce the same neighborhood base.
Theorem 42. Let X be any set.

1. Let cl be a pre-closure operator on X and A" be the neighborhood base on X induced by
cl. Then cl is the pre-closure operator on X induced by A

2. Let A be a neighborhood base on X and A" be the neighborhood base on X induced
by the pre-closure operator cl on X induced by A". Then

N (x) C A (x) for each x € X,

and equality may not hold.

Proof. First, we prove part (1). By Theorem 37, the neighborhood base .4 on X induced
by clis
N (x)={ACX :x ¢cdl(X \A)} forall x €X. (2.1.12)
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Let cl’ be the pre-closure operator on X induced by 4. By Theorem 39, we have
c'(A)={x€X:ANA # @ foreach A’ € 4 (x)} forall ACX. (2.1.13)

We want to show that cI’ = cl which means we want to show that cl’ (A) = cl(A) for all
ACX. Let ACX and x € I’ (4). By (2.1.13), we have

ANA # @ foreach A’ € 4 (x).

Suppose, by way of contradiction, that x ¢ cl(A). So, x ¢ cl(X \ (X \ A)). By (2.1.12), we
get X \A€ A (x). But
ANX\A)=a.

By (2.1.13), we get x ¢ cl’ (A), a contradiction. Thus, x € cl(A). Thus,
cl’(A) Ccl(A). (2.1.14)

Now, let x € cl(A). Suppose, by way of contradiction, that x ¢ cl’(A). By (2.1.13), there
is A € A (x) such that ANA" = @. By (2.1.12), we get x ¢ cl(X \A'). Since ANA" = &,
we have

AcC(Xx\4).

By (CL2), we get
cl(A)Ccl (X \A’).

Since we have x ¢ cl(X \ A'), then x ¢ cl(A), a contradiction. Thus, x € cl’ (A). Thus,
cl(A) C ' (A). (2.1.15)
By (2.1.14) and (2.1.15), we get
cl'(A) =cl(A) foreachACX.

Hence cl’ =cl.

Now, we show part (2). Let x € X and A€ A4 (x). Since

X\ANA=g,
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then, by Theorem 39, we have x ¢ cl(X \ A). By Theorem 37, we get A € A4’ (x). So,
N (x) € A’(x) for each x € X. Now, let X be any set and define a neighborhood base
N X —>P(P(X))by

N (x)={{x}} for each x € X.

A induces the pre-closure operator cl : 2 (X) — & (X) defined by

cl(A) = {x €X :AnA # @ for eachA’eaV(x)} forall AC X.
=Aforall ACX.

But cl induces the neighborhood base A" : X — & (% (X)) defined by

N (xX)={ACX:x ¢cl(X\A)} for each x € X
={ACX :x €A} foreach x € X.

Therefore,
N (x) G A" (x) for each x € X.

O

In the proof of Theorem 42 part (2), the different neighborhood bases A" and A"
induce the same pre-closure operator. The next theorem provides a sufficient condition of

when we induce the same pre-closure operator from different neighborhood bases.

Definition 43. Any neighborhood bases 4" and 4" are called equivalent if and only if for
each x € X, the following hold:

1. foreach A€ A4 (x), there is A’ € A (x) with A’ CA.
2. foreach A’ € A/ (x), thereisA€ A (x) withACA'.

Theorem 44. Let &, A" be neighborhood bases on a set X and cl, cl’ be the pre-closure
operators on X induced by A, A", respectively. Then cl = cl’ if and only if & and N are

equivalent.

Proof. Recall that the pre-closure operators cl, cI’ on X induced by A, 4" are

cd(Y) ={xeX:YNnA#@foreachAe 4 (x)} forallY CX.

(2.1.16)
cd'(Y) ={xeX:YNA #gforeachA € #'(x)} forall Y C X.
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Assume that cl = cl’. We want to show that the conditions (1) and (2) in Definition 43
hold. Let x € X and A € A4 (x). We know that

(X\A)NA=@.

By (2.1.16), x ¢ cl(X \A). Since cl = cl’, we get x ¢ cl'(X \A). By (2.1.16), there is
A € &' (x) such that
(X \A)NA =g.

So, A’ C A. So, the condition (1) holds. Similarly, the condition (2) also holds.

Now, assume that 4 and 4" are equivalent. So, for each x € X the conditions (1)
and (2) in Definition 43 hold. We want to show that cl = cl’. So, we want to show that
cl(Y)=cl'(Y)foreachY CX. LetY CX and x ¢ cl'(Y). By (2.1.16), there isA’ € A4 (x)
such that

YNA =@.

By the condition (2), there is A € A (x) with A C A’. Thus,

YNA=Q.
Thus, x ¢ cl(Y). Therefore, cl(Y) C cl’ (V). By symmetry, cl’ (Y) C cl(Y). Hence cl(Y) =
cl’'(Y) foreach Y C X. O

In Example 41, the induced pre-closure operator cl from the neighborhood base 4" is

a closure operator on X. This is not true in general.

Remark 45. Let A4 be a neighborhood base on a set X. Then the pre-closure operator on

X induced by .4/ might not be a closure operator on X.

Proof. Consider X = {1,2} and define a neighborhood base A : X — & (% (X)) by

N (1)=0
N (2)={X}.

The pre-closure operator on X induced by A is

{1} ifA=0Q
cl(A) = forall AC X.
X ifA£@
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In Example 30 we proved that cl is not a closure operator on X. O

In Theorem 39 and Remark 45, we saw that the pre-closure operator induced from a
neighborhood base on a set may not be a closure operator. Now, we discuss what axioms
we can add to a neighborhood base to induce a closure operator, not just a pre-closure

operator.

Definition 46. Let .4 be a neighborhood base on a set X, cl be the pre-closure operator
induced by A" and Z be the closure system induced by cl. We say % is the closure system
induced by 4.

Theorem 47. Let A be a neighborhood base on a set X and & be the closure system induced
by A. Then U C X is open with respect to & if and only if for each x € U, thereis A€ N (x)
with AC U.

Proof. Recall that the pre-closure operator on X induced by A" is
cd(Y)={xeX:YNA#foreachAe A (x)} forallY CX. (2.1.17)

Suppose that U € X is open with respect to &#. So, X \ U is closed in X. Therefore,
cl(X \U) =X \U which means x ¢ cl(X \ U) for each x € U. By (2.1.17), foreach x € U
there is A € A (x) such that

X\U)NA#@,

which leads to AC U.

Now, suppose that for each x € U there is A € A (x) with A € U. We want to show
that U C X is open in X with respect to %. So, we want to show that X \ U is closed in X.
This means that we want to show that cl(X \ U) =X \ U. By (CL1), we know that

X\UCcXx\U). (2.1.18)

Suppose, by way of contradiction, that cI(X \U) € X \ U. So, there is x € cl(X \U) \
(X \ U). Thus, x € U. By the assumption, there is A € A (x) such that A C U. Thus,

X\U)NA# @,
which leads to x ¢ cl (X \ U), a contradiction. Therefore,

Ad(X\U)CX\U. (2.1.19)
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By (2.1.18) and (2.1.19), we get
cd(X\U)=X\U.

So, U € X is open in X with respect to Z. O

Definition 48. A neighborhood base .#" on a set X is called an open (closed) neighborhood
base on X if and only if for each x € X, each A € A4 (x) is open (closed) with respect to
the closure system % induced by 4.

Theorem 49. Let A be a neighborhood base on a set X and cl be the pre-closure operator on
X induced by . Then clis a closure operator on X if and only if A is equivalent to an open

neighborhood base on X.

Proof. Recall that the pre-closure operator cl on X induced by A4 is
cd(Y)={xeX:YNA#ZforeachAe A (x)} forallY CX. (2.1.20)

Suppose that cl is a closure operator on X.

Claim 50. For each x € X and A € 4 (x), there is A’ C A such that x € A’ and A’ is open in
X with respect to the closure system % induced by 4.

Proof. Let x € X and A € A4 (x). We know that
X\ANA=@.
By (2.1.20), x ¢ cl(X \ A). Since cl is a closure operator on X, we have
cl(cl(X \A)) =cl(X \A).
So, cl (X \ A) is closed in X. Take
A =X \cl(X\A).

By (CL1), we get
ACX\(X\A)=A

Thus, A’ € A such that x € A" and A’ is open in X. O

26



Using Claim 50, define 47 : X — & (% (X)) by
N (x)= {A’ C X : A is the open subset of A € JV(X)} for each x € X.

For each x € X and for each A’ € 4" (x), we have x € A’ and A’ is open in X. So, A" is an
open neighborhood base on X. Now, we want to show that .4 and 4" are equivalent. Let
x € X. We want to show that the conditions (1) and (2) in Definition 43 hold. By Claim
50, for each A € A (x) there is A’ € 47 (x) with A" C A. So, the condition (1) holds. Let
A" € &' (x). Thus, A’ is open in X and x € A'. By Theorem 47, there is A € A (x) such
that A C A’. So, the condition (2) holds as well. Therefore, .4 is equivalent to A4

Now, suppose that there is an open neighborhood base 4" on X such that 4" is equiv-
alent to A”. By Theorem 44, 4/ and 4" induce the same pre-closure cl on X. Thus,
let

cd(Y)={xeX:YNA#foreachAe A (x)} forallY CX.
= {x €X:YNA # @ for eachA’eaV’(x)} forall Y C X.

We want to show that cl is a closure operator on X. By (CL1), we know that
cl(Y)Ccl(cl(Y)) foreach Y CX. (2.1.21)

So, we only need to show that cl(cl(Y)) € cl(Y) for each Y C X. Suppose, by way of

contradiction, that there is Y C X such that

cl(cl(Y)) g cl(Y).

So, there is x € cl(cl(Y)) \ cI(Y). Since x ¢ cl(Y), by (2.1.20), there is A € A (x) such
that
YNA=@.

Since A4 and A" are equivalent, there is A’ € 4" (x) such that A’ C A. Since 4" is an open
neighborhood base on X, then A’ is open in X. So, X \ A" is closed in X and Y NA' = @.
Thus, we have X \ A" is closed in X and Y C X \ A". Therefore,

X\Ae{CeZF:YCC},
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and then
d(Y)=[|{CeF:Y CC}CX\A.

Thus,
Anc(Y)=g.

By (2.1.20), x ¢ cl(cl(Y)), a contradiction. Therefore,

cl(cl(Y)) Ccl(Y) foreach Y CX. (2.1.22)
By (2.1.21) and (2.1.22), we obtain

cl(cl(Y))=cl(Y) foreach Y C X.

Hence cl is a closure operator on X. O

Corollary 51. Let cl be a pre-closure operator on a set X. Then cl is a closure operator on X

if and only if cl is induced by an open neighborhood base on X.

Proof. Let A be the neighborhood base on X induced by cl, see Theorem 37. By Theorem
42, clis pre-closure operator on X induced by .4#. Now, suppose that cl is a closure operator
on X. By Theorem 49, 4 is equivalent to an open neighborhood base .4’ on X. By
Theorem 44, A4 and A" induce cl. Thus, cl is induced by the open neighborhood base A"
on X.

Now, suppose that there is an open neighborhood base 4" on X such that 4" induces

cl. Then 4 is equivalent to itself. By Theorem 49, cl is a closure operator on X. O

2.1.5 Neighborhood Systems

In Theorem 42, we saw that when a neighborhood base on a set induces a pre-closure
operator, the induced pre-closure operator does not have to induce the same neighborhood

base. In this section, we add one axiom to a neighborhood base to solve the problem.

Definition 52. Let X be any set. A neighborhood base A" : X — & (£ (X)) is called a
neighborhood system on X if and only if for each x € X and if A€ A4 (x) and B € X with
A C B, then B € A (x). An element A € A4 (x) is called a neighborhood of x € X.

Therefore, for each x € X, A (x) is the collection of all neighborhoods of x.
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Example 53. Let X be any infinite set and define a neighborhood base A4 : X — & (% (X))
by
N(x)={ACX:xe€Aand X \ Ais finite} for all x € X.

Let x € X and let A€ A (x) and B C X with A C B. So, x € A and X \ A is finite. Thus,
x € B and X \ B is finite. Therefore, B € A4 (x). Hence .4 is a neighborhood system on X.

Theorem 54. Let cl be a pre-closure operator on a set X. Then the neighborhood base A on

X induced by cl is a neighborhood system on X.

Proof. By Theorem 37, we have
N (x)={ACX :x ¢cl(X\A)} foreach x € X.

We want to show that the neighborhood base .4 is a neighborhood system on X. Let x € X
and letAe A4 (x)and B € X with A C B. So, x ¢ cl(X \ A). Since AC B, then X \B C X \A.
By (CL2), we get cl (X \ B) C cl (X \ A). Thus, x ¢ cl(X \ B). Therefore, B € A4 (x). Hence
A is a neighborhood system on X. O

Theorem 55. Let X be any set.

1. Let cl be a pre-closure operator on X and A be the neighborhood system on X induced
by cl. Then cl is the pre-closure operator on X induced by A

2. Let A be a neighborhood system on X and cl be the pre-closure operator on X induced
by A. Then A is the neighborhood system on X induced by cl.

Proof. Part (1) is an immediate consequence of Theorems 42 and 54. Now, we prove part
(2). Let A" be the neighborhood system on X induced by cl. By Theorem 42, A" also
induces the pre-closure operator cl. We want to show that 4 = A4”. From Theorem 42
part (2), we have

N (x) € AN (x) for each x € X. (2.1.23)

Now, let x € X and let A’ € 4" (x). By Theorem 44 part (2), there is A € A4 (x) such that
ACA'. SinceAe A4 (x), thenA" € 4 (x). So,

A (x) € A (x) for each x € X. (2.1.24)

By (2.1.23) and (2.1.24), we obtain A = A". O
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Example 56. Let X be any infinite set. The following pre-closure operator cl and neigh-

borhood system .4 on X induce each other.

A Ais finite
cl(A) = forallAC X.
X Ais infinite

N (x)={ACX :x€Aand X \ Ais finite} for all x € X.

2.1.6 Simplicial Complexes

In this section we discuss how to obtain a pre-closure operator on a set from a simplicial

complex and how to get a simplicial complex on a set from a pre-closure operator.

Definition 57. Let X be any set and .¢ C & (X) be a collection of subsets of X. .# is called

a simplicial complex on X if and only if
I1) ge.s.
(I2) fIe £andJ C I, thenJ € 4.

Example 58. Consider X = {a, b,c} and

S =1{2,{a},{c},{a,c}}
I, ={D,{a},{b},{a,c}}.

Then .¢#, is a simplicial complex on X but .%, is not a simplicial complex on X.

Theorem 59. Let cl be a pre-closure operator on a set X and let

& ={I CX :Iis an independent set in X}

={ICX:x¢&cl(I\{x}) foreach x €1}.

Then .# is a simplicial complex on X.

Proof. We want to show that .# satisfies (I1) and (I2). Suppose, by way of contradiction,
that @ ¢ .#. So, there is x € @ such that x € cl(@\ {x}). But x € & is a contradiction.
Thus, @ € .#, and hence .# satisfies (I1). Let I € .# and J C I. Thus, x ¢ cl(I \ {x}) for
each x € I. By (CL2), since J C I, we have

cd(J\{x}) S\ {x}) foreach x €1I.
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Therefore, x ¢ cl(J \ {x}) for each x € J. So, J € .#, and hence .# satisfies (I12). Then .#

is a simplicial complex on X. [

Definition 60. The simplicial complex .¢ defined in Theorem 59 is called a simplicial

complex on X induced by the pre-closure operator cl.

Theorem 61. Let .# be a simplicial complex on a set X. Define cl : @ (X) — & (X) by
cl(A)=AU{x X \A: thereisI CAsuchthatl € # and IU{x} ¢ ¢} (2.1.25)

for all AC X. Then cl is a pre-closure operator on X.

Proof. We want to show that cl satisfies (CL1) and (CL2). It is clear from (2.1.25) that
ACcl(A) for all A C X. Hence cl satisfies (CL1). Let AC B C X and let x € cl(A). If x € B.
Using (CL1), x € cI(B). If x € X \ B. Since AC B, x € X \ A. By (2.1.25), thereisI C A
suchthatl € #and IU{x} ¢ .. Since AC B, thenI CAsuchthat] € .# and IU{x} ¢ .£.
By (2.1.25), x € cl(B). Therefore, cl(A) € cl(B), and hence cl satisfies (CL2). Then cl is a

pre-closure operator on X. O

Definition 62. The pre-closure operator cl defined in Theorem 61 is called a pre-closure

operator on X induced by the simplicial complex .#.

We have seen that pre-closure operators work nicely, for example, with neighborhood
systems. It turns out that when we have a pre-closure operator cl on a set and we induce
a neighborhood base .4 from cl and then we induce a pre-closure operator cl’ from A
we get cI’ = cl. In addition, if we have a neighborhood base .# on a set and we induce
a pre-closure operator cl from .4 and then we induce a neighborhood base A" from cl,
we get A&’ = A&. The next theorem shows in general that pre-closure operators and
simplicial complexes do not work nicely with each other, and we will see in Section 2.2.3
that they work nicely with each other when we add more axioms which will be the axioms

of matroids.

Remark 63. Let X be a set.

1. Let cl be a pre-closure operator on X and cl’ be the pre-closure operator on X induced

by the simplicial complex .# on X induced by cl. Then cl’ # cl.

2. Let .# be a simplicial complex on X and .#’ be the simplicial complex on X induced
by the pre-closure operator cl on X induced by .#. Then .¢ C .¢’ but equality may
not hold.
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Proof. To show part (1), consider X = {1, 2} and a pre-closure operatorcl : & (X) —» & (X)
defined by
@ ifA=0Q
cl(A)=1 {1} ifA={1} forallACX.

X otherwise

By Theorem 59, the simplicial complex .¢ on X induced by cl is

F={ICX:x¢cl(I\{x}) foreach x € I'}
={@,{1},{2}}.

By Theorem 61, the pre-closure operator cl’ on X induced by .# is

' (Y)=Yu{xeX\Y: thereisI CY suchthat] € .# and I U{x} ¢ .¢}

g ifY=@
= forallY C X.
X ifY#Q

Take Y = {1} C X. We get
X =c'({1}) #c({1}) = {1},

Thus, cl’ # cl.
Now, we show part (2). By Theorem 61, the pre-closure operator cl on X induced by
L is

cd(Y)=Yu{xeX\Y: thereisI CY suchthat] € .# and I U {x} ¢ .}
for each Y C X. By Theorem 59, the simplicial complex .¢’ on X induced by cl is
S'={ICX:xé¢cl(\{x}) foreach x €I}

Let I € .4. We want to show that I € .4’. So, we want to show that x ¢ cl(I \ {x}) for
each x € I. Suppose, by way of contradiction, that there is x € I such that x € cl(I \ {x}).
Therefore, there is J C I \ {x} such that J € .# and J U {x} ¢ .#. This contradicts that .# is
a simplicial complex on X because J C I\ {x} leads toJ U {x} €I, and then J U {x} € .4.
Thus, x & cl(I \ {x}) for each x € I. Therefore, I € #’. Hence .# C .#’.
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Now, consider X = {1,2,3,...} and the simplicial complex
& ={I CX :Iis finite}.
By Theorem 61, the pre-closure operator cl on X induced by . is

cdd(Y)=Yu{xeX\Y: thereisI CY suchthat] € .# and I U {x} ¢ .}
c(Y)=Y forallY CX.

By Theorem 59, the simplicial complex .#’ on X induced by cl is
S ={ICX:x¢cl(I\{x}) foreachx €I} =2 (X).

Now, note that X € .’ but X ¢ .¢. Hence . & .9'. O

Theorem 64. Let .¢ be a simplicial complex on a set X. Define
S ={@}U{ACX : thereis maximal B € . such that ANB = @&}.

Then #* is a simplicial complex on X.

Proof. @ € .#*. So, .#* satisfies (I1). We want to show that .#* satisfies (12). Let A € .#*
and A’ CA. If A = @, then A’ € #*. If A’ # &, then also A # &. So, there is maximal B € .
such that ANB = @. Since A’ C A, then A NB = @&. Thus, A’ € #*. So, .#* satisfies (I1).

Hence .#* is a simplicial complex on X. O

Definition 65. The simplicial complex .#* as defined in Theorem 64 is called the dual

simplicial complex of .#.

Example 66. Let X be any set and take .# = {A C X : Aiis finite}. Then the dual simplicial
complex of .# is .#* = {&}.

2.2 Matroid Theory

2.2.1 Vector Spaces

This section introduces definitions and theorems from linear algebra that are used in this
thesis. The proofs and more details can be found in [3] and [12]. Throughout this thesis,

the field F is usually R or C, and the elements of FF are called scalars.
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Definition 67. Let X be a set.

1. An addition operation on X is a function + : X x X — X defined by

+(u,v) =u+v foreachu,v € X.

2. A scalar multiplication operation on X is a function - : F x X — X defined by

-(A,v) = Av for each v € X and each scalar A.
Definition 68. A vector space over a field F is a set X along with an addition operation
and a scalar multiplication operation such that the following conditions hold:
(VS1) u+v=v+uforalluveX.
(VS2) For all u,v,w € X and for all scalars A, u,

u+v)+w=u+{+w)
(Au)v =A(uv).

(VS3) There is an element 0 € X such thatv+0=v forall v € X.
(VS4) For each v € X, there is w € X such that v+ w = 0.

(VS5) ly=vforallveX.

(VS6) For all u,v € X and for all scalars A, u,

Alu+v)=2Au+Av
A+uw)v=2Av+uv.

The elements of the vector space X are called vectors.

Example 69. The set F = {(xn)nGN 1X, € IF‘} of all sequences of elements of IF with the

addition and scalar multiplication operations

(Xn)neN + (yn)neN = (Xn + yn)nEN
7(’ (xn)neN = (Axn)neN
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is a vector space over F called the space of all sequences.

Definition 70. Let X be a vector space over a field F. A subset Y C X is called a vector
subspace of X if and only if Y is also a vector space over F with the operations of addition

and scalar multiplication defined on X.

Theorem 71. Let X be a vector space over a field F and Y C X. Then Y is a vector subspace
of X if and only if Y satisfies the following three conditions for the operations of addition and

scalar multiplication defined on X.

1. 0€Y.

2. u+veY foreachu,v €Y.

3. Av €Y for each v € Y and for each scalar A.
Definition 72. A sequence space is any vector subspace of F™.
Example 73. The following subsets of F' are sequence spaces.

1. For0<p<o00,{,={(x)ey €FV: D2, Ix, [ < 00}

2. For p =090, £, = {(x)pew € FV : (X,)nen is @ bounded sequence}.

3. c= {(xn)nEN eFV: lim x, exists}.

4. ¢y = {(xn)nGN eFY: lim x,, = 0}.

5. coo = {(xp)pew € FV : x,, = 0 for all but a finite number of n}.
Note that cqy € £, S €, S ¢y Sc Sl forallp <q.

Theorem 74. Let X be a vector space over a field F and Yy, ...,Y, be vector subspaces of X.
Then the sum
i+ +Y, ={y+ +y,:n€Y,..., ¥, €Y,}

is the smallest vector subspace of X containing Y,,...,Y,.

Definition 75. Let Y;,...,Y, be vector subspaces of a vector space X. The sum Y;+---+Y,
is called a direct sum, denoted by Y; &---®Y,,, if and only if for each x € Y; +---+7Y,, there
are unique y; €Y;,...,y, €Y, suchthatx =y, +---+ y,.
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Theorem 76. LetY,,...,Y, be vector subspaces of a vector space X. Then the sum Y, +---+Y,
is a direct sum if and only if forall y, € Y,,...,y, €Y, if y;+---+y,=0then y, =--- =

y,=0.

Theorem 77. Let Y;,Y, be vector subspaces of a vector space X. Then Y; +Y, is a direct sum
if and only if Y; N'Y, = {0}.

Definition 78. Let X be a vector space over a field F and Y be a nonempty subset of X.
A vector v € X is called a linear combination of Y if there is a finite number of vectors

Vi,...,v, €Y and scalars A,,...,A, €Fsuchthatv =A,v; +---+A4,v,.

Definition 79. Let X be a vector space over a field F and Y be a nonempty subset of X.
The linear span of Y, denoted span (Y), is the set of all linear combinations of the vectors
in Y. The linear span of @& is defined to be span (&) = {0}.

Theorem 80. The linear span of any subset Y of a vector space X is the smallest vector

subspace of X containing Y.

Theorem 81. Let X be a vector space over the field F and define cl : & (X) —» & (X) by
cl(Y)=span(Y) forall Y C X.

Then cl is a closure operator on X.

Definition 82. A closure operator cl on a vector space X as defined in Theorem 81 is called

the linear closure operator on X.

Theorem 83. Let cl be the linear closure of a vector space X. Then any vector subspace is

cl-closed in X.

Definition 84. A vector space X over a field F is called finite-dimensional if and only if
there is a finite subset F C X such that span(F) = X. X is called infinite-dimensional if it

is not finite-dimensional.
Definition 85. Let X be a vector space over F and A C X.

1. Ais balanced if and only if Ax € A for each x € A and for each scalar A € F with
Al < 1.

2. Ais absorbent if and only if for each x € X there is a > 0 such that Ax € A for each
scalar A € F with |A| < a.
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Figure 2.2.1: The Bean Graph.

2.2.2 Graphs

This section presents definitions and theorems from graph theory that are used in this

thesis. The proofs and more details can be found in [11] and [35].
Definition 86. A graph is a triple G = (V, E, T) consisting of disjoint, possibly infinite, sets
V and E together with a function 7 : E — & (V) satisfying
|7 (e)| € {1,2} foreache €E.
The elements of V are called the vertices of G and the elements of E are called the edges

of G.

The vertex set of a graph G is referred to as V(G) and its edge set as E(G). If V(G) =@
and E(G) = @, we say that G is an empty graph.

Example 87. The graph G = (V, E, 7) in Figure 2.2.1 is called the Bean Graph [14] where

V=27
E={{n,n+1}:nez}u{{0,n}:n>2}

T(e)=eforalle€E

Definition 88. A vertex x is called incident with an edge e if x € e. The two vertices
incident with an edge are called its endvertices or ends, and we say that an edge joins its

ends. An edge e = {x, y} is usually written as xy or yx.

Definition 89. Let G be a graph and X,Y CV(G). If x € X and y €Y, then xy is called
an X-Y edge. The set of all X-Y edges in a set E (G) is denoted by E (X, Y).

Definition 90. Two vertices x, y of a graph G are called adjacent if xy is an edge of G.

Two different edges are called adjacent if they have an endvertix in common.
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Definition 91. If all the vertices of a graph G are pairwise adjacent, then G is called

complete. A complete graph on n vertices is denoted by K".

Definition 92. A subgraph G’ of a graph G, written as G’ C G, is a graph such that V (G") C
V(G) and E(G') CE(G). If G’ € G and G’ # G, then G’ is a proper subgraph of G.

Definition 93. A path is a non-empty graph P such that

V(P)={xg,X1,..., X}

E(P) ={xox1,X1 X, ..., Xp_1X¢}

where the x; are all distinct. The vertices x, and x; are linked by P and are called its
endvertices or ends. We say that P is a path from x, to x; and write P = xyx; - Xx;. If a
graph G has a subgraph P which is a path from u to v, we say that G has a path from u to

V.

Definition 94. The number of edges of a path is its length, and the path of length k is
denoted by P*. Note that when k = 0 we have P° = K.

Definition 95. If P = xx; - - - x;_; is a path and k = 3, then the graph C = P U {x;_; X} is
called a (finite) cycle and denoted by xyx; - - - x;_;Xx,. If a graph G has a subgraph which

is a cycle, we say that G contains a cycle.

Definition 96. The length of a cycle is its number of edges, and the cycle of length k is
called a k-cycle and denoted by C*.

Definition 97. A (finite) circuit of a graph G is the edge set of a cycle of G.

Definition 98. A graph G is called connected if and only if G is non-empty and for any

two vertices u, v € V (G) there is a path in G between u and v.

Definition 99. A forest is a graph that does not contain any cycles. A connected forest is

called a tree.

Definition 100. A subdivision of a graph G is any graph obtained from G by subdividing

some or all of its edges by drawing new vertices on those edges.

Definition 101. A graph G is called locally finite if and only if each vertex of G has finite

degree.
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Definition 102. Let G be a graph. A nonempty subset F C E (G) is called a cut in G if and
only if there is a partition {V;,V,} of V such that F = E (V;,V,). A minimal non-empty cut

in G is called a bond.
Definition 103. A ray is an infinite graph R such that

V (R) ={xy, xq,X5,...}

E (R) = {xox1, X1X2, X3X3, ...} ;
and a double ray is an infinite graph R such that

V(R)={...,x_1,Xx0,X71,...}
ER)={...,X_1X0,X(X1,X1X9,...};
in both cases the x; are all distinct.

Definition 104. Let G be a graph. A nonempty subset N C E (G) is called a nibble in G if
and only if there is a partition {V;,V,} of V such that N = E (V;,V,) and there are no rays
Rin G such that V (R) C V;.

2.2.3 Matroids

Remark 63 shows that pre-closure operators and simplicial complexes do not work nicely
with each other. In this section, we add more axioms on pre-closure operators and simpli-
cial complexes to make them work nicely with each other. We then define matroids using

these axioms.

Definition 105. Let cl be a pre-closure operator on a set X. We say that cl has the exchange
property on X if and only if for every A C X and every distinct x,y € X \ A such that
yec(AU{x})\cl(A) we have x ecl(AU{y}).

Theorem 106. Let cl be a pre-closure operator on a set X and Y C X. If cl has the exchange

property on X, then cl;y and cl.y have the exchange property on Y.

Proof. Let ACY and x,y €Y \ A be distinct such that

yecyAu{x}\clyA).
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Then
yec(Au{x})\cl(A).

Since cl has the exchange property on X, x € cl(AU {y}). It follows that x € cl;y (AU {y}).
Therefore, cl;, has the exchange property of Y.
Now, let ACY and x,y €Y \ A be distinct such that

yecy (Au{x})\cly (4.
Then
yecdAUu{x}uX\Y))\cdAuX\Y)).

Since cl has the exchange property on X, x € cl(AU{y}U(X \Y)). It follows that x €
cl.y (AU {y}). Thus, cl., has the exchange property on Y. O

Remark 107. Let cl be a pre-closure operator on a set X. If cl has the exchange property

on X, then cI* may not have the exchange property on X.

Proof. Take X = {1,2} and the pre-closure operator cl : & (X) — & (X) defined by

{1} ifA=0Q
cl(A) = forallAC X.
X ifA#£@

cl has the exchange property on X. By Theorem 6, cl* : # (X) — £ (X) is defined by

cd*(A)=Au{xeX\A:x¢cd(X\(Au{x}))} forallACX.

@ fA=g
=14 {2} ifA={2} forallACX.

X otherwise

Now, we have
2ec"(@U{1})\cd" (@) but1 ¢ cl* (U {2}).

Therefore, cl* does not have the exchange property on X. O

Remark 108. If cl is just a pre-closure operator on a set X, then cI* may not have the

exchange property on X.
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Proof. Consider the same example in the proof of Remark 107. In Example 30, we showed
that the pre-closure operator cl is not a closure operator on X, and in Remark 107, we

showed that cl* does not have the exchange property on X. O

Theorem 109. Let cl be a pre-closure operator on a set X. If cl is a closure operator on X,

then cl* has the exchange property on X.

Proof. Suppose that cl is a closure operator on X. We want to show that cl* has the ex-
change property on X. Let AC X and x,y €Y \ A be distinct such that y € cI* (AU {x}) \
cl* (A). By Theorem 6, we get

yEdX\((Au(x))u{y})) and y €cl(X \ (AU {y})). (2.2.1)
Suppose, by way of contradiction, that x ¢ clI* (AU {y}). So,
x €cdX\((Au(y)U{x}). (2.2.2)
Let C =X \ (AU {x,y}) € X. From (2.2.1) and (2.2.2), we obtain
y ¢cl(C),y ec(Cu{x}) and x € cl(C).
Since x € cl(C) then, using (CL1), we have
Cu{x} Cc(C).

By (CL2), we get
cl(Cu{x}) Ccl(cl(C)).

Since y € cl(C U{x}), then y € cl(cl(C)). Thus, we have
yecl(cl(C)) and y ¢ cl(C).

Therefore, cl(cl(C)) # cl(C). So, cl is not a closure operator on X, a contradiction. Thus,

x € cl"(Au{y}), and hence cl* has the exchange property on X. O

In the following remark we show that the converse of Theorem 109 may not hold.

Remark 110. Let cl be a pre-closure operator on a set X. If cI* has the exchange property

on X, then cl is not necessarily a closure operator on X.
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Proof. Consider X = {0} U {% 'n EN}. Define cl: P (X) —» & (X) by

X\ {0} if0¢AandX \Ais infinite
cl(A) = forall AC X.
X if 0 € Aor X \ A is finite

clis a pre-closure operator on X. Using Theorem 6, the dual of cl is the standard topological

closure operator on X. So,

A if A is finite
c*(A) = forallACX.
AU {0} if Ais infinite

We want to show that cl* has the exchange property on X. We claim that for each A C X
and each distinct x,y € Y \ A, if y € cI"(AU {x}) then y € cI*(A). To prove the claim,
suppose by way of contradiction that there is A C X and distinct x, y € Y \ A such that

yecd (AUu{x}) \cl" (A).
Since cl” is a topological closure operator on X, we have

ye[cd"(Auc ({xP]\ " (A).

Thus, y € c*({x}) = {x}. Then x = y, a contradiction. Thus, cl* has the exchange

property on X. In Remark 10, we proved that cl is not a closure operator on X. O

Remark 110 shows that the exchange property of a pre-closure operator is too weak in
the sense that when we have a pre-closure operator and its dual has the exchange property,
this does not have to lead to the pre-closure operator being a closure operator. We are
going to define a stronger property on pre-closure operators that provides the equivalence
in Theorem 109.

Definition 111. Let cl be a pre-closure operator on a set X. We say that cl has the strong
exchange property on X if and only if for each disjoint A,B € X and each y € X \ (AUB)
such that y € c1(AUB) \ cl(A), there is x € B with

x ecdAuB\{xhu{y}.
Theorem 112. Let cl be a pre-closure operator on a set X and Y C X. If cl has the strong
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exchange property on X, then clyy and cl.y have the strong exchange property on Y.

Proof. Let A,B CY be disjoint and y € Y \ (AU B) such that
y €cly (AUB)\ cliy (A).
Then A, B C X are disjoint and y € X \ (AU B) such that
yec(AUB)\cl(A).
Since cl has the strong exchange property on X, there is x € B with
x ecd(AuB\{xhu{y}.

It follows that
x €cly (AUB\{x})ui{y}).

Therefore, cl;, has the strong exchange property of Y.
Now, let A,B C Y be disjoint and y € Y \ (AU B) such that

yecly,(AUB)\cly(A).

Therefore,
yecd(AUBUX\Y) \cdAuX\Y)).

So,AU(X \Y),B CX are disjoint and y € X \ [(AU (X \ Y)) U B] such that
yecd((AuX\Y))UB)\c(AUuX\Y)).
Since cl has the strong exchange property on X, there is x € B with
xed((AuX\Y)UB\{xHu{y}h.

So,
x€cd(AUuB\{xHu{ytuX\Y)).

It follows that
x €cly (AUB\{x})u{y}).
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Therefore, cl., has the strong exchange property of Y. O

Theorem 113. Let cl be a pre-closure operator on a set X. If cl has the strong exchange

property on X, then cl has the exchange property on X.

Proof. Suppose that cl has the strong exchange property on X. We want to show that cl
has the exchange property on X. Let AC X and x,y € X \ A be distinct such that

yecAUu{x})\cl(A).
Take B = {x}. So, we have A,B C Y are disjoint and y € Y \ (AU B) such that
yec(AUB)\cl(A).
Since cl has the strong exchange property on X, there is x € B such that

xe€c(Au B\ {xHu{y}),

and then x € cl(AU {y}). Therefore, cl has the exchange property on X. O

Remark 114. Let cl be a pre-closure operator on a set X. If cl has the exchange property

on X, then cl might not have the strong exchange property on X.

Proof. Consider X = {0} U {% ‘ne N} with the standard topology. So, the topological

closure operator on X is

A if A is finite
cl(A) = forall ACX.
AU{0} if Ais infinite

In Remark 110, we showed that cl has the exchange property on X. Now, take

1
A=®,B={—:n€N} and y =0.
n

So, we have A, B C X are disjoint and y € X \ (AU B) such that

Oecl(@uB)\c(®).

But

%gﬁd(@u (B\{%}) U {0}) for each n e N.
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Thus, cl does not have the strong exchange property on X. O

Theorem 115. Let X be a finite set and cl be a pre-closure operator on X. Then cl has the

strong exchange property on X if and only if cl has the exchange property on X.

Proof. In Theorem 113, we proved in general that if cl has the strong exchange property on
X then cl has the exchange property on X. Now, suppose that cl has the exchange property
on X. We want to show that cl has the strong exchange property on X. Let A,B C X be
disjoint and y € X \ (AU B) such that

yecl(AUB)\cl(A).

Since B is finite, B = {b;, b,,...,b,} for some n € N. Let i be the smallest element in
{1,2,...,n} such that
yec(Au{b,,b,,...,b;}).

Let A =AuU{by,b,,...,b;,_;}. Thus,
yed(Au {bi}) \ cl(A’).
Since cl has the exchange property on X,
b; € cl(A’ u {y}).
Therefore, we have b;€ B such that

by € cl(AU{by, by,....,b }U{y}) =cl(AUB\{b;})U{y}).

Hence cl has the strong exchange property on X. ]

Now, we are going to see that the strong exchange property on pre-closure operators

provides the equivalence in Theorem 109.

Theorem 116. Let cl be a pre-closure operator on a set X. Then cl is a closure operator on X

if and only if cI* has the strong exchange property on X.

Proof. Suppose that cl is a closure operator on X. We want to show that cl* has the strong

exchange property on X. Let A,B C X be disjoint and y € X \ (AU B) such that

yec*(AUB)\ c*(A).
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By Theorem 6, we get

y¢cd(X\(AUBU{y})) and y € cl (X \ (AU {y})). (2.2.3)

We want to show that there is x € B such that

xed (AuB\{xhu{y}).

By Theorem 6, it suffices to show that there is x € B such that

x EcdX\(AUBU{y})).

And this suffices to show that B € cl(X \ (AUB U {y})). Suppose, by way of contradiction,

that
BCdX\(AuBU{y})).
Note that
X\AUBU{yH) <X\ (Au{y}). (2.2.4)
By (CL2), we get
dX\(AuBU{y})) CadX\(Au{y}). (2.2.5)

This means, from (2.2.3), (2.2.4), and (2.2.5), that when we add B to X \ (AUBU{y})
we find y € cl (X \ (AU{y})). Since we assumed

BcdX\(AuBU{y}),

then, by (CL2), we get
cd(B)Ccl(cd(X\(AuBU{y})),

and thus, y € cl(cl(X \ (AUB U{y}))). But, from (2.2.3), wehave y ¢ cI(X \ (AUB U {y})).

Therefore,
cd(cd(X\(AUBU{y}))) #cd(X\(AUBU{y})),

and this contradicts that cl is a closure operator on X . Therefore, B € cl(X \ (AUB U {y})).
So, there is x € B such that x ¢ cI(X \ (AUBU{y})). Thus, we have showed that there is
X € B such that

xecd" (AuB\{xHu{y}).
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Hence cl* has the strong exchange property on X.
Now, suppose that cl* has the strong exchange property on X. We want to show that cl

is a closure operator on X. By (CL2), we have
cl(Y)Ccl(cl(Y)) forall Y CX. (2.2.6)

Suppose, by way of contradiction, that there ¥ C X such that cl(cl(Y)) € cl(Y). So, there
isyec(c(Y))\cl(Y). Let

B=cl(Y)\Y
A=X\(BuUYU{y})

Then we have A,B C X are disjoint and y € X \ (AUB). Note that Y =X \ (AUBU{y})
and cl(Y) =X\ (AU {y}). Since y € cl(cl(Y)) \ cl(Y), then

yecdX\(Au{y}) and y ¢ (X \(AUBU{y})).

By Theorem 6, we get
yec"(AUB)\cl*(A).

Since cl* has the strong exchange property on X, there is x € B such that
xed (AuB\{xhu{y}.
Again, by Theorem 6, we get
x X\ ((AUB\{xHDU{y)u{x}).

So,
x¢cdX\(AUBU{y}))=cl(Y),

which contradicts that B=cl(Y)\Y. So,
cl(cl(Y)) Ccl(Y) forall Y C X. (2.2.7)
By (2.2.6) and (2.2.7), we get

cl(cl(Y))=cl(Y) forall Y C X.

47



Hence cl is a closure operator on X. O

Remark 117. Let .# be a simplicial complex on a set X and cl be the pre-closure operator

on X induced by .#. Then cl does not have to be a closure operator on X.

Proof. Consider X = {1, 2,3} and the simplicial complex

S ={2,{1},{2},{3},{2,3}}.
By Theorem 61, the pre-closure operator cl on X induced by .# is

(6 ifA=g

{1,2} ifA={2}
cl(A) = | forallACX
{1,3} ifA={3}

| X otherwise.

Now, note that

cd({2}) =1{1,2}
cd(d({2h)=d({1,2}) =X

Thus, cl(cl({2})) # cl({2}). Therefore, cl is not a closure operator on X. ]

Theorem 118. Let .¢ be a simplicial complex on a set X and cl be the pre-closure operator

on X induced by #. Then cl has the exchange property on X.

Proof. Let AC X and x,y € X \ A be distinct such that
yecdAu{x})\cl().
By Theorem 61, there is I € AU {x} such that
Ie fandIU{y} ¢ .2, (2.2.8)

and we have
J¢ ForJU{y}e.# foreachJ CA. (2.2.9)

So, we must have x € I, otherwise I C Asuch that I € .¢ and IU{y} ¢ .4. This contradicts
(2.2.9). We want to show that x € cl(AU {y}). Take I’ = (I \ {x})U{y}. Since I C AU{x},
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then (I \ {x}) C A. Thus,
I' CAU{y}. (2.2.10)

Also, since I € .#¢ and .¢ is a simplicial complex on X, then (I \ {x}) € .4. By (2.2.9), we
get
I'=\{x})u{y}es. (2.2.11)

Now,

r'ufx}=U\xPu{yDuix}=1u{y}.

By (2.2.8), we have
I'u{x} ¢ .». (2.2.12)

By (2.2.10), (2.2.11) and (2.2.12), we obtain x € cl(AU{y}). Therefor, cl has the ex-
change property on X. O

Remark 119. Let .# be a simplicial complex on a set X and cl be the pre-closure operator

on X induced by .#. Then cl may not have the strong exchange property on X.

Proof. Consider X = {0} U {% ‘ne N} and the simplicial complex
F={ICX:Iisfiniteor 0 & I}.
# induces the topological closure operator

A if A is finite
cl(A) = forall ACX.
AU{0} if Ais infinite

In Remark 114, we showed that cl does not have the strong exchange property on X. [

In Remark 63, we showed that when a pre-closure operator induces a simplicial com-
plex, the simplicial complex might not induce the pre-closure operator. Remark 117 and

Theorem 118 urge us to add the axiom that cl has the exchange property.

Remark 120. Let cl be a pre-closure operator with the exchange property on a set X and
cl’ be the pre-closure operator on X induced by the simplicial complex .# on X induced by
cl. Then

c’(Y)Ccl(Y) foreachY C X,

and equality does not have to hold.
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Proof. Suppose that cl has the exchange propertyonX. Let Y € X and x € I’ (Y). Assume,
without loss of generality, that x € cl’(Y) \ Y. By Theorem 61, there is I C Y such that

Ie fandIU{x} ¢ .9.

By Theorem 59, since I U {x} ¢ .#, there is y € I U {x} such that

yed(@u{xHD\{yD=cd(@\{yDu{x}).

If y = x. Therefore, x € cl(I) and by (CL2) we get x € cl(Y). If y # x. Since y € I U {x}
and x, y are distinct, then y € I. By Theorem 59, since I € .4, we get

y ¢\ {y}).

Thus, we have I \ {y} € X and x,y € X \ (I \ {y}) are distinct such that

yed(@\{yDu{xPh\dT\{y}).

Since cl has the exchange property on X, then

xed((I\{yHuiy})=cd).

By (CL2), we get x € cl(Y). Thus, cI'(Y) Ccl(Y) foreach Y C X.
Now, consider X = N and the pre-closure operator cl : & (X) — & (X) defined by

Y ifY is finite
(V)= forallY CX.
X if Y is infinite

Note that cl has the exchange property on X. By Theorem 59, the simplicial complex .#
on X induced by cl is

F={ICX:x¢&cl(I\{x}) for each x € I'}
={I € X : I is finite}.
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By Theorem 61, the pre-closure operator cl’ on X induced by .# is

cd'(Y)=YuU{xeX\Y: thereisI CY suchthatI € .# and I U {x} ¢ .}
c'(Y)=Y forall Y CX.

Now, take Y = {2,4,6,...} CX. Then
Y=d'(Y)Gd(Y)=X.

Thus, the equality does not hold. ]

So, we got one inclusion and still need more axioms to get the other inclusion. The

next remark partially solved this problem for the independent subsets.

Remark 121. Let cl be a pre-closure operator with the exchange property on a set X and
cl’ be the pre-closure operator on X induced by the simplicial complex .# on X induced by

cl. Then for each I € .4, we have
1. I’ (1) =cl(D).
2. For each x € X \ I, we have x € cI(I) if and only if U {x} ¢ .£.

Proof. Let I € #. We first show part (1). By Remark 120, we know that cl’(I) C cl(I). Let
x € cl(I). Assume, without loss of generality, that x € cl (I)\I. Thus, x € cl((I U {x}) \ {x}).
By Theorem 59, we have IU{x} ¢ .¢. By Theorem 61, we get x € cl’(I). So, cl'(I) C cl(I),
and therefore cl’' (I) = cl(I). Now, we show part (2). Let x € X \ I. Then x € cl(I) if and
only if x € cl'(I) if and only if I U {x} ¢ .#. O

Definition 122. Let cl be a pre-closure operator on a set X and BC Y C X.
1. Y is spanned by B if and only if Y C cl(B).

2. Bis a maximal independent subset of Y if and only if B is independent and for every
independent B’ with B € B’ C Y we have B’ =B.

Theorem 123. Let cl be a pre-closure operator on a set X and B €Y C X with B is indepen-
dent. If Y is spanned by B, then B is a maximal independent subset of Y.

Proof. Suppose that Y is spanned by B. We want to show that B is a maximal independent

subset of Y. Suppose, by way of contradiction, that B is not a maximal independent subset
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of Y. Thus, there is independent B’ with B C B’ CY such that B’ #B. Let x € B'\BCY.
This leads to B € B”\ {x}. Since B’ is independent, x ¢ cl(B’\ {x}). By (CL2), x ¢ cl(B).
So, Y ¢ cl(B), which contradicts that Y is spanned by B. Therefore, B is a maximal
independent subset of Y. ]

The converse of Theorem 123 is not always true.

Remark 124. Let cl be a pre-closure operator on a set X and B € Y C X with B is in-
dependent. If B is a maximal independent subset of Y, then Y may not be spanned by
B.

Proof. Consider X = {1,2} and define a closure operator cl : Z (X) — & (X) by
%) ifA=0

cl(A)=1 {1} ifA={1} forallACX.

X otherwise

The set of independent sets of cl is the simplicial complex
FL={ICX:x¢cl(I\{x}) foreach x € I} = {@, {1}, {2}}
B = {1} is a maximal independent subset of Y = X, but
X=Y ¢cd(B)=c({1}) ={1}.

Thus, Y is not spanned by B. ]

Note that the pre-closure operator in the proof of Remark 124 does not have the ex-

change property.

Theorem 125. Let cl be a pre-closure operator that has the exchange property on a set X
and B CY C X with B is independent. Then Y is spanned by B if and only if B is a maximal
independent subset of Y.

Proof. In Theorem 123 we proved that if Y is spanned by B then B is a maximal indepen-
dent subset of Y. Now, suppose that B is a maximal independent subset of Y. We want
to show that Y C cl(B). Let x € Y. By (CL1), we can assume, without loss of generality,

that x € Y \ B. Since B is maximal independent, B U {x} is not independent. So, there is
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y € BU{x} such that

yed(Bu{xh\{yD=d(B\{yHu{x}).

If y = x, then x € cl(B) and we are done. If y # x, then y € B. Since B is independent,
then

yEd@B\{y}).

So, we have B\ {y} C X and x,y € X \ (B \ {y}) are distinct such that

yed(@B\{yDu{xH\dB\{y}).

Since cl has the exchange property on X, we get

x ecd((B\{yHDu{y})=cl(B).

Thus, Y C cl(B) and hence Y is spanned by B. O

Definition 126. Let cl be a pre-closure operator on a set X. We say that cl has the maxi-
mality property on X if and only if for every A C Y C X such that A is independent, there

is a maximal independent subset B of Y such that A C B.

Example 127. Consider X = {0} U {% ‘ne N} with the standard topology. So, the topo-

logical closure operator cl on X is

A if A is finite
cl(A) = forallACX.
AU{0} if Ais infinite

The set of independent sets of cl is the simplicial complex

F={ICX:x¢cl(I\{x}) foreach x € I}
={ICX:Iisfiniteor0¢I}.

Take Y =X and A = {0}. SOA C Y C X such thatAis independent but for each independent
subset I of Y with A C I, we have I is not maximal independent. Therefore, cl does not

have the maximality property on X.

Theorem 128. Let X be a finite set and cl be a pre-closure operator on X. Then cl has the

maximality property on X.
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Proof. Let ACY C X such that A is independent. Since X is finite, then Y \ A is finite. So,
Y\A={y,¥5-...,y,} for some n € N. Let i be the largest element in {1,2,...,n} such
that AU{y,, Ys,...,Y;} is independent. Thus, AU{y;,¥>,...,¥;} is a maximal independent
subset of Y such that AC AU{y;,Y,,...,Y;}. Therefore, cl has the maximality property on
X. O

We proved in Remark 120 that when a pre-closure operator with the exchange property
induces a simplicial complex, the simplicial complex might not induce the pre-closure
operator, but we get one inclusion. Even if we add an axiom that the pre-closure operator

also has the maximality property, the pre-closure operator might not be induced.

Remark 129. Let cl be a pre-closure operator on a set X with the exchange property and
maximality property on X and let .# be the simplicial complex on X induced by cl. Then

the pre-closure operator cl might not be induced by .#.

Proof. Let cl’ be the pre-closure operator on X induced by .#. In Remark 120, we proved,

in case cl has the exchange property on X, that
c’(Y)Cecl(Y) foreachY C X,

but the equality might not hold. Now, consider X = {1,2,3} and define a pre-closure
operator cl : 2 (X) —» & (X) by

(6 ify=0

(Y) =+ .2} iy e{{l}, 23} forallY CX.
(3} ify={3}

X otherwise

cl has the exchange property and maximality property on X. By Theorem 59, the simplicial

complex .#, the set of independent sets of cl, induced by cl is

F={ICX:x¢cl(I\{x}) for each x € I'}
={@,{1},{2},{3},{1,3},{2,3}}.
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By Theorem 61, the pre-closure operator cl’ on X induced by .# is

cd'(Y)=YuU{xeX\Y: thereisI CY suchthatI € .# and I U {x} ¢ .}
(

%) ifY=0
1,2} ifY e {{1},{2},{1,2
c’ (V)= 1.2} k21,1021 forall Y C X.
{3} if Y ={3}
| X otherwise
But
{1,2}=cl' (V) #cl({1,2}) =X.

Thus, cl’ # cl, and hence .# does not induce cl. O

Note that the pre-closure operator cl we used in Remark 129 is not a closure operator

on X because

{1,2} = c({1}) # cl (el ({1})) = c1({1,2}) = X.

So, let us see what happens if we start with a pre-closure operator that is a closure operator

and has the exchange property and maximality property.

Definition 130. A matroidal closure operator cl on a set X is a closure operator with the
exchange property and maximality property on X.
That is, an operator cl : 2 (X) — £ (X) is a matroidal closure operator on X if and

only if
(CL1) ACcl(A) forallACX.
(CL2) cl(A)CScl(B) forall ACBCX.
(CL3) cl(cl(A))=cl(A) forallACX.
(CL4) cl has the exchange property on X.
(CLM) cl has the maximality property on X.

Theorem 131. Let cl be a matroidal closure operator on a set X and .¢ be the simplicial

complex on X induced by cl. Then .# induces cl.
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Proof. Let cl’ be the pre-closure operator on X induced by .#. By Theorem (59) and The-

orem (61), we have
F={ICX:x¢&cl(I\{x}) for each x € I'} (2.2.13)

cd(Y)=Yu{xeX\Y: thereisI CYsuchthat] € #and IU{x} ¢ .4} (2.2.14)

for each Y C X. We want to show that cl’ = cl. By Remark 120, we get
c’'(Y)Ccl(Y) foreach Y C X. (2.2.15)

Let x € cl(Y). Let B € .# be a maximal subset of Y. Since cl has the exchange property
on X then, by Theorem 125, we have Y C cl(B). By (CL2) and (CL3), we get cl(Y) C
cl(cl(B)) = cl(B). Thus,

xecdB)=cd((BU{x})\{x}).

By (2.2.13), we obtain BU {x} ¢ .#. By (2.2.14), we get x € cl’(B). By (CL2), x € cl' (V).
So,
cl(Y)Ccl'(Y) foreach Y C X. (2.2.16)

By (2.2.15) and (2.2.16), we have
c'(Y)=cl(Y) foreachY CX,

and hence cl’ = cl. m

Definition 132. A matroid is a pair (X, .#) where X is a set and .# is a simplicial complex

on X induced by a matroidal closure operator on X.

Example 133. Consider any set X with the simplicial complex .¢ = & (X). The matroidal

closure operator cl on X defined by
cd(Y)=Y forallY CX

induces .¢ = & (X). Thus, (X, 2 (X)) is a matroid.

When a set with a simplicial complex is given, it is not always easy to tell if there is a

matroidal closure operator inducing the simplicial complex. So, it is not easy to tell that
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the set with the simplicial complex is a matroid. To deal with this problem, we will add
axioms on simplicial complexes that tell whether a given set with a simplicial complex is a
matroid or not without looking for a matroidal closure operator that induces the simplicial

complex.

Remark 134. Let .# be a simplicial complex on a set X such that the pre-closure operator
induced by .# is a matroidal closure operator on X. It does not follow that (X,.#) is a

matroid.

Proof. Consider X = N and the simplicial complex
& ={I CX :I is finite}.

By Theorem 61, the pre-closure operator cl on X induced by .# is
cd(Y)=Y forallY CX.

cl is a matroidal closure operator on X and, by Theorem 59, the simplicial complex on X
induced by cl is & (X). But suppose, by way of contradiction, that (X,.#) is a matroid.
Then there is a matroidal closure operator cl’ on X induces .#, which is the family of all
cl’-independent sets. Take Y = X and A = {1}. So. AC Y is cl’-independent but for each
cl’-independent subset I of Y with A C I, we have I is not maximal cl’-independent. So,
cl’ does not have the maximality property on X, contradiction. Therefore, (X,.#) is not a

matroid. u

In Remark 63 we showed that when a simplicial complex induces a pre-closure op-
erator, the pre-closure operator might not induce the simplicial complex, but we get one
inclusion. The following definition provides an axiom on simplicial complexes that gives

the other inclusion.

Definition 135. Let .# be a simplicial complex on a set X. We say .# has the maximality
property on X if and only if for every AC Y C X with A € . there is B € .# such that B is
maximal®> and ACB CY.

Theorem 136. Let cl be a pre-closure operator on a set X. Then cl has the maximality property

on X if and only if the simplicial complex induced by cl has the maximality property on X.

3Let .# be a simplicial complex on a set X and B C Y C X. We say B € .# is a maximal subset of Y if and
only if for each B’ € .# with BC B’ CY we have B=PH'.
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Proof. It is clear because the family of all cl-independent subsets of X is the simplicial

complex induced by cl. [

Remark 137. Let .# be a simplicial complex on a set X such that the pre-closure operator
induced by .# has the maximality property on X, then .# may not have the maximality
property on X.

Proof. Consider X = N and the simplicial complex
& ={I CX :Iis finite}.
By Theorem 61, the pre-closure operator induced by .# is
cl(A)=AforallACX.

The family of all cl-independent subsets of X is the simplicial complex .¢’ = & (X). So, cl
has the maximality property on X. Now, take A= @ and Y = X. For each I € .¢ such that
AC I CY, we have I is not maximal. So, .# does not have the maximality property on
X. O

The example we used in Remarks 134 and 137 encourages us to add the maximality

property as an axiom on simplicial complexes.

Theorem 138. Let .¢ be a simplicial complex with the maximality property on a set X and
cl be the pre-closure operator on X induced by #. Then .# is the simplicial complex on X

induced by cl.

Proof. Let .#’ be the simplicial complex on X induced by cl on X induced by .#. We want
to show that .#' = .#. By Remark 63, we know that .¢ C .#’. So, we just need to show that
#' C #. Let A € #'. Suppose, by way of contradiction, that A ¢ .#. By the maximality
property of £, since @ CAC X and @ € .4, there is B € ¢ such that B is maximal and
B C A Since A¢ #,then B # A. Leta € A\ B. Since B € .#¢ is maximal in A, then
BU{a} ¢ .#. By Theorem 61, we get a € cl(B). Since B C A\ {a} then, by (CL2), we have
a € cl(A\ {a}). By Theorem 59, A ¢ .#' which is a contradiction. So, A € .¢ and hence
¢’ C #. Then ¥ = .#. O

Example 139. Let X = X; UX, with X; and X, both infinite and disjoint. Let
S={ICX:INX,=@orINX, =3} =P (X,)UP (X,).
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LetI CY C X with I € 4. Assume, without lose of generality, that I C X,. Take B =Y NX;.
Thus, B € .# such that B is maximal with I € B C Y. So, the simplicial complex .#¢ has the

maximality property on X. By Theorem 61, the pre-closure operator induced by .# is

(o ifA=

AUX, ifACX,
cl(A) = {
AUX, ifACX,

(X ifANX, #@and ANX, # &

for each A € X. By Theorem 59, cl induces .#.

Theorem 140. Let .¢ be a simplicial complex with the maximality property on a set X and
cl be the pre-closure operator on X induced by .¢. Then cl has the strong exchange property
on X.

Proof. Let A,B C X be disjoint and y € X \ (AU B) such that
yec(AUB)\cl(A).

By Theorem 61, there is I C AUB such that I € £ but IU{y} ¢ #. Since y ¢ cl(A),
then I £ A. LetJ =ANI. So,J C A and by (I2) we have J € .#. Since y ¢ cl(A), then
JU{y} € #. Note that JU{y} C TU{y}. By the maximality property of .#, there is B’ € .
such that B’ is maximal and JU{y} € B’ G IU{y}. Take x € IU{y}\B’. So, we have x € B
and B' CAU(B\ {x})U{y} with B’ € .. Since B’ is maximal in IU{y}, then B'U{x} ¢ .£.
By Theorem 61, we get

xecd@AuB\{xhu{y}.
Therefore, cl has the strong exchange property on X. [

Theorem 138 shows that adding the axiom of maximality property on simplicial com-
plexes makes simplicial complexes work nicely with pre-closure operators. However, the
following remark shows that is not enough to tell whether a given set with a simplicial
complex is a matroid or not without looking for a matroidal closure operator that induces

the simplicial complex.

Remark 141. Let .# be a simplicial complex with the maximality property on a set X. Then

(X, .#) may not be a matroid.
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Proof. Let X =X, UX, with X; and X, both infinite and disjoint. Let
S={ICX:INX,=@orINX, =3} =P (X,)UP (X,).

In Example 139, we proved that the simplicial complex .¢ has the maximality property on
X. Suppose, by way of contradiction, that (X,.#) is a matroid. So, there is a matroidal
closure operator cl on X induces .#, which is the family of all cl-independent sets. Let
x,y € X; with x # y and z € X,. So, {x,y} € # and {x,z},{y,2},{x,y,2} ¢ £. By

Theorem 59, we have

y ¢cl({x}) and x ¢ cl({y})
x €cl({z}) orzec({x})
yec({z}) orzec({y})
x ecl({y,z}) ory ecl({x,2z}) orzecl({x,y}).

So, clis not a closure operator or does not have the exchange property on X, contradiction.
Thus, (X, .#) is not a matroid. O

We now add a new axiom on simplicial complexes that tells whether a given set with
a simplicial complex is a matroid or not without looking for a matroidal closure operator

that induces the simplicial complex.

Definition 142. Let .# be a simplicial complex on a set X. We say that .# has the augmen-
tation property on X if and only if for each A, B € .#¢ such that B is maximal but A is not,
there is x € B\ Asuch that AU {x} € .4.

Example 143. Let X = {1,2,3} and ¢ = {@,{1},{2},{3},{1,3}}. Take A = {1} and
B = {2}. So, A,B € .# with B is maximal but Ais not. B\A= {2} butAU{2} = {1,2} ¢ .4.

Therefore, the augmentation property fails.

Remark 144. Let cl be a pre-closure operator with the exchange property on a set X and .#
be the simplicial complex on X induced by cl. Then .¢ might not have the augmentation

property on X.
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Proof. Consider X = {1,2,3} and define a pre-closure operator cl : Z (X) —» & (X) by

(s v=0

1,2} ify={1
cl(Y) =4 th2} i t forall Y C X.
{2,3} ifY ={3}

X otherwise

The pre-closure operator cl has the exchange property on X. By Theorem 59, the simplicial

complex .¢ induced by cl is

F={ICX:x¢cl(I\{x}) foreach x € I}
={2,{1},{2},{3},{1,3}}.

In Example 143, we proved .# does not have the augmentation property on X. ]
Note that the pre-closure operator cl in Remark 144 is not a closure operator on X.

Theorem 145. Let cl be a closure operator with the exchange property on a set X and .# be

the simplicial complex on X induced by cl. Then ¢ has the augmentation property on X.

Proof. Let A,B € .# such that B is maximal but A is not. We want to show that there is
x € B\ Asuch that AU {x} € .#. Since A € .# is not maximal, there is x € X \ A such that
AU {x} € #. If x € B, then we are done. If x ¢ B. By Theorem 125, since B is maximal
in .# which is the family of all cl-independent sets of X, we have x € cl(B). If B C cl(A)
then, using (CL2) and (CL3), we have

cl(B) Ccl(cl(A)) =cl(A).

Thus, x € cl(A). By Remark 121, we have AU{x} ¢ .#, contradiction. Therefore, B ¢ cl(A).
So, there is y € B such that y ¢ cl(A). By Remark 121, y € B\ Asuch that AU{y} € .#.
Hence .¢ has the augmentation property on X. O

Corollary 146. Let M = (X, .#) be a matroid. Then .# has the augmentation property on X.

Proof. This is an immediate consequence of Theorem 145 because the matroidal closure

operator that induces .# is a closure operator with the exchange property on a set X. [

Remark 147. Let cl be a pre-closure operator on a set X and .# be the set of all cl-independent

subsets of X. Then (X, .#) does not have to have circuits.
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Proof. Consider X = {0} U {% ‘ne N} with the standard topology. Then the topological

closure operator on X is

A if A is finite
cl(A) = for each A C X.
AU {0} if Ais infinite

So, the set of all cl-independent subsets of X is the simplicial complex
F={ICX:Iisfiniteor 0 & I}.
The set of all dependent subsets of X is
P (X)\.#={D CX :D isinfinite and 0 € D}.

Let D € X \ 4. So, D is infinite and 0 € D. Take x € D with x # 0. Now, D \ {x} is also
infinite and 0 € D \ {x}. Thus, D \ {x} € X \ ., and hence D is not a minimal dependent

subset of X. So, there is no circuits in (X, .#). O
Remark 148. There is a matroid (X, .#) such that it does not have circuits.

Proof. Consider the matroid (X, % (X)). All subsets of X are independent in (X, 2 (X)).

Thus, (X, % (X)) does not have dependent subsets and hence it does not have circuits. [J

Theorem 149. Let M = (X, .#) be a matroid. If D is a dependent subset of M, then there is
a circuit C of M such that C C D.

Proof. The proof can be found in [9]. O

Theorem 150. Let M = (X, .#) be a matroid and € C & (X) be the set of all circuits of M.

Then the matroidal closure operator cl on X induces . is
cl(A)=AUu{x X \A: thereis C € € such that x € C CAU {x}}

for each A C X.

Proof. Let cl be the the matroidal closure operator cl on X that induces .#. Let x € cl(A)\A.
By Theorem 61 and Theorem 131, there is I € Asuch that I € .4 and I U {x} ¢ .¢. By
Theorem 149, there is C € ¥ such that C C TU{x}. Thus, x € C otherwise, by (12), C € .
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which is a contradiction. So, we have
xe€CCIU{x}CAU{x}.

Now, Let x € X \ A such that there is C € ¢ with x € C CAU {x}. Take I = C \ {x}. So,
I CAsuchthatl € £ and IU {x} = C ¢ .#. By Theorem 61 and Theorem 131, we get
x € cl(A). O

Theorem 151. Let cl be a matroidal closure operator on a set X. Then cl* is also a matroidal

closure operator on X.

Proof. Let M = (X, .#) be the matroid in which .# is induced by cl. By Theorem 6, cl* is
a pre-closure on X. We need to show that cl* is a closure operator and has the exchange
property and maximality property on X. First, we show that cl* is a closure operator on
X. By Theorem 116, it suffices to show that cl has the strong exchange property on X. Let
A,B C X be disjoint and y € X \ (AU B) such that

yecl(AUB)\cl(A).
By Theorem 150, there is a circuit C of M such that
y€CCS(AUB)U{y}.
Since y ¢ cl(A), we have C N B # &. Let x € C N B. Note that
xeCcSAUuB\{xhu{yhHu{x}.

So, x € B such that
x €cdAuB\{xHu{y}).

So, cl has the strong exchange property on X, and hence cl* is a closure operator on X.
By Theorem 109, since cl is a closure operator on X, cl* has the exchange property on X.
It remains to show that cl* has the maximality property on X. Let AC Y C X and A be
cl*-independent. Let B be a maximal cl-independent subset of X \ Y and let D be a maximal
cl-independent subset of X \ Asuch that BC D. LetJ =Y \ D.

Claim 152. J is a maximal cl*-independent subset of Y.

Proof. First, we prove that J is a cl*-independent subset of Y. Let x € J. We want to show
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that x ¢ cl* (J \ {x}). By (CL2), it suffices to show that x ¢ cI* (X \ (D U {x})). By Theorem
8, it suffices to show that x € cl(D). If x € J \ A. Since D is a maximal cl-independent
subset of X \A then, by Theorem 125, X \A C cl(D). Since J\A C X \A, we get x € cl(D). If
x € A. Since A is clI*-independent, x ¢ cl* (A \ {x}). By Theorem 8, we have x € cl(X \ A).
Since D is a maximal cl-independent subset of X \ A then, by Theorem 125, X \ A C cl(D).
By (CL2) and (CL3), we get

x ecl(X\A) Ccl(c(D))=cl(D).

Thus, x ¢ cl*(J \ {x}) and hence J is a cl*-independent subset of Y. Now, we show that
the cl*-independent subset J of Y is maximal. Suppose, by way of contradiction, that J is
a cl*-independent subset of Y but not maximal. So, there is a € Y N D such that J U {a} is

a cl*-independent subset of Y. Therefore,

a¢d ((Jufa})\{a}) =" ().

By Theorem 8, we get
accd((X\Y)u(YnD))\{a}).

Note that since B is a maximal cl-independent subset of X \ Y then, by Theorem 125, we
have X \ Y C cl(B). Since B C D, we obtain

(X\Y)u(Y nD))\ {a} S cl(D\{a}).

By (CL2) and (CL3), we get

d((X\Y)u(Y nD))\{a}) Scl(cl(D\{a})) =cl(D\ {a}).

Thus, a € cl(D \ {a}) which contradicts that D is a cl-independent. Hence J is a maximal

cl*-independent subset of Y. O

From Claim 152, we have J is a maximal cl*-independent subset of Y such that A C J.
Therefore, cl* has the maximality property on X. Then cl* is a matroidal closure operator
on X. O]

Definition 153. Let M = (X,.#) be a matroid and cl be the matroidal closure operator
on X that induces the simplicial complex .¢. The matroid M* = (X, .#*) is called the dual
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matroid of M where the simplicial complex .#* is induced by the matroidal closure operator

cl* on X.

Theorem 154. Let M = (X, .#) be a matroid. Then M* = (X, .#*) be the dual matroid of M
if and only if

S ={a} U{AC X : thereis maximal B € .# such that ANB = &}.
Proof. The proof can be found in [9]. ]

Example 155. Let X be a set. The matroids (X, {@}) and (X, % (X)) are duals of each

other.

Theorem 156. Let cl be a matroidal closure operator on a set X and Y € X. Then cly, and

cl.y are matroidal closure operators on Y.

Proof. By Theorem 5, clyy is a closure operators on Y. By Theorem 106, cl}y has the
exchange property on Y. We just need to show that cl;, has the maximality property on
Y. Let AC Z CY and A be cly-independent. So, x ¢ cl;y (A\ {x}) for each x € A. Thus,
x ¢ cl(A\ {x}) foreach x € A. So, we have A C Z C Y and Ais cl-independent. Since cl has
the maximality property on X, there is a maximal cl-independent subset B of Z such that
A C B. Therefore, B is a maximal cl;,-independent subset of Z such that A C B. Therefore,
cl;y has the maximality property on Y. Hence cl,y is a matroidal closure operators on Y.

By Theorem 151, cl., = (CITY) is also a matroidal closure operators on Y. O

Theorem 157. Let . be a simplicial complex with the maximality property and the augmen-

tation property on a set X and cl be the pre-closure operator on X induced by .¢. Then

1. #* has the maximality property on X.
2. #* induces cl".
3. cl* has the strong exchange property on X.
4. cl* induces #*.
Proof. The proof can be found in [9]. O

Now, we will see that the axioms of maximality property and augmentation property on
simplicial complexes are enough to tell whether a given set with a simplicial complex is a
matroid or not without looking for a matroidal closure operator that induces the simplicial

complex.
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Corollary 158. Let X be a set and . C & (X). Then (X, .#) is a matroid if and only if
(I11) @€ 4.

(I2) IfI€ #andJ C I, then J € 4.

(I3) £ has the augmentation property on X.

(IM) £ has the maximality property on X.

Proof. Suppose that (X,.#) is a matroid. So, there is a matroidal closure operator cl on
X such that cl induces .#. By Theorems 59, 145 and 136, .# satisfies (I1), (I2), (I3) and
(IM). Now, suppose that .# satisfies (I1), (I2), (I3) and (IM). By Theorem 61, .# induces a
pre-closure operator cl on X. We want to show that cl is a matroidal closure operator on
X such that cl induces .¢. By Theorem 157, cl* has the strong exchange property on X. By
Theorem 116, cl is a closure operator on X. By Theorem 138, cl induces .¢. By Theorem
118, cl has the exchange property on X. By Theorem 136, cl has the maximality property
on X. Thus, cl is a matroidal closure operator on X such that cl induces .¢. Hence (X, .#)

is a matroid. ]
Example 159. Let X be any set and n € N.
1. If # ={I CX :|I| <n}, then (X, .#) is a matroid called a uniform matroid of rank n.

2. If #*={I CX :|X\I| > n}, then (X,.#*) is also a matroid called a uniform matroid

of co-rank n.
Clearly, (X,.#) and (X, .#*) are duals of each other.
Definition 160. If X is a finite set and (X, .#) is a matroid, we say (X, .#) is a finite matroid.
Theorem 161. Let X be a finite set and ¢ C & (X). Then (X, .#) is a matroid if and only if
(I1) ge 4.
(I12) IfI€ #andJ C 1, thenJ € 4.
(I3) IfI,J € £ with |I| £ |J|, there is x € J \ I such that [ U {x} € .#.
Proof. The proof can be found in [9]. O

Definition 162. Let M = (X, .#) be a matroid.
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1. M is called a finitary matroid if and only if every circuit of M is finite.
2. M is called a cofinitary matroid if and only if M* is finitary.

Theorem 163. An operator cl : @ (X) — & (X) is a finitary matroidal closure operator on
a set X if and only if

(CL1) ACCcl(A) forall ACX.
(CL2) cl(A) S cl(B) forall ACB CX.
(CL3) cl(cl(A)) =cl(A) forall ACX.
(CL4) cl has the exchange property on X.
(CL5) If AC X and x € cl(A), then there is a finite subset F C A such that x € cl(F).
Proof. The proof can be found in [34] and [9]. ]

Theorem 164. Let X be a set, V be vector space over the field F and f : X — V be a function.
Definecl: ? (X) —» & (X) by

cl(A)={x €X: f (x) is a linear combination of elements in f [A]} for all ACX

where f [A] ={f (a) : a € A} C V. Then clis a finitary matroidal closure operator on X.
Proof. The proof can be found in [9]. O

Corollary 165. Let X be vector space over the field F. Then the linear closure operator cl on

X is a finitary matroidal closure operator on X.

Proof. Consider the identity function id : X — X. By Theorem 164, the pre-closure oper-
ator cl : Z (X) — @ (X) defined by

cl(A) = {x € X :id (x) is a linear combination of elements in id [A]} for all AC X

= {x € X : x is a linear combination of elements in A} for allAC X

is a finitary matroidal closure operator on X. cl is the linear closure operator on X. ]

Theorem 166. Let X be any set and ¥ C & (X). Then (X, .#) is a finitary matroid if and
only if
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(I1) ge 4.

(I2) IfI€ #$andJ C I, then J € 4.

(I3)) If1,J € £ are finite with |I| < |J|, there is x € J \ I such that [ U {x} € .£.

(I4) If I € X and for each finite J C I we have J € .4, then I € .#.
Proof. The proof can be found in [9]. O
Remark 167. The dual of a finitary matroid is not necessarily finitary.

Proof. Let X be an infinite set and n € N. The uniform matroid (X,.#) of rank n is a finitary
matroid, where
S ={ICX:|I| <n}.

But the dual (X, .#*), the uniform matroid of co-rank n, is not a finitary matroid, where
S ={ICX:|X\I|>n}

because for every finite subset J C X we have |X \ I| > n. So, for every finite subset J C X
we have J € #* but X ¢ .#*, ]

Theorem 168. Let G be a graph and X = E (G). Define
& ={I C X : I contains no circuits of G}.

Then (X, .#) is a finitary matroid.
Proof. The proof can be found in [9]. O

Definition 169. The finitary matroid (X, .#) defined in Theorem 168 is called the finite

cycle matroid of G.

Theorem 170. Let M = (X, .#) be a finite cycle matroid of a graph G where X = E(G). If
M* = (X, .#*) is the dual of M, then

#* ={I CX : I contains no cuts of G}.

Proof. The proof can be found in [9]. O
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Definition 171. The matroid M* = (X, .#*) defined in Theorem 170 is called the bond

matroid of G.
Corollary 172. The circuits of the bond matroid of a graph G are the bonds of G.

Definition 173. Let G be a graph. C C E (G) is called an algebraic circuit of G if and only

if it is a circuit of G or an edge set of a double ray of G.

Theorem 174. (Higgs) Let G be a graph, X = E (G) and 6 be the collection of all algebraic
circuits of G. Definecl: & (X) — 2 (X) by

cl(A)=AUu{x e X \A: thereis C € € such that x € C CAU {x}}

for all A € X. Then cl is a matroidal closure operator on X if and only if G contains no

subgraph isomorphic to a subdivision of the Bean graph, Figure 2.2.1.
Proof. The proof can be found in [14]. O

Note that the matroidal closure operator cl induces the simplicial complex

& ={I C X : I contains no algebraic circuits of G}.

Definition 175. The matroid (X, .#) defined in Theorem 174 is called the algebraic cycle

matroid where .# is induced by the matroidal closure operator cl on X.

Example 176. Consider the Bean graph G, see Figure 2.2.1. Let X = E (G) and

& ={I C X : I contains no algebraic circuits of G}.

By Theorem 174, (X, .#) is not a matroid.

Corollary 177. If G is a locally finite graph and X = E (G), then (X, .#) is a matroid where

& ={I C X : I contains no algebraic circuits of G}.

Theorem 178. Let G be a graph and X = E (G). If M = (X, .#) is an algebraic cycle matroid
of G, then M* = (X, .#*) is the dual of M such that

#* ={I C X : I contains no nibbles of G}.
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Proof. The proof can be found in [9]. O

Definition 179. The matroid M* = (X, .#*) defined in Theorem 178 is called the nibble

matroid of G.

Remark 180. Let (G, *) be a group and cl: Z (G) — £ (G) be the algebraic closure on G
defined by

cl(A) = The subgroup generated by A
=N{H C G : H is a subgroup of G containing A}
for all A € G. Then cl is not a matroidal closure operator on G.
Proof. Consider the symmetric group <S4, 0>. Take A= {e}, x =(1234) and y = (13) (24).

So,AC S, and x,y €S, \ A are distinct.

cl(A) =cl({e}) = {e}
c(Au{x}) =cl({e,(1234)}) ={e,(1234),(13)(24),(1432)}
c(Au{y}) =cl({e, (13)(24)}) = {e, (13) (24)}

Therefore, y € cl (AU {x})\cl(A) but x ¢ cl(AU {y}). Thus, cl does not have the exchange

property on S,. Then cl is not a matroidal closure on S,. ]

2.3 Topology

This section introduces definitions and theorems from topology that are used in this thesis.

The proofs and examples can be found in [39], [21] and [19].

2.3.1 Metric Spaces

Definition 181. A metric space (X, d) is a set X together with a functiond : X x X —» R
such that

(M1) d(x,y)>=0 foreach x,y € X;
(M2) d(x,y)=0if and only if x = y for each x,y € X;
(M3) d(x,y)=d(x,y) foreach x,y € X;
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(M4) d(x,z)<d(x,y)+d(y,z) foreach x,y,z € X.

d is said to be a metric on X and the real number d (x, y) is called the distance between x
and y in X.

We say that (X, d) is a pseudometric space and d is a pseudometric on X if and only if
d satisfies (M1), (M3) and (M4) with (M2) replaced by the weaker axiom

(M2) d(x,x)=0 for each x € X.

Example 182. Consider the set of all real scalars or complex scalars F. Defined : F" xF" —
R by

d((xl""an)s(yl""zyn)): \JZ(xk_yk)z
k=1

for all (xy,...,x,),(¥1,.-.,¥,) € F". Then (F",d) is a metric space.
Definition 183. The metric d defined in Example 182 is called the usual metric on F".

Example 184. In Example 73, we saw that £,,{,c,cy,Co are vector subspaces of FN.

Here we define a metric on each of these sequence spaces.

1. For p = 00, define a metricd : {, X {, — R by

d ((xn), (y)) = sup{|x, = y,| : n €N} for all (x,),(y;) € Leo-

d is also a metric on the vector subspaces ¢, and cy.

2. For 1 <p < 00, define a metricd : £, x {, > R by

oo

n=1
d is also a metric on the vector subspace cy.

3. For 0 < p <1, define a metricd : £, X £, > R by
d((x,), (7)) = Ixa = yal? forall (x,),(y,) €4,
n=1

4. Define a pseudometricd : ¢ x ¢ = R by

d ((x4), (ya)) = Hm [x, —y,| forall (x,),(y,) €c.
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Definition 185. Let (X,d) be a metric (pseudometric) space and x € X. For each € > 0,
the set
B(x,e)={y€X:d(x,y)<e}

is called the e-disc about x.

Theorem 186. Let (X,d) be a metric (pseudometric) space and define N : X — @ (Z (X))

by
N (x)={B(x,€):€e>0} foreach x € X.

Then A is a neighborhood base on X.

Theorem 187. Let (X, d) be a metric (pseudometric) space. A subset U is open in X if and
only if for each x € U, there is € > 0 such that B(x,e) C U.

Proof. Let A be the neighborhood base on X. By Theorem 47, U C X is open if and only
if for each x € U, there is B(x,€) € A4 (x) such that B(x,e) C U if and only if for each
x € U, there is € > 0 such that B(x,e) C U. ]

Theorem 188. Let (X,d) be a metric (pseudometric) space. For each x € X and each € > 0,

the e-disc B (x, €) about x is open.

Theorem 189. Let (X, d) be a metric (pseudometric) space. Then
1. @ and X are both open.
2. The finite intersections of open sets are open.
3. The unions of open sets are open.

Definition 190. Let (X, d) be a metric space. A sequence (x,), oy in X converges to x € X,

denoted by lim x, = x or x, 4 x, if and only if
n—oQ
lim d (x,,x)=0.
n—oo

Definition 191. Let (X,d) be a metric space. A sequence (x,),cy in X is called Cauchy if
and only if for each € > 0 there is n, € N such that

d(x,,¥,) <€ for each n,m > n,.

Theorem 192. Every convergent sequence in a metric space is Cauchy.
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Remark 193. Not every Cauchy sequence in a metric space converges.

Definition 194. A metric space is called complete if and only if every Cauchy sequence is

convergent.
Theorem 195. Every convergent sequence in a metric space is bounded.

Definition 196. Let (X, d) be a metric space. A subset D C X is called dense if and only if

for each x € X, there is a sequence (x,,),cy in D that converges to x.

2.3.2 Topological Spaces

In Theorem 189, we saw that the open sets of a metric space have important properties.

Here we define topological spaces based on those properties.

Definition 197. Let X be any set. A collection T C & (X) of subsets of X is called a
topology for X if and only if

(01) @ and X are both in 7.

(02) The finite intersections of elements of T are in 7.

(03) The unions of elements of T are in 7.

We say that (X, 7) is a topological space and the elements of 7 are called open sets of X.
Theorem 198. Any metric (pseudometric) space is a topological space.

Proof. Let (X, d) be a metric (pseudometric) space and let 7, be the collection of all open
sets, see Theorem 187, of (X,d). That is,

T, =1{U C X : for each x € U there is € > 0 such that B(x,e) C U}.

By Theorem 189, (X, T,) is a topological space. O

Definition 199. Let (X, d) be a metric (pseudometric) space and 7, be the induced topol-
ogy as defined in Theorem 198. We say that 7, is a metric (pseudometric) topology on
X.

Definition 200. The metric topology induced by the usual metric on any subset of F" is

called the usual topology.
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Example 201. The usual metric d : F x F — R defined by
d(x,y)=|x—y| forall x,y €F

induces the usual topology on F.

Definition 202. A topological space (X, 7) is called metrizable (pseudometrizable) if and
only if there is a metric (pseudometric) d on X such that 7 is the metric (pseudometric)

topology 7.

Example 203. Let X be any set and T = {@,X}. 7 is a topology for X called the indiscrete
(trivial) topology for X.

Example 204. Let X be any set. (X, % (X)) is a topological space called the discrete space.

Example 205. Let X = {1,2} and 7 = {@, {1} ,X}. (X, 7) is a topological space called the

Sierpinski space.

Example 206. Let X be any set and x € X. Define

T={UCX:X\Uisfiniteor x € X\ U}.
(X, 1) is a topological space called the Uncountable Fort Space [32].

Definition 207. Let X be a topological space. A C X is called closed in X if and only if
X \Ais open in X.

Example 208. In Example 206, the collection of all closed sets in the Uncountable Fort
Space is
F ={ACX :Ais finite or x € A}.

Theorem 209. (Closed Axioms)

1. Let X be a topological space and & C % (X) be the collection of all closed sets in X.
Then & satisfies the following:

(F1’) @ and X are both in &.
(F2) The intersections of elements of & are in &.

(F3) The finite unions of elements of & are in &.
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2. Let X be a set and & C @ (X) satisfying (F1’), (F2) and (F3). Then
T={X\C:CeZ}

is the unique topology for X in which the collection of all closed sets is & .

Remark 210. Theorem 209 shows that the collection & of all closed sets in a topological
space X is a closure system on X. By Theorem 25, & induces the closure operator cl :
P (X)— &P (X) defined by

(@) =(){Ce€F:ACC} forall ACX.
Definition 211. The closure operator cl on a topological space X defined in Remark 210
is called the topological closure operator on X.

Example 212. Consider the Uncountable Fort Space, see Example 206 and Example 208.
The topological closure operator cl on X is
c(A) = ﬂ{c €F:ACC)} forallACX
A if A is finite

= forallACX.
AU{x} if Ais infinite

Theorem 213. (Closure Axioms)

1. Let X be a topological space and cl be the topological closure operator on X. Then cl

satisfies the following:

(CL1) ACcl(A) forall ACX.
(CL2”) cl(AUB)=cl(A)uUcl(B) forall A,B CX.
(CL3) cl(cl(A)) =cl(A) forall ACX.
(CL4”) (D) = .
2. Let X beasetandcl: @ (X) — & (X) be an operator on X satisfying (CL1), (CL2”),

(CL3) and (CL4”). Define

F={CCX:c(C)=C}.
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Then © = {X \ C: C € Z} is the unique topology for X in which the collection of all

closed sets is &. Moreover the topological closure operator on (X, ) is cl.
Remark 214. The axiom (CL2”) is stronger than the axiom (CL2).

Proof. Suppose that cl is an operator on X satisfying (CL2”). To show that cl satisfies
(CL2),let AC B C X. So, we have A,B\ A C X. By (CL2”), we have

cl(AU(B\A)) = cl(A)Ucl(B\A).

Since A C B, we get cl(B) = cl(A) Ucl(B\A). Thus, cl(A) C cl(B). Hence cl satisfies
(CL2). O

Theorem 215. Let cl be the topological closure operator on a topological space X. Then there

is an open neighborhood base A on X such that
cl(A) = {x €X :ANA # @ foreach A' € JV(X)} forall ACX.

Proof. This is an immediate consequence of Corollary 51 because cl is a closure operator
on X. O]

We know, from Theorem 44, that a topological closure operator on a topological space

might be induced by equivalent neighborhood bases.

Theorem 216. Let (X, T) be a topological space. If a neighborhood base A on X induces the

topological closure operator on X, then A induces the topology T as follows:
T ={U CX :foreach x € U thereis A€ A (x) such that AC U}.

Proof. This is an immediate consequence of Theorem 47. [

Definition 217. Let (X, 7) be a topological space. If a neighborhood base 4 on X induces
the topology 7 as in Theorem 216, we say that .4 is a neighborhood base for the topology

TonX.
Theorem 218. (Neighborhood base Axioms)

1. Let (X, 7) be a topological space and A" be a neighborhood base for the topology T on
X. Then for each x € X, we have
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(V1) IfAe A (x), then x €A
(V2) IfA;,A, € N (x), then there is A€ N (x) such that AC A; NA,.

(V3) If A € N (x), then there is A, € A (x) such that for each y € A, there is B €
A (y) with B C A

2. Let X be a set and N : X — P (2 (X)) be a function on X such that for each x € X,
the axioms (V1), (V2) and (V3) hold. Define

T ={U CX :foreach x € U thereis A€ A (x) such that AC U}.

Then 7 is a topology on X in which the neighborhood base is A

In Theorem 44, we showed in general that if different neighborhood bases on a set in-
duce pre-closure operators, then the induced pre-closure operators on the set are identical
if and only if the neighborhood bases are equivalent. Here, in particular, if the induced
pre-closure operators are topological closure operators on the set, then the topological

closure operators are the same if and only if the neighborhood bases are equivalent.

Theorem 219. (Hausdorff Criterion) Let A, A" be neighborhood bases on a set X and 7, ©’
be the topologies on X in which the neighborhood bases are A, A" respectively. Then T = 1’
if and only if A, A" are equivalent, that is, for each x € X, the following hold:

1. for each A€ AN (x), thereis A € A (x) with A’ C A.
2. foreach A’ € &' (x), thereis A€ N (x) withACA'.

Definition 220. Let (X, 7) be a topological space. A subcollection 9 C 7 is called a base
for 7 if and only if
r={Ja:9ca}.

Theorem 221. Let X be a set and B C & (X). Then 2 is a base for a topology on X if and
only if

1. x=J=
2. Foreach A,B € % and each x € AN B, thereis C € B with x € C CANB.

Theorem 222. Let (X, T) be a topological space and Y C X. Define v/ C % (Y) as

v'={UnY:Uenr}.
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Then 1’ is a topology on Y.

Definition 223. A topology 7’ on a subset Y of a topological space (X, 1), as defined in
Theorem 222, is called the subspace (relative) topology on Y and the the topological space

(Y, 1’) is referred to as topological subspace of (X, 7).

Notations When talking about multiple topological spaces we denote to the neighbor-
hood base of a topological space X by 44 and to the topological closure operator of X by

cly.

Definition 224. Let X and Y be topological spaces. A function f : X — Y is said to be
continuous at a point x € X if and only if for each V € A (f (x)) there is U € A4 (x) such
that f (U) C V.

Definition 225. Let X and Y be topological spaces. We say that a function f : X — Y is

continuous on X if and only if f is continuous at each point x € X.

Theorem 226. Let X and Y be topological spaces and f : X — Y be a function. Then the

following are all equivalent:

1. f is continuous.
2. For each openset UinY, f~1(U) is an open set in X.
3. For each closed set Cin'Y, f~1(C) is a closed set in X.

4. For each A C X, we have f (cly (A)) C cly (f (A)).

Definition 227. Let A be any set and X, be a set for each a € A. The Cartesian product
of the sets X, denoted l_[X or [ [ X, is the set of all functions x : A — UX such that
x (a) € X, for each a EA

The value x (a) is usually denoted by x, and is called the ath coordinate of x.

Example 228. Let A= {1,2} and X, X, be any sets. Then the Cartesian product of X; and
X, is the set

X =] [X. =X, xX, = {(x1,%,) : x; €X; and x, €X,,}.
acA

Theorem 229. Let A be any set and (X, T,) be a topological space for each a € A. Then the

collection

= {l_[Ua :U,et,and theset {a €A: U, #X,} isﬁnite}

acA

78



is a base for a topology on the Cartesian product X = [ [ X,.

Definition 230. Let A be any set and (X,, 7,) be a topological space for each a € A. The
topology defined on the Cartesian product X = [ [ X,, in Theorem 229 is called the product
(Tychonoff) topology on X = [ [ X,,.

Corollary 231. Let A be a finite set and (X, T,) be a topological space for each a € A. Then

B = {l_[Ua : Uaera}
acA

is a base for the product topology on the Cartesian product X = [ [ X,,.

the collection

Example 232. Let A= {1,2} and X, X, be any topological spaces. Then
B ={UxV :UisopeninX and V is open in Y}

is a base for the product topology on X; x X,.

Definition 233. A topological space X is called a T,-space if and only if for every distinct

points x, y € X, there is an open set U in X such that U contains exactly one of the points

X, Y.
Theorem 234. Every topological subspace of a T,-space is T,.

Definition 235. A topological space X is called a T;-space if and only if for any distinct
points x,y € X, there are open sets U and V in X suchthat xe U\V and y e V\ U.

Theorem 236. Every T,-space is a T,-space.
Theorem 237. Let X be a topological space. Then the following conditions are equivalent:
1. X is a T;-space.
2. {x} is closed in X for each x € X.
3. IFAC X and % is the family of all open sets in X that contain A, then (% =A.
Theorem 238. Every topological subspace of a T;-space is Tj.

Theorem 239. Let X be a finite set. The T,-topology on X is discrete.
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Definition 240. A topological space X is called a T,-space (Hausdorff space) if and only if
for any distinct points x, y € X, there are disjoint open sets U and V in X such that x e U
and x € V.

Theorem 241. Every T,-space is a T,;-space.
Theorem 242. Every metrizable space is Hausdorff.
Theorem 243. Every topological subspace of a Hausdorff space is Hausdorff.

Definition 244. Let X be a topological space. X is called regular if and only if for every
closed set C € X and every x ¢ C, there are disjoint open sets U and V in X such that
CCUandxeV.

Theorem 245. Let X be a topological space. The following conditions are equivalent:
1. X is regular.

2. For each open set U in X and x € U, there is an open set V in X containing x such that
cd(v)cUu.

3. There is a closed neighborhood base A of X.
Remark 246. A regular space does not have to be Tj;.
Definition 247. A topological space is T, if and only if it is T; and regular.
Theorem 248. Any Ts-space is a T,-space.

Theorem 249. Every topological subspace of a regular space is regular and every topological

subspace of a Ts-space is Ts.

Definition 250. A topological space X is called completely regular if and only if for every

closed set C C X and every x ¢ C, there is a continuous function f : X — [0,1] with

f(x)=0and f[C]C{1}.
Theorem 251. Any completely regular space is regular.

Definition 252. A topological space X is called Tychonoff if and only if X is T; and com-
pletely regular.

Theorem 253. Every Tychonoff space is Ts.
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Theorem 254. Every topological subspace of a completely regular space is completely regular

and every topological subspace of a Tychonoff space is Tychonoff:

Definition 255. Let X be a topological space. X is called normal if and only if for every
disjoint closed sets C,D C X, there are disjoint open sets U and V in X such that C C U
and D CV.

Theorem 256. Any regular space is normal.
Definition 257. A topological space X is called T, if and only if X is T; and normal.
Theorem 258. Any T,-space is Ts.

Definition 259. A topological space X is called completely normal if and only if every

topological subspace of X is normal.

Definition 260. Let X be a topological space. A collection .o/ C & (X) is called a cover
(covering) of X if and only if | ] ./ = X. A subcollection .&/" C .o/ is called a subcover of
.o/ if and only if ./’ is cover of X. An open cover of X is a cover of X consisting of open

sets.

Definition 261. A topological space X is called compact if and only if every open cover of

X has a finite subcover.

Definition 262. Let X be a topological space. A subset A is called compact in X if and only

if A is compact with respect to the subspace topology on A.

Definition 263. A topological space X is called locally compact if and only if there is a
neighborhood base A" of X such that for each x € X, each A € A" (x) is a compact set in
X.

2.4 Functional Analysis

This section introduces definitions and theorems from functional analysis that are used in
this thesis. More details can be found in [30], [28] and [10].

2.4.1 Banach Spaces

Definition 264. A normed space (X, ||-||) is a vector space over FF with a function ||-|| : X —

R, called a norm such that
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(N1) ||x]| =0 for each x € X.

(N2) ||x]| =0 if and only if x = 0 for each x € X.

(N3) ||Ax]|| = |A|||lx]|| for each x € X and for each A € F.
(N4) ||x+ y|l < ||x|| + ||yl for each x,y € X.

If the axiom (N2) is replaced by the weaker axiom
(N2) If x =0, then ||x|| =0

we say that (X, ||-]|) is a seminormed space and the function ||-|| : X — R is a seminorm.

The real number ||x|| is called the norm of x.
Theorem 265. Every normed (seminormed) space is a metric (pseudometric) space.

Proof. Let (X,]|-|]|]) be a normed (seminormed) space. Define d : X x X — R by
d(x,y)=|lx—yl|l forall x,y € X.

Then (X, d) is a metric (pseudometric) space. O

Definition 266. The metric (pseudometric) space defined in Theorem 265 is called a met-

ric space induced by a norm (seminorm).

Example 267. In Example 73, we saw that £,,{ ., ¢, ¢, Co are vector subspaces of FN.

Here we define a norm on each of these sequence spaces.

1. For p = 00, define a norm ||-|| o, : £oo — R by
I(x)ll oo = sup{lx,| : n € N} forall (x,) € .

||| oo is also a norm on the vector subspaces c, c, and cqy.

2. For 1 < p < 00, define a metric ||-||, : £, = R by

Gl = (Z |xn|P) for all (x,) € £,.
n=1
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|||l,, is also a metric on the vector subspace cy,. Note that for 0 < p < 1, the function

|||l is not a norm on £, because we have (1,0,0,...),(0,1,0,...) € £, but

I(1,0,0,...) +(0,1,0,...)||, = 27
1((1,0,0,...)l, +11((0,1,0,... ), = 2.

Thus,
1(1,0,0,...) +(0,1,0,...)l, £ 1/((1,0,0,.. DI, +11((0,1,0,.. ),

which means that (N4) does not hold.

. For 0 < p <1, define a norm ||-||, : £, = R by
1Ge)ll, =D 1x, [P for all (x,) €,
n=1

. Define a function ||-|| : ¢ = R by
IGe)ll = lim |x,| for all (x,) € c.

|: lim |%| =0 but (2

neN | n— o0 n )nGN

|-]| is not a norm on ¢ because ||(%) # (0),,ey Which

means that (N2) fails.

Definition 268. A Banach space is a normed space such that the metric space induced by

the norm is complete.

Example 269. The normed spaces (£ ., ||‘|lo) > {C, ||*]l0o) @and {cy, |||loo ) are Banach spaces.

The normed space <€p, ||-||p> is a Banach space for all p < co. The normed space (cy, |||l oo)

is dense in ¢, and the normed space <Coo: ||-||p> is dense in £, for all p < oo,

2.4.2 Hilbert Spaces

Definition 270. An inner product space (X, (-,-)) is a vector space X over F together with

a function (+,-) : X x X — F, called the inner product such that

(IP1) (x,x) > 0 for each x € X with (x,x) = 0 if and only if x = 0.

(IP2) (x,y)=(y,x) for each x,y € X.
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(IP3) (x,Ay)= A(x,y) for each x,y € X and for each A € F.
(IP4) (x,y +2)=1(x,y)+(x,2) for each x, y,z € X.

The scalar (x, y) is called the inner product of x and y.
Theorem 271. Every inner product space is a normed space.

Proof. Let (X,(-,-)) be an inner product space. Define ||-|| : X — R by
l|lx|| = 4/ (x,x) for all x € X.

Then (X, ||-]|) is a normed space. O

Definition 272. The normed space defined in Theorem 271 is called a normed space in-

duced by an inner product.
Corollary 273. Every inner product space is a metric space.
Proof. This is an immediate consequence of Theorems 271 and 265. O]

Definition 274. The metric space defined in Corollary 273 is called the metric space in-

duced by an inner product.

Definition 275. A Hilbert space is an inner product space such that the metric space in-

duced by the inner product is complete.

Example 276. The set £, of all sequences (x,),cy Of complex numbers with Z:il lx,|? <

oo and the inner product on £, is defined by

(s> Odnen) =, XnY

2.4.3 Topological Vector Spaces

This section introduces definitions and theorems on topological vector spaces that are used
in this thesis. More details can be found in [22], [29] and [4].

Definition 277. A topological vector space is a vector space X over F equipped with a
topology 7 that makes the addition operation and scalar multiplication operation contin-

uous functions. The topology 7 is said to be a vector topology on X.
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Some authors such as Rudin [30] require that the topology of the topological vector

space is T;.

Definition 278. Let X be a topological vector space. If the vector topology of X is Haus-

dorff, we say that X is a Hausdorff topological vector space.

Example 279. Any vector space over F endowed with the trivial topology is a topological

vector space.

Example 280. The discrete topology on any vector space X # {0} is not a vector topology

on X.

Theorem 281. Any normed space equipped with the metric topology induced by the norm is

a Hausdorff topological vector space.

The vector topology of a topological vector space is completely determined by the
neighborhood base of any of its vectors, particularly by the neighborhood base of the zero

vector.
Theorem 282. Let X be a topological vector space over F and A be a neighborhood base for
the vector topology on X. Then

N (x)={x+A:Ac A (0)} foreach x € X.
Theorem 283. Let X be a topological vector space over F and A be a neighborhood base for
the vector topology on X. For each A€ A (0) and each a € F \ {0}, we have aA € A4 (0).

Theorem 284. Let X be a topological vector space over F and A be a neighborhood base for
the vector topology on X. For each A € A (0), we have

1. Ais absorbent.
2. Thereis A’ € A (0) such that A"+ A’ C A

3. There is a balanced A’ € A (0) such that A’ C A.

Corollary 285. Let X be a topological vector space over F. Then there is a neighborhood base
A for the vector topology on X such that each A € A (0) is balanced.

Theorem 286. Let X be a topological vector space over F and A be a neighborhood base for
the vector topology on X. For each A€ A (0), there is A’ € A (0) such that cl(A") C A where

cl is the topological closure operator of X.
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Corollary 287. Any topological vector space over F is regular.

Theorem 288. Let X be a topological vector space over F and A be a neighborhood base
for the vector topology on X. If A€ A (0) is balanced, then cl(A) is balanced where cl is the

topological closure operator of X.

Corollary 289. Let X be a topological vector space over F. Then there is a neighborhood base
A for the vector topology on X such that each A € A (0) is balanced closed.

As we said, once we know the basic neighborhoods of 0, we know the basic neighbor-
hoods of any vector in a topological vector space. Therefore, we need some criteria on a
neighborhood base defined on a vector space which ensures that it is the neighborhood

base for some vector topology on the vector space.

Theorem 290. Let X be a vector space over F and A be a family of subsets of X such that
1. Every A€ A is balanced and absorbent.
2. For every A;,A, € N, thereis A€ N such that AC A; NA,.
3. Forevery A€ N, thereis A’ € A such that A + A’ C A

Then there is a vector topology T on X such that & is a neighborhood base for .

Theorem 291. Let X be a topological vector space over F and A C X. If Ais a vector subspace
of X, then cl (A) is also a vector subspace of X where cl is the topological closure operator of
X.

Theorem 292. Let X be a Hausdorff topological vector space over Fand AC X. IfAis a

finite-dimensional vector subspace of X, then A is closed.

Theorem 293. Let X be a topological vector space over F. If M is a closed vector subspace of

X and N is a finite-dimensional vector subspace of X, then
M+N={m+n:meMandne€ N}

is a closed vector subspace of X.

Theorem 294. Let X be a Hausdorff topological vector space over F. Then X is locally compact
if and only if X is finite-dimensional.
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Chapter 3
New Spaces

The purpose of this thesis is to find a space that generalizes the concept of topological
vector spaces. This chapter introduces two new spaces called finite matroidal spaces and
matrological spaces. Since any topological vector space is equipped with a linear structure
and a topological structure and any vector space is a finitary matroid, we define a finite
matroidal space and a matrological space as a set with a pre-closure operator that behaves
as a matroidal closure operator on the finite subsets and behaves as a topological closure

operator on the infinite subsets.

3.1 Finite Matroidal Spaces

The theory of finite matroids was introduced by Whitney [38], and general matroids were
most often defined as finitary matroids. But, as we saw in Remark 167, the class of finitary
matroids is not closed under duality. As a consequence, Rado [27] asked for a suitable ex-
tension of general matroids with duality. To answer Rado’s problem, Higgs [15] proposed
possible approaches to general matroids. He first defined what he called a matroid as a set
with a pre-closure operator cl such that cl and cl* are closure operators. In the same idea,
we define a finite matroidal space as a space that possesses the same property as its dual.
More precisely, a finite matroidal space is a space in which every finite subset is a matroid

in the space and in its dual.

Definition 295. A space (X, cl) is called a finite matroidal space if and only if cl;; and cl.;

are matroidal closure operators on every finite F C X.

Example 296. Let X be any set and define cl : Z (X) —» & (X) by
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cl(A)=AforeachACX.
Then cl is a matroidal closure operator on X. By Theorem 156, cl;; and cl.; are matroidal

closure operators on every finite F C X. In fact,

clyz (A) =AforeachACF
cl.p(A)=AforeachACF.

Hence (X, cl) is a finite matroidal space.

Example 297. Let X be an infinite set. Define cl : 2 (X) —» & (X) by

A if X \ A is infinite
cl(A) = for each A C X.
X if X \ Ais finite

cl is a closure operator on X. So, (X, cl) is a space. For every finite F C X, we have

cliz (A)=AforeachACF
cl.p (A) =F foreachACF.

Then cl;; and cl.; are matroidal closure operators on F. Therefore, (X,cl) is a finite ma-

troidal space.

Example 298. Let X be any set with more than one element and x, € X. Define cl :
P (X)—> 2 (X) by
A ifx,¢A

cl(A) = foreachACX.
X ifx,€A

Then cl is a closure operator operator on X. So, (X, cl) is a space. Consider F = {x,,y} € X
where y # x,. Let A= @ and x,, y € F \ A. We have

ClrF (@)=
clip ({x0}) = {x0, ¥}
i {yH =1{y}.

Thus, y € cliz (AU {x,}) \ cl;z (A) but x4 ¢ cl;z (AU{y}). Therefore, cl;; does not have
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the exchange property on F. So, cl; is not a matroidal closure operators on F, and hence

(X,cl) is not a finite matroidal space.

Example 299. Let X be an infinite set and x, € X. Define cl: & (X) —» & (X) by

A fA#FX\{x
cl(A) = AXA xo) for each A C X.
X ifA=X\{xy}

cl is a closure operator on X. So, (X,cl) is a space. Note that for each finite F C X, we
have
clp(A)=Aforall ACF.

Thus, cl}; is a matroidal closure operator on F. Now, take F = {x,,y} C X with y # x,.
But

clp (@)=
clp(@U{y}) ={x0 ¥}
Cl.F (@ U {XO}) = {XO} .

Then x, € cl.; (@U{y}) \ cl.; (@) but y ¢ cl.p, (U {x,}). Therefore, cl., does not have
the exchange property on F. So, cl.; is not a matroidal closure operators on F, and hence

(X, cl) is not a finite matroidal space.

Example 300. Consider X = {1,2} and define a pre-closure operator cl : Z (X) —» & (X)
by

o ifA=0
cl(A) =1 {1} ifA={1} foreachACX.
X  otherwise

Clearly, cl is a closure operator on X but does not have the exchange property on X. There-
fore, cl is not a matroidal closure operator on X. Hence (X,cl) is not a finite matroidal

space. Using Theorem 6, the dual of cl is

{2} ifA=0@
cl*(A) = foreach A C X.
X  otherwise
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Clearly, cI* has the exchange property on X but is not a closure operator on X. Therefore,

cl* is not a matroidal closure operator on X. Hence (X, cl*) is not a finite matroidal space.

Example 301. Take X = {0} U {% ‘ne N} with the standard topological closure operator
on X. Then
A if A is finite
cl(A) = foreach ACX.
AU {0} if Ais infinite

(X,cl) is a space. Let F C X be finite. Thus,
cliz (A)=Aforall ACF.

Therefore, cl;z (A) is a matroidal closure operator on F. We still need to show cl.; is a

matroidal closure operator on F. If 0 € F, then
cl..(A)=Aforall ACF.

If 0 ¢ F, then

A if0eA
cl.z (A) = forall ACF.

AU{0} ifO¢A
In both cases, cl.; is a matroidal closure operator on F. Therefore, (X,cl) is a finite

matroidal space. Using Theorem 6, the dual of standard topological closure on X is
c’: @ (X) > & (X) defined by

X\ {0} if0¢AandX \Ais infinite
c*(A) = foreachACX.
X if 0 € Aor X \ A is finite

(X,cl") is a space. Let F C X be finite. If 0 € F, then

F\{0} if0o¢A
CFFF A) = WO # foreachACF.
F if0eA

If 0 ¢ F, then
clTF (A)=F forall ACF.
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In both cases, cl"r‘F is a matroidal closure operator on F. Also, we get
cl*.r(A)=F forallACF.

cl*.; is a matroidal closure operator on F. Therefore, (X, cl*) is a finite matroidal space.
The next theorem shows that a finite matroidal space can be defined as a space in which

each finite set is a matroid in the space and in its dual.

Theorem 302. Let (X,cl) be a space. (X,cl) is a finite matroidal space if and only if cl; and

clt

¢ are matroidal closure operators on each finite F C X.

Proof. Let (X,cl) be a finite matroidal space. Let F C X be finite. Then cly; and cl.;
are matroidal closure operators on F. By Theorems 12 and Theorem 151, clTF = (cl.p)*
is a matroidal closure operator on F. Suppose that cl;; and cl”r‘F are matroidal closure
operators on every finite F C X. By Theorems 12 and 151, cl.; = (CITF)* is a matroidal

closure operator on F. Hence (X, cl) is a finite matroidal space. [

Example 303. Consider X = {0}U {% ‘ne N} with the standard topology on X. Then the
topological closure operator on X is
if A is finite

A
cl(A) = for each A C X.
AU{0} if Ais infinite

(X,cl)isaspace. Let F C X be finite. Asin Example 301, cl; is a matroidal closure operator
on F. We still need to show cl.; is a matroidal closure operator on F. By Theorem 302, it
suffices to show that clf, is a matroidal closure operators on F. By Theorem 109, cI” has
the exchange property on X since cl is a closure operator on X. By Theorem 106, cl”r‘F has
the exchange property on F. It remains to show that cl"r‘F is a closure operator on F. Using

Theorem 6, the dual pre-closure of cl on X is

X\ {0} if0¢AandX \Ais infinite
c*(A) = foreachAC X.
X if 0 € Aor X \ A is finite

As in Example 301, ClTF is a closure operator on F. Therefore, cl”r‘F is a matroidal closure

operator on F. Hence (X, cl) is a finite matroidal space.
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Note that cl” is a pre-closure on X but it is not a closure operator on X because

ol* (cl* (@) = cl* (X \ {0}) =X
ol (@) =X \ {0} .

Then
cl* (eI (@)) # " (@).

So, cl* is not a topological closure operator on X, although cl is a topological closure
operator on X. Thus the dual of a topological space is not necessarily a topological space.
The following theorem says that the dual of a finite matroidal space is also a finite matroidal

space.

Theorem 304. Let (X, cl) be a finite matroidal space and let cl* be the dual pre-closure oper-
ator of cl on X defined by

c*(A)=Au{xeX\A:x¢cd(X\(AU{x}))} foreachACX.

Then (X, cl*) is also a finite matroidal space.

Proof. Suppose that (X, cl) is a finite matroidal space. cl* is the dual pre-closure operator
of clon X, so (X, cl*) isa space. Let F C X be finite. Since (X, cl) is a finite matroidal space,
clir and cl.; are matroidal closure operators on F. By Theorems 12 and 151, CITF = (cl.p)"
and cl*.; = (cl rF)* are matroidal closure operators on F. Hence (X, cl*) is a finite matroidal

space. O

Definition 305. Let (X, cl) be a finite matroidal space. The finite matroidal space (X, cl*),
defined in Theorem 304, is called the dual of finite matroidal space (X, cl) and denoted by
(X,c)" =(X,cl¥).

Theorem 306. Let (X,cl) be a finite matroidal space. Then
X,cl*) = (X,cD).

Proof. It is an immediate consequence of Theorem 11. ]

In Theorem 304, we saw that finite matroidal spaces work nicely with duality. We will

see that they also work nicely with restrictions and contractions.
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Theorem 307. Let (X,cl) be a finite matroidal space and Y C X. Then (Y, clry) and (Y,cl.y)

are finite matroidal spaces.

Proof. Suppose that (X,cl) be a finite matroidal space and Y € X. So, (X,cl) is a space
and then (Y, clry) and (Y,cl.,) are spaces. Let F C Y be finite. By Theorem 13, we have

(Clry) IF = leF

(Cl.y) ‘F — Cl.F

Since cly and cl.; are matroidal closure operators on F, then (drY)rF and (cl.y).p are ma-
troidal closure operators on F. It remains to show that (clry) .r and (cl.y),; are matroidal

closure operators on F. Let AC F and x € F \ A. Then

S (clry) A4
if and only if
X € (Cl\(X\Y))/(y\F) (4)

if and only if
x € clyx\ry e (A)

if and only if (by Theorem 15)

X € clymen (A)

if and only if
x € (Cl/(Y\F))\(X\Y) (4)
if and only if
x € (cl.p)r (A)
if and only if
x €clz(A)

Therefore, (clry) . = cl.p. Since cl.; is a matroidal closure operator on F, then (clry) .
is a matroidal closure operator on F. Now, by Theorem 304, (X, cl*) is a finite matroidal

space. Then (CI)FY) .p 1s @ matroidal closure operator on F. By Theorem 151,

((cr,)r) = ()
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is also a matroidal closure operator on F. Then (Y, clry) and (Y, cl.,) are finite matroidal

spaces. O]
Remark 308. Basis and circuits may not exist in finite matroidal spaces.

Proof. Let X be an infinite set. Define cl : Z (X) —» & (X) by

A if Ais finite
cl(A) = foreachACX.
X if Ais infinite
Then cl is a closure operator on X. So, (X,cl) is a space. Let F C X be finite. Thus,
clyz (A) =AforeachACF.
cl.p (A)=F foreach ACF.

Then cl;; and cl.; are matroidal closure operators on F. Therefore, (X,cl) is a finite ma-

troidal space. The collection .# of all independent sets induced by cl is

F={ACX:x¢&cl(A\{x}) for each x € A}
= {AC X : Ais finite}.

Therefore, .# has no maximal elements, and hence (X, cl) has no basis. Now, the collection
P (X)\ # of all dependent sets is

PX)\F={ACX :A¢ ¥}
= {AC X : Ais infinite}.
Thus, & (X) \ .# has no minimal elements, and hence (X, cl) has no circuits. O

Now, we need to compare between finite matroidal spaces and the old spaces such as
matroids, pre-independence spaces [34] and exchange systems [8]. These comparisons

show that finite matroidal spaces are new and different.

Theorem 309. If (X,.#) is a matroid, then (X,cl) is a finite matroidal space where cl is the

matroidal closure operator on X induces ..

Proof. Let (X,.#) be a matroid and cl be the matroidal closure operators on X induces
#. Then (X,cl) is a space. Now, let F C X be finite. By Theorem 156, cl;; and cl.p
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are matroidal closure operators on every finite F € X. Hence (X,cl) is a finite matroidal

space. [
Example 310. Any vector space over the field F is a finite matroidal space.

Example 311. The uniform matroids, finite cycle matroids, bond matroids, algebraic cycle

matroids and nibble matroids are finite matroidal spaces.

Remark 312. If (X, cl) is a finite matroidal space, then (X, .#) may not be a matroid where

# is the simplicial complex on X induced by cl.

Proof. Consider X = {0} U {% ‘ne N} with the standard topological closure operator cl
on X. In Example 301, we have shown that (X, cl) is a finite matroidal space. Now, the

collection .# of independent sets induced by cl is

F={ACX:x¢&cl(A\{x}) for each x € A}
={ACX:0¢AorAis finite} .

Take Y =X and A= {0}. So,ACY and A€ .#. But foreachBe€ £ withACBCY, we
have B is not maximal. Thus, .# does not have the maximality property on X. Therefore,

(X,.#) is not a matroid. ]

Definition 313. Let X be any set and .¢ € & (X) be a collection of subsets of X. Then

(X,.#) is called a pre-independence space (or pi-space) if and only if
I1) ge~s.
(I2) IfIe £andJ C I, thenJ € .#.
(I3") I1f 1,1, € # are finite and |I,| £ |I,|, there is x € I, \ I; such that I; U {x} € .£.

Example 314. Let X =R and .¢ = {A C X : Ais countable}. Clearly, the axioms (I1), (12)
and (I3’) hold. Then (X, .#) is a pre-independence space.

Example 315. Let X =N and

F={ACX:|A <1}

U{ACX :|Al =2 and A does not contain consecutive numbers} .
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Clearly, (I1) and (I2) are hold. Take I; = {2} and I, = {1,3}. Then I,,I, € .# are finite
with |I,| £ |I,| but

Lu{1}={1,2} ¢.9
Lu{3}=1{2,3} ¢

Thus, .# does not satisfy (I3’). Then (X,.#) is not a pre-independence space.

Theorem 316. If (X,cl) is a finite matroidal space, then (X,.#) is a pre-independence space

where £ is the simplicial complex on X induced by cl.

Proof. Suppose that (X, cl) is a finite matroidal space. Let .# be the simplicial complex on
X induced by cl. Thus, .# satisfies (I1) and (12). It remains to show that .# satisfies (I3’).
Let I;,I, € .# be finite such that |I;| £ |I;|. Then I, U, is finite. Since (X,cl) is a finite
matroidal space, cl;; ,;, is a matroidal closure operator on I, UI,. By Theorem 131, cly; .,

induces the finite matroid

o, ={ICLUL: 1€},
So, I1, I, € #y,.r,- Thus, there is x € I, \ I; such that I; U {x} € 4, ;,. This implies that
I, U{x} € #. Hence (X, .#) is a pre-independence space. ]

Remark 317. If (X, .#) is a pre-independence space, then (X, cl) is not necessarily a finite

matroidal space where cl is the pre-closure operator on X induced by .#.
Proof. Let X =N and

B={X\{1},X\{2,3},X\{4,5,6},X\{7,8,9,10},...}.

Let
&£ ={I CX: thereis B € & such that I C B}.

Then .# clearly satisfies (I1) and (I12). Also, .# satisfies (I3’) since all finite sets of X are in
#. Therefore, (X, .#) is a pre-independence space. Now, the pre-closure operator cl on X
induced by .# is

cl(A)=Au{xeX\A: thereisI] CAsuchthat] € #and IU{x} ¢ .}
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forall AC X. Let F = {1,2}. We want to show that cl.; is not a matroidal closure operator
on F. We know
clp(A)={xeF:xecd(AUX\F))}

Thus,
cdy(@)={x€eF:xed(@uU(X\F))}
={xeF:xecX\{1,2}}
={xeF:xeX\{2}}={1}
Also,

(1D ={xeF:xecd({1}UX \F))}
={xeF:xecdX\{2}}
={xeF:xeX}=F

Therefore,

clp(clz (@) =cl;({1})=F
clp (@) ={1}

Then cl.; is not a closure operator on F, and hence cl.; is not a matroidal closure operator

on F. This leads to that (X, cl) is not a finite matroidal space. O

Definition 318. A pre-independence space (X,.#) is called an independence space if .#

satisfies the following condition
(I4) If AC X and for each finite A CA we have A’ € ¥, then A€ 4.

So, the class of all independence spaces is the same as the class of all finitary matroids.
By Theorem 309 and Remark 312, every independence space is a finite matroidal space

but the converse is not true.

Definition 319. Let X be any set and .¢ C & (X) be a collection of subsets of X. Then .¢
has the maximal condition if and only if for each I € .#, there is a maximal element B € .¢
such that I C B.

Definition 320. An mpi-space is a pre-independence space (X, .#) provided that .# has the

maximal condition.
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Remark 321. If (X, cl) is a finite matroidal space, then (X, .#) does not have to be an mpi-

space where .# is the simplicial complex on X induced by cl.

Proof. Let X =N and define cl: 2 (X) —» & (X) by

A if Ais finite
cl(A) = foreachACX.
X if Ais infinite

In Remark 308, we proved that (X,cl) is a finite matroidal space. Now, the simplicial

complex .¢ on X induced by cl is

F={ACX:x¢&cl(A\{x}) for each x € A}
= {AC X :Ais finite}.

So, (X, .#) is a pre-independence space. Consider {1} € .#. There is no maximal element
B € .# such that {1} C B. Thus, .# has no the maximal condition. Hence (X, .#) is not an

mpi-space. ]

Remark 322. If (X,.#) is an mpi-space, then (X,cl) is not necessarily a finite matroidal

space where cl is the pre-closure operator on X induced by .#.

Proof. Let X =N and
B={X\{1},X\{2,3},X\{4,5,6},Xx\{7,8,9,10},...}.

Let
# ={I CX: thereis B € 2 such that I C B}.

The pre-independence space (X,.#) is obviously an mpi-space. In Remark 317, it has
proven that (X, cl) is not a finite matroidal space where cl is the pre-closure operator on X
induced by .#. ]

Definition 323. Let X be any set and .¢ C & (X) be a collection of subsets of X. Then
(X,.#) is called an exchange system if and only if

(I1) goe.s.
(I2) fIe £andJ C I, thenJ € 4.
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(I3”) LetY C X and B,,B, be maximal in .%y. If x € B, \ B,, then there is y € B, \ B; such
that (B, \ {x})U{y} and (B, \ {y}) U {x} are maximal in .9 .

Remark 324. Let (X,cl) be a finite matroidal space. Then (X,.#) does not have to be an

exchange system where .¢ is the simplicial complex on X induced by cl.

Proof. Let X = X; UX, where X;,X, are disjoint infinite sets. Define cl : # (X) —» & (X)

by

(A if A is finite

AUX, if AnXj, is finite and AN X, is infinite
cl(A) = {
AUX, ifANX, isfinite and ANX; is infinite

(X if AnX; and AN X, are infinite

for each A C X. Then cl is a pre-closure (not a closure) operator on X. So, (X,cl) is a
space. Let F C X be finite. Thus,

cliz (A)=Aforeach ACF.
cl.p (A) =F foreachACF.

Then cl; and cl.; are matroidal closure operators on F. Therefore, (X,cl) is a finite ma-

troidal space. Now, cl induces the simplicial complex .# as follows

F={ACX:x¢&cl(A\{x}) for each x € A}
=P (X)UP (X,)U{AC X : Ais finite} .

Then X;,X, are maximal in .#. Pick x; € X;. Since X; NX, = @, then x; € X; \ X,. But for

all x, € X, \ X;, we have

X\ {aDu{x,} ¢ 4.
Therefore, .¢ does not satisfies (I3”). Hence (X, .#) is not an exchange system. H

In Theorem 174, Higgs proved that we only get an algebraic cycle matroid of a graph
G if and only if G does not contain a subgraph isomorphic to a subdivision of the Bean
graph, see Figure 2.2.1. The following theorem shows that this condition is not needed to

get a finite matroidal space.

Theorem 325. Let G be a graph, 6 be the collection of all algebraic circuit of G and X =
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E(G). Definecl: # (X) —» & (X) by
cl(A)=AUu{x e X \A: thereis C € € such that x € C CAU {x}}

forall AC X. Then (X,cl) is a finite matroidal space.

Proof. clis a pre-closure (not a closure) operator on X. Then (X, cl) is a space. If G does
not contain a subgraph isomorphic to a subdivision of the Bean graph. By Higgs Theorem
174, cl is a matroidal closure operator on X and hence, by Theorem 309, (X, cl) is a finite
matroidal space. Assume G does contain a subgraph isomorphic to a subdivision of the
Bean graph. Let F C X be finite. So, F is an edge set of a locally finite graph. By Corollary
177, cljy is a matroidal closure operator on F. So, we just need to show that cl.; is a
matroidal closure operator on F. In Higgs Theorem 174, it has shown in general that cl
has the exchange property on X. By Theorem 106, cl.; has the exchange property on F.
It remains to show that cl.; is a closure operator on F. Suppose, by way of contradiction,
that there is AC F and x € F \ A such that

x €clp(clg(A)\clz(A).

Then
xec(cd(AUX\F))\c(AU(X \F)).

This happens only when F \ A is infinite which contradicts that F is finite. Thus, cl.; is a
closure operators on F, and hence cl.; is a matroidal closure operator on F. Then (X, cl)

is a finite matroidal space. O

3.2 Matrological Spaces

As we saw, the pre-closure operator of a finite matroidal space behaves as a matroidal
closure operator on the finite subsets. A matrological space is defined as a finite matroidal
space in addition to an axiom that makes the pre-closure operator of the finite matroidal
space behave as a topological closure operator on the infinite subsets. Two important key
theorems in our research that tell when a matroid or topological space is a matrological

space will be presented in this section.

Definition 326. A finite matroidal space (X, cl) is called matrological if and only if for all
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A,BCX and all x e X if
x €cl(AuB)\[cl(A)ucl(B)],

then there is a finite F € AU B such that x € cl(F).

Example 327. Let X be any set and define cl : Z (X) —» & (X) by
cl(A)=Aforall ACX.

cl is a matroidal closure operator on X. By Theorem 309, (X, cl) is a finite matroidal space.
For all A,B C X, we have

cl(AUB)=AUB =cl(A)Ucl(B).

Then (X, cl) is a matrological space.
The following example is slightly different from the one that we have in Remark 324.

Example 328. Let X = X; UX, where X; and X, are disjoint and infinite. Define cl :
P (X) > P (X) by
(A if A is finite

AUX, if AnX, is finite and AN X, is infinite
cl(A) = {
AUX,; ifANX, is finite and AN X; is infinite

| X if AnX; and AN X, are infinite

for each A C X. Note that cl is a closure operator on X. So, (X,cl) is a space. Let F C X be
finite. Thus,

clip (A)=Aforeach ACF.
cl.p(A) =F foreachACF.

Then cl;; and cl.; are matroidal closure operators on F. Therefore, (X, cl) is a finite ma-
troidal space. We want to show that (X,cl) is a matrological space. It suffices to show
that

cl(AuB)=cl(A)Ucl(B) for eachA,B CX.
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B

Figure 3.2.1: One Double Ray.
By (CL2), we know
cl(A)ucl(B) Ccl(AUB) for each A,B C X.

Now, let A,B C X and x € X \ (AU B) such that x € cl(AUB). So, AUB is not finite. Thus,
(AUB)NX, or (AUB)NX, is infinite or both. Therefore, ANX; or ANX, is infinite or both
or BN X, or BNX, is infinite or both. So, x € cl(A) Ucl(B). Thus,

cl(AuUB) Ccl(A)ucl(B) foreachA,B C X.

Thus,
cl(AUuB)=cl(A)Ucl(B) for each A,B C X.

Therefore, (X, cl) is a matrological space.

In Theorem 309, we proved that every matroid is a finite matroidal space.

Remark 329. If (X, .#) is a matroid, (X, cl) may not be a matrological space where cl is the

matroidal closure operators on X induces.#.

Proof. Consider the One Double Ray G as shown in Figure 3.2.1. Let X = E(G) and cl be
the algebraic cycle matroidal closure operator on X. Take A,B C X and x € X \ (AUB) as
in Figure 3.2.1. Then

x €cl(AuB)\ (cl(A)ucl(B)).

But x ¢ cl(F) for each finite F € AU B. Therefore, (X, cl) is not a matrological space. [

Note that the matroid (X, .#) in Remark 329 is not finitary, but it is cofinitary and nearly
finitary [ 6] where cl is the matroidal closure operator on X induces .#. In general, we have
the following important key theorem in our research that says the only matroids that are

matrological spaces are the finitary matroids.

Theorem 330. Let (X,.#) be a matroid. Then (X,.#) is a finitary matroid if and only if

(X, cl) is a matrological space where cl is the matroidal closure operators on X induced by ..
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Proof. Suppose that (X,.#) be a finitary matroid and cl be the matroidal closure operator
on X induces .#¢. By Theorem 309, (X, cl) is a finite matroidal space. Now, let A,B C X and
Xx € X be such that

x €cl(AUuB)\ (cl(A)ucl(B)).

Since cl is a finitary matroidal closure operator on X, there is a finite set F € AU B such
that x € cI(F). Thus, (X,cl) is a matrological space.

Now, assume that (X,cl) is a matrological space. We want to show that (X,.#) is a
finitary matroid. Suppose, by way of contradiction, that (X,.#) is not a finitary matroid.
So, there is an infinite circuit C € € where % is the collection of all circuits of the matroid
(X,.#). Let x € C and let

P=1{Ay,Bo} S (C\ {x})

be a partition® of C \ {x}. We get
x €C C(AyUBy)U{x}

and hence x € cl(A, U By,). If there is C, € ¥ such that

x€CyCAyU{x},
then C, € C which is contradiction. Then x ¢ cl(A,). Similarly, x ¢ cl(B,). So, we have

x €cl(AyUBy)\ (cl(Ay) Ucl(By)).
Since (X, cl) is a matrological space, there is a finite set F € A, U B, such that
x €cl(F).

Thus, there is a finite circuit C’ € € such that

x€C' CFuU{x}.

This implies that C’ C C, contradiction. Thus, cl is a finitary matroidal closure operator on

X and hence (X, .#) is a finitary matroid. ]

et X be a set and P € & (X) with P # @&. Then P is a partition of X if and only if & ¢ P, AUPA =X and
€.
ANB # @ for each distinct A,B € P.
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Example 331. Any vector space over the field FF is a matrological space.

Example 332. The finite cycle matroids are matrological spaces but the bond matroids

may not be matrological spaces.

Example 333. For each n € N, the uniform matroid of rank n is a matrological space but

the uniform matroid of co-rank n might not be a matrological space.

We know that every matrological space is a finite matroidal space. The following the-

orem shows that there are finite matroidal spaces that are not matrological spaces.

Remark 334. If (X, cl) is a finite matroidal space, then (X, cl) might not be a matrological

space.

Proof. Let G be the One Double Ray as shown in Figure 3.2.1. Let X = E (G) and cl be the
algebraic cycle matroidal closure operator on X. By Theorem 309, (X,cl) is a finite ma-
troidal space. But, in the proof of Remark 329, we showed that (X, cl) is not a matrological

space. O]

If the ground set is finite, then matroids, finite matroidal spaces and matrological spaces

are the same.

Theorem 335. Let X be a finite set and cl be a pre-closure operator on X. Then the following

are equivalent:

1. clis a matroidal closure operator on X.
2. (X,cl) is a finite matroidal space.
3. (X,cl) is a matrological space.

Proof. (1)=(2) Let cl be the matroidal closure operators on X. By Theorem 309, (X, cl) is
a finite matroidal space. (2)=>(3) Let (X, cl) be a finite matroidal space. Now, let A,B C X
and x € X \ (AU B) be such that

x €cl(AUB)\ (cl(A)ucl(B)).

Consider F = AUB. Thus F is finite and x € cl(F). Therefore, (X,cl) is a matrological
space. (3)=(1) Let (X,cl) be a matrological space. Thus, clyy and cl.; are matroidal

closure operators on each finite F C X. Take F = X. Then

cd=clyy=clp.
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Therefore, cl is the matroidal closure operators on X. O

Example 336. Let X = {1,2,3} and .¢ = {@, {1}, {2}, {3}, {2,3}}. Then the pre-closure
cl induced by .# is

(A ifA=0

1,2} ifA={2

o | 1 A=)

(1,3} ifA={3}

(X forall A¢ {@,{2},{3}}.

In Remark 117, we proved that cl is not a closure operator on X. Then cl is not a matroidal
closure on X. By Theorem 335, (X, cl) is neither a finite matroidal space nor a matrological

space.

Example 337. Consider the symmetric group <S4, 0>. Let cl be the algebraic closure oper-
ator on S,. By remark 180, cl is not a matroidal closure operators on S,. By Theorem 335,

(54, cl) is neither a finite matroidal space nor a matrological space.

The following is another important key theorem in our research that says the only
topological spaces that are matrological spaces are those in which the topological closure

operators have the exchange property.

Theorem 338. Let X be a topological space and cl be the topological closure operator of X.
Then cl has the exchange property on X if and only if (X, cl) is a matrological space.

Proof. Suppose that cl has the exchange property on X. By Theorem 106, cl;; and cl.p
have the exchange property on every finite F C X. Since cl is a closure operator on X,
then, by Theorem 5, cl; and cl.; are closure operators on every finite F C X. Therefore,
cl;r and cl.; are matroidal closure operators on every finite F C X. Since cl is a topological

closure operator on X, we have
cl(AuB)=cl(A)ucl(B) forall A,B C X.

Hence (X, cl) is a matrological space.
Now, suppose that (X, cl) is a matrological space. Let AC X and x, y € X \ A be distinct
such that
yec(Au{x})\cl(A).
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Since cl is a topological closure operator on X, we have
y €lcd@ud{xH]\cl(A).
It follows that y € cl({x}). Now, consider F = {x, y}. Then
yecyp(@U{x})\cly (D).

Since cl is a matroidal closure operator on the finite set F C X, then cl;; has the exchange

property on F. So, we get

x €y (@U{y})
and hence
xecd(@u{y)=cd{y}.
Thus,
xecl@Auc{y})=clAu{y}).
Then cl has the exchange property on X. O

Example 339. Let X be an indiscrete topological space and cl be the topological closure

operator on X. Thus,

@ ifA=0Q
cl(A) = foreachAC X.
X fA#Q

Let AC X and x,y € X \ A be distinct such that y € cl(AU {x}) \ cl(A). This implies that
A= @. Thus,
xecAu{y})=cd{y})=X.

Then cl has the exchange property on X. By Theorem 338, (X, cl) is a matrological space.

Example 340. Take a discrete topology on a set X. The topological closure operator cl :
P (X)— P (X) is defined by

cl(A) =AforeachACX.
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Let AC X and x,y € X \ A be distinct such that
yec(Au{x})\cl(A).

So,
y (AU {x})\ A

Thus, x = y which is impossible. Hence cl has the exchange property on X. By Theorem

338, (X, cl) is a matrological space.

Example 341. Let X be any set and B € X. Define a topological closure operator cl :
P (X)—> P (X) by
%) ifA=0

cl(A) = foreachAC X.
AUB ifA# @

Take x ¢ B and y € B. So,

cd({x})={x}uB
cd({y})=B.

Therefore, we have x,y € X are distinct such that y € cl(@U{x}) \ cl(®), but x ¢
cl(@U{y}). Then cl does not have the exchange property on X. By Theorem 338, (X, cl)

is not a matrological space.
Remark 342. A T,-space may not be matrological.

Proof. Consider X = {1,2} with the Sierpinski topology T = {&, {2},X}. Thus, X is T,,.
Let cl be the topological closure operator on X and take A= @ and 1,2 € X \ A. Then

cd(A) =2
cl({1}) ={1}
c({2}) =X.

Thus, 1 € cl(AuU{2}) \ cl(A) but 2 ¢ cl(AuU {1}). Then cl does not have the exchange
property on X. By Theorem 338, (X, cl) is not a matrological space. O

Corollary 343. Any T;-space is matrological.
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Proof. Let cl be the topological closure operator on a T;-topological space X. By Corollary
51, there is an open neighborhood base .4 that induces cl. Now, letAC X and x,y € X \A
be distinct such that y ¢ cl(A). We claim that y ¢ cl(AU{x}). Suppose, by way of
contradiction, that y € cl(AU {x}). Then for each U € A4 (y), we have UN(AU {x}) # &.
Since y ¢ cl(A), there exists U, € A (y) such that U, NA = @. It follows that x € U,,
otherwise y ¢ cl(AU{x}). By Theorem 237, {x} is closed in X. Thus, V, = X \ {x} €
A (y). It follows that UyNV, € A (y) and (U, N V)N(AU {x}) = @. This contradicts that
y € cl(AU{x}). Therefore, it is impossible to have y € cl(AU {x}) \ cl(A). Hence cl has
the exchange property on X. By Theorem 338, (X, cl) is a matrological space. O

Example 344. Any cofinite topological space is matrological.
Corollary 345. Any Hausdorff space is matrological.
Proof. This is an immediate consequence of Theorem 241 and Corollary 343. ]

Example 346. The standard topology on X = {0} U {% ‘ne N} is T,. So, (X,cl) is a

matrological space where cl is the topological closure operator on X.
Example 347. Any metric space is matrological.

Example 348. The product topology on X = [ [R is Hausdorff. Therefore, (X,cl) is a
a€A
matrological space where cl is the topological closure operator on X.

Corollary 349. Any regular space is matrological.

Proof. Let cl be the topological closure operator on a regular topological space X. By
Corollary 51, there is an open neighborhood base .4 that induces cl. Now, let A € X and
x,y € X \ A be distinct such that y € cl(AU {x}) \ cl(A). Then for each U € A4 (y) we
have U N (AU {x}) # &, and there exists U, € A4 (y) such that U, NA = @. It follows that
x € U,, otherwise y ¢ cl(AU {x}). Suppose, by way of contradiction, that x ¢ cl(AU {y}),
which is closed in X. By regularity, there are two disjoint open sets V,, W, in X such that
x €Vyand cl(AU{y}) S W,. But UynW, € A (y) and (U,NV,) N (AU {x}) = @. Thus,
y ¢ cl(AU {x}) which is a contradiction. Therefore, x € cl(AU {y}), and hence cl has the
exchange property on X. By Theorem 338, (X, cl) is a matrological space. O

Corollary 350. Any T;-space is matrological.

Proof. This is true from the definition of T;-spaces, see Definition 247. O
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Corollary 351. Any completely regular space is matrological.

Proof. This is obvious from Theorem 251. ]
Corollary 352. Any Tychonoff space is matrological.

Proof. This is true from the definition of Tychonoff spaces, see Definition 252. ]
Remark 353. A normal space does not have to be matrological.

Example 354. Let X be a set with at least 3 elements and x, € X. Define a topology
T=XU{UCX:x,¢U}.

Note that 7 is the Sierpinski topology for X when X has only two elements. Thus, X is

normal. The family of closed sets of X is
F={0}U{AC X :x,€A}.
So, the topological closure operator cl on X is

A ifA=0
cl(A) = foreach ACX.
AU{x,} IfA#D

Now, take A = @ and x, x, € X \ A where x # x,. Then

cdd(A)=v
cl({x}) = {x, xo}
cl({xo}) = {xo}-

Thus, x, € cl(AU {x}) \ cl(A) but x ¢ cl(AU {x,}). Then cl does not have the exchange
property on X. By Theorem 338, (X, cl) is not a matrological space.

Note that the space X in the last remark is normal and T, and neither T;, T, nor regular.

In the next example, we have a normal space that is neither T, T;, T, nor regular.

Example 355. Let X = (0,1) and

T={®,X}U{Un=(0,1—%):nEN\{l}}.
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Then 7 is a normal topology for X that is neither T,, T;, T, nor regular. The collection of

closed sets of X is
1
9={@,X}U{An=[1——,1) : neN\{l}}.
n
This example does not satisfy the exchange property on X because

()
()12

where cl is the topological closure operator on X. Thus, % € cl(@u {%}) \ cl(@) but

% ¢ cl (@ U {%}) By Theorem 338, (X, cl) is not a matrological space.

In Theorems 304 and 307, we saw that finite matroidal spaces work nicely with duality,
restrictions and contractions. Now, we will see whether matrological spaces work nicely

with duality, restrictions and contractions.

Theorem 356. Let (X,cl) be a matrological space and Y € X. Then (Y, clry) and (Y,cl.y)

are matrological spaces.

Proof. Suppose that (X,cl) be a matrological space and Y € X. Then (X,cl) is a finite
matroidal space. By Theorem 307, (Y, clry) and (Y, cl.y) are finite matroidal spaces. Let
A,BCY and x € Y \ (AUB) be such that

x €clyy (AUB)\ [clry (Aucdy (B)] .

So,
x€cl(AuB)\[cl(A)ucl(B)].

Since (X, cl) is a matrological space, there is a finite set F C AU B such that x € cl(F). It
follows that x € cl;y (F).
Now, let A,B CY and x € Y \ (AU B) be such that

x ecly (AUB)\ [cly (A) Ucl,y (B)].
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Figure 3.2.2: Illustration for Remark 357.

Thus,
xecd((AUuB)UX\Y)\[cddAuX\Y)Uuc(BUX\Y))].

Therefore,
xecd(AUX\Y)UBUX\Y)\[cl(AUX\Y))ucd(BUX\Y))].
Since (X, cl) is a matrological space, there is a finite set
FCAUX\Y)UBUX\Y))=AUB)UX\Y)

such that x € cI(F). Take F' = F \ (X \ Y). It implies that F/ C AU B is a finite set. Since
x€cl(F)and F CF'U(X \Y), we have

xed(FuX\Y)).

It follows that x € cl., (F’). Hence (Y, clry) and (Y, cl.,) are matrological spaces. O
Remark 357. The dual of a matrological space is not necessarily a matrological space.

Example 358. Let G be a graph with two vertices u, v and infinite edges between u and
v, see Figure 3.2.2. Let X = E(G). Consider the finite cycle matroid on X. So, (X,.#) is a

finitary matroid where .# is induced by the matroidal closure
cl(A)=Au{x X \A: thereis C € ¢ such that x € C CAU {x}}

for all A € X where
€ ={CCE(G):|C|=2}
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is the collection of all circuits of the matroid (X,.#) . By Theorem 330, (X, cl) is a matro-
logical space. The bond matroid (X, .#*) is the dual matroid of (X, .#). Then (X, .#*) has
only one circuit C* = E (G) which is infinite. Therefore, (X, #*) is not a finitary matroid.
By Theorem 330, (X, cl*) is not a matrological space where cl* is the matroidal closure on
X that induces .#*.

Example 359. Consider X = {0} U {% ‘ne N} with the standard topology. So, the topo-
logical closure operator on X is cl : & (X) — & (X) defined by
if A is finite

A
cl(A) = foreachACX.
AU{0} if Ais infinite

X is a T,-topological space. By Corollary 343, (X, cl) is a matrological space. By Theorem
6, the dual of standard topological closure on X is cl* : # (X) — & (X) defined by

X\ {0} if0¢AandX \Ais infinite
c*(A) = foreachACX.
X if 0 € Aor X \ A is finite

In Remark 301, we showed that (X, cI*) is a finite matroidal space. But take A = {% ‘ne N}
and B = {

1 .
o NE N}. So, we have

Oecl"(AuB)\ [c"(A)ucl*(B)]

but for each finite F C AU B, we have 0 ¢ cI* (F).

Remark 360. A matrological space might not have basis and circuits.
Proof. Let X be an infinite set. Define cl: & (X) —» & (X) by
A if Ais finite
cl(A) = foreachACX.
X if Ais infinite
Then X is a cofinite topological space which is T;. By Corollary 343, (X, cl) is a matrological

space. In Remark 308, we showed that (X, cl) has no basis or circuits. O

In Section 3.1, we compared between finite matroidal spaces and the old spaces such
as matroids, pre-independence spaces and exchange systems. Now, we compare them with

matrological spaces to show that matrological spaces are new and different.
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Remark 361. If (X, cl) is a matrological space, then (X, .#) may not be a matroid where .#¢

is the simplicial complex on X induced by cl.

Proof. Consider X = {0}U {% ‘ne N} with the standard topological closure operator cl on
X. X is a T;-topological space. By Corollary 343, (X, cl) is a matrological space. Now, the

collection .# of independent sets induced by cl is

F={ACX:x¢&cl(A\{x}) for each x € A}
={ACX:0¢AorAis finite} .
In Remark 312 we showed that (X, .#) is not a matroid. O

Theorem 362. If (X,cl) is a matrological space, then (X,.#) is a pre-independence space

where £ is the simplicial complex on X induced by cl.

Proof. Every matrological space is a finite matroidal space. By Theorem 316, (X,.#) is a

pre-independence space. O

Remark 363. If (X, .#) is a pre-independence space, then (X, cl) is not necessarily a matro-

logical space where cl is the pre-closure operator on X induced by .#.

Proof. Let X =N and
B={X\{1},X\{2,3},X\{4,5,6},X\{7,8,9,10},...}.

Let
# ={I CX: thereis B € 2 such that I C B}.

In Remark 317, we proved that (X, .#) is a pre-independence space. Now, the pre-closure

operator cl on X induced by .¢ is
cl(A)=Au{xeX\A: thereisI CAsuchthat] € # and I U {x} ¢ .#}

for all A C X. In Remark 317, we showed that (X, cl) is not a finite matroidal space. Thus,

(X, cl) is not a matrological space. O

Remark 364. If (X, cl) is a matrological space, then (X, .#) does not have to be an mpi-space

where .# is the simplicial complex on X induced by cl.
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Proof. Let X =N and define cl: Z (X) —» & (X) by

A if Ais finite
cl(A) = for each A C X.
X if Ais infinite

X is a T,-topological space. By Corollary 343, (X, cl) is a matrological space. Now, the

simplicial complex .¢ on X induced by cl is

F={ACX:x¢&cl(A\{x}) for each x € A}
= {AC X :Ais finite}.

In Remark 321, we proved that (X, .#) is not an mpi-space. O

Remark 365. If (X,.#) is an mpi-space, then (X, cl) is not necessarily a matrological space

where cl is the pre-closure operator on X induced by .#.

Proof. Let X =N and
B={X\{1},X\{2,3},X\{4,5,6},X\{7,8,9,10},...}.

Let
& ={I CX: thereis B € & such that I C B}.

The pre-independence space (X,.#) is obviously an mpi-space. In Remark 317, it has
proven that (X, cl) is not a finite matroidal space where cl is the pre-closure operator on X

induced by .#. Thus, (X, cl) is not a matrological space ]

Remark 366. Let (X,cl) be a matrological space. Then (X,.#) does not have to be an

exchange system where .# is the simplicial complex on X induced by cl.

Proof. LetX = X,UX, where X; and X, are disjoint infinite sets. Definecl : & (X) —» & (X)

by

(A if A is finite

AUX, if AnX, is finite and AN X, is infinite
cl(4) =4
AUX, if AnX, is finite and AN X, is infinite

| X if AnX; and AN X, are infinite
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for each A C X. In Remark 324, we proved that (X, cl) is a finite matroidal space. We want

to prove that (X, cl) is a matrological space. It suffices to show that
cl(AUB)=cl(A)Ucl(B) for eachA,B C X.
By (CL2), we know
cl(A)ucl(B) Ccl(AUB) for each A,B C X.

Now, let A,B C X and x € X \ (AU B) such that x € c1(AUB). So, AUB is not finite. Thus,
(AUB)NX; or (AUB)NX, is infinite or both. Therefore, ANX,; or ANX, is infinite or both
or BN X, or BNX, is infinite or both. So, x € cl(A) U cl(B). Thus,

cl(AUB) Ccl(A)ucl(B) foreachAB CX.

Thus,
cl(AUB)=cl(A)Ucl(B) for eachA,B CX.

Therefore, (X, cl) is a matrological space. Now, cl induces the simplicial complex

F={ACX:xé¢cl(A\{x}) for each x € A}
=P (X)UP (X,)U{AC X : Ais finite} .

In Remark 324, we showed that (X, .#) is not an exchange system. O
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Chapter 4
Common Closure Operators

As we know, any topological vector space over the field FF is a set with a linear structure and
a topological structure combined together by the topological continuity of the vector space
operations. We know that every vector space is a finitary matroid and we saw in the key
theorem (Theorem 330) that any finitary matroid is a matrological space. We also know
that the topology of any topological vector space is always regular (Corollary 287), and
we can see from Theorem 338 and Corollary 349 that the topological closure operator of
any regular topological space has the exchange property. The other key theorem (Theorem
338) shows that any topological space in which the topological closure operator has the
exchange property is a matrological space.

Based on all of the above, our strategy for generalizing the concept of topological vector
spaces starts with replacing the vector space with a finitary matroid and the regular topol-
ogy with a topology in which the topological closure operator has the exchange property.
We then combine the matroidal closure operator of the finitary matroid and the topological
closure operator that has the exchange property into a single closure operator called the
common closure operator. After that, we investigate when the common closure operator

on the given set produces a finite matroidal space or a matrological space.

Definition 367. Let cl’ and cl” be two pre-closure operators on a set X. If C C X is cl'-

closed and cl”-closed, we say that C is a common closed set in X.

Theorem 368. Let cl’ and cl” be two pre-closure operators on a set X. Define cl : ? (X) —
2 (X) by

cl(A) = {x € X : for each common closed set C with A C C, we have x € C}

= ﬂ {C € X :C is a common closed set with AC C}
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for each A C X. Then cl is a closure operator on X.

Proof. We want to show that cl satisfies (CL1), (CL2) and (CL3). Let AC X. Let x € Aand
C be a common closed set with A C C. Then x € C. Thus, x € cl(A). Therefore, A C cl(A)
and hence cl satisfies (CL1). Let AC B € X and x € cl(A). So, x € C for each common
closed set C with A € C. From (CL1), we have B C cl(B). Then A C cl(B). But cl(B)
itself is a common closed set in X. Thus, x € cl(B). Therefore cl(A) C cl(B) and hence cl
satisfies (CL2). Let A C X. From (CL1), we have cl(A) C cl(cl(A)). Now, let x € cl(cl(A)).
Thus, x € C for each common closed set C with cl(A) € C. But cl(A) itself is a common
closed set in X. Thus, x € cl(A). Therefore, cl(cl(A)) = cl(A) and hence cl satisfies (CL3).

Therefore, cl is a closure operator on X. O

It is clear that cl(A) is the smallest common closed set containing A. Hence cl’' (A) C
cl(A) and cl” (A) Ccl(A) forall AC X.

Definition 369. The closure operator cl on a set X defined in Theorem 368 is called the

common closure operator on X and denoted by cl :=cl’ & cl”.

Now, we will investigate when combining a matroidal closure operator and a topologi-
cal closure operator with the exchange property on a given set produces a finite matroidal

space or a matrological space.

Remark 370. Let X be any set, cl’ be a matroidal closure operator on X and cl” be a
topological closure operator with the exchange property on X. Define cl : Z (X) —» & (X)
by

cl(a) = (cl’ @ cl”) (A) forall ACX.

Then (X, cl) might not be a finite matroidal space.

Example 371. Consider the graph G as shown in Figure 4.0.1. Let X = E(G) and take
x € X as indicated in Figure 4.0.1. Consider the finite cycle matroid and the Uncountable
Fort Space on X, see Example 206. Let cl’ be the matroidal closure operator on X and cl”

be the topological closure operator on X. So,

. A if A is finite
cl”(A) = foreachACX.
AU{x} if Ais infinite

Thus, cl’ is a finitary matroidal closure operator on X and cl” is a T, (regular)-topological

closure operator which has the exchange property on X. Now, define cl: 2 (X) —» 2 (X)
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Figure 4.0.1: Ilustration for Example 371.

Figure 4.0.2: Illustration for Example 372.

by
cl(A)=(cl'@cl”)(A) forall ACX.

Consider Y = {x, y} C X where y is chosen as in Figure 4.0.1. Let A=@. Thenx,y € Y\A
and

cy (@)=0
cly ({x}) = {x}
cy {y) =1{x,»}.

So, x € clyy (BU{y}) \ cliy (@) but y ¢ cl;y (@U {x}). Therefore, cl;; does not have the

exchange property on Y. Hence (X, cl) is not a finite matroidal space.

Example 372. Let X = E (G) where G is the graph shown in Figure 4.0.2 Let
T = {®5 {152} 3 {3’4} b {5} 3 {15 2) 35 4} 3 {1’2’5}5 {3) 415} )'X} M
Then X is a regular (not T;) topological space. Let cl’ be the finite cycle matroidal closure
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operator on X and cl” be the topological closure operator which has the exchange property
on X. Now, define cl: Z (X) —» & (X) by

cl(A)=(c'@cl”)(A) forall ACX.
We have

cd(@)=v
cd({ih)=x
cl ({5} ={5}.
So, x ecl(@U{y})\cl(@)but y ¢ cl(@U {x}). Therefore, cl does not have the exchange

property on X. Hence (X, cl) is not a finite matroidal space.

Remark 370 failed to produce a finite matroidal space when we combined a matroidal
closure operator and a topological closure operator with the exchange property. So, we
need to add more conditions to get a finite matroidal space.

Note that in Example 371 we have

oy} =dy (YD #(cy @, )dyD =},

and we also have

d({yD#d ({yHud”{y}D.

In Example 372, if we take Y = {1, 3,4, 5}, then

Y =clyy (11 # (clfy @l ) (1) = (1},

Also, note that

X=d{1h AL {1Hud"({1D={1}u{1,2} ={1,2}.

Lemma 373. Let cl’ and cl” be two closure operators on a set X. Define a closure operator
c:?(X)— 2 (X) by
cl(A)=(cl' ®cl”)(A) forall ACX.

Then
clyy =clyy &cly, forallY € X
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if and only if
cl(A)=cl'(A)ucl’(A) forall ACX.

Proof. Assume thatcly, = Cl/ry@dlr/y foreachY C X. Since cl’(A) C cl(A) and cl” (A) C cl(A)
for all AC X, then
c’(A)ucl”(A) Ccl(A) forall ACX.

Let AC X and x € X \ A be such that x € cl(A). Suppose, by way of contradiction, that
x & cl'(A) ucl”(A). So, cl'(A) # cl”(A) since otherwise cl(A) = cl’(A) = cl” (A). Take!
Y =X \[c'(A)Acl”(A)]. Then ACY and

d/[Y A= d/rly (A) =cl'(A)ncl”(A).
So,
x ¢ (cl, @cl, ) (A) =d () ncl’ ().

But x € clyy (A). Thus, clyy, # d/ry ® Cl/rly which is a contradiction. Therefore, x € cl’' (A) U
cl” (A), and hence
cl(A) Ccl'(A)ucl”(A) forallACX.

It follows that
cl(A)=cl’'(A)ucl’(A) forall AC X.

Now, assume that cl(A) = cl’ (A) U cl” (A) for each A C X. Suppose, by way of contra-
diction, that there is Y C X such that clyy # cl}, ®clf,. So, thereare ACY and y € Y \ A
such that

y €clyy (A)\ (d/ry @ Cl/rly) A).

Let D = (clf, @clf, ) (A). So, clf, (D) = cIf, (D) = D. Thus, y ¢ cI}, (D) Ucl; (D), and
hence y ¢ Cl/ry (A)u Cl/rly (A). Therefore, y € cl(A) \ cl'(A) U cl”(A). This contradicts that
cl(A)=cl’'(A)ucl”(A) for all AC X. Then

cly =clj, @clfy, foreach Y C X.

O

Theorem 374. Let X be any set, cl' be a matroidal closure operator on X and cl” be a

!The symmetric difference of subsets A and B of aset X isAAB = (A\ B)U (B \A).
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topological closure operator with the exchange property on X. Define cl : @ (X) — 2 (X) by
cl(A) = (' ®cl”)(A) forall ACX.

If clyy = cliy, ®cl}y, for each Y € X, then (X,cl) is a finite matroidal space.

Proof. clis a closure operator on X, so (X,cl) is a space. By Theorem 5, cl;, and cl.; are
closure operators on every Y C X, in particular cl;; and cl.; are closure operators on every
finite F € X. Now, we need to show that cl;z and cl.; have the exchange property on every
finite F C X. It suffices to show that cl has the exchange property on X. Let A C X and
x,y € X \ A be distinct such that

yecdAu{x})\c).
By Lemma 373, we have
yedAu{xHucd’(Au{xPD\cd' @uc”@).

cl’ and cl” have the exchange property on X, we have x € cl' (AU {y}ucl” (Au {y}). Thus,
x € cl(AU{y}). Therefore, cl has the exchange property on X. By Theorem 106, cl,;, and
cl.y have the exchange property on every Y C X. Then cl;y and cl., are matroidal closure

operators on every Y C X. Hence (X, cl) is a finite matroidal space. ]

Corollary 375. Let X be any set, cl' be a matroidal closure operator on X and cl” be a

topological closure operator with the exchange property on X. Define cl : @ (X) — & (X) by
cl(A) = (' ®cl”)(A) forall ACX.

If cl(A) = cl' (A) Ucl” (A) for each A C X, then (X,cl) is a finite matroidal space.
Proof. This is an immediate consequence of Lemma 373. O

The conditions we have in Theorem 374 and Corollary 375 are sufficient to produce
a finite matroidal space when we combine a matroidal closure operator and a topologi-
cal closure operator with the exchange property, but they are not sufficient to produce a

matrological space.

Remark 376. Let X be any set, clI’ be a matroidal closure operator on X and cl” be a

topological closure operator with the exchange property on X. Define cl: Z (X) —» & (X)
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z ¥

Figure 4.0.3: Illustration for Remark 377.

by
cl(A)=(cl'@cl”)(A) forall ACX.

If clyy =clf, &I, for each Y € X, then (X, cl) is not necessarily a matrological space.

Proof. Let X = E(G) where G is the One Double Ray G see Figure 3.2.1. Let cl’ be the
algebraic cycle matroidal closure operator on X and cl” be the discrete topological closure
operator on X. Define cl : & (X) —» & (X) by

cl(A)=(cl'@®cl”)(A) forall ACX.

Since cl” (A) = A for all A € X, then cl = cI’. Note that cl;, = Cl/ry ® d/r/y = Cl/ry for each
Y € X. But it has been shown in Remark 329 that (X, cl) is not a matrological space. []

Note that, in the proof of Remark 376, cl’ is not a finitary matroidal closure operator

onX.

Remark 377. Let X be any set, cl’ be a finitary matroidal closure operator on X and cl” be a
topological closure operator with the exchange property on X. Define cl: Z (X) —» & (X)
by

cl(A)=(cl'®cl”)(A) forall ACX.

Then (X, cl) may not be a matrological space.

Proof. Consider the graph G as in Figure 4.0.3. Let X = E (G) and take x € X as indicated
in Figure 4.0.3. Let cl’ be the finite cycle matroidal closure operator on X and cl” be the
T,-topological closure operator on X defined by

if A is finite

A
cl”(A) = forall ACX.
AU {x} if Ais infinite
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Thus, cl’ is a finitary matroidal closure operator on X and cl” is a topological closure

operator with the exchange property on X. Define cl : & (X) —» & (X) by
cl(A)=(c'@cl”)(A) forall ACX.
Now, take A= X \ {x, y,z} and B ={z} where y, z are chosen as in Figure 4.0.3. Then

cl(A) =AU {x}
cl(B)=B
d(AUB) =X

Thus, y € cl(AUB) \ (cl(A)ucl(B)). But y ¢ cl(F) for all finite F € AU B. Therefore,
(X, cl) is not a matrological space. O

Again, note that if we take Y =X \ {x} CX and A=X \ {x, y}, we get

y€dcy(A) and y ¢ (d/ry ® cl’r’Y) (A).
Thus,
clyy (4) # (clfy @ clf; ) ()

Theorem 378. Let X be any set, cl’ be a finitary matroidal closure operator on X and cl” be

a topological closure operator with the exchange property on X. Define cl : 2 (X) —» & (X)

by
cl(A)=(cl' ®cl”)(A) forall ACX.

If clyy = cliy, ®clyy, for each Y S X, then (X, cl) is a matrological space.

Proof. By Theorem 374, (X,cl) is a finite matroidal space. Now, let A,\B € X and x €
X \ (AU B) be such that
x €cl(AUB)\ (cl(A)ucl(B)).

By Lemma 373, we get
x €[/ (AuB)uc” (AUB)]\[(cl' (A uc” ) u(cl'(B)uc” (B))].
Since cl” (AUB) = cl” (A) U cl” (B), then

x €cl'(AUB)\ (cl' (A) ucl'(B)).
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Since (X , cl’) is a matrological space, there is a finite set F € AU B such that
x €cl'(F)Ccl(F).

Then (X, cl) is a matrological space. O

Corollary 379. Let X be any set, cl’ be a finitary matroidal closure operator on X and cl” be
a topological closure operator with the exchange property on X. Define cl : 2 (X) —» & (X)
by

cl(A)=(cl' ®cl”)(A) forall ACX.

If cl(A) = cl' (A) ucl” (A) for each A C X, then (X,cl) is a matrological space.
Proof. This is an immediate consequence of Lemma 373. O]

We have seen that the conditions in Theorem 378 and Corollary 379 are sufficient to
produce a matrological space. In the following remark, we check whether these conditions

are necessary or not.

Remark 380. Let X be any set, cl’ be a finitary matroidal closure operator on X and cl” be a
topological closure operator with the exchange property on X. Define cl: Z (X) —» & (X)
by

cl(A)=(c'@cl”)(A) forall ACX.

If (X, cl) is a matrological space, then the condition cl;y = cl}, @ cly;, for each Y € X might
not hold.

Proof. Consider the vector space X = R over the field R with the indiscrete topology. X is
a topological vector space over R. Let cl’ be the linear closure operator on X and cl” be
the topological closure operator on X. So, cl’ is a finitary matroidal closure operator on
X and cl” is a topological closure operator with the exchange property on X. Define the

common closure operator cl : 2 (X) - & (X) by
cl(A)=(cl'®cl”)(A) forall ACX.

Then
cl(A)=X forall ACX.
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Thus, (X, cl) is a matrological space but we have

cd(@)=X
' (@)ucd’(@)={0}uz={0}.

So,
(@) #cd (@)ud’(2).

By Lemma 373, the condition cly = cli, @ clf;, for each ¥ € X does not hold. O

The following example shows that the exchange property of cl” is an important condi-

tion.

Example 381. Let X = {1,2} and cl’ be the discrete matroidal closure operator on X,

which is a finitary matroidal closure operator on X. Consider the Sierpinski topology
T =1{2,{2},X}
for X. Thus, the topological closure operator cl” on X is defined by

d"(@)=0
d”({1}) = {1}
cd’({2h) =" (X)=X.

In Remark 342, we proved that cl” does not have the exchange property on X. Now, define
c: 2 (X)—> 2 (X)by
cl(A)=(cl'®cl”)(A) forall ACX.

Since cl’(A) = A for all A C X, then cl = cl”. Note that cl;y = Cl/ry ® cl’r’Y = cl’r’Y for each
Y € X. In Remark 342, we proved that (X, cl) is not a matrological space.

As we saw in the proof of Remark 380, the common closure operator cl of an indiscrete
topological vector space with more than one element does not satisfy the conditions in
Theorem 378 and Corollary 379. By Theorem 291, in any topological vector space, the
common closure operator cl is the composition of the topological closure operator cl” and
the linear closure operator cl’. This motivates us to generalize this to common closure op-
erators that combine finitary matroidal closure operators and topological closure operators

with the exchange property.
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Figure 4.0.4: Ilustration for Example 383.

Remark 382. Let X be any set, cl’ be a finitary matroidal closure operator on X and cl” be a
topological closure operator with the exchange property on X. Define cl : Z (X) — & (X)
by

cl(A)=(cl'@cl”)(A) forall ACX.

If cl = cl” o cl’, then (X, cl) may not be a finite matroidal space or a matrological space.

Example 383. Consider the graph G in Figure 4.0.4. Let X = E (G), cl’ be the finite cycle
matroidal closure operator on X and cl” be the topological closure operator on X defined
by

A if A is finite

cl” (A) = forallACX.

AU {0} if Ais infinite
So, cl’ is a finitary matroidal closure operator on X and cl” is a topological closure operator
with the exchange property on X. Define the common closure operatorcl : 2 (X) —» & (X)
by

cl(A)=(c'@cl”)(A) forall ACX.

Therefore,

A ifA=gorA={0}
cl(A) = forallAC X.
X otherwise

Thus,
cl(A)=cl"(cl'(A)) forall ACX.

Take F = {0,1}. Then

cy (@) =0
clir (@U{1}) ={0,1}
clir (@uU{0}) ={0}.
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Figure 4.0.5: Illustration for Example 384.

So,0 € cliz (@ U {1})\cl;z (@) but 1 & cl;x (@ U {0}). Thus, cl; does not have the exchange
property on F. Hence (X,cl) is not a finite matroidal space and thus not a matrological

space.
In the following example, (X, cl) is a finite matroidal space but not a matrological space.

Example 384. Consider the graph G in Figure 4.0.5. Let X = E (G), cl’ be the finite cycle
matroidal closure operator on X and cl” be the topological closure operator on X defined
by

A if A does not contain an infinite subset of {% ‘ne N}

cl”(A) =
AU {0} if A contains an infinite subset of {% ‘ne N}

for all AC X. So, cl’ is a finitary matroidal closure operator on X and cl” is a topological

closure operator with the exchange property on X. Define cl : Z (X) — & (X) by
cl(A)=(cl'@®cl”)(A) forall ACX.
Therefore,

1) cl’ (A) if cl’ (A) does not contain an infinite subset of {1 : n € N}
C =
c'(A)u {0} ifcl’(A) contains an infinite subset of {% ‘ne N}

for all AC X. Thus,
cl(A)=cl"(cl'(A)) forall ACX.

Note that cl has the exchange property on X. So, (X,cl) is a finite matroidal space. Now,

consider the sets

Ay ={neN:nisodd}

B,={meN:miseven}.
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So, we have Ay, B, € X and 0 € X \ A, U B, such that
0ecl(AyUBy) \[cl(Ay)ucl(By)].

Now, let F C A, U B, be finite. Thus, cl’ (F) is finite and 0 ¢ cl’ (F). Therefore, cl(F) is also
finite and O ¢ cl(F). Hence (X, cl) is not a matrological space.

Note that in Example 383, we have cl’ ({1}) \ cI” ({1}) is infinite and in Example 384,
we have cl' (A, UB,) \ cI” (A4, UB,) is infinite. So, in the following theorem, we add an

additional condition to the Remark 382.

Theorem 385. Let X be any set, cl’ be a finitary matroidal closure operator on X and cl”
be a topological closure operator with the exchange property on X. Define a closure operator
c:?(X)—> P (X)by

cl(A)=(cl' ®cl”)(A) forall ACX.

Ifcl=cl" ocl' and cl' (A) \ cl” (A) is finite for each A C X, then (X,cl) is a matrological space.

Proof. clis a closure operator on X, so (X,cl) is a space. By Theorem 5, cl;; and cl.; are
closure operators on every finite F € X. Now, we need to show that cl; and cl.; have
the exchange property on each finite F C X. It suffices to show that cl has the exchange
property on X. Let AC X and x,y € X \ A be distinct such that

yecAu{x})\cl(A).
By the condition cl = cl” o cl’, we get
yed’(cd'(Au{x})\ ” (' (A)).

We want to show that
x€cl” (cl’ (AU {y})) =cl(Au{y}).

If y ec’(Au{x})ucl” (AU {x}). By the exchange property of cl’ and cl” on X, we get
xecd Au{yHud’ Au{y}).
By (CL1) and (CL2) on cl”, we have

x € cl”(cl’ (AU {y})).
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Ifyé¢c(Au{x}ucl”(Au{x}).
Case 1: If y € cl”(cI' (A) U {x}). Since cl” is a topological closure operator on X, then

yed’ (' @)ud” ({x}).

Since y ¢ cl”(cl’'(A)), then y € cI” ({x}) = cl” (@ U {x}). By using the exchange property
of cl”, we get
xed (@u{yD=d"({y}.

By (CL2) on cl”, we have
xed” (' (Au{y}).

Case 2: If y ¢ cl”(cl' (A) U {x}). Suppose, by way of contradiction, that
x ¢ cl”(cl’ (AU {y})).
Since y ¢ cl’' (AU {x})ucl” (AU {x}), we have
cd'Au{x}) ¢ [cl” (Au{xhud” (I (A))] ,
otherwise y ¢ cl” (cl' (AU {x})) or y € cl” (cl’ (A)) which are contradictions. Let
D=cl'(Au{x})\ [cl” (Au{xhuc”(c’ (A))] )

Clearly, from the hypothesis, D is a finite set. Note that D # @ and for each U € 4" (y),
we have
UNnD # g, (4.0.1)

since otherwise y ¢ cl” (cl' (AU {x})), contradiction where 4" is the open neighborhood

base on X that induces cl”, see Corollary 51. Now, we need to the following claim.

Claim 386. DNcl” (cl’ (AU {y})) =@.

Proof. Suppose, by way of contradiction, that
Dncl” (cl’ (AU {y})) * .

Then there isw € DN cl” (cl’ (AU {y})). Since D C cl’ (AU {x}), there is a finite circuit C
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under cl’ such that
weC C(AU{x})U{w}.

We must have x € C, otherwise w € cl’ (A) which leads to w € cl” (cl’ (A)) contradicting
w € D. So, cl” (cl’ (AU y})) is not cl’-closed which contradicts the condition cl =cl” ocl’.
Therefore,

Dncl” (cl’ (AU {y})) =@.

By (CL2) on cl”, the Claim 386 leads to DNcl” (AU {y}) = @. Thus
z ¢ cl”(Au{y}) for each z € D.

By (CL2) on cl”, we get
z ¢ cl”({y}) for each z € D.

Using the exchange property of cl” on X, we get
y ¢ cl” ({z}) for each z € D.
So, for each z € D there is U, € A" (y) such that
U,n{z}=@.

Since, by the hypothesis, D is finite, then (U, is open under cl” containing y and does
z€D

intersect with D. Therefore, there is V, € A" () such that
V,nD =0
which contradicts (4.0.1). Thus,
yed’ (cl’ (AU {x})).

Therefore, cl has the exchange property on X. By Theorem 106, cl;; and cl.; have the
exchange property on every finite F C X. Then cl;; and cl.; are matroidal closure operators

on every finite F C X. Hence (X, cl) is a finite matroidal space.
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Now, let A,B C X and x € X be such that
x €cl(AUuB)\[cl(A)ucl(B)].
Then
x €c”(cl' (AUB))\ [cl” (' ) ud” (c (B))] .

Since cl” is a topological closure on X, we have
x €c”(cl' (AUB))\ [cl” (cl' (@ ucl (B))] .

If x € d'(AuB) U cl”(AUB). Since cl” is a topological closure operator on X, then
x € cl’(AUuB)\ cl” (AU B), since otherwise x € cl” (cl’ (A)) ucl” (cl’ (B)) which is a contra-
diction. Since cl’ is a finitary matroidal closure operator on X, there is a finite set F C AUB
such that

x €cl'(F).

By (CL1) on cl”, we get
x €cl’(cl' (F)) =cl(F).

Ifxé¢c’(AuB)ucl”(AUB). Let D=cl’'(AUB)\ [cl” (cl'(@uc (B))]. Clearly, from the
hypothesis, D is a finite set. Note that D # & and for each U € A" (y), we have

UND # @, (4.0.2)

since otherwise x ¢ cl” (cl’ (Au B)), contradiction.

Claim 387. There is z € D such that for each U € A" (x), we have
Un{z} #@.

Proof. Suppose, by way of contradiction, that for each z € D there is U, € 4" (x) such
that
U,n{z}=a.

Since D is finite, then (1)U, is open under cl” containing x and does not intersect with D.
z€D

So, Therefore, there is V, € A" (x) such that
V,nD =g

131



which contradicts (4.0.2). O

Since z € D C cl' (AU B), there is a finite circuit C under cl’ such that
z€CC(AUB)U{z}.
Take F = C \ {z}. So, F CAUB is finite and z € cl’ (F). Thus,
{z} Ccl'(F).
By Claim 387, for each U € A" (x), we have
Uncl'(F) # @.

Therefore,
x € cl”(cl’ (F)) =cl(F).

Then (X, cl) is a matrological space. O
As a consequence of Theorem 385, if the whole set is finite, we will get a finite matroid.

Corollary 388. Let X be a finite set, cl’ be a matroidal closure operator on X and cl” be a
topological closure operator with the exchange property on X. Define operator cl : ? (X) —
P (X) by

cl(A) = (' ®cl”)(A) forall ACX.

Ifcl = cl”ocl/, then (X, .#) is a matroid where cl is the matroidal closure operator on X induces
L.

Proof. X is a finite set, cl’ is a finitary matroidal closure operator on X and cl’ (A)\ cl” (4) is
finite for each A € X. So, by Theorem 385, (X, cl) is a matrological space, and by Theorem

335, cl is a matroidal closure operator on X. So, then (X, .#) is a matroid. O

The proof of the exchange property in Theorem 385 leads to the conclusion that the

contraction of cl on every finite set has the exchange property.

Corollary 389. Let X be any set, cl’ be a finitary matroidal closure operator on X and cl”
be a topological closure operator with the exchange property on X. Define a closure operator
c:?(X)—> 2 (X)by

cl(A) = (' ®cl”)(A) forall ACX.
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If cl=cl" ocl’, then cl.; has the exchange property on every finite F C X.

Proof. Let F C X be a finite set. Let AC F and x,y € F \ A be distinct such that

yec;(AU{x})\cl.z(A).

Thus,
yecd(AU{x}UX\F))\cd(AUX\F)).

By the condition cl = cl” o cl’, we get
yed'(d'(Au{x}uX \F)))\d"’(c' (AU (X \ F))).

Since F \ Ais finite, then cl’ (AU (X \ F))\cl” (AU (X \ F)) must be finite. By Theorem 385,
we get
x € cl”(cl’ Au{ylux \F))).

By the condition cl = cl” o cl’, we get
xec(AU{y}U(X\F)).
Therefore,
xeclz(Au{y}).
Hence cl.; has the exchange property on F. ]

The conditions in Theorem 385 are sufficient but not necessary.

Remark 390. Let X be any set, cl’ be a finitary matroidal closure operator on X and cl” be
a topological closure operator with the exchange property on X. Define a closure operator
c: 2 (X)— 2 (X)by

c(a) = (cl’ ® cl”) (A) forall ACX.

If (X, cl) is a matrological space, then one of the conditions cl = cl” o cl’ or cl’ (A) \ cl” (4)
is finite for each A C X might fail.

Example 391. Consider the graph G as in Figure 4.0.6. Let X = E(G), cl’ be the finite

cycle matroidal closure operator on X and cl” be the topological closure operator on X

133



2

3
Figure 4.0.7: Illustration for Example 392.

defined by

A if A is finite
cl” (A) = forallACX.
AU{0} if Ais infinite

So, cl’ is a finitary matroidal closure operator on X and cl” is a topological closure operator
has the exchange property on X. Define the common closure operator cl : 2 (X) —» & (X)
by

cl(A)=(c'@cl”)(A) forall ACX.

Therefore,
cl(A) =X for each ACX.

Thus, (X, cl) is a matrological space. Note that
cl(A)=cl"(cl'(A)) forall ACX.

But cl' ({1}) \ c1” ({1}) is infinite.

Example 392. Let X = E (G) where G is the graph shown in Figure 4.0.7. Take a regular

topology T on X as follows
T = {®5{152}1{3’4}){5}3{132)354}1{132’5}5{3)415})X}'

Let cl’ be the finite cycle matroidal closure operator on X and cl” be the topological closure

operator on X. So, cl’ is a finitary matroidal closure operator on X and cl” has the exchange

134



3

Figure 4.0.8: The C? graph.
property on X. Now, define cl : 2 (X) —» & (X) by

cl(A) = (cl’ ® cl”) (A) forall ACX.

Therefore,
(& ifA=g
{1,2,3,4} ifAC{1,2,3,4}
cl(A) =< forall AC X.
{5} if A= {5}
| X otherwise

(X, cl) is a matrological space. Note that cl’ (A) \ cl” (A) is finite for all A C X but

d({1}) =1{1,2,3,4}
o’ (e ({1}) ={1,2}.

Hence

cl({1) # o (' ({11)).

In Theorem 385, the common closure operator cl is the composition of the topological
closure operator cl” with the linear closure operator cl’. What about if the common closure
operator cl is the composition of the linear closure operator cl’ with the topological closure

operator cl”?

Remark 393. Let X be any set, cl’ be a finitary matroidal closure operator on X and cl” be
a topological closure operator with the exchange property on X. Define a closure operator
c: 2 (X)—> 2 (X)by

cl(A) = (cl’ ® cl”) (A) forall ACX.

If cl = cl’ocl” and cl'(A) \ cl”(A) is finite for each A C X, then (X,cl) may not be a

matrological space.

Proof. Consider the C® graph as shown in Figure 4.0.8. Let X = E (G) and take a regular
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topology 7 on X as follows
v ={2,{1,2},{3},X}.

Let cl’ be the finite cycle matroidal closure operator on X which is a finitary matroidal

closure operator on X and cl” be the topological closure operator which has the exchange

property on X . Now, define cl: # (X) - & (X) by
cl(A) = (cl’ @ cl”) (A) forall ACX.

Therefore,
g fA=g
cl(A)=1 {3} ifA={3} forallACX.

X otherwise

Note that cl = cl’ o cl” and cl’ (A) \ cl” (A) is finite for each A C X but
3ec(gu{1})\cd(@)

and
1¢cl(@u{3}).

Thus, cl does not have the exchange property on X, and therefore (X, cl) is not a matro-

logical space.
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Chapter 5

Relations between Topological Vector

Spaces and the New Spaces

The main research point of this thesis is to find relationships of topological vector spaces
with both finite matroidal spaces and matrological spaces. In this chapter, we will use
the definition of topological vector spaces to find out which space is a generalization of

topological vector spaces.

5.1 Relation between Topological Vector Spaces and Fi-

nite Matroidal Spaces

The following theorem shows that every topological vector space is a finite matroidal space.

So, finite matroidal spaces generalize topological vector spaces.

Theorem 394. Let X be a topological vector space over F. Let cl’ be the linear closure operator

on X and cl” be the topological closure operator on X. Define cl : @ (X) — & (X) by
cl(A) = (cl' ®cl”) (A) forall ACX.

Then (X, cl) is a finite matroidal space.

Proof. By Theorem 368, cl is a closure operator on X. So, (X,cl) is a space. Now, we
need to show that clj; and cl.; are matroidal closure operators on each finite F € X. By
Theorem 5, cly; and cl.; are closure operators on each finite F C X. So, we only need to

show that cl;; and cl.; have the exchange property on each finite F C X. It suffices, by
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Theorem 106, to show that cl has the exchange property on X. Let AC X and x,y € X \ A
be distinct such that
yecdAUu{x})\cl(A).

By Theorem 291,
cl(A) =cl” (cl’ (A)) for eachAC X.

This means that cl (A) is the smallest common closed vector subspace of X containing A for
each AC X. So, we have

yed’(cd'(Au{x})\” (' (A)).

We want to show that x € cl”(cl' (AU {y})). Note that x,y ¢ cl”(cl'(A)). Let M =
cl” (cl’ (A)), N, ={rx:re€F}and N, = {ry : r € F}. Then M is a closed vector subspace
of X and N;, N, are one-dimensional vector subspaces of X. By Theorem 293, M + N; and

M + N, are closed vector subspaces of X. We claim that

M +N; =cl” (' (Au{x}))
M+N,=cl" (cl’ (AU {y}))

Since M + N, is the smallest vector subspace of X containing both M and N;, then
M +N; S’ (el (AU {x})).

It is clear that
AU{x} S M+N;.

By (CL2), we get
cl” (el (Au{x})) S cl” (cl’ (M +N;))=M +N,.

Thus,
M+N;=cl" (cl’ AU {x})).

Similarly,
M+N,=cl" (cl/ (Au {y})).
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Now, since y € cl” (cl’ (AU {x})) \ cl” (cl’ (A)), then y e M + N; and y ¢ M. Thus,
y=m+rx

for some m € M and r € F with r # 0. Solving for x, we get

1 1
X=——m+-Yy.
r r

Since M = cl” (cl’ (A)) is a vector subspace of X, we have x € M + N, = cl” (cl’ (AU {y})).

Thus, cl has the exchange property on X. Hence (X, cl) is a finite matroidal space. O

5.2 Relations between Topological Vector Spaces and Ma-

trological Spaces
The following theorem shows that every finite-dimensional topological vector space is a
matrological space.

Theorem 395. Let X be a finite-dimensional topological vector space over F. Let cl’ be the
linear closure operator on X and cl” be the topological closure operator on X. Define cl :
P (X)—> P (X) by

cl(A) = (' ®cl”)(A) forall ACX.

Then (X, cl) is a matrological space.

Proof. By Theorem 394, (X, cl) is a finite matroidal space. Now, let A,B C X and x € X be
such that
x €cl(AuB)\[cl(A)ucl(B)].

We want to find a finite F € AU B such that x € cl(F). By Theorem 291, we have
xe€cl” (cl’ (AU B)) \ [cl” (cl’ (A)) ucl” (cl’ (B))] .

Let F C AU B be a spanning set of cl'(AUB). Since X is finite-dimensional, F must be
finite. So, we have
c'(F)=cl’'(AUB).

Therefore,
x €cl’(cl' (F)) =cl(F).
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Hence (X, cl) is a matrological space. O

Corollary 396. Let X be a locally compact Hausdorff topological vector space over F. Let cl’
be the linear closure operator on X and cl” be the topological closure operator on X. Define
cl:?(X)—> P (X)by

cl(A)=(cl' ®cl”)(A) forall ACX.

Then (X, cl) is a matrological space.
Proof. This is an immediate consequence of Theorems 294 and 395. O

The following remark introduces a counterexample that shows there is an infinite-
dimensional topological vector space over F that is not a matrological space. This example

was constructed using an example in [17].

Remark 397. Let X be a topological vector space over F. Let cl’ be the linear closure
operator on X and cl” be the topological closure operator on X. Definecl: # (X) —» & (X)
by

cl(A)=(cl'@cl”)(A) forall ACX.

Then (X, cl) might not be a matrological space.

Proof. Consider the Hilbert space (£,, ||-||,) which is the set of all sequences (x,),cy Of

elements of F with Z:; |x,|* < oo and the inner product on ¢, is defined by

((xn)neN ’ (yn)neN) :Z X_nyn-

By Theorem 281, ({,,]|-||,) is a Hausdorff topological vector space over F. Let cl’ be the

linear closure operator on £, and cl” be the topological closure operator on £,. Consider

¥y = {(t)ners € (€, [I115) = x, = 0 for n is odd}

Y, = {(xn)neN € (Lo, |Ill2) : Xp, = nX5,_; forn> 1}

and x, = (1,0, 3.0,1,0,.. ) € (€,,]I*]l). Y; and Y, are closed vector subspaces of (£,, ||-||,)-

By Theorem 291, we have

c(yy)=cd” (cl’(Yl)) =Y,
c(y,)=c" (cl’(Yz)) =Y,.
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By Theorems 74 and 77, cl’' (Y; UY,) = Y, ®Y,. We claim that Y; @Y, is dense in ({,, ||-||5). To
prove the claim, it suffices to show that the normed space (cy, ||-||,) € Y; ®Y,, see Example

269. Let x = (xl,xz,x3,x4, ey X5,0,0, .. ) € (coo» |I*Il5) where k € N. The vectors
k
a= 0,x2—xl,O,x4—2x3,...,O,xk—Exk_l,O,O,... ey,
k
b = Xl,xl,x3,2X3,...,Xk_1, EXk_l,0,0,... EYZ

are unique such that x = a+b. Then x € Y; ®Y,. Hence (cy, ||-||,) € Y; ®Y,, and therefore
Y, @Y, is dense in ({,, ||-||,). Thus,

(62, ||||2> =cl” (0Y,)= cl” (Cl/ (r,U Yz))-

So, we have

X = (1, 0, % 0, % 0,.. ) ec” (' (v, uY))\ [ (' (Y))uel” (el (v)].

Let F C Y, UY, be finite. So, cl'(F) is a finite-dimensional vector subspace of X. By
Theorems 281 and 292, cl’ (F) is closed. Now,

1 1
XOZ(LO,—,O,—,O,...)¢Y1®Y2=C1/(Y1UY2).

2" "3
By (CL2),
]‘ 1 / 1/ /
X = 1,0,5,0,5,0,... ¢ cl' (F)=cl” (' (F)).
Hence ({€,, |||l,),cl) is not a matrological space where cl = cl” ocl'. O

So, matrological spaces generalize finite-dimensional topological vector spaces but do

not generalize topological vector spaces in general.
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Chapter 6

Conclusions

In this research, finite matroidal spaces and matrological spaces were defined to generalize

the known concept of a topological vector space. After establishing the basic knowledge

about finite matroidal spaces and matrological spaces and studying their properties, the

following conclusions have been achieved:

1

2.

10.

. The dual of a finite matroidal space is also a finite matroidal space.

The restrictions and contractions of a finite matroidal space are finite matroidal

spaces.
. Basis and circuits may not exist in a finite matroidal space.
. Every matroid is a finite matroidal space.

. There is a finite matroidal space that is not a matroid.

. Higgs proved that we only get the algebraic cycle matroid of a graph G if G does not
contain a subgraph isomorphic to a subdivision of the Bean graph. Either G contains
or does not contain a subgraph isomorphic to a subdivision of the Bean graph, we

get a finite matroidal space.
. Finite matroidal spaces differ from old spaces.
. There is a matroid that is not a matrological space.
. A matroid is a matrological space if and only if it is finitary.

Every matrological space is a finite matroidal space, but there is a finite matroidal

space that is not a matrological space.
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

If the whole set is finite, then finite matroidal spaces, matrological spaces and ma-

troids are all the same.

A topological space is matrological if and only if its topological closure operator has

the exchange property.

The dual of a matrological space is not necessarily a matrological space.

The restrictions and contractions of a matrological space are matrological spaces.
A matrological space might not have basis and circuits.

If we combine a matroidal closure operator cl’ and a topological closure operator cl”
with the exchange property into a common closure operator cl on a set X and we
have cl(A) = cl’ (A) U cl” (A) for each A C X, then (X, cl) is a finite matroidal space

not necessarily a matrological space.

If we combine a finitary matroidal closure operator cl’ and a topological closure
operator cl” with the exchange property into a common closure operator cl on a set
X and we have cl(A) = cl’(A) U cl” (A) for each A C X, then (X, cl) is a matrological

space.

If we combine a finitary matroidal closure operator cl’ and a topological closure
operator cl” with the exchange property into a common closure operator cl on a set
X and we have (X, cl) is a matrological space (hence it is a finite matroidal space),
then the condition cl(A) = cl' (A) U cl” (A) for each A C X might not hold.

If we combine a finitary matroidal closure operator cl’ and a topological closure
operator cl” with the exchange property into a common closure operator cl on a set
X and we have cl = cl” ocl’ and cl’' (A) \ c1” (A) is finite for each A C X, then (X, cl) is

a matrological space.

If X is a finite set and we combine a matroidal closure operator cl’ and a topological
closure operator cl” with the exchange property into a common closure operator cl

on a set X and we have cl = cl” o cl’, then (X, cl) is a matroid.

If we combine a finitary matroidal closure operator cl’ and a topological closure
operator cl” with the exchange property into a common closure operator cl on a set
X and we have (X, cl) is a matrological space, then one of the conditions cl = cl” ocl’
or cl’(A) \ cl” (A) is finite for each A C X might fail.
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22.

23.

24.

25.

26.

If we combine a finitary matroidal closure operator cl’ and a topological closure
operator cl” with the exchange property into a common closure operator cl on a set
X and we have cl = cl’ o cl” and cl’' (A) \ cl” (A) is finite for each A C X, then (X, cl)

might not be a matrological space.

Topological vector spaces are finite matroidal spaces.

Any finite-dimensional topological vector space is a matrological space.

Any locally compact Hausdorff topological vector space is a matrological space.

There is an infinite-dimensional topological vector space that is not a matrological

space.
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