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Abstract

In order to validate the Standard Model of particle physics with high accuracy in experi-
ments such as LHC and Belle 11, precise calculations of QCD effects on physical observables
are highly demanded. In recent decades, it has become clear that the higher-order pertur-
bative calculations have uncertainties due to renormalons which disrupt convergence of
perturbative expansion. In this thesis, we develop a method for subtracting renormalons
in the framework of the operator product expansion (OPE). The method utilizes the prop-
erties of the inverse Laplace transform to construct a convergent series, which enables a
simultaneous separation of multiple renormalons from the perturbative expansion, sys-
tematically with a finite number of known expansion coefficients. This method is applied
to observables of heavy quark systems such as the masses of the B and D mesons, and
the inclusive semileptonic B decay width, by which we determine the parameters of EFT
and one of the CKM matrix elements, |V|, respectively. In both determinations subtrac-
tion of the next-order renormalons in MS mass scheme has been performed for the first
time. The results are given by [A] py = 0.486 (54) GeV, [,u,ﬂpv = 0.05(22) GeV?, and
|Vs| = 0.04147 (*93.), which are consistent with previous studies. These results indicate
that the renormalon uncertainties are well suppressed, but that higher-order perturbative
calculations are required in order to determine the parameters more accurately than the
current precision. In particular, for the latter determination, the scheme dependence and
the input parameter dependence of |V,,| are discussed in depth, in order to examine how
the value of |V,;| will be determined as both theory and experiment progress in the future.
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Chapter 1

Introduction

To overcome renormalon problem in QCD

Frontier experiments at the LHC and Belle II have validated the Standard Model (SM) of
particle physics to a high degree of accuracy, which has required theorists to accurately cal-
culate observables. Perturbation theory is a powerful method to systematically calculate
physical quantities in general quantum field theory. In particular in quantum chromo-
dynamics (QCD), recent improvements in computational techniques and algorithms have
made it possible to achieve higher-order calculations for various quantities. For example,
the 5-loop (next-to-next-to-next-to-next-to leading order (N*LO) level) correction to the
QCD beta function [1], the 3-loop (N®*LO level) correction to the static QCD potential
[2, 8, 4], and the 4-loop (N3LO level) correction to the heavy quark mass relation (pole-
MS mass relation) [B, B, [7] were calculated. As a property of QCD, the QCD effects give
important contributions to observables on a wide range of scales. Due to the asymptotic
freedom of QCD, the higher-order perturbative calculations make the theoretical predic-
tions more precise for the high-scale observables. On the other hand, for systems with a
scale of about O(1 — 10) GeV, specifically those involving bottom or charm quarks, the
theoretical uncertainties caused by ‘renormalons’ have limited the accuracy of perturba-
tive calculations.

Renormalon [R, @ [0, 1] is a concept that originates from an IR gluon in a particular
loop diagram, which is known to cause the perturbative coefficients to factorially diverge.
This is one of the reasons why perturbative expansion is asymptotic series, indicating that
it is impossible to calculate the true value of observables by perturbative calculations
alone in principle. Considering renormalons, the best prediction accuracy achievable
using perturbative calculations is estimated as (Aqcp/Q)* with (half-)integer u for an
observable with typical scale ) > Aqcp. Here, Agep ~ 300 MeV is the non-perturbative
scale of QCD, indicating that the uncertainty caused by renormalon, which is the limit
of perturbative calculations, is associated with a non-perturbative (low-energy) physics.
For a system of the electroweak scale physics, Aqep/Q ~ 0.1% would be negligible at
present, while for a system of the bottom or charm quarks, Aqep/Q ~ 10% jeopardizes the
precision of the prediction significantly. Today, in the era of high-precision experiments on
flavor physics, it is required to remove the uncertainty due to renormalons from theoretical
predictions.

Historically, cancellation of renormalons made a strong impact in perturbative calcula-



tions for the heavy quarkonium system. Quarkonium is a bound state of quark-antiquark
pairs, and it is known that the static QCD potential, which describes the binding energy of
quark-antiquark pairs, shows drastic divergent behavior due to renormalons [T2]. On the
other hand, the potential alone is not an observable, and the quantity combined with the
twice of on-shell mass (pole mass), which is the rest energy of the heavy quark-antiquark
pair, is observed as the total energy of the quarkonium. In fact, the pole mass is also
known to have renormalons, and the perturbative series of the pole mass expressed in
terms of a short-distance mass (e.g. MS mass) also shows divergent behavior [I3, 14].
These divergent behaviors have been shown to mostly cancel out in the combination as
the total energy, that is, the perturbative series of a physical observable [I5, 6, I74]. Be-
sides heavy quarkonium, the first renormalon in B meson observables (e.g. decay widths)
is also known to cancel out by rewriting the pole mass by the MS mass [I4, I8, 19]. The
cancellation of renormalons has radically improved the predictabilities of perturbative
QCD expansions. These features have been applied successfully in the accurate determi-
nations of fundamental physical constants, such as the masses of various heavy quarks
(20, 211, 22, 23, 4], some of the Cabbibo-Kobayashi-Maskawa matrix elements [25, 26, 27],
and the strong coupling constant ay [28].

In order to make the perturbative calculations more precise, it is necessary to eliminate
multiple renormalons beyond the first one, which requires a theoretical framework that
systematically incorporates non-perturbative QCD effects. The operator product expan-
sion [29] (OPE) enables to incorporate non-perturbative QCD effects based on low-energy
effective field theory (EFT) and it is believed that the uncertainties caused by renormalons
cancel out within the framework of OPE. In the OPE, an observable is given by an ex-
pansion in the inverse powers of the hard scale (). This can be interpreted as the result
of integrating out the ultraviolet (UV) degrees of freedom, and the coefficient functions of
the expansion are called Wilson coefficients. Perturbative effects are pushed into them,
hence theoretical prediction of the Wilson coefficient is destabilized by renormalons. On
the other hand, each term of the OPE is proportional to an expectation value of a local
operator (non-perturbative matrix element) that behaves as an integer power of Agcp,
which is believed to absorb the corresponding renormalon of the Wilson coefficients [30].
After the renormalon cancellation, each term in the 1/ expansion of the OPE becomes
well-defined and the OPE gains predictability by incorporating non-perturbative effects.
It is noteworthy that the validity of the OPEs has recently been confirmed with various
observables in several OPEs implementing the first renormalon cancellation by rewriting
the pole mass by a short-distance mass; see, for example, [23, 27]|. Beyond the cancellation
of the first renormalon, all we have to do is to separate the contributions of renormalons
from the Wilson coefficients so as to be consistent with the renormalon cancellation in the
OPE. One of the purposes of this thesis is a development of the method for separating
renormalons from the Wilson coefficients of general observables.

Separating renormalons from the Wilson coefficients

Separating the effect of renormalon from the Wilson coefficients in the OPE of general
observables requires a nontrivial procedure. In principle, focusing on the internal glu-
ons in Feynman diagrams, the contributions from renormalons can be removed from the



calculation of a Wilson coefficient by separating the contribution of gluons with infrared
(IR) momenta [31, B32]. Such an idea has been applied to several observables under an
assumption called the large-f, approximation [33, B34, B5]. This is because the pertur-
bative calculation can be written as a one-parameter integral with respect to the gluon
momentum. Hence it is difficult to generalize this method to diagrams with more than
one internal gluon. Also, the topology of the diagram depends on the details of the ob-
servable, which also prevents the generalization of the above method. In this thesis, we
depart from the renormalon separation method based on the diagram calculation and
construct a new method applicable to general observables.

The new method uses a transformation, called dual transform, which maps a divergent
series due to renormalons to a convergent series. The mapped space is called the dual
space characterized by the (dual-)momentum scale 7, which is dual to hard scale Q). Thus,
no renormalon appears in the dual space. Below we briefly explain how we came to adopt
this method.

The dual transformation is developed based on the knowledge of a specific physical
quantity, the static QCD potential. It is empirically known that the perturbative se-
ries of the static QCD potential, a function of the quark-antiquark distance r, has a
renormalon, whereas the potential in the momentum g¢-space does not show renormalon
behavior [I6, I, BG]. Ref. [37] showed that the uncertainties from renormalons behaving
as the integer power of the hard scale is suppressed by the Fourier transform, which is
shown using analytic continuation. Inverse Fourier transform of the g¢-space potential
reproduces renormalons in the original r-space, where the one-parameter ¢ integral rep-
resentation can be used to isolate the renormalon contribution. Importantly, even for
higher-order perturbative expansions computed from diagrams with complex topology,
the renormalon contributions can be systematically separated using the Fourier trans-
form and inverse Fourier transform of the perturbative series. This method was used for
precise determination of a; by comparing a relatively low-scale lattice simulation with the
renormalon-subtracted prediction [38, BY]. We have originally developed a method, called
FTRS method (Renormalon Subtraction method using Fourier Transform), for separating
renormalons from the Wilson coefficients using the Fourier transform as a dual transform
for general observables [40, &1, A2]. We have applied the FTRS method to various observ-
ables such as the Adler function, the inclusive semileptonic decay width of B meson and
masses of B and D mesons. The obtained results have shown a good consistency with
theoretical expectations.

In this thesis, the inverse Laplace transform is employed as the dual transform, which
also suppresses IR renormalons in the dual space. We call this method DSRS method
(Renormalon Subtraction method using Dual Space). The DSRS method is preferable
compared to the FTRS method in that the former can construct a more convergent dual-
space series. Basic properties of the DSRS method are common to the FTRS method,
which enables us to separate renormalons from the Wilson coefficients of general observ-
ables in a more sophisticated way than the other methods developed by previous studies
(A3, 44, A5, 46, 47).

Although the separation of renormalon contributions is generally scheme-dependent,
the DSRS method gives the results in the same scheme as the methods of previous stud-
ies (principal value (PV) scheme) [43, 44, 45, 46, A7]. A particularly important property,
compared with the previous methods, is the ability to simultaneously separate the con-



tributions of multiple renormalons, i.e., non-perturbative effects of different powers in
Aqep/Q. In principle, the previous studies can also separate multiple renormalon contri-
butions, but the separation of renormalons corresponding to higher order non-perturbative
effects requires multiple steps of calculation to estimate the magnitude of the effect, which
complicates the calculation procedure. The only information necessary to separate renor-
malons in the DSRS method is identification of non-perturbative effects which cancel the
renormalons. This is determined by theoretical requirements from the OPE and renor-
malization group equation (RGE). The separation procedure is simpler than those of the
previous studies.

Masses of B and D mesons

Another goal of this thesis is to determine the fundamental constants of particle physics by
applying the DSRS method to observables of the heavy quark systems. First, we apply the
DSRS method to the masses of the heavy-light mesons such as B and D mesons, which are
bound states of a heavy quark and a light anti-quark. Observables of heavy-light mesons
are computed in the OPE framework of the low energy EFT called the heavy quark
effective theory (HQET) [4R, 49, 50, b1, b2, 53]. HQET is an EFT suitable for hadrons
containing only one heavy quark and a few light quarks, and the leading order (LO)
contribution in the OPE calculation is described by the rest energy of the heavy quark.
In addition, non-perturbative effects such as the kinetic energy of the heavy quark appear
in the OPE. The non-perturbative parameters of HQET are common among the OPEs
of various observables of the different mesons, defined in the infinite mass limit of heavy
quarks. However, the on-shell mass (pole mass) of the heavy quark, equivalent to the
rest energy, is known to have renormalons. They are canceled with the non-perturbative
terms of the OPE of B and D. Using the DSRS method to separate the renormalons
renders the non-perturbative parameters of HQET well-defined and enables their accurate
determinations. We construct the OPE by subtracting the first two renormalons contained
in the quark pole mass using the DSRS method. We use the latest perturbative expansion
of the pole-MS mass relation [5, B, @]. Then we determine the two parameters of HQET
with the input MS masses, by comparing the OPEs to the experimental values of masses
of B and D mesons. This is the first time to determine the kinetic energy parameter u2
by eliminating renormalons in the PV scheme.

|Vep| determination

The second application is to determine the absolute value of one of the Cabbibo-Kobayashi-
Maskawa (CKM) matrix elements, |V|, by eliminating renormalons. The CKM matrix
elements play important roles to explain flavor physics and C'P violation in the SM. The
value of |V| is determined using the experimental results of the semileptonic B decay
process B — X (v. In fact, there has been a long-standing problem, which is called |V|
puzzle, that there is a sizable discrepancy between the values of |V,| determined by the
exclusive decays B — D™/{1, and by the inclusive decays B — X {7,. According to the



Particle Data Group (PDG) [64], the average value of the former analyses is given by
|Vip|exel. = (39.4 £ 0.8) x 1073, (1.1)
while that of the latter is given by
Vi liner, = (42.2 £ 0.8) x 1073, (1.2)

and the total average value of V| is reported as |Vip|ave. = (40.8 £ 1.4) x 1073. The
discrepancy between Egs. (II) and (IZ2) (~ 2.40) is too large to be explained by the new
physics possibilities, e.g., the new physics of the V — A type is already ruled out by the
experimental restriction to the Zbb vertex [55]. Recently, the contribution of new physics
to the inclusive semileptonic decay has also been investigated [66]. In any case, before
considering such a possibility, the accuracy of each analysis within SM should be tested
carefully.

In this thesis, we calculate the OPE of the width of the inclusive semileptonic B
decay by subtracting the renormalons from the LO Wilson coefficient using the latest
perturbative calculation up to O(a?) [67]. In this analysis, the first renormalon of the LO
Wilson coefficient is canceled out in the perturbative expansion by rewriting the quark
pole mass by the MS mass [14, IR, 19]. Since the remaining renormalon is absorbed by
one of the HQET parameters p2 by the DSRS method, the value of 12 determined from
the B and D mesons can be used to calculate the renormalon-subtracted OPE of the
decay width. This is then compared with the experimental data to determine |V,,| with
the NLO renormalon removed. We compare our results with the results in other previous
studies using the latest perturbative expansion [68, b9, 60). We rewrite the pole mass by
the MS mass, while other studies have used different mass schemes. In addition, paying
attention to differences in theoretical parameters and input values from experimental data,
we examine carefully the value of |V determined from the inclusive decay.

Organization of Ph.D thesis

This thesis is organized as follows. In Chap. B, the renormalon problem and its solution
are briefly reviewed. First we introduce the OPE for a general observable, and the origin
of renormalons in the Wilson coefficients is explained within the large-3, approximation.
Then we discuss the conjecture to subtract renormalons in the framework of the OPE.
In Chap. B, we define the DSRS method and present several analyses in simple cases.
First the basic concept of the DSRS method is explained. Secondly the DSRS method is
formulated within the large-3, approximation and how to go beyond the large-£, approx-
imation is discussed. Finally we apply the DSRS method to several examples in order to
investigate its predictabilities. In Chap. @, we apply the DSRS method to the observables
of heavy quark systems, the B and D meson masses, and the inclusive semileptonic decay
width of the B meson. First, we introduce the HQET to incorporate non-perturbative
effects to observables of heavy-light mesons in the OPE framework. Secondly we deter-
mine the non-perturbative parameters in HQET by subtracting renormalons. Finally, we
determine |V,;| using the MS mass of the bottom quark and subtracting renormalons and
compare the results with the determinations in the previous studies. Chap. B is devoted
to the conclusions and discussion. Details are presented in Appendices. In App. A, we
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collect the perturbative coefficients used in our analyses. In App. B, we derive the relation
between the Borel transform and dual transform. In App. O, we discuss the inclusion of
logarithmic corrections to the renormalons into our method. In App. [, we explain how
to resum the UV renormalons in the DSRS method in the large-3, approximation. In
App. B, we derive the one-parameter integral form of the UV contribution to the quark
pole mass in the PV scheme in the large-3, approximation. In App. [, we give a review
of how the LO renormalon in the inclusive semileptonic B decay width is canceled by
rewriting the quark pole mass by the MS mass in the large-, approximation. In App. G,
we explain the details of the |V,,| determination at N°LO level using the mass of the 1S
bottomonium state.



Chapter 2

Theoretical framework for high
precision QCD calculation

In this chapter, we briefly review the renormalon problem and the conjecture for its
solution. In Sec. T, we introduce the operator product expansion to systematically
incorporate the non-perturbative QCD effects in theoretical calculations. In Sec. 22, the
origin of renormalons is explained within the so-called large-f3, approximation. Also in this
section, the Borel transform, a standard method of renormalon analysis, is introduced. In
Sec. 223, a conjecture to subtract renormalons in the framework of the OPE is discussed.
Finally, we emphasize that it is necessary to develop a practical method to subtract
renormalons, in order to achieve high precision QCD calculations.

2.1 Operator Product Expansion

In order to make theoretical calculations of physical observables in QQCD more precise,
non-perturbative corrections as well as perturbative effects must be considered simultane-
ously. The operator product expansion [29] (OPE) is a theoretical framework that enables
factorization of QCD to systematically incorporate non-perturbative effects characterized
by the QCD scale Aqcep. Let us consider a physical observable S((Q) that is renormaliza-
tion group (RG) invariant and characterized by a single hard scale ). The OPE of S(Q)
is given by

(O)
Q4

C; is called the Wilson coefficient, which includes the ultraviolet (UV) contribution cal-
culated by a perturbative calculation. O; denotes the operator basis in the low energy
effective field theory (EFT). In the case with dimensionless observable, d; denotes the
dimension of the operator O;. In particular, (O;) = O(Alc\l/is), which implies that the OPE
contains the non-perturbative corrections to S. Here Ayg = O(Aqep) is the integration

constant in the MS scheme defined by

$(@Q) =3 GiQ) (2.1)

AL 1 b &s 1 1 b

MS 1 1
—= =exp|—q¢—+ 51 boorg) + d _—t — = — , 2.2
,u2 ¢ [ {bgas bg og( 0 ) /0 v (B(m) box? b§x> H ( )



where b;’s are the coefficients of the QCD beta function f(ay). In this thesis, we take the
convention

Blas) = ,U aas Z as(p l+2b (2.3)

1 2 1 38

where ny is the number of light quarks. The latest perturbative expansion is known up
to by (N*LO) [].

For the observables studied in this thesis, the LO term of the OPE corresponds to the
partonic perturbative calculation of S. This term is proportional to (Og) = 1. The LO
Wilson coefficient C(Q)) is perturbatively given by

= Q)" e, (2.5)

Assuming that Cy(Q) does not have anomalous dimension, the expansion of Cy(Q) in
as(p?) is described using the QCD beta function, since Cy(Q) is also RG invariant. It is
given by

Z as n+1 LQ) (26)

where Lo = log(p?/Q?). cn(Lg) can be determined by comparing the coefficient of
as(?)™ on both sides of the relation

Zas n+1 n ) Hlog(,u /Q?) Za n+1 (27)
We note that ¢, = ¢,(Lg = 0). Here the operator H is given by

N 9 0

H = —B(as(p >>8as(u2)’
which operates on the ag(u?) expansion on the right hand side of Eq. (222). Then ¢, (Lq)
is obtained as the n-th order polynomial of L.

In general, a naive perturbative calculation in QCD gives an asymptotic divergent se-
ries due to renormalons [8, @, [0, IT]. Renormalons in Cy(Q) set a limit of the perturbative
prediction, which is equal to or greater than the magnitude of the non-perturbative cor-
rections of the OPE. Therefore, in order to properly incorporate non-perturbative effects
in the OPE framework, the renormalon problem must be resolved. In the next section,
we analytically examine renormalons within the large-3, approximation and then briefly
outline how the renormalon problem is recognized beyond that approximation.

(2.8)

2.2 Renormalons in QCD

The large-3; approximation

The large-/3, approximation is an extension of the large-n; approximation, which is useful
to approximately calculate QED observables. In the limit that the number of massless
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Figure 2.1: Diagrams which contribute to the vacuum polarization of photon in the large-ny
approximation.

fermions ny is sufficiently large, the N"LO corrections to an QED observable is given
as the diagrams in Fig. P21 (b), where n fermion vacuum bubbles are inserted into the
internal photon of LO diagram given in Fig. E1 (a). The contributions from such diagrams
are proportional to n%. In the large-fy approximation, the N"LO corrections to an QCD
observable is given by replacing ny — —3/2(fy — 11) of QED calculation in the large-
ns approximation. Corresponding diagrams are shown in Fig. 22 (b), where n one-loop
vacuum polarizations are inserted into the internal gluon of LO diagram given in Fig. 21
(a), which are proportional to the n-th power of by = (11—2n,/3)/(4r). In the cases where
renormalon contributions are large, empirically, the perturbative coefficients computed in
the large-fy approximation well reproduce the divergent behavior of the real perturbative
coefficients.

Origin of renormalons

Renormalons are known as the cause of a factorial divergent behavior of a perturbative
expansion as ¢, ~ bin!." In the large-3y approximation, the origin is understood as follows.
In this approximation, the N"LO correction to Cy(Q) is given by the diagrams in Fig. 22
(b), where p is a loop momentum transferred by the internal gluon and —¢? = Q? denotes
a hard external momentum. This contribution is expressed in the following form

as(u?)" el (L) = a,(p?)" ! / dpy, F(py, 1/ Q% 11* /p%) (bo log (1 e /3 Jpi))",
0

(2.9)
where Lg = log(p?/Q?), and we use the one-loop MS running coupling constant as
1
ay(u?) = , (2.10)
bo log(p?/ Ai/Ts)

!There is another source of the rapid growth, behaved as ¢, ~ n!/(47)", which is occured from the
proliferation of the number of Feynman diagrams. In this paper, we ignore the divergence due to the
proliferation, since it is greatly suppressed compared to that due to renormalons.
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(a) O(as)

Figure 2.2: Diagrams which contribute to the vacuum polarization of photon in the large-8y
approximation.

in this approximation. Here Ay is given by Eq. (22) with b;>; = 0. p% is the square of
the Euclidean momentum of the internal gluon, after the Wick rotation. F denotes the
structure function of the LO loop diagrams. The logarithmic factor comes from each of
n vacuum bubbles, and each factor is proportional to by.

If the structure function F' behaves as (p%)“/2~! (u;gr > 0) when p% is sufficiently
small (infrared), Eq. (29) is IR finite. However, since the logarithmic factor increases in
the IR regions, ¢ for a large n behaves asymptotically as

o (Lg) ~ nl(p?/Q*)"" (bo/um)n+1 (from IR region), (2.11)

which shows a sign-definite growth since by > 0 in QCD. The source of this behavior
is called the IR renormalons, which breaks down the naive perturbative expansion and
limits the accuracy of prediction. Considering the case with a sufficiently large number of
perturbative coefficients ¢,,’s = {co, ¢1, - -+, ¢}, we can see that the following relation

s (1) er-1 (L)l & as(1®)er(Lo)l, (2.12)

gives the limit of the prediction using known coefficients. It implies that the size of the
perturbative correction is minimal at n ~ k and that the sum up to this term gives the best
prediction achievable using the perturbative expansion. In the large-£, approximation,
¢, — ¢ using the asymptotic behavior Eq. (211), we obtain

UIR
o R 2.13
boav (/) (213)

which gives the size of an inevitable uncertainty for perturbative calculation as

(2 eu(Lo)| ~ (Ai) (2.14)
s k\LQ)| ~ Q2 P .

12



where we use the one-loop running coupling constant Eq. (2Z10). This has a non-perturbative
form in «,, which tells us that the renormalons represent a non-perturbative limit of per-
turbative calculations.

Similarly the ultraviolet behavior of F(p%) as (p%)“V~! (upy < 0) generates the
asymptotic behavior of ¢ as

o ~nl (p?/Q%)" (— b0/|uUV|)n+1 (from UV region), (2.15)

which shows a sign-alternating growth. It is called the UV renormalon. We note that
the UV renormalons in QCD also make the theoretical prediction worse in fixed order
calculation. The size of the theoretical uncertainty is estimated as

ALQQ lupv]
s (1) i (L) ~< “234 ) : (2.16)
with | |
Uyv

We note that Eq. (E18) is scale-dependent, which gets smaller when we take p at higher
scale. Moreover, such contributions can be resummed using the Borel resummation in-
troduced in the next section. On the other hand, contributions from the IR renormalons
cannot be resummed unambiguously.

Borel transform and renormalons

The standard framework to investigate the renormalons is known as the Borel transform.
For the LO Wilson coefficient Cy(Q) given by Eq. (28), the Borel transform of Cj is

defined as
- S Cn<LQ) AN
Bco(u)—ngzo .y (b—0> (2.18)
In the large-f3, approximation, Eq. (Z-I8) behaves as
2\ U
0 1
B ~—=]) —— 2.1
aw~(5) 219)

due to IR renormalons Eq. (2210) and

Bey(u) = (”2 )u; (2.20)

@ 1+U/|Ule7

due to UV renormalons Eq. (Z13). We can see that IR/UV renormalons cause the sin-
gularities on the positive/negative real axis in the complex u plane (Borel plane) as in
Fig. Z23. By convention, the position of the pole singularity at u = w, is called the u = u,
renormalon. In the large-f, approximation, the singularity from renormalons is a pole.
On the other hand, beyond this approximation, IR (UV) renormalons cause branch points,
where the branch cut extends along the real axis to the right (left).

13
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0]
UV renormalons IR renormalons

Figure 2.3: The singularities in the complex u plane caused by the IR and UV renormalons in
the large-3y approximation. In the case beyond the large-3y approximation, discontinuities are
caused on the real axis.

One of the good properties of the large-3, approximation is that it is easy to perform
perturbative calculations by Eq. (29), regardless of how high the order of the perturbation.
The Borel transform is suited to describe the all-order perturbative series in the large-
Bo approximation. A static QCD potential, for example, is calculated in the large-3,
approximation as

4Cp
V(r) = === o) a (L), (2.21)
n=0

where Cr = 4/3 and L, = log(u?r?). The Borel transform of V (r) is given by

o0 anﬁo) . 2)205/3\ ¢ —u
By =Y 2y - (P5) T e

n=0

which has the information of all-order coefficients. We can see that a static QCD potential
contains the IR renormalons at v = 1/2, 3/2, 5/2,---.
Naively, Cy(Q) is reproduced by the Borel resummation given by

1 o0 o u
Col@="g, ), due = Baw). (2.23)

This equality is valid only if there is no IR renormalon in Cj, which results in a singu-
larity on the integration contour of Eq. (2223), otherwise Eq. (2223) is ill-defined. If we
expand B¢, in u, the integral becomes well-defined but reproduces the factorial behavior
of perturbative expansion because

1 (0.9}

— du e_bo%xs(u/bo)” =nla™tt, (2.24)
bo 0

The well-defined resummation formula can be given by

1

[CO(Q)}i = %

/ due” w0 B, (u), (2.25)
Cy
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where C4(u) denotes the integration contour connecting v = 0 and u = +oo £ 0 in-
finitesimally above/below the positive real axis on which the discontinuities are located.
Then Eq. (E225) is a finite-value (well-deifined) integral but contains an imaginary part
due to the contour Cy. The imaginary part of [C’O} . Is given by

Im[Co(Q)], = £i6Co(Q), (2.26)
where .
0CH(Q) = —/ due v B (u). (2.27)
2bOZ Cy—C_
The integration contour can be deformed to surround the singularities due to the IR
renormalons. Since the sign of the imaginary part depends on the integration contour
in Eq. (Z28), §C) is interpreted as a measure of the uncertainty of the perturbation
prediction. In the large-3y approximation, Eq. (219) tells us that

1 w2\ 1 A2\ uIR
~ —— boas(n?) [ L — MS )
6CH(Q) i due % (QQ) T ufum x ( 0 : (2.28)

which is an inevitable theoretical uncertainty consistent with Eq. (2214) estimated from
the IR renormalon at u = ujg.
On the other hand, the real part of Eq. (2225) is given by

1 o u
Re [CO(Q)]i = 2_b0 - fge boas(MQ)BCO(U)
+ —
1 o0 o u
= — due toes®® Be (u), (2.29)
2bo Jopv

which is independent of the choice of the contour. In this thesis, we define the finite pre-
diction of Cy(Q) by Eq. (E229). This prescription is called PV scheme, which is a standard
framework to calculate the renormalon-subtracted prediction in QCD, even beyond the
large-(y approximation.

We note that the UV renormalons does not cause a problem in the Borel resummation.
Since the singularities due to the UV renormalons are located on the negative real axis
in the complex u plane (see Fig. 23), they does not make Eq. (223) ill-defined. Using
Eq. (2Z20), for example, the Borel resummation integral is evaluated as

L% gue ot (M_Q) L ] i (val)
bty MCNGE) Tl T b T gy B

where Ei(z) = — [T dte™" /t.

2.3 Renormalon subtraction based on OPE

Conjecture to subtract renormalons

In the Borel resummation, IR renormalons cause an inevitable imaginary part to the
Wilson coefficients. The imaginary part measures the uncertainty of the perturbative cal-
culation of the Wilson coefficient, which has a non-perturbative form as in Eq. (Z228). As
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explained in Sec. P71, the non-perturbative QCD effects are incorporated in the framework
of the OPE as in Eq. (E20). Such an imaginary part is expected to vanish within the OPE
framework as described below.

Let us consider the LO Wilson coefficient Cy(Q) given by Eq. (Z3), and assume that
it has an IR renormalon at u = ug, which is the closest to the origin in the Borel u plane
among all the IR renormalons. This renormalon causes an imaginary part +idCy(Q)
including log(Q) corrections in the case beyond the large-f, approximation. Conjecture
of the renormalon subtraction in the OPE framework is that the imaginary part due to
the renormalon is absorbed by the same size of imaginary part of the non-perturbative
correction of the OPE of S. Assuming that the imaginary part due to the renormalon
at u = ug is absorbed by the first non-perturbative correction to S in Eq. (20), §Cy(Q)
is required to have the same Q-dependence as the 1/Q% term [30]. Then §Cy(Q) is
determined as follows [I]:

A2\ o
u:u— Nuo ( Q2 > (b()Oés(Q»’YO/bO <]. + nZ:OSnOéS(Q)n—H), Uy = % (231)

v; is the coefficient of the anomalous dimension v for the leading operator O, given by

6Co(Q)

() = oty (2.32)
1=0

The perturbative coefficient s, can be constructed from the RGE parameters b;, 7; and
the perturbative expansion coefficients of the Wilson coefficient C;. Apart from the
normalization N,,, which depends on the observable S, in principle all the parameters
are determined using the OPE and RGE framework. Eq. (2231) implies that the Borel
transform of Cj, beyond the large-3, approximation, has the following singular structure
in the vicinity of u = wuy.

2\ “o N/ 0
— ’u_ uo ! . n
Be, (u) = (Q2> 0 wfug) e 5_0 s, (L) (1 — u/up)™ + (regular part), (2.33)
where
N, _ bo MN (2.34)
T U01+V“0 uor )

Coefficient s/, is also determined by the RGE parameters and the perturbative coefficients
of the Wilson coefficients. We note that the assumption to cancel imaginary parts in the
OPE cannot determine the normalization parameter N, and the full analytic structure
of BCO'

Practical way to subtract renormalons

In the large-f5y approximation, perturbative calculations can be performed at an arbi-
trary power of ag, by considering the bubble-chain diagrams. Then factorial behavior
due to renormalons leads to singularities on the real axis in the Borel plane. In realistic
cases beyond the large-3, approximation, only a limited number of terms can be com-
puted and then the Borel transform cannot be resummed by definition. Assuming the
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cancellation of the imaginary parts in the framework of the OPE as in Sec. P23, singu-
lar structures of the Borel transform can be described using the OPE and RGE as in
Eq. (2333), but a full analytic structure of the Borel transform cannot be determined.
Then the renormalon-subtracted Wilson coefficient, which is calculated by Eq. (E229),
only reproduces the original divergent series because the Borel transform is incomplete.
Thus, in practical cases, it is necessary to develop a method for approximately calculating
Eq. (Z29) from the information of a finite number of perturbative coefficients. In the next
chapter, we propose a new method to calculate Eq. (229) using the properties of the in-
verse Laplace transform, which constructs a dual space where perturbative series becomes
convergent. Using such a dual-space series, we can compute the renormalon-subtracted
Wilson coefficient systematically from a finite number of coefficients.
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Chapter 3

Method for renormalon subtraction
using dual space

In this chapter, we advocate a method for subtracting IR renormalons from the Wilson
coefficient by introducing a dual space. We call this method DSRS method (Renormalon
Subtraction method using Dual Space). In Sec. B, the basic concept of the DSRS
method is explained. In Sec. B2, the DSRS method is formulated within the large-
Bo approximation and how to go beyond the large-, approximation is discussed. In
Sec. B33, we apply the DSRS method to a static QCD potential computed in the large-5,
approximation. Towards practical applications in Chap. B, we investigate the stability of
the prediction obtained with a finite number of perturbative coefficients. Moreover, we
analyze UV renormalons in the dual space based on a toy model.

3.1 Basic concept of dual space

Using Eq. (239), the all-order expansion of Cy(Q) in the large-/3, approximation is given
by

Co(@)

¢]
=D as(@) el
LB n=0

_ / A P52, Q2/p2) 3 s (@) (b log(Q% /2 /p3))"

n=0
_ / dp F (0%, Q2 ) v (). (3.1)

where logarithmic factors are resummed and absorbed into the running coupling constant
o, given by

T 1= boau(12) log(12 eI ?)  blog (%) (Aygg €/6)2)

We can see that Eq. (B) is an ill-defined (divergent) integral because of the Landau
singularities of the running coupling constant. This is an alternative view of the divergence

2) O‘s(:u2) 1 (32)

Qg (q
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of perturbative calculations by renormalons. We can define the well-defined momentum
integral by contour deformation to C'y. It is given by

[Co(@)] :/c dpy F(pl, Q°/vh) s, (0%), (3.3)
T

which consists of a finite real part and an uncertain imaginary part depending on the
contour Cy. It is important to note that the integrand of Eq. (B33) is a convergent series
in the a,(u?) expansion in the momentum pg space, which enables us to predict the
renormalon-subtracted Wilson coefficient from a finite number of coefficients. Beyond
the large-, approximation, however, this calculation procedure is difficult to perform.
It is because the loop integral in the realistic case contains multiple loop momenta, and
it is generally cumbersome to rewrite it in a simple one-parameter integral form such as
Eq. (B33). Moreover, rewriting the loop integral in such a way depends on the details
of the observable and it is not a suitable way to address the problem of renormalons
that is universal to QCD calculations. In the next section, the concept of a dual space is
introduced to calculate the renormalon-subtracted Wilson coefficient from a finite number
of perturbative coefficients. We will see that the IR renormalons can be suppressed in the
dual space, i.e., the dual-space perturbative series converges.

3.2 Formula for renormalon subtraction

In this section, we formulate the DSRS method. First, we consider the case within the
large-f3y approximation which helps us to understand the mechanism of the DSRS method.
After that, generalization to the case beyond the large-3, approximation is discussed.

In the large-3, approximation

The LO Wilson coefficient Cy(Q) containing IR renormalons is given by
Co(Q) = o (1) en(Lg) = M/ 0 (1) e, (3.4)
n=0 n=0

where the operator H is given by Eq. (Z8). The QCD beta function in the large-5,
approximation is

Blas) = —bo a2, (3.5)

which determines the running coupling constant a(p?) as in Eq. (2210). Lg = log(p?/Q?)
dependence of ¢,(Lg) is determined as in Eq. (E77).
A dual space is constructed by a dual transform based on the inverse Laplace transform

voHeo dy 1 1
— "% = _ > 0. 3.6
Lo e = ey (36)
C’O(T), the LO Wilson coefficient in the dual space, is defined as
~ :Bg+ioo dl’2 2,2 ’
Co(r) = / " T O (Q =27, xf >0, (3.7)
xg—ioo 27TZ
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where we define # = Q=% and introduce the parameters (a,u’) which are necessary for
renormalon subtraction. Substituting 6Cy = (A12\/Tsx2a>u* in place of Cjy on the right hand
side of Eq. (B21), we obtain the u = u, renormalon in the dual space given by

- 1 1 A2\
0Co(T) = (72) o’ T (—a(us + u')) ( T2as) : (3.8)

We can see that the right hand side of Eq. (B38) is zero when a(u, + u') = 0,1,2,- -,
which means that the renormalons in the dual space can be suppressed by the dual
transform with a proper choice of the parameters. In particular, it is crucial that multiple
renormalons are suppressed simultaneously. We assume that the u, = ug(> 0) renormalon
is the one closest to the origin in the Borel plane and the minimal interval between the
positions of IR renormalons is du. Then adjusting the parameters as (a,u’) = (1/0u, —ug)
makes all the renormalons (at u = ug, ug+ du, ug+ 20w, - - - ) suppressed in the dual space
as in Fig. Bl Thus, in the dual space, we can construct convergent series Cy, whose
explicit form in «a,(p?) expansion is given by

- 1 = - 1 (12 /220 _—
Co(r) = WZ%(M ) e (L) = W eMhogus®/ )Za )"HE,,  (3.9)

n=0 n=0

where L, = log(u?7?*). L, dependence of ¢,(L,) is determined as in Eq. (222). ¢, =
¢n(L, = 0) is determined by comparing the coefficient of a,(u?)"* on both sides of the
following relation

as(p?)" e, = as(p?)" ey, 3.10
Z el T ) Z (3.10)
We note that the Borel transform of the dual-space series Bg, (u) = > " ° n,T (u/bo)™,
in the large-3, approximation, is expressed by

Bg, (u) = mBCO (u) LQ%LT, (3.11)

where Bg,(u) is given by Eq. (Z18). It implies that the dual transform directly suppresses
renormalon poles in the Borel plane.

When we set = 7% in Eq. (83), the logarithmic dependence is resummed and Cy(7)
exhibits a good convergence for sufficiently small a,(72*). From a finite number of per-

turbative coefficients {cg, ¢1, -+, ¢}, we can use the truncated series of Eq. (B) given
by
1 k
~(k Al ~
C0) = e o a7 312
n=0

which would be a good approximation of Co(7) for a large k.
From Cj, we can reconstruct C using the inverse dual transform, which is defined by

Co(Q)“ =272 / dr?e " Co(r). (3.13)
0
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Figure 3.1: Schematic figure explaining the suppression of renormalons in the dual space with
parameters set to (a,u’) = (1/du, —up).

Since the left hand side of Eq. (B13) contains IR renormalons, the Laplace integral on the
right hand side of (BI3) reproduces the renormalons. a,(7®) in C(7) has the Landau pole
on the positive real axis in the complex 7 plane. Thus the Landau pole of the integrand
makes the integral value ill-defined, in other words, it causes the IR renormalons of Cj.
Hence, we define the regularized Wilson coefficient such that the integration contour
avoids the singularities. It is given by

[Co(@)] . = a2 / dr? e 7" Cy(7), (3.14)

Cx

where C4(7) denotes the integration contour connecting 7 = 0 and 7 = oo avoiding the
singularities above/below in the direction of the imaginary axis. We have numerically
confirmed that it is possible to choose a contour Cy(7) such that |as(7*)| < 1 on the
contour. We can utilize the convergence of Cy(7) there. Eq. (B14) contains the imaginary
part due to avoiding the Landau singularity, which is regarded as the contributions from
IR renormalons. Separating the real and imaginary part of (8I4), we obtain

Re[Co(Q)], = [Co(@Q)] py = 272 / dr? e Cy (1), (3.15)
0,PV
/ ]. 2,2 =
Im [C’O(Q)}i =6Cy(Q) = a2 % /C* dr? e ™ Cy(T), (3.16)

where C, denotes the integration contour shown in Fig. B2.

Eq. (BTH) gives the finite value of Cy(Q) by subtracting renormalons at u = ug, ug +
ou, up + 20u, --- with parameters (a,u’) = (1/0u, —up). Eq. (BI8) is the size of the
imaginary part due to renormalons, which cancels the same size of imaginary part of
OPE corrections as explained in Sec. Z23. Since |7%r?| < 1 on the contour C,, Eq. (B1D)
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qx

Figure 3.2: Integration contour C, surrounding the Landau singularities in the complex 7 plane.
In the N*LL approximation, the branch point of the running coupling constant as(72) is at
T = qi/ . from which the branch cut represented by the wavy line extends to the left. For the

LL approximation, ¢. = Agfg and there is no discontinuity.

can be expandend in 1/@Q which is given by

’ 1 2,.2\2 B
0Co(Q) = £a™™" 2—2/ dr* (1 — m%2° + (Gl ; ) + - )Cy(7)
KO Kl KQ
=+ (QQu*o - (Q2)u*o+5u + (Q2)u*0+25u + - >7 (317)
with
]. dT2 2\n—au’ ad 2a\n+1 ~ 2 U*0+n5u
* n=0

The Q-dependence of §Cy(Q) is consistent with the renormalons in Cj.

In fact, the regularized form of the Wilson coefficient in our method (Eq. (BT4)) is
equivalent to that in the PV scheme using the Borel resummation (Eq. (2223)) in the
large- 5y approximation. Its proof is given in App. B, which is based on the discussion in
Appendix. C of Ref. [&1]". Other methods for renormalon subtraction [E3, 42, 45, U6, 47]
are also based on the PV scheme, and then the results of our method can be compared
to them directly.

The advantages of our method can be stated as follows. First, our formulation to
subtract renormalons works without knowing normalization constants N,, of the renor-
malons to be subtracted, following the above calculation procedure. In other methods
(A3, 44, A5, A6, A7) one needs to estimate the normalization constants NN, of the corre-
sponding renormalons. Normalization constants of renormalons far from the origin are
generally difficult to estimate. Although we certainly need to know large order pertur-
bative series to improve the accuracy of renormalon-subtracted results, the above feature

!The FTRS method, which is also our method for renormalon subtraction in Refs. [E0, &1, A7), is
essentially equivalent to the DSRS method. It is because the Fourier transform used in the FTRS
method is closely related to the dual transform (Eq. (874)). It implies that the properties for the FTRS
method is also valid for the DSRS method.
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of our method practically facilitates subtracting multiple renormalons even with a small
number of known perturbative coefficients. Secondly, we can give predictions avoiding
instability caused by the unphysical singularity around ) ~ Agg of the running coupling
constant, in the same way as the previous study of Voep(r) [33]. Since renormalons and
the unphysical singularity are the main sources destabilizing perturbative results at IR
regions, the removal of these factors is a marked feature of our method.

Beyond the large-3, approximation

We discuss the renormalon subtraction using the dual space beyond the large-3, approx-
imation. In the (next-to-)* leading log (N*LL) approximation, we use the QCD beta
function given by f(as) = — Zf:o a’™2b; and the running coupling constant oy = as‘N’“LL
is defined by Eq. (222). Then the equivalence of Eq. (B14) and Eq. (222Z3) holds provided
that our assumptions are satisfied: (i)Renormalons cancel between the Wilson coefficient
and the corresponding operator matrix elements in the OPE; (ii)The QCD beta function
beyond 5 loops does not alter the analytic structure of the roots of the beta function
which holds up to N*LL; (iii) There are no singularities except those which we suppress
by the dual transform Eq. (B=2) (on the positive real axis) in the Borel plane. See App.
for the relevant argument.

One may doubt if the condition (iii) is valid beyond the large-fy approximation, since
the condition (i) implies that Q-dependence of §Cy(Q) deviates from a simple power of
(A25/Q%)"; it contains a; corrections and the effect of the anomalous dimension, which
is given as Eq. (2231). In principle, such corrections in the dual space are expected to
be suppressed by using the extended formula given in App. 0, which is based on the
discussion in Appendix. B of Ref. [A1]. The crucial point is that these corrections have
the Q-dependence as log"(Q)Q~2*, and such effects can be suppressed by combining the
dual transform and some linear operations. Therefore the condition (iii) is satisfied beyond
the large-f3, approximation.

In Chap. @, we apply the DSRS method to observables in the heavy quark systems
beyond the large-, approximation. Since the LO renormalon of these observables does
not have a, corrections nor anomalous dimension, we can highly suppress the leading
contribution of renormalons by not using the extended formula. Before applications, we
test the stability of our method within the large-3, approximation in the next section,
which helps us to study the systematic uncertainty of our method in the application
section.

3.3 Renormalon subtraction with simple cases

In this section, we demonstrate the renormalon subtraction using the DSRS method
with the perturbative series obtained in the large-3, approximation. Throughout this
section, we set by = bgl, ;=3 when indicating specific values. The static QCD potential
is a good example. Its perturbative expansion in ay(p?) is given by Eq. (2221). The
Borel transform of this series is given by Eq. (2222), which contains the IR renormalons at
u=1/2,3/2,5/2,--- in the Borel plane. Naive perturbative expansion (Eq. (2220))does

23



not give a convergent series due to divergent behavior from IR renormalons:
1
V- (1‘333 Qs+ 2.694 02 + 7.693 0 + 34.06 o + 196.8 0 + 141105 + - - - ) (3.19)
r
Based on Eq. (2229), all-order prediction (exact value) of V(r) is calculated by taking the

principal value (PV) as
47TCF 1 &

du & o) By (u). (3.20)
r o bo 0,PV

[VOﬂ)]PV -

We can also express [V/(r)],, in terms of the PV of the Fourier integral:

PV
2CF /OO sin(qr) 5
Vi(r =—— dqg ——=ag,(q7). 3.21
[ ( ):|PV ™ Jopv q 50( ) ( )
Using Eq. (B220) or Eq. (B2211), we obtain a reference value at r = ry = m(w (3GeV)™),
[V (r =r0)]py = Mg X (—6.27485-- - ). (3.22)
The separated imaginary part dV(r) is also calculated as
c :
oV (r) = ¢ﬁ/ dq @av(qz) = :I:(KS/ + K){r* + (’)(Ai/lsr‘l)). (3.23)
c

We note that K. the normalization of the imaginary part, is independent of r. It is
analytically evaluated as

Cr (_q2)m Cp (Am€5/6)2m+1
v_ _YF 2 — (_1\ymt+t1 L
Ko =—2 / U o £ 1) = CU S e ) (3:24)

Here we construct the dual-space series using the DSRS method. In this analysis, we
attempt to eliminate renormalons in two different schemes. First, we subtract renormalons
from V(r) by scheme (A): we set (a,u’) = (1,—1/2) to suppress the renormalons at
uw = 1/2,3/2,5/2,--- in the dual space. Using Eqs. (B2d) and (B0), the dual-space
potential Vi (7) is calculated as

~ T{H+100 d 2
Va(r) = / S ety XU (Y (1 = )

ac%—ioo 2mi

2,
xg+ioo d 2
xr 2,2 _ 2
— —47TOF/ e e 1 Hlogu z?) E as n+1 Bo)
T,

0
A7Cp

— TN () e (L), (3.25)
T n=0

where L, = log(12/72), and a\ " (L,) is read from the following Borel transform

AN 1 1
(“ - > - . (3:26)
LI At 4732 T(1 + u)

> a (L, . Byu
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It can be seen that there is no renormalon in Eq. (B20), i.e., a perturbative expansion of
V4 is convergent:

- 1
Vi —— (0.752 s +0.462 0% — 0.351 0 — 0.331 a? 4 0.624 o +0.0102a° 4 - - - ) (3.27)
T

Using the inverse dual transform, we obtain the renormalon-subtracted prediction of V
given by

V()] = /0 T dr e ()

PV

— dnCp / dr Zas 2)nt1gA) (L, ). (3.28)
0

pv T

Since V(r) is RG-invariant, Eq. (B228) should be independent of the scale setting of .
We assume a practical case with a finite number of perturbative coefficients up to n = k.
Then V} is replaced by VXC) based on Eq. (B2I2). When we set u = s7 before integration
as

[V (r)]py = —47Cp /OOO I e Zas 272 Ha™ (L, = log(s?), (3.29)

pv T

the integral value would exhibit more stable behavior with respect to changes in s for a
larger k& due to the RG invariance and convergence of Vj.

Fig. B3 shows a scale-dependence of [V (r )]PV in the case with a finite number of
perturbative coefficients. Here we set a physical scale 7 as r = ro (a,(1/r2) ~ 0.3032).
The vertical axis is normalized by Ayg. The horizontal axis is displayed on a linear
(logarithmic) scale in the left (right) panel. The colored solid lines are calculated by
using f//(lk) for k=0, 2, 4, 6, 8, 10. The dashed line represents the PV value of V(r = ry)
(Eq. (B222)). We can see that the stable region extends around s = O(1) as k increases,
and the prediction in its vicinity approaches the value of [V(ro)]PV. Furthermore, it
seems that the length of the stable region extends exponentially.

The reason of stability for a large k£ is understood as follows. When we set y = s7
and truncate the series at n = k(> 1) in Eq. (B228), the s-dependence of this integral for
large s is approximately controlled by

o) d 2
Li(sir) = / ™ g (8272165 [ log (s2) ], (3.30)
opv T

where the logarithmic factor appears from the RG equation. Since the integrand of
Eq. (B330) becomes large at around 7 = Ayg/s, using the LL running coupling constant
Eq. (Z10), we approximate [, by evaluating the residue at 7 = Agg/s, which is given by

~(A) —72/s2

[10g(s)]" (1 + O(1/s)), (3.31)

bo S
where 7 = Aygr. Thus the stationary point of Ix(s,r) when s is large is estimated by

52

k 2 log(s) (1 - 78"—2> ~ log(s). (3.32)
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Figure 3.3: Scale dependence of [V(rg)]p,, in scheme (A). The colored solid lines show the
predictions of [V(ro)]PV when we truncate Vj at 0/5”1 for K =0, 2,4, 6,8, 10. The dashed
line represents the exact value given by Eq. (B222). In the left panel, the stable region expands
around s = O(1) as k increases. In the right panel, we can see that the length of a such region

is almost proportional to e* for truncation order k.

This means that the stationary point moves away exponentially with increasing k (in the
left panel in Fig. B23). In other words, the position of the right-most stationary point is
shifted by a constant on the logarithmic scale (see the right panel of Fig. BZ3). On the other
hand, since the dual-space series is a convergent series when we set ;1 = 7, it is natural to
assume that the prediction should approach the true value at s = O(1). In practice, for
sufficiently large k, it is possible to find a stable region extending around s = O(1) and
evaluate the approximated value by systematic uncertainty from the changes in s.

Following a similar procedure, we can also calculate the imaginary part dV () using
the DSRS method. It is given by

1 ~
SV (r) = o /C dr? e TPV (T) = + (K(Y’A + KVA2 4 0<A§4Sr4)), (3.33)
47 C —72)m S nila
KVA = _TF /O ar L m|) > a () aM(Ly). (3.34)
* ’ n=0

When we set u = s7, Eq. (B334) is analytically calculated as

9 2m—+1
47 CF Am

VA _ [ 1\m+1
Km _( 1) by mls2mtl

BVA(U =m + 1/2)

WU=sT

m+1& (ANTS e5/6)2m+1

= (-1) (3.35)
where we use the Borel transform By, given by eq. (B20). Eq. (BZ33) is equal to Eq. (B24).
If we set u = s7 and truncate the series at of™! in Eq. (B23d), we obtain s-dependent

coefficient K" (s, k), which converges to Eq. (8233) in the limit k — oo. For a sufficiently

large k, we can also predict the imaginary part by investigating the stable s-behavior as
done for [V (r)]

PV’
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Secondly, we subtract renormalons from V' (r) in another scheme (B): we set (a,u’) =
(2,—1/2) to suppress the renormalons at u = 1/2,1,3/2,--- in the dual space. There is
no renormalon at u = 1,2, 3, -+ originally, but we examine if we can correctly compute
[V(rﬂpv in such a case. The dual-space series is defined by

2 oo 270

_ T(+100 d 2
VB(T) _ / i672x2x2><2><(71/2)(x2v(7, _ 1‘2))

1’L

5 .
Ty +ioo 0.2
X 222 _
= —47TCF/ ,eT 2 Hlog(u § a1 n+1

ngioo 2mi

_ _4wcFZa 2B (), (3.36)

where L, = log(u?/7%), and &%B)(LT) can be read from the following Borel transform,

2,5/3\ ¢ 1 <i
_ (“ - > ZSIH(”). (3.37)
Lo—L, T 4 U

We note that the mass dimension of z is —1/2 and that of 7 is 1/2. Vj is also convergent
series:

= ay (L) By (u)

T T(1-2u)

(/bo)"

n=0

) 1
Vi ~ —;(1.33 a, + 15902 — 0.350% — 5.79a — 9.69a° + 5.75a5 + - - ) (3.38)

Then [V/(r)],, is calculated by the inverse dual transform of Va(7), which is given by

1Y%

o0

[V(r)]PV = /0 dr? 6_7%2‘7]3(7’)

PV

— drCy / x ’””Zas 2yn15(8) ([, ). (3.39)
0

PV

Fig. B4 shows the scale-dependence of [V(r)]PV when we set 1 = s72 in the case with
a finite number of coefficients. Here we also set the physical scale r as r = ry. The setups
of axes and lines are the same as in Fig. BZ3. We can also see that there is a flat region
around s = O(1) and its length extends exponentially as k increases. It is because, from
the similar consideration to Eq. (B530), the right-most stationary point is estimated to be
at s =~ e* for a truncation order k. Thus, the scheme (B) can also predict the all-order
result from a finite number of coefficients.

We comment on the calculation of the imaginary part, which is given by

]. 2.2 7,
OV (r) = £ /C dr’e " Vp(r) = + (533 + Ry P+ O(Ai/[SrQ)), (3.40)

/{V’B . _47TC /
¢ 2i  Je.

GBI (L), (3.41)
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Figure 3.4: Scale dependence of [V(rg)]p,, in scheme (B). The colored solid lines show the
predictions of [V(To)]PV when we truncate Vg at aftlfor k=0, 2, 4, 6, 8, 10. The dashed line
represents the exact value given by Eq. (8222). Also in this scheme, we can see that the stable
region extends exponentially with k increased.

Although at first glance, Eq. (820) appears to have an imaginary part that is inconsistent
with the renormalon of V'(r), in fact the normalization of such contributions is zero in the
limit of ¥ — co. When we set u = s72, Eq. (B21) is analytically calculated as

An2Cp A (1
HZ’B _ (_1>£+1 4 CF MS BVB< _ + )

by 20! stt! pmsr?
CF <A765/6)2m+1
—1)m+i = M3 for ¢=2m(=0,2 4,
= (=1) bo (2m + 1)! or m ( ) Ay ) 7 (3.42)
0 for ¢=2m+1(=1,3,5,---)

where we use the Borel transform given by eq. (8337). We can see that sy = K given
by Eq. (B224), and the others are zero.

Before concluding this chapter, we examine the effects of the UV renormalons in the
dual-space series. We consider a toy model containing the IR and UV renormalons at
u=—1,1,2,3, -+, which is given by

W(Q) =) (i) Mwa(Lg), (3.43)
n=0
and the Borel transform is given by

By (u) = g% w”ij) (g)n - (g—Z)u% (3.44)

0

Using Eq. (B2) with the parameter (a,u’) = (1,—1), the dual-space series with the IR
renormalons suppressed is constructed as
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where L, = log(u?/7?%), and w,’s are read from the Borel transform By,. It is given by

i w” < )n — BW—(U) — <'u_2)u 1 (3.46)
e ! (1 —u) Lo, 2 ) 14+
where there is no renormalon except the UV renormalon at u = —1. Eq. (BI3) gives
(W) =2 / dr?e™ "W (1)
0PV
j /OO -7?/Q? +15
N s (12)" i (L), 3.47
Q* Jopv Z ") (347)

which is equivalent to the result using the Borel resummation in the case with an all-order
perturbative series. However, when truncating 1 at a finite order, the UV renormalon
limits the computational accuracy, creating uncertainty of O(AiA—ST2 /ut) for W according
to Eq. (Z18).

On the other hand, the UV renormalons in the dual space can be resummed in the
large-(3y approximation. This property is natural because the DSRS method gives equiv-
alent result using the Borel resummation which can resum UV renormalons. According
to the resummation formula in App. O,

W@l = g [ e Lo ), @

where @!’s are read from

B = wr(uL) (b%) “Ta _B@f?ﬁ?i Tl r (g)ﬁ (349)

Tab. B compares wy,, W, and @/, which indicates that the resummation of the u = —1
renormalon, in addition to the suppression of the IR renormalons, gives a convergent
series in the dual space.

In Fig. B3, the scale-dependences of [W(Q = QO)]PV calculated by Eqs. (B27)
and (BZR), respectively, are compared. Here )y = 10Ayg and we truncate Watn=k
and set © = s7. The horizontal axis is displayed on a logarithmic scale in both panels.
The colored lines represent the results with £ = 0, 2, 4, 6, 8, 10, and the dashed line is
drawn to show the exact value given by

(e}

[ Q= Qo)} pv = bl due Soas (%) ) By (u) =10.316248 - - - . (3.50)
0 Q=Qo

In the left figure, as k increases, the flat region extends in the direction where s > 1,
while the unstable region widens around s = O(1). This is a manifestation of the effects
of the UV renormalon. For large s (at high energy scale), the contribution from the
UV renormalon is strongly suppressed, so the flat region extends exponentially to the
right direction, as in the analysis with the static potential. Nevertheless, perturbative
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Table 3.1: Comparison of the dual-space coefficient ,, and @], with the original one w,,. Owing
to the dual transform, the divergent behavior of w,’s from IR renormalons is suppressed while

the v = —1 UV renormalon remains. On the contrary, w/’s exhibit a good convergence.
0 1 1 1 11 | —=5.08 x 10° | —1.02 x 10® | —2.63
1 —0.303 | —0.716 | —0.303 || 12 | 1.31 x 107 8.72 x 108 11.7
2 1.45 1.03 —0.239 | 13 | —4.06 x 10" | —=8.12 x 10" | —16.7
3 —1.11 | —=2.20 | 0.421 14 | 1.22 x 10° 8.14 x 108 | —0.130
4 9.38 6.31 —0.155 | 15 | —4.37 x 10° | —8.75 x 10° 54.9

expansion of a sufficiently high order is required to predict the true value. For small s (at
low energy scale), Eq. (B21) approaches its true value from a small number of perturbative
coefficients, but as k increases, the factorial behavior of the UV renormalon emerges and
stability is lost. Thus, if the UV renormalons remain in the dual space, the region stable
to changes in s is narrowed. On the other hand, in the right figure, the scale dependence
is stable around s = O(1), owing to the resummation of the UV renormalon.

From a practical point of view, two points should be mentioned. First, the resum-
mation method is effective only for the case in the large-, approximation. The method
given in App. O could in principle be extended beyond the large-5y approximation by
reference to App. 0. However, unlike IR renormalons, it is not theoretically clear what
log(Q) correction UV renormalons have in general [I1]. Thus the parameters to resum
the exact structure of UV renormalons cannot be chosen properly. Secondly, if the UV
renormalons are sufficiently far from the origin in the Borel plane, the effect is negligible
for relatively low-order perturbative calculations. For example, the UV renormalons of
the pole-MS mass relation, discussed in the next section, start from u = —1, and we will
see later that this effect is almost negligible at the N®LO level, which is the state-of-the-art
perturbation order. For these reasons, we basically do not resum the UV renormalons in
the analyses in Chap. @.
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Figure 3.5: The left/right panel shows the scale dependence of [W(Qo)]PV with/without the
UV renormalon at v = —1 in the dual space. The colored solid lines show the predictions of
[W(QQ)] PV when we truncate W at ozi?“ for k=0, 2, 4, 6, 8 10. The dashed line represents the
exact value given by Eq. (B50). The UV renormalon causes the instability of scale dependence
around s = O(1).
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Chapter 4

Renormalon subtraction in heavy
quark systems

In this chapter, the DSRS method is applied to several observables of heavy quark sys-
tems. In Sec. B, we introduce the heavy quark effective theory (HQET) to incorporate
non-perturbative effects to observables of heavy-light mesons such as B and D mesons in
the OPE framework. As specific examples, the OPEs of the masses of B and D mesons
and that of the inclusive semileptonic decay width of B meson are presented. In Sec. B2,
the DSRS method is applied to the quark pole mass to eliminate (or suppress) the renor-
malons of O(Aggs) and O(AZ) orders from the OPEs of B and D meson masses. Then
we determine the non-perturbative parameters in HQET after subtraction of IR renor-
malons. In Sec. B33, we determine |V3|, one of the CKM matrix elements, from the
inclusive semileptonic decay width of B meson. In this determination, we use the HQET
parameters determined in Sec. B. This is the first time to determine |V| with the NLO
IR renormalon suppressed in the PV scheme using the MS mass scheme.

4.1 OPE for Heavy Quark Systems

4.1.1 Heavy Quark Effective Theory

B meson is a bound state of the bottom quark and the single light quark (up or down
quark). Because the mass of bottom quark is much larger than that of light quark
(my, mg < my), from the light quark’s point of view, the heavy bottom quark appears to
be almost at rest. Therefore the dynamics can be viewed as the non-relativistic motion
of bottom quark due to the transfer momentum of order O(Aqep) carried by the light
quark in the B-meson center-of-mass system.

The heavy quark effective theory (HQET) [4R, 49, 50, 51, 62, b3| describes the physics
of hadrons called heavy-light mesons which consist of a single heavy quark and a few light
quarks, i.e., B meson, D meson, etc. Let us consider that single heavy quark A in heavy-
light meson X that moves with the same velocity v as the meson X, that is pf = mxv*.
In this system, h is almost on shell. Thus the momentum of A can be written by

P = mpot + kM, (4.1)
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where v* = 1 and we assume that the residual momentum k ~ Ay (off-shellness of h)
is much smaller than my, the mass of the heavy quark h. Since the heavy quark h is
almost at rest, it is natural to describe HQET in terms of the pole mass (on-shell mass)
of the heavy quark. The pole mass is defined as the pole of the propagator, which is
consistent with the concept of the static energy of the particle. The HQET Lagrangian
is constructed by treating the heavy quark mass m;, as the pole mass. If my, is shifted by
dmy, = O(Aypg), the residual momentum £ in Eq. (BX0) absorbs it as k* — k* + dmypvt.
That is, the quark mass definition by pole mass has O(Ayg) ambiguity.

The field operator h(z), which denotes the massive quark in QCD, is decomposed into
two pieces as follows

h(z) = e ™% (h,(z) + Hy(z)), (4.2)

() = ) () = et P (4.3)

We note that h, and H, satisfy y h, = h, and ¥ H, = —H,. In the rest frame of the
hadron v* = (1,0), h, and H, correspond to upper and lower component of Dirac spinor
respectively. In other words, h, (H,) denotes the heavy quark (anti-quark) field.

We can see that using h, and H,, the QCD Lagrangian containing h is expressed by

,Ch = (Zw — mh)h
= hy(iv-D)h, — Hy(iv-D + 2mp)H, + hy (i) ) H, + Hy(i1D) )b, (4.4)

where D" is the covariant derivative and D = D" — v#(v- D) is orthogonal to v, i.e.,
v-D; = 0. It can be seen that h, does not have a mass term while H, acquires a mass
2my,. The remaining terms in the Lagrangian describe interactions between h, and H,,.
In the sense of EFT, h,/H, is identified as the light /heavy degree of freedom.

At the tree level, the HQET Lagrangian is obtained after integrating out H, using
equation of motion for H, (or in the formulation of path-integral), which is given by

Eg(eQeET = hy(iv-D)hy + hy(1DL) (iv-D + 2my) = (i) by

hu(iv- DYy + iy CPDPY) L 01 2y

2mh
7 /- Bv@pj.)zhv T g_so-,u,yGw/
= hy(iv-D)h, By -2 hy + O(1/m?), 4.5
(f0-D)hy + "G 1 R 2P O(Lm),  (45)
where G* is the field strength tensor and we use
1 1 .
YV = 5{’7%7 '7V} + 5[’7/“ ’YV] = Guv — W0y (46)

The leading term in Eq. (E3) is the Lagrangian for a static heavy quark with velocity v.
The physical interpretation of the second and third terms are as follows. The second term
represents the kinetic energy of the heavy quark, which breaks the flavor symmetry. The
third term is the energy from the chromo-magnetic interaction, which breaks both flavor
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and spin symmetries. In order to incorporate radiative corrections, matching of QCD and
HQET is necessary. The schematic form of Lyqgr is given by

h (s 2 9s v
EHQET = BU(ZUD)hv + W -+ Ccm(mh) Bthv + O(l/mi) (47)
2mh 2mh

Up to this order, only the chromomagnetic operator is renormalized, and its Wilson
coefficient is given by C.,, = 1 + O(«y), which is calculated up to O(a?) (N3LO level)
[61]. The Wilson coefficient of the kinetic term is exactly one reflecting the fact that the
kinetic energy is not renormalized. That is ensured by the reparameterization invariance

[62, B3], which is related to the Lorentz invariance of QCD.
The OPE of the heavy light meson X is given by 1/my, expansion using the expectation
values of the operators appearing in the HQET Lagrangian. The normalization of the

state defining the expectation value is given by

(XK X (0, k) = 2008, (27)%6O) (ke — k), (4.8)

where | X (v)) = | X (v,k = 0)) denotes the ground state of X in the infinite mass limit.
The advantage of using this state is that the matrix elements defined by this state do not
depend on the flavor of heavy quark. The matrix element of h,,(iv-D)h, is O(1/my;) due to
the equation of motion. So the leading non-perturbative matrix elements from Eq. (£72)
are given by

i2 = —(X()|a(iD1)*h| X (0)), (4.9)

which is the kinetic energy of the heavy quark, and
7 Us v
N?} = _<X(U)|hvEUWG“ ho| X (v)), (4.10)

which is the energy of chromomagnetic interaction. 2 and p2 are defined to be indepen-
dent of the mass of the heavy quark. To paraphrase, these matrix elements are common
between B meson and D meson, A, baryon and between A. baryon, and so on. Further-
more, these parameters can describe the non-perturbative effects of various observables,
i.e., their values are common among different observables. We call this property the
universality of the HQET parameters.

4.1.2 Renormalons of quark pole mass

We mentioned in the previous section that the definition of pole mass has an uncertainty
of O(Aggg). This implies that the pole mass has the IR renormalons starting from u = 1/2
when calculated by perturbative expansion. Since the pole mass is calculated by the quark
self-energy, the internal IR gluons in loop diagrams induce factorial divergent behavior of
perturbative series. Perturbative calculation of the pole mass is provided by introducing
a short-distance mass. The MS mass m)™ is one example. The quark propagator S(p) in
the on-shell scheme is defined by

- —iZ9° L
P — mpo + X(p, mp) P —my

S(p) as p® — mj3, (4.11)
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Figure 4.1: Schematic figure representing the difference between the renormalization of the
quark self-energy in the on-shell scheme and the MS scheme. (a) In the on-shell scheme, gluons
involving the quark self energy is both IR and UV, of which the wavelength A reaches the length
~ 1/A5s. (b) In the MS scheme, only UV gluons contribute to the quark self-energy because it
removes only the UV divergence.

where my, o is the bare mass of h related to my, as
mpo = Z9%my,. (4.12)

By definition, the quark pole mass m;, contains the one-particle-irreducible self-energy
¥(p), which has the contributions from both IR and UV gluons. We can also define S(p)
in the MS scheme and obtain -

Mo = Zo5mp®. (4.13)

Then the perturbative relation of the pole mass and the MS mass is expressed by

ZMS L
mp, = ngs = m)! (1 + Z atd ) (4.14)

The coefficients d,,’s are calculated up to O(a?) [64, 65, 66, 68, 6Y, 5, B, [7]. The internal
massive quark effects for O(a?) and O(a?) corrections are contalned Whlle those for O(ay)
has not been calculated. Their explicit values are given in App. I. Since the MS mass
is defined in the MS scheme which removes only the UV divergence of the self-energy,
Eq. (E13) strongly reflects the IR contribution of the self-energy and exhibits factorial
divergence behavior [I3, [4]. Such IR renormalons in the pole mass should be absorbed
by the non-perturbative effects of the OPE based on HQET. In the following sections,
we describe how renormalons are removed in this thesis through the OPEs of specific
observables.

4.1.3 Masses of B and D mesons

From this section, we consider the heavy-light meson H (= B, D) composed by a single
heavy quark h (= b, ¢) and a single light quark (= w or d). The OPE of its mass My
based on HQET is given in 1/m;, expansion, given by

2

2 A3
M(S) _ Ha <S)Ccm(mh)w +0 <ﬁ) , (4.15)
h

mp th
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where s (= 0, 1) denotes the spin of H. The leading contribution to My is the heavy
quark mass mj. As mentioned in the previous section, the quark mass definition by the
pole mass has theoretical uncertainties starting from O(Ajg), so the non-perturbative
corrections also start from O(Agg) to cancel them. The first non-perturbative correction
A = O(Ag) is the contribution from the light degrees of freedom of H, which can be
written by the matrix element of light sector of QCD Lagrangian. A is independent of
the heavy quark mass in the sense that

A= lim [MH . mh} . (4.16)

p2 and pZ, are given by Eqs (E9) and (B10) respectively. The Wilson coefficient C.., is the
same one as in Eq. (E70). Since the chromomagnetic interaction breaks the spin symmetry
in the HQET Lagrangian, u% term is proportional to a spin-dependent coefficient A(s);
A(s) = —1 for s = 0 (pseudo-scalar meson H*) and A(s) = 1/3 for s = 1 (vector meson
H). Up to this order, we can separate the spin-dependent part by a simple combination
of M S) . A clever choice is to express it by the hyperfine-splitting of the H mesons as

3 A
Contra)ii(mn) = (3 = M3) + O 225 (@17)

in which the pole mass of A is hidden into the NLO correction. Since the experimentally
measurable quantity does not contain renormalons, 2 is irrelevant to the O(AIQ\T) renor-
malon (at u = 1) of my,. In Ref. [60], the value of uZ(my) using C.,, at N3LO level [61] is
determined as

s (my) = 0.284 4 0.014 GeV?, (4.18)

in which the uncertainty is comparable to O(A2/,) reflecting the fact that C.,, contains
the u = 1/2 renormalon.

On the other hand, the spin-independent part is given by the linear combination of
My and Mg+ as

My + 3Mpy- - Ai/Ts
M _ = = A+ — —= . 4.1
[ H] spin ave. 4 M T T 2mh + O mi ( 9)

In this thesis, we assume that m;, contains the IR renormalons at u = 1/2 and v = 1
at least and the imaginary part from them are absorbed into A and u2, respectively.
We separate the imaginary part from mj using the DSRS method without the extended
formula in App. O since A and p2 does not have a, corrections and anomalous dimension.”
We denote the renormalon-subtracted pole mass by [mh] py and call it the PV mass of h.
It is defined by

A2 A3
[mn] . = [ma] py £ N1 Ay + £iN 55— + O( M8 ) , (4.20)
(7] (1] oy

In later section, we will see that this treatment causes small uncertainty due to the inverse power of
my, in the OPE based on HQET. Although it can be resolved by using the extended formula in App. O,
we neglect its contribution in our analysis to avoid complications in the calculations.
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where [mh] . is the regularized pole mass using the DSRS method. The way to calculate
[mh} py using the DSRS method is discussed in Sec. E2. Ny, and N; are the normalization
coefficients of the imaginary part due to renormalons. These do not have to be calculated
explicitly because the non-perturbative matrix elements absorb the imaginary part as
follows. The renormalon-subtracted OPE is expressed by

Myl o= [mn]py + [A]py + iy + O(%) (4.21)
spin ave. 9 [mh} oy m%
[A],, and [p2],,, are defined by
[A]py = A £ iNy Ay, (4.22)
and
[12] py = B2 £ iNI A (4.23)

The matrix elements A and p2 can be determined by comparing the experimental
values of Mp’s and theoretical calculations in Eq. (B221). It is important to note that
Egs. (B220) and (ET47) are common between H = B and D (h = b and c¢) since the
matrix elements are defined to be independent of the mass of the heavy quark. In order
to subtract renormalons of m; and m., we have to keep ny = 3 for the matrix elements
to be common, i.e., we assume that up, down and strange quarks are massless and charm
and bottom quarks are massive (m., my > Aqep). Otherwise, for example, if we take
ny = 4 for the OPE of Mp and ny = 3 for that of Mp, the matrix elements cannot be
treated as common between them because the Lagrangian of the light sector is different.

In particular for the u = 1/2 renormalon, this feature is demonstrated in the large-5y
approximation with the finite charm quark mass included in loops, as follows. The bottom
quark pole mass in this approximation is given by the loop momentum integration,

4,2
1 ;
_ / Ak Fin (k. 70) = —— ()
21— ad” (u2)I(k2, me)

Mp pole — mb

4.24
e S a2

ny)

where Fy;, (k, ) is a kinematic function and a§ represents the strong coupling constant

of the ng-flavor theory. We have rewritten al? by aﬁ“’, which absorbs the effect of the
bottom quark loops. II(k? mm,) is the one-loop vacuum polarization which includes the
massive charm quark loop,

H(k27m0) = Hlight(k2) + Hc<k27mc), (425)

where Iljg represents the contribution from the light degrees of freedom (gluons and
massless quarks) while II. represents the charm quark contribution. In the IR region
k? ~ 0, they are given by

g (%) = 052 [1 L (4.26)
light — Y 0g k2 3 ’ .
_ 1 2 k2
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with bg”) = (11 — 2n;/3)/(4x). 1. does not have log(k*) behavior in the IR region [84],
since the charm quark mass works as an IR regulator in the fermion loop integration. As
a result the charm quark contributions do not give renormalons.

We can absorb the log(u?/m?) term in Eq. (E222) if we use the coupling constant of
the 3-flavor theory,

. 0”4 (48)
1 oM (22, m,) 1ol (u2) Mg (k) + O(k2/m2)
due to the one loop threshold correction in the MS scheme
1 1 1
= — — log(u* /). (4.29)

4 3
ol (u2) al(u) 67

After this rewriting, one can clearly see that the renormalon we encounter coincides with
the one in the ny = 3 theory:

L ~ K (200) 0l ()] (4.30)
n=0

In fact, it was pointed out that one should use a§3) rather than a§4) as the expansion

parameter [[70].

We now show that, in order for the DSRS method to work with our parameter choice
(a,u') = (2,—1/2), it is necessary to express the perturbative series in the 3-flavor coupling
constant. In fact, renormalons remain in the dual space when we use the 4-flavor coupling
constant. With the 4-flavor coupling constant, from Eqs. (E28) and (E=Z1), the Borel
transform close to the first IR renormalon is given by

W

> d u \" ,u265/3 5(4) NQ 67r:(4) 1
4-flavor _ n ~ A RN
0

n=0 1-2 (4)'LL

The singularity is located at u = b(()4) / (2b(()3)). Then the Borel transform of the dual-space
perturbative series is given by

(3)

N 253\, / 12\ @ 1 1
-flavor e b H 67b
B+t (u)%( = ) <:2) 0 — X . . (4.32)

® )
m 1—22‘3—4)u F(—a(%u—l—u’))
0 0

The singularity at u = b(()4) / [2bé3)] cannot be eliminated in the dual space with the param-
eter set (a,u’) = (2,—1/2), which is chosen to eliminate the u = 1/2 renormalon.? Using
the 3-flavor coupling constant instead, the Borel transform has the u = 1/2 renormalon,

5/3 1
B3—ﬁavor p-e ) 4.
(u) & < ms 1—2u (4.33)

20ne can eliminate the renormalons by setting the parameters to (a,u’) = (2, —b(()3)/(2b(()4))).
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Hence, we can properly eliminate the u = 1/2 renormalon in the dual space with (a,u’) =

(2,—-1/2):

u265/3)u 1 1

Bi’)—ﬂavor ~
(v) ( me 1 —2ul (—a(u+u))

~O ((u _ %)0> | (4.34)

This indicates that the ny = 3 theory correctly describes the renormalon structure better
than the ny = 4 theory. Physically, internal massive quarks in loops does not contaminate
the IR structure. That is, it can be understood that internal charm quarks with non-zero
(finite) masses do not contribute to the renormalon divergence of the bottom quark pole
masses, i.e., all the charm quark mass effects in ny = 4 theory are the decoupling effects.

4.1.4 Inclusive semileptonic decay of B meson

In the case of inclusive decays B — X1, the theoretical approach by the OPE is effective,
taking advantage of the fact that the decay width is proportional to the imaginary part
of the forward scattering amplitude (B|M|B). For example, the total decay width of
inclusive B decay I is given by the following OPE form:

Go| V|

=
19273

2 2 A3
Apwm} |CE ch B qon Be o~ 4.35
EWTTY, QQ (mb7 p) + kin mz + cm m% + mg ) ( )
with p = m./m,. Here, Gp ~ 1.166 x 1075 GeV 2 is the Fermi constant and Agy ~ 1.014
is electroweak correction to this decay width. The uncertainties of these values are neg-
ligible. m; is the pole mass of the bottom quark. CY_  CL and CL  are Wilson coeffi-

QQ’ in cm
cients which are calculated perturbatively. p2 and pZ are given by Eqs. (B9) and (EI0).
Up to O(1/m}), C, = —3C5, due to the reparameterization invariance [62, 63]. At

present, CCF?Q and CU = are calculated up to O(a?) (1, 22, 73, [4, 75, [76, 77, 57] and
O(a) |8, 179, B0, B1]], respectively. We note that O(Azrg) non-perturbative term like A is
prohibited in this OPE because HQET Lagrangian does not contain the dimension-four
operator whose form is b O b. In this system, the typical energy scale is much larger than
Ayig since the weak decay process b — ulW — wlv has the large momentum transfer.
Hence, it is reasonable that low energy gluons which cause an O(Ayg) mass shift cannot
appear between the b quark operator insertions and O(Agg) contributions are absent. In
fact, the expression of the OPE in terms of the pole mass of the bottom quark behaves
badly due to the renormalons, which make perturbative expansion grow rapidly. In or-
der to avoid this bad convergence of perturbative calculation, the mass of the bottom
quark should be changed from the pole mass to the short-distance mass. Short-distance
mass is the quark mass defined only by the UV object from which IR gluons decouple.
After change of the mass scheme using a perturbative relation between the pole mass
and the short-distance mass, the perturbative expansion in terms of the short-distance
mass exhibits better convergence due to the cancellation of u = 1/2 renormalon, and the
remaining renormalon starts at u = 1.
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The most popular short-distance mass is the MS mass discussed in Sec. B2, We
can prove that the u = 1/2 renormalon is subtracted in the large-f, approximation after
rewriting the pole masses my and m, by the MS masses 7, and 7, in T, respectively (See
App. E). However, the MS mass scheme is not favored for rewriting the OPE of the B
meson observables, because it is known that the perturbative expansions in terms of the
MS mass show bad convergence even after u = 1/2 renormalon is subtracted. Such bad
behavior is caused by the fact that the MS mass (=~ 4.18 GeV) without infrared-ness is
far from the pole mass (= 4.8 GeV). In particular, there is another reason regarding the
inclusive B decay width T'; T' is proportional to m, which enhances difference between
the pole mass and the MS mass. Since this behavior is not the evidence of renormalons,
the prediction in terms of the MS mass also should eventually converge to the exact value
using the DSRS method to subtract higher order renormalons.

Conventionally, favorable choice of short-distance mass is the kinetic mass, which is
defined by the relation between the heavy-light meson mass and the corresponding quark
mass [82, 83, 27]. Heavy-light meson is a bound state of one heavy quark and one light
quark, which is an IR sensitive object. Kinetic mass is defined by introducing factorization
scale pp, which enables us to subtract u = 1/2 and u = 1 renormalons of quark pole mass
simultaneously. In exchange for eliminating the renormalons, the kinetic quark mass
and non-perturbative parameters have factorization scale dependence. Using the latest
perturbative calculation of C’gQ and kinetic-pole mass relation up to O(a?), the value of
|Vp| is extracted as

B — X v
Veo| = \/ (fo(. 661 0 15’;2% x 0.04216(51) (NNNLO, decay width), (4.36)

in which B(B — X.(7v) is the semileptonic branching ratio and the NNNLO calculations of
the total decay width I and the NNLO calculation of the lepton energy moments dI'/dg?
are used [68], and

B(B — X.(v)
= 041
Vol \/(10.48 +0.13)% 0.04169(39)

B — X7
B \/(fo( 631 0 i9§27 x 0.04199(65) (NNNLO, lepton energy moments) (4.37)
. . 0

in which NNNLO calculations of both I' and dI'/dg* are used [B9]. The uncertainty
besides each value is the combined value of the systematic, statistical and experimental
uncertainties. We note that Ref. [AY] calls for caution in choosing experimental value of
B(B — X (v). This will be discussed in detail in Sec. B=32.

The 1S mass is another short-distance mass, which is defined by a half of (pertur-
batively calculated) mass of the heavy quarkonium, which is a bound state of a heavy
quark and an anti-heavy quark pair [25, 26]. Since the heavy quarkonium is a sufficiently
UV object with a small radius, contributions from long-wavelength gluons are decoupled
naturally. We determined |V;| using the NNNLO perturbative expansion of pole-1S mass
relation from the energy levels of two different bottomonium states Y (1.5) and 7,(1.5) [60].
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The results are given by
[Vep| = 0.0421 (7)gys  (from T(1S) mass), (4.38)

and
|Vep| = 0.0429 (7)gys  (fromn,(1S) mass), (4.39)

where the systematic uncertainties are combined. Since there is a large difference of the
central values between Eqs. (B238) and (2239), we gave the combined result by

|Vio| = 0.0425 (7)sys (8)spin = 0.0425(11) (4.40)

in Ref. [60] with a large systematic uncertainty from the difference of the spin dependence
of the 1S bottomonium states.

In this thesis, we discuss the possibilities of using the MS mass as the short-distance
mass and subtracting v = 1 renormalon by the DSRS method to determine |V,,| precisely.
In the analysis, we use the extended formula beyond the simple one defined in Chap. B.
We will see that the prediction accuracy with the MS mass is improved by using that
formula and the determined value of V3| is consistent and competitive with the results
using the other mass schemes.

4.2 Application I: Masses of B and D mesons

In this section, we determine the PV masses of the bottom and charm quarks by subtract-
ing renormalons using the DSRS method. The relation between the pole mass and MS
mass is used for this purpose. We first analyze the large-f, approximation case, which
allows us to predict how the result of the DSRS method converges to the exact value as
the truncation order of the dual-space series increases. Secondly, we determine the PV
masses from the actual N3LO or the estimated N*LO perturbative expansion. Finally,
using the result of the PV masses and the experimental values of B meson and D meson
masses, the HQET parameters A and p2 are determined with renormalon subtraction.

4.2.1 PV mass determination from MS mass
In the large-3y approximation

First, we investigate the pole-MS mass relation in the large-3, approximation. Perturba-
tive relation between the pole mass m; and the MS mass my, of the heavy quark is given
by

my = mh(l + 5g(mh> + 5g<mh)), (441)
where my, = mm(mm) is RG invariant. The perturbative expansion of §,[I3, 84] is given
by

_ Cr v (="
) = S g, (L 4.42

where Ly = log(u?/m3), and the coefficients g,’s are read from

= uw)" 2 \"3 - 2u ['(4 — 2u)
o) = ;g”(Lm) (E) - (m_i) 6 TOrar@ oG 9
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Since Eq. (A22) is a convergent series, the all-order contribution can be resummed in the
following integral form [35]

C - —g(0
5y(Tiy) = ——— / a2 =90 ) (4.44)
0
On the other hand, the perturbative expansion of d¢ [3, 84| is given by

S () M)QZ 2" Gy (L) ), (4.45)

where coefficients G,,’s are read from

-Soan(3) - () 0

Eq. (A23) is apparently divergent due to factorial behavior. The Borel transform of d¢ is
given by

Cr G(u) — G(0)

BéG (U> a 27Tb0 u ’
which contains the IR renormalons at v = 1/2, 3/2, 2, 5/2,--- and the UV renormalons
at u = —1, =2, —3,---. These IR renormalons cause the imaginary parts of my, which
has the form of

(4.47)

O(Asis ¥ (Ags/mn)?) for uw=1/2,3/2,2,5/2,---. (4.48)

We can see that in the large-f, approximation for the quark pole mass, the renormalon at
u = 1 is absent, which implies that the z2 in Eq. (B2T9) might not contain an imaginary
part. The PV mass of the heavy quark A is defined by

[mh} v = mh(l + 5g(mh) + [5g(mh)]1>v), (449)
where [5G (my,)]pv is calculated by the principal value of the Borel resummation
1 o0 o u
[0 (mn)lpv = — due b0 B, (u). (4.50)
bo Jopv

According to Ref. [35], [6¢(;)]pv can be also calculated by the following one-parameter
momentum integral form

e5/3 - =
Sy = Cr /OPV dTT-i-(Q W1+4/ 1

47hg 2 log (i /A2Z)

+

Cr [ THQER-7)V1+4/7 3 1
/60/3 dT( ) Tog( (4.51)

47hy 2 T [A2S)

where Al = Ay e?/S. Derivation of Eq. (B51) is given in App. B. Using Eq. (623) and
Eqs. (£350) or (A1), the reference values of [my] py and [m.] v
bottom quark reference point 7y, = 4.18 GeV (Ayg/0.3 GeV),

are obtained. For the

A—=
[m) 5y = 17.13 X Agg = 5.138 GeV (ﬁ) (4.52)
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Table 4.1: Comparison of the dual-space coefficient dﬁf °) with the one in the original space
d>r. Owing to the dual transform, the divergent behavior of the dual-space coefficients from
u=1/2,3/2,... IR renormalons is greatly suppressed while the effects of the UV renormalons
remain.

‘ dgf()) ‘ Jgﬂo) H dglﬁo) dgﬁo)

n |

0.4244 | 0.4244 || 12 | 3.490 x 100 | —1.747 x 10°
1.424 | 1.074 || 13 | 6.498 x 10" | 3.712 x 108
3.836 | 0.339 | 14 | 1.303 x 10" | —3.337 x 107
17.13 | =3.574 || 15 | 2.800 x 10 | 3.398 x 108
97.59 | —9.651 || 16 | 6.417 x 10" | —4.059 x 10°

s W NN o~ O 3

and for the charm quark reference point m, = 1.27 GeV (Agg/0.3 GeV),

Asis

We set ny = 3 to evaluate them, and the values of the MS masses correspond to the
central values of the PDG values [54].

We consider the dual space series to suppress the IR renormalons at uw = 1/2, 3/2, 2, 5/2, - -

by choosing the parameters (a,u’) = (2, —1/2). This scheme is the same as the scheme
(B) in Sec. B33. Eq. (B=T) is written as

DT — T _ Za 2y q(50) (L), (4.54)

with
Cr

- 23

The dual-space series of § is given by

(="
n+1

[GnH(Lm) nl + gn+1(Lm)] . (4.55)

N T5+i00 d 22
)= [T e s = 1)

2, 271'2

O—ZOO
= al (@) dP (L), (4.56)

where L, = log(p?/7%), and d'7)’s can be read from

o0

Zas 2yt g(fo T2 Z p2)rgfo (4.57)

=0

We note that, in the dual space, the UV renormalons at u = —1, —2, - - - remain, while
the IR renormalons are all suppressed. Tab. EZ compares d%ﬁ %) with d$f . Due to the
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Figure 4.2: Scale dependence of [mb} py- We set ny = 3 and use inputs that m, = 4.18 GeV
and Ay = 0.3 GeV. The colored lines show the predictions of [mb] py When we truncate 5 at
ai?“ for k=0, 1, 2,---,9. The black solid line represents the exact value given by Eq. (E752).

suppression of the IR renormalons at u = 1/2,3/2,--- in the dual space, the growth of
d is milder than that of the original one at lower orders. We can confirm that as n
increases, the UV renormalon at u = —1 causes the sign-alternating divergent behavior

of 025{8 0), By the inverse dual transform, the renormalon-subtracted pole mass, PV mass,
is calculated as

[10] py = 70 (14 [0y ). (4.58)

where

[6(mn)]pyy = 272 /0 . dr? e 775 (r)

)

1 o = -
:—/dﬁ”Wmewwm» (4.59)
0,PV =0

mp

The results of the DSRS method (Eq. (E58)) are compared with the exact values of
the PV masses (Egs. (B52) and (853)). Fig. B2 shows the scale dependence of [my] PV
when we set ;4 = s72 and truncate ¢ at ot for k = 0,1,2,---,9. The horizontal axis
is displayed on the logarithmic scale. In the right panel, the scale dependence at higher
orders is slightly unstable around s = O(1). The analysis of the toy model in Sec. B3
shows that it is due to the UV renormalons, but the magnitude of the instability is small
enough to reflect the fact that the UV renormalons start from v = —1. The left figure
shows that the predicted value at N3LO or N*LO level is close enough to the exact value
around s = 10.

Similarly, Fig. =3 shows the scale dependence of [mc} py» Where the setups of the
analysis is the same as Fig. 2. Compared with the case for [mb] py> We can see that
[mc} py converges more slowly to the exact value with increasing perturbation order.
In particular, in the left panel, the value in the flat region of the N3LO result around
s = O(1) deviates from the exact value by about 5 %. Nevertheless, as k grows, the

prediction converses to the exact value around s = O(1) and the flat region extends
gradually.
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Figure 4.3: Scale dependence of [mc] py- We set ng = 3 and use inputs that m. = 1.27 GeV
and Ay = 0.3 GeV. The colored lines show the predictions of [mc] py When we truncate 5 at
ot for k=0, 1,2,---,9. The black solid line represents the exact value given by Eq. (E53).

Actual perturbation theory

Now let us determine the PV masses from the MS masses using the DSRS method with
the state-of-the-art perturbative coefficients. Since the coefficient in the large-3, approx-
imation ' reproduces well the divergent behavior of the realistic d,,, the convergence
after the renormalon subtraction using the DSRS method should be similar for both cases.
The d,,’s contain corrections from the internal massive quark, of which the explicit values
are given in App. [A. We note that in the expansion using the 3-flavor coupling, the d,,’s
for both m; and m, are quite similar to the coefficients with massive corrections turned

off. In order to evaluate the PV masses, we use the input values

my, = 4.187005 GeV, (4.60)
e = 1.27 4 0.02 GeV, (4.61)
a®(Myz) = 0.1179 =+ 0.0009, (4.62)

from the Particle Data Group (PDG) [b4].

To repeat, we consider the case that the quark pole mass has the IR renomalons at u =
1, although the large-3, approximation suggests its absence. Lorentz invariance prohibits
the exsistence of this remormalon in the large-f, approximation [85], but there is no
reason why it should not be absent beyond this approximation. In Ref. [45], however, the
leading renormalon-subtracted series has tendency to exhibit the u = —1 (UV) renormalon
behavior rather than the u = 1 one. Therefore, although the existence of u = 1 renormalon
cannot be denied, its effect is expected to be sufficiently small.

The reader may notice that the DSRS method separates the u = 1 renormalon of the
form Ai/[—s/mb, according to Eq. (A28) with u = 1, which is different from the definition
of the u = 1 renormalon (Eq. (2220)). This can cause the uncertainty to the calculation

of [mh} py» which is negligible in our analysis for the following reasons. The desired form
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2 _

of the imaginary part by the u = 1 renormalon AMS

/ [ma] pyo 18 written as

2 2 — 2
Am _AWS mp _AWS

[mh}PV T [mh}PV -

(1 — a,(@2)dy + O (as(mi)2>). (4.63)

Here we expand [my] py I 0 (77) using the pole-MS mass relation. The dual transform
defined by Eq. (E58) suppresses the contribution of the form

Ai 2u
(const.) X AMS<ﬂ) , (4.64)
h

/Mpas(m2)) uncertainty remains as an

for u =1/2, 1, ---, which indicates that O(A12\TS
unsuppressed renormalon in the calculation of [mh} py- Lhe typical size of the uncertainty

is estimated as

Als 0.32 GeV? 4
MS (752 ] ~ )
— as (T )dy 118 GV < 0.21 x - O(1 MeV), (4.65)
for the bottom quark and
Als 0.32 GeV? 4
MS =2 ~ —
= as(m:)dy ~ TGV 0.39 x i O(10 MeV), (4.66)

for the charm quark. In addition, we can expect for the constant coefficient of the u =
1 renormalon to be small according to the above discussion. Actually, the estimated
uncertainty size above is sufficiently smaller than the other systematic uncertainties in
our determination.

We explicitly show the dual-space series for the d,,’s, which is defined by Eqs. (2254)— (E559),
with @ and 4/ replaced by d, and d,,, respectively. We use the N*LO beta function
which contains {bg, by, -+, by}. The dual-space series § is given by

5(7) m e loslu?/m) {0.4244 s + 0.6865 a2 + 0.6872 a® — 2.656 a;*] : (4.67)
for the bottom quark and
3(7) ~ eftlostu/7) [0.4244 o +0.6928 a2 + 0.6906 o — 2.747 a;*] : (4.68)

for the charm quark. Here oy = a,(u?). We can see that convergence of the series is
improved in the dual space compared with the original one (see App. [Al), and its behavior
is similar to the large-, approximated one in Tab. E-1. It implies that we may estimate
the N*LO PV masses with good accuracy by using d*” and N*LO $ function, although
d4 has not been computed yet. However, if we naively use dff ) ~ 97.59 in place of the
realistic dy, the N*LO coefficient in the dual space is obtained as d, ~ —29, which is too
large for ¢ to be a convergent series. It is because the normalization of u = 1 /2 renormalon
is deviated from the large-3, approximated one by the effect of by, by, ---. The lack of
such information cannot cancel out the factors from the lower terms propagated by the

46



DSRS method. By following the procedure in Appendix. A of Ref. [86], we estimate the
normalization of the u = 1/2 renormalon to mimic the realistic renormalon behavior of
dy. The estimated value d$** is given by

d$t ~ 111.3 £ 7.72, (4.69)

and the dual-space one is 3
d$t ~ —15.25 & 7.72. (4.70)

for the bottom quark and 3
d$t ~ —15.54 + 7.72. (4.71)

for the charm quark. The uncertainty comes from the determination of the normalization
constant of the u = 1/2 renormalon. In our N'LO estimation, we use the above values
which is better-behaved than the naive estimation d; ~ —29. This indicates that the
remnant value of the coefficient, after the renormalon suppression in the dual space, is
important for the evaluation of the PV mass.

Fig. B4 shows the scale dependence of [mb] when we set 1 = s72 and truncate 5 at

PV
a**1 after expanding the exponential factor e/108(*/™) in Eq. (B83657). The colored lines
represent the results for £k = 0, 1, 2, 3, 4 when the inputs are set to the central value of
the PDG values. The result for k = 4 is estimated by using d$ and the uncertainty
from the normalization is displayed by dotted and dot-dashed lines. In comparison to
Fig. B2, the rough shapes of the scale-dependence for both are similar. Furthermore,
Fig. B appears to converge to a certain value more quickly near s = O(1). Since at
the stationary point around log, s = 3, the N3LO line is close to the exact value in the
large-fy approximation in Fig. B2, we give the determined value by the green line and
band as in Fig @4. The band width is estimated by the scale variation from sy/2 to 2s
around the stationary point s = sg ~ 7.408. It should be careful to evaluate [mb] PV
using higher order expansion. The analysis with the large-5, approximation suggests that
the right-most stationary point used in the N3LO determination goes much farther in the
calculation at higher orders, giving a prediction value that deviates from the true value.
This is because the value at the right-most stationary point is estimated to be do(k/e)*
according to Eqgs. (B331) and (B332), which diverges to +00 as k — +00. At higher orders,
one should estimate the value of [mb] py at the stable region expected to appear around
s = O(1) as in the right panel of Fig. 2.
The determined value of [mb] py 18 given by

[ oy = 4822 (10)pr (1)subu=1 (33)m, (0)m, (8)a, GeV
= 4.822 (10) ¢, (34)impus GeV = 4.822(36) GeV, (4.72)

where the central value is given by the value of the N3LO line at s = sy ~ 7.408. The first
bracket in the first line denotes the uncertainty from the scale dependence discussed above.
The second one is estimated by the sub-leading effect of the u = 1 renormalon considered
in Eq. (B54). The third, fourth and fifth ones represent the uncertainties from the input
PDG values of Ty, M. and as(Myz), respectively. In the second line, the uncertainties are
combined. It can be seen that the theoretical uncertainty is sufficiently small compared
to the input uncertainties, which is the evidence that the leading contribution from the
IR renormalons are subtracted from the calculation of the PV mass.
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Figure 4.4: Determination of [mb] py from the actual perturbative expansion using the DSRS
method. The colored lines represent the scale dependence of NFLO results for k = 0,1,2,3, 4.
We use inputs 7y, = 4.18 GeV, m. = 1.27 GeV and as(Mz) = 0.1179. d$* is used to estimate
the N*LO result. The green line and shaded area exhibit the determined value using the N3LO
result by comparing with the study using the large-8y approximation as in Fig. B2.

Fig. B2 also tells us that in the case with the N*LO perturbative expansion, the right-
most stationary point in the left panel gives a well approximated value of [mb} py» and the
steepness around the hilltop is milder than that of the N®LO calculation. We estimate
the N4LO value of [mb] py using d$* and by, by investigating the scale variation of purple
solid line in Fig. B4, which is given by

N4LO est.

(5] oy = 4.836 (7)pr (0)g, GeV, (4.73)

where the central value is given by the value of the N*LO solid line at s = 384) ~ 19.22.

The first bracket denotes the uncertainty from the scale variation from 384) /2 to 2584)

around the stationary point s = 584). The second one comes from the uncertainty of d$*.
Hence, the next order of the perturbation is expected to determine the bottom quark PV
mass more precisely. It is owing to the subtraction of the IR renormalons using the DSRS
method.

In order to decrease the other systematic uncertainties, m;, should be determined with
high precision. Eq. (EZ72) is the most conservative result using the PDG value. By using
more accurate recent determinations, the uncertainty size from m;, would be reduced. For
example, the Flavor Lattice Averaging Group (FLAG) [87] recently reports the values of

myp as

my = 4.171(20) GeV  from N; = (24 1) lattice, (4.74)

and
mp = 4.203(11) GeV  from N; = (24 1+ 1) lattice, (4.75)

where Ny denotes the number of active quarks in the lattice simulations ®. These values

3There is inconsistency between the results of the lattice simulation for Ny = 2+1 and Ny = 2+1+1.
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Figure 4.5: Determination of [mc] py from the actual perturbative expansion using the DSRS
method. The colored lines represent the scale dependence of N*LO results for k = 0,1, 2, 3, 4.
Inputs for calculations are same as Fig. B4. The green line and shaded area exhibit the deter-
mined value using the estimated N*LO result by comparing with the study using the large-3y
approximation as in Fig. B23.

give the determined values
[my] = 4.812(22)5, GeV  (N’LO, Ny = (2+ 1)), (4.76)

and
[my] py = 4.847 (12)5, GeV (N°LO, Ny = (2+ 1+ 1)), (4.77)

respectively. The other uncertainties of the FLAG inputs results, as in Eq. (E272), are
almost the same.

Similarly Fig. B3 shows the scale dependence of [mc]

- PV
truncate 0 at o**'. The setups and inputs of the analysis are the same as Fig. 0.

The large-fy approximation as in Fig. B3 implies that at the present, the number of the
perturbative coefficients is insufficient to determine [mc] py brecisely, unlike the bottom
quark case. In other words, if we investigate the flat region around s = O(1) and estimate
the scale dependence at current status of the perturbation, the value of [mc} py Would
be over- or under-estimated. It is because the physical scale of the charm quark system
(~ 1.5 GeV) enables a perturbation but is low to explain the exact value of observables
from a small number of perturbative coefficients. In this thesis, we use the estimated
N4LO result to give a determined value of [mc] py - 1t is because a lack of the remaining
N“LO correction would be smaller than the unknown higher order corrections.

The determined value of [mc] is given by

2

when we set p = s7° and

PV

It is difficult to quantify whether the differences are due to the treatment of the heavy bottom quark,
the definition of fermion fields in active flavor quarks, or other effects, and no such analysis has been
performed to date. As for the charm quark mass results described below, it is not possible to objectively
determine which of the two results is correct. In our determination, the FLAG values are considered as
only a reference.
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[me] pyy = 1468 (19)pr (12)4, (10)subu=1 (0, (24)m, (4)a, GeV
= 1.468 (25)in (25)mpur GeV = 1.468 (35) GeV, (4.78)

where the central value is given by the value of the N*LO solid line at s = sg ~ 1.086. The
first bracket in the first line denotes the uncertainty from the scale variation from s¢/2 to
250 around the stationary point s = sy. The second one comes from the uncertainty of d$*.
The third one is estimated by the sub-leading effect of the u = 1 renormalon considered
in Eq. (B58). The fourth, fifth and sixth ones represent the uncertainties from the input
PDG values of m,, M, and ags(Myz), respectively. In the second line, the uncertainties
are combined. It can be seen that the theoretical uncertainty and the input uncertainty
are comparable. The theoretical uncertainty can be reduced only by calculating the true
NLO perturbative correction. The input uncertainty also can be reduced by using the
recent determinations of m,. For example, FLAG [R7] reports the value of m, as

me = 1.275(5) GeV  from N; = (24 1) lattice, (4.79)
and
me = 1.278(13) GeV  from N; = (24 1+ 1)lattice, (4.80)
which give the determined values
[me] py = 1474 (6)m, GeV  (N’LO, Ny = (2+ 1)), (4.81)
and
[me] pyy = 1478 (16)m, GeV  (N’LO, Ny = (2+ 1+ 1)), (4.82)

respectively. The other uncertainties of the FLAG inputs results, as in Eq. (BZ78), are
almost the same.

4.2.2 Determination of HQET parameters

In this section, we determine the HQET parameters A and p2 based on the renormalon-
subtracted OPE in the PV scheme given by

Mp + 3Mp- ; [12] oy )
M . = = A — 1 4.
|: B} spin ave. 4 [mb:| PV + [ ]PV + 2 [mb:| oy + O< /mb)’ ( 83)
and
My + 3Mp- i 2
[MD} spin ave. - = +4 = = [mc] PV + [A:| PV + 2[”& + 0(1/m2> (484)
[me] PV

We use the PDG values of the meson masses [64] given by

~5.27965 + 5.27934

Mp 5

GeV, Mp- = 5.32470 GeV. (4.85)
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and
~ 1.86484 + 1.86966

2

where the PDG uncertainties are negligible in this analysis. Using the results Eqs. (B272) and (2=78)
in Sec. B2, we obtain

Mp GeV, Mp« = 2.00685 GeV, (4.86)

[A] py = 0.486 (16)pr (5)a, (5)subut (6)1/m2 (48)rm, (11)sm, (9)a, GeV
= 0.486 (19)es (50)impue GeV = 0.486 (54) GeV, (4.87)

and

2] by = 0:05(9)pr (5)a; Dsubu=1 (5)1/mz (14)m, (11)m, (1)a, GeV?
= 0.05 (12)un (18)impus GeVZ = 0.05 (22) GeV>. (4.88)

In the first line of Eqs. (I287) and (E=R8), the uncertainties are given in the same notation
as in Eqs. (B272) and (A7R), except for the fourth one which denotes the uncertainty
estimated from the ignored non-perturbative corrections of O(1/m2) order. For A, the
theoretical uncertainty is sufficiently small compared to O(Ayg) ~ 300 MeV, reflecting
the subtraction of the v = 1/2 renormalon. 7, uncertainty accounts for most of the size
of the input uncertainties, but as discussed in section 4.2.1, that can be improved by using
a more accurate value of my. For p2, however, even the theoretical uncertainty has a mag-
nitude of O(AZ), scemingly as if the u = 1 renormalon remains in our calculation. We
believe that a small number of the known perturbative coefficients result in a large pertur-
bative uncertainty of [mc] py» Which is reflected in p2. Thanks to removing renormalons,
the perturbative uncertainty will be reduced if higher-order perturbative corrections are
incorporated, and the theoretical uncertainty should eventually be reduced to an accuracy
of ~ 0.04 GeV? due to the effect of the unsuppressed © = 1 renormalon. Therefore, the
HQET parameters can be determined with even higher accuracy with sufficiently small
uncertainties in the near future.

Finally, let us compare our results for A and p2 with other determinations in the PV
schemes. Ref. [23] obtained

[A],, =0435(31) GeV, [uZ],, = 0.05(22) GeV>. (4.89)

In this fit, only the O(Aqcp) renormalon is subtracted, while the O(1/my,) corrections
are included. They estimate that the uncertainty of 2 originates from the O(Agcp)
renormalon. However, our analysis indicates that it is rather due to the lack of known
perturbative coefficients, since the size of the O(AéCD) renormalon is small. (This is
estimated by the comparison between the predictions with and without the O(A?QCD)
renormalon subtraction.) Ref. [45] obtained

[Alpy = 47700 50 (Z0) (@) T5(O(1/mi)) 748 MoV, (4.90)

in which only the O(Aqcp) renormalon is subtracted and the O(1/my,) corrections are
ignored (including the 2 term). Both of these determinations use the PV scheme and
are consistent with our determination within the assigned uncertainties.
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4.3 Application II: Inclusive semileptonic B decay

In this section, we determine |V;| by subtracting renormalons using the DSRS method.
We first explain how renormalons cancel using the DSRS method in Sec. B=371. To separate
the renormalon part of the decay width, we develop a practical version of the extended
dual-transform formula. In Sec. BZ32, |V,;| is determined by renormalon subtraction.
Using the extended dual-transform formula, we suppress the © = 1 renormalon of the LO
Wilson coefficient in the MS mass scheme, which is studied for the first time.

4.3.1 Renormalon cancellation using the DSRS method

In this section, we discuss how the renormalons © = 1/2 and u = 1 are subtracted using
the DSRS method. Again, the total decay width of B — X /v is given by

Lo GH|Va|?
19273

2 2 3
5| A0 _ Ha r pig (M) AMS
Aewmb |:CQQ(mb7 :0) (1 2m§) + Ccm(mba /0) mg + O( mg ) (4'91)

with p = me/my,. Wilson coefficients Cj, and Cy,, are given in App. Bl First, we rewrite

[ in terms of the MS masses 7, and 7, to cancel the u = 1 /2 renormalon. In rewriting,
to achieve the cancellation of renormalons, we change the number of flavor of the running
coupling constant to n; = 3 using the flavor threshold relation given by Eq. (A—=23). Then
the OPE after the cancellation of the u = 1/2 renormalons can be expressed by

GHlVar . Mo\ L A b s
=2 A m|Ck (1 — _7r> ct BG4 o 2MS 4.92
19273 mb{ @Q 2m? * mi * m3 )| (4.92)

in which we keep the mass scheme of the non-perturbative corrections to be the pole mass
scheme. CC%Q = CgQ(mb, p) with p = m./m, is defined by

@5Q = (mb(mb)/mb)scc%Q(mb = my(My), p = p(p))
= Xo(p)(1+ Y a1 ). (4.93)

where Xj is given in App. @l 7, is obtained by expanding m; and p in terms of a; (m?)
using the pole-MS mass relation as

my (M) = my (14 6(my)), (4.94)

and
me(1+d(me))

Plo) = 7y (1 + 6 () )

= ﬁ(l + i o ()" Ry, (1, ﬁ)>a (4.95)

where R, is constructed from the coefficients of the pole-MS mass relation and the QCD
beta function? .

4We note that p(p) in terms of as(7m;) has the u = 1/2 renormalon of the form

Ae Ase
ﬁ(MS _ MS) (4.96)
me my

which is non-trivially canceled against p-dependence of the coefficients of Cg o in Eq. (E93) (see App. H).
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The LO renormalon of Cg@ is at u = 1, but the m; dependence of the uncertainty
from the u = 1 renormalon deviates from the simple power form as follows. In the OPE
given by Eq. (B292), the cancellation of the u = 1 renormalon requires that the imaginary
part of [C_'gQ] . defined by

[CCF?Q] + = [C'C%Q}Pv + iéé@%@’ (4.97)
to satisty the condition
2 2
that is s s Az
ﬁ = Nlﬁ, (4.99)
QQlPV b) pyv

where we assume the renormalon cancelation in the OPE of My given by Eq. (E223),
i.e., the universality of the HQET parameters in the infinite mass limit. The simple
DSRS method defined in Chap. B can only subtract the renormalons of the simple power
form of hard scale. We have to suppress renormalons including the corrections from
[OQQ]PV factor in the dual space. In this analysis, we use the extended formula of the
dual transform in a more practical way than that in App. OF.

Let us define a new function

=(myp) = log [C’gQ/XO(ﬁ)] = log [1 + Zas(mg)"ﬂi‘n (4.100)
n=0
=) o, (m)" ¢, (4.101)
n=0

n=1

Eq. (E000) to Eq. (291), the imaginary part of = can be written as

_ X (_1\n+l.,n AT
where we use log(1 + ) = 377, (—1)""'2" /n to construct &,. When we replace Cp,, in

) ) 5CH As
= =Imlog [[Cg?Q}PV + i5C’5Q] =ty O([Lg)

[Cg@} PV my) PV

A2 A3
= iNl%JrO( A ) (4.102)
2[ms] by [0 by

where we assume that ‘ [C’E ‘ > ‘(5(7 and the LO renormalon of the Wilson coef-

r
Goley QQ‘
ficient is given by Eq. (B299). Hence, = has the u = 1 renormalon in the form of simple
power, which can be eliminated by the DSRS method defined in Chap. B. In this thesis,

5Tt is difficult to naively apply the extended formula in App. O to this case. It is because the log(Q)
correction in Eq. (C33) is assumed to be obtained from «, expansion, while [C is resummed after

r
” QQ] PV
renormalon subtraction. If we expand [C’g Q} py 1D @, logarithmic corrections would exhibit a renormalon

divergence, which is out of scope of this extended formula.
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we separate the v = 1 renormalon from =, and calculate [CQ Q] PV
of = as follows.

The dual transform of = is defined by

from the exponentiation

5 mg—i—ioo dl’Z
E(T) _ /2 %672x2$2x1x(—1)5(mb _ 1/:17)
xX

G—100
— Hlog(y?/7?) Z ()" HE,, (4.103)
n=0

in which we set parameters (a,u’) = (1, —1) to suppress the u = 1 renormalon in the dual
space. &,’s can be read from

[e.e] _ 1 oo
2\n+1 2\n+1
Qg n— . A~ g n- 4.104
; (n7)"7¢ F(l—H)g (1*)"e (4.104)
It is noteworthy that we can only suppress renormalons of the form
Ai 2u

t) x [ =8 4.105
(const.) (mb) , ( )

for u = 1,2, 3,--- in this method. It indicates that O(a,(m;)AZ</m;) uncertainty
remains in the calculation of Z. From the consideration in Sec. =271, its contribution
to Z is about 0.02%, which will be used to estimate a systematic uncertainty for the
determination of |V;| in the next section.

The inverse dual transform gives [E} L by

[E(m)], = [2(M)] 5y, +102()
= x2/ dr? 6_72123(7)
Cx

1 P = ~
=— / L TR A NN (7 L (4.106)
L Cx n=0
which can be calculated numerically. In this analysis, we identify the renormalon-subtracted

AT
part of CQQ as

[Chalpy = Xo(p) Re exp ([2(n)] )

= Xo(p) exp <[E(mb)]w> {1 + (9( Ai@ )} (4.107)

[ PV

and the renormalon part as

6Cho = Xo(p) Im exp UE(mb)}i)

2

= Xo(p) exp ([E(mﬂw) {Mi’i + 0(%)} (4.108)

2[my] PV ] v
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Figure 4.6: Calculation of [C_’C%Q]PV using the DSRS method. We use theoretical inputs 7, =

4.18 GeV, m, = 1.27 GeV and as(Mz) = 0.1179 from the PDG. The vertical line is normalized
by Xo(p). The colored lines represent the scale dependence of N¥LO results for & = 1,2,3. The
green line and shaded area exhibit the determined value using the N3LO result and perturbative
uncertainty estimated by the scale dependence by varying p within [sg7/2,2s¢7] with sg =
0.7624.

Here, we use the formulas e = cos(z) + isin(z), cos(z) = 1 + O(2?) and sin(z) =
x+ O(2%), and assume the renormalon behavior Eq. (E-I02). Combining these equations,
we find

A2 A3

AT _ [T MS MS

5Cha = [Coolpy {NIQ—Z + (9( - )] (4.109)

(] by (0] by

of which my, dependence is consistent with Eq. (299) up to O(1/m?). Therefore, from

the Wilson coefficient defined by Eq. (B-1), the renormalon is correctly subtracted.
Here, we compare the coefficients of the series 7, &, and &, using the latest pertur-

bative expansion of Cg, up to O(a3). We obtain

To ~ 1.593, 71 =~ 3.579, Ty ~ 8.894, (4.110)

&0 ~ 1.593, & ~ 2.311, & ~ 4.540, (4.111)
and 3 3 3

&0~ 1.593, & ~ 1.653, & ~ 1.185, (4.112)

when we use the PDG masses m;, = 4.18 GeV and m,. = 1.27 GeV as inputs. Due to the
fifth power of m,, contained in I', z,, shows a slow convergence even after renormalon can-
cellation. On the other hand, &, behaves better than x,, because a logarithmic transform
partially cancels the large coefficient of Z,. Thus, &,, the coefficients in the dual space
from the well-behaved series, also shows a much better convergence.

We compute [CgQ} py and investigate the scale dependence at NNNLO (O(a3))) level~.

Fig. B8 shows the scale dependence of Eq. (EI04) when we set p = s7 and truncate

(1]
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o (71)/ Xo(p)

~IQ

1.0

Figure 4.7: Calculation of [Oc%Q] using three different methods. The vertical axis is normalized

by Xo(p). The solid, dotted and dashed lines represent the result by the DSRS method, by the
RG-improvement and by combining the RG-improvement and Z, respectively.

at a1 after expanding e los(n®/7%) iy Eq. (103). The colored lines represent the results

for £k =0, 1, 2 when the inputs m,, m. and «a, are set to the PDG central values. Around
s = O(1), we can see the flat region in the NNNLO result. In this analysis, we find the
minimal sensitivity scale s = sy such that the difference between [CEQ}PV at s = 25y
and s = s¢/2 is minimized, and give the prediction. At the NNNLO level, we obtain
so &= 0.7624. The central result and the perturbative uncertainty of prediction is given
by the value at s = sy and the difference between the values at s = sy and s = s¢/2,

respectively. The resulting prediction is given by

[Ch0 (M) py e Xo(p) x (1.733 (35)pr), (4.113)

where the perturbative uncertainty is displayed by the green line and shaded area in
Fig. 8.

Let us compare the result with the cases based on the conventional perturbative ex-
pansion given by Eqs. (093) and (EI00). Fig. B2 shows the scale dependence of the
O(a?) calculation results for the three different methods. The solid line represents the

S

results by the DSRS method, which is given by

2

_ dr? _r2/m2 Hloe(u2 /2 ntls
[C5 o)) py = Xo(p) Re exp ( /C =L [ Hos kTN " (1) “én), (4.114)
T n=0

with g = s7 and we truncate the series at o before integration. The dotted line represents
the results by the RG-improvement, given by

CC%Q(mb) = XO(ﬁ) |:1 + eﬁlog(/ﬂ/mg) Z as(u2)n+1jn:| 7 (4115)

n=0

RG—imp
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with 4 = smy, and we truncate at o®. The dashed line represents the exponentiation of
the result by the RG-improvement of =, given by

C@%Q () = Xo(p) exp [E(T)]
RG—imp+Log

= Xo(p) exp [ Hlog(s* /m) Za ”’Llfn], (4.116)

n=0

with 4 = sm, and we truncate the series at a® before exponentiation. We can find
stationary points in the dotted and dashed lines where s is small, but we can see that the
value of O@%Q changes abruptly when the scale is varied around the stationary point. This
is because of the unphysical singularity of o near pt ~ Ayg. On the other hand, the solid
line shows milder scale dependence around the stationary point rather than the others,
owing to the removal of the unphysical singularity by the DSRS method. Furthermore,
it is observed that the values at the stationary point for all the methods are similar. We
expect the good convergence of Eq. (EEI1d) to continue at higher orders thanks to the
subtraction of renormalons.

4.3.2 |V.| determination

In this section, we determine |V,| using the result in the previous section. We use the
renormalon-subtracted OPE of I' given by

—G%H/CbP L Lu?ﬂpv v MG
19273 Aewm [[CQQ}PV< m) +C.,, frn] 12:,\,] ; (4.117)

where we neglect the (’)(A3 S /m3) OPE corrections and the unsuppressed v = 1 renor-

=

malon effect of O(a,(77,) AZg/my). We use [my] by [Cho]pys Coms [12] py and pig: given
by Egs. (272), (B113), (A=2T), (I==8), and (EIR), respectively. The NLO correction to
CT  of O(a,) given by Eq. (B23) is used to estimate the systematic uncertainty. The
experimental value of I' is obtained as follows. In this analysis, we neglect the iso-spin
breaking and assume that the semileptonic decay width of By and that of B¥ is the same.
Then we can obtain the semileptonic decay width [' by

I'=B/r5, (4.118)

where B = B(B — X () represents the semileptonic branching ratio obtained for the
admixture of BY/B*. 15 is the lifetime of B meson given by

Tt + T, 1 _
o= BT (= ) e — 7o) (4119

as clearly explained in Sec. IIT A of ref. [88]. Here f*~ and f% are the fractions of the
BT B~ production and the B°B° production from the Y (4S) decay, respectively. We give
the value 75 by

1.519 £ 0.004 1.638 £ 0.004
T = ( );( ) x 1072 sec

= (1.579 4 0.004) x 10~ "*sec, (4.120)
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neglecting the second term in Eq. (B-119) since it is smaller than the uncertainty of 75+
or Tpo. See ref. [8Y] for the ratio fT=/f%. We should note the value of the branching
ratio B. In our default analysis, we use the value B given by

B = (10.63 £ 0.19)%, (4.121)

which is the average of the Belle measurement [90] and BaBar measurement [91]. Each
value is obtained with a lepton energy cut, and by extrapolating to the full phase space
limit. This value is similar to the PDG value given by B = (10.65 + 0.16)% [64] which is
used for the determination in Ref. [60]. It is also close to the value used in Ref. [568].

In fact, however, as already pointed out in Ref. [69], the central value of B moves
significantly when we use a relatively recent BaBar result B = (10.15 £ 0.26)% [97],
which is estimated by subtracting background effects from the full semileptonic decay as
B =B(B — X(tv) — B(B — X, (). Ref. [59] used the average value of Refs. [90, 91, 93]
and the BaBar result [92], which is given by

B = (10.48 + 0.13)%. (4.122)

Since |Viy| o< B2, the determined value of |V,;| becomes small by using Eq. (EI22)
instead of Eq. (ET21). We use Eq. (B-I22) to discuss sensitivity of the determination of
|Vp| to the experimental inputs.

First we show the result of |V,,| using the PDG values of m,, M, and «, as inputs to
compute the OPE of I'. We use the branching ratio B given by Eq. (CIZI) as the input
value. The result is given by

|Vio| = 0.04147 (43)pr (X5, (43)mr. (23)a. (38)5 (5)7 (10)2 (5) 2, (1)1/m (Lsubu=1
= 0.04147 (*%.)  (from PDG inputs), (4.123)

where the brackets in the first line denote the systematic uncertainties. The first uncer-
tainty comes from the perturbative uncertainty estimated by Eq. (-IT3). The second,
third and fourth uncertainties are caused by the uncertainties of the PDG inputs. The
fiftth and sixth uncertainties come from the uncertainties of the experimental data in
Egs. (B210) and (B120), respectively. The last four uncertainties come from the non-
perturbative corrections, p2 given by Eq. (BER8), uZ given by Eq. (EI8), the neglected
O(1/m}) OPE correction and the unsuppressed u = 1 renormalon effect, respectively. The
uncertainty from p2 is estimated by combining the uncertainty from the pZ, uncertainty
in Eq. (EI8) and the difference between the determinations using CT |0 or CT |xpo. In
the second line we combine the uncertainties. While the perturbative uncertainty is at
the percent level precision, the uncertainty from m, is dominant among the systematic
uncertainties, which reflects the fact that I' is proportional to the square of |V| and the
fifth power of 7,. That is, the relative uncertainties of |V,,| and T, are related by

0|Va| 5 omy

|Ves| 20 my

(4.124)

Therefore, it is important to make 7, accurate in order to improve the accuracy of |V|
determination. We also give the results using the other inputs from the FLAG. The results
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—— DSRS,PDG
iy, = 4.18(F3) GeV

— DSRS,FLAG(2+1)
: 3 o 3 mp = 4.171(20) GeV
[ [ 1 — DSRS,FLAG(2+1+1)
| | | | iy, = 4.203(11) GeV

b | Lo — Bordone, et. al.
1 1 iy, = 4.198(12) GeV
Bernlochner, et. al
my = 4.198(12) GeV

: | | | i — Hayashi, et. al.
1 1 my = 4.197(22) GeV
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Figure 4.8: Comparison of |V| determinations by the DSRS method and previous studies.

are given by

[Veo| = 0.04178 (45)pr (69)m, (18)m. (29)a (38)5 (5)75 (10) 2 (5) 2, (1)1 /m3 (1)subu=1
= 0.04178 (97) (from FLAG inputs N; = (2 + 1)), (4.125)

and

[Ves| = 0.04088 (44)pr (39)m, (33)m. (29)a, (37)5 (B)rp (8)12 (5)2, (V)1/mg (Dsubu=1
= 0.04088 (83) (from FLAGinputs Ny = (2+ 1+ 1)), (4.126)

where the convention of the uncertainties are the same as Eq. (E2123). All the results are
consistent with each other within the assigned uncertainties. We can see that the central
value of |V,| is quite sensitive to the shift of the central value of the bottom quark MS
mass. Nevertheless, all the values are consistent with the inclusive PDG value given by
Eq. (I2), and one of the results, Eq. (BE128), is consistent with the exclusive PDG value
given by Eq. (IT) within the uncertainties. It suggests that how much the value of the
bottom quark mass can move should be examined carefully in the other determinations.

Fig. I8 shows the comparison of the results of the DSRS method with previous stud-
ies. Each line and band width represents the central value and total uncertainty, re-
spectively. First three results are our default determinations using the MS mass of the
bottom quark, given by Eqs. (123), (E1Z4) and (E128). The fourth [68] and fifth [5Y]
results are the NNNLO results using the kinetic mass of the bottom quark, given by
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Egs. (B238) and (B231), respectively. The sixth one [60] is the NNNLO result using the
bottom quark 1S mass, given by Eqs. (B220). The last two values are the PDG inclusive
and exclusive values given by Egs. (I2) and (IT), respectively. The corresponding i, to
each scheme is also shown in Fig. 8. We note that these determinations use the similar
values for B.

Scheme dependence and input parameter dependence

Now we discuss the scheme dependence among the results in Fig. 8. Our results of |V
using the MS mass scheme seems to be smaller than those of the other schemes, but we
can confirm the consistency among them as follows.

First we compare our results with the kinetic scheme results. In the determinations
using the kinetic mass of the bottom quark my™ Refs. [68, 69] calculated theoretically a
variety of the lepton energy moments with OPE corrections up to O(1/mj). Then |V,| and
the HQET parameters are determined in the global fit by comparison with experimental
values. There are several differ(ences from our theoretical formulation. First they used
n
S

the perturbative expansion in as ’ =Y to calculate the Wilson coefficients, whereas ours is

based on the expansion in aﬁ"f =3 Then, the non-perturbative matrix elements such as
p2 are also defined based on the theories with different n;. In ny = 4 theory, the non-
perturbative effects are determined from the low-energy physics by gluons and 4-flavor
quarks including the charm quark, but in reality the effect of the charm quark should be
decoupled, reflecting the fact that m. > Aqcp. Our value of p2 with ny = 3 is given by
Eq. (E=R), which is consistent with zero. It is obtained by comparing with the masses of
the B and D mesons. The preference for the ny = 3 theory and its consistency with the
result of Ref. [23], which is determined with the same number of flavors and observable
settings, support the validity of our u2 determination results. On the other hand, their
values with n; = 4 are given by p2 = 0.47740.056 GeV? [b8] and p2 = 0.4340.24 GeV?[5Y]
8. These are the results by fitting the experimental data of the B meson decay in the OPE
formula. If we set p2 to be consistent with zero in the determinations of Refs. [68, 59 |
the central value of |V,| decreases by about 0.5%. Next, the kinetic mass of the bottom
quark they used is calculated from the input m;, = 4.198+0.012 GeV taken from Ref. [94],
which is similar to the 7, value used in Eq. (B128). This value has a small uncertainty,
but this may be an underestimate considering that |V,,| is proportional to (m;)~>/2. If
they use the PDG values for their determinations, as we do, the consistency can be even
better. Therefore, it is expected that the determination values in the MS scheme and
kinetic scheme will be closer to each other if the value of u2? decreases and the PDG value
of Ty is used.

Next, we compare our results with the 1S scheme results. In Ref. [60], the OPE is con-
structed in the ny = 3 theory and one half of the experimental value of the bottomonium
mass is used as the input bottom quark mass to determine |V,,|. The MS mass of the
bottom quark from the 1S ground state of the bottomonium is m;, = 4.197 £+ 0.022 GeV
[21], which is determined by the following equation

Etot = 2mb(mb) + Ebin- (4127)

5The definition of 12 in Refs. [6%, 6Y] is based on HQE (heavy quark expansion), which is different
from the HQET definition (in the infinite mass limit) by (’)(A%CD/mb).
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This equation associates the total energy of the static bottomonium E;, with the per-
turbative calculation. In Ref. [21], Ej, on the left hand side was regarded as the mass
of the 1S ground state of the bottomonium Mg,g), (bb(1S) = T(1S)orn,(1S)). On the
right hand side, Ej;, < 0 is the binding energy calculated perturbatively from the static
QCD potential V(7). E;u has a well-behaved perturbative expansion with the u = 1/2
renormalon removed by rewriting the pole mass of the bottom quark m by the MS mass
my. To cancel out the v = 1/2 renormalon they use the e-expansion, which is explained
in App. G. We note that they include the non-Coulomb potentials in the calculation of
the binding energy, but do not consider the non-perturbative effects to the 1S mass be-
cause the latter is smaller or comparable to the current perturbative uncertainty?. One
important notice is that the spin-dependent part of the QCD potential V' (r) has the ef-
fect proportional to 525(77), which contributes to the binding energy FEj;, as the form
proportional to the square of the absolute value of the quarkonium wave-function |¥(0)|?
[05]. Here, S is the total spin of the bottomonium. If the higher-order perturbative cal-
culation causes the slope of the potential to be steeper in the long-range region ¥, the
shape of the wave-function changes to become larger as it gets closer to the origin, and
the value of [¥(0)|> becomes larger. This increases the value of the hyperfine-splitting
AMpy,qg) = [Mys)— My, 1s)| of the bottomonium mass. It is known that the perturbative
calculation of AMp,;g) is considerably smaller than the corresponding experimental value,
and it is expected that the higher-order perturbative calculation will increase the consis-
tency between both values [96, 97]. Then the current values of |V,;| determined from the
different bottomonium 1S states (Eqs. (B238) and (B=39)) will be closer to each other as
the higher-order perturbative corrections are incorporated. At the same time, the higher-
order corrections to 2mp+V (r) (without changing the value where r is small) increases the
total energy of the (spin-averaged) bottomonium 1S state, as shown in Fig. B9. On the
other hand, the left hand side of Eq. (2127) is fixed because it is experimentally observed
one, which consequently leads for the value of corresponding m;, to bottomonium mass to
decrease. Therefore, this may indicate that the deviation of |V,| between these schemes
is reduced by calculating the higher order corrections to the 1S mass. However, currently
it remains an open question whether large non-perturbative corrections exist in the total
energy. It also requires the higher-order perturbative calculations in order to answer this
question unambiguously and quantitatively.

In summary, it is possible that the somewhat scattered values of |V| as in Fig. IR
due to differences in the mass schemes will be resolved by using the ny = 3 theory and
incorporating higher-order perturbative calculations (and non-perturbative effects). In
particular, our results in this thesis and the results of the kinetic scheme use the MS mass
as input, and its value should be chosen carefully. In this thesis, we adopt a conservative

uncertainty estimate that gives the final result as |V = 0.04147(*(3.) determined by

"The leading non-perturbative contribution to the bottomonium spectrum is given by the non-local
gluon condensate which represents contributions from the ultrasoft scale(~ mpa?) and smaller scales [36].
This contribution is spin independent and is estimated to be smaller than or comparable to the current
perturbative uncertainty to each energy level. This feature is further confirmed in the analysis of the
static potential [89].

8Phenomenologically, it is natural that the gradient of the potential should be steeper to approach the
linear potential in the long-range region. Perturbatively, the slope of the potential is expected to be steep
based on the estimation of the effect of higher-order perturbative corrections using RG-improvement.
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2my, + V (r) (with h.o. corr)

E,ot (with h.o. corr.)

E; ot (current)

¥ 2my + V(1)

Figure 4.9: Speculation on the mechanism explaining the higher order (h.o.) corrections to
2my, 4 V(1) increase the total energy of the (spin-averaged) bottomonium 1S state.

using the PDG input values.

Finally, we discuss the experimental input of B = B(B — X (). If we use B = 10.48%
from Eq. (BI22) or B = 10.15% [92] in place of the current measurement average
B = 10.63% from Eq. (BT21), the value of |V,,| decreases by 0.7% or 2.3%, respectively.
In particular in the latter case, the values determined from the inclusive process signif-
icantly moves in the direction to decrease the discrepancy with the determination from
the exclusive process. As with the choice of the input MS mass, better understanding of
the input experimental values may help settle the problem on the inconsistency between
the inclusive and exclusive determinations. For this purpose, it is essential to investi-
gate whether there is any inconsistency in the two ways of evaluating the experimental
branching ratio. The near-future Belle II results will also play an important role. In
Ref. [98], the preliminary result of B is reported as B = (9.75 £ 0.03(stat) £ 0.47(sys)) %,
which is based on the Belle II data collected in the years 2019 and 2020 equivalent to
62.8fb~1. This result is much smaller than those of the BaBar and Belle measurements,
and it reduces the discrepancy between the inclusive and exclusive determinations of |V|.
Analysis of the Belle IT measurement including the data collected in 2021 is underway,
and more precise values will be reported in the near future.
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Chapter 5

Conclusions and discussion

Conclusions

In this thesis, we presented a theoretical approach to the goal of realizing high precision
QCD from theoretical side. In particular, we focused on the IR renormalons, which cause
inevitable uncertainties in perturbative calculations of the Wilson coefficients in the OPE
framework. The imaginary part of the Wilson coefficients, which appears by regularizing
the divergent behavior of perturbative expansion due to IR renormalons, behaves as an
inverse power of the typical scale (with logarithmic corrections). It is expected that the
imaginary part of the Wilson coefficients cancel the same-size imaginary part contained in
the non-perturbative matrix elements. After the renormalon cancellation, the predictabil-
ity of the OPE can be successively improved, by higher order perturbative calculations
of the Wilson coefficients and determination of the non-perturbative matrix elements by
comparing with experimental data.

To use the renormalon-subtracted OPE framework in practice, we developed a new
method called DSRS method to separate the renormalon contributions of the Wilson co-
efficients for general observables. By theoretical requirements of the OPE and the RGE,
the form of the imaginary part of the Wilson coefficient due to renormalons is determined
except for its normalization. The dual transform, based on the inverse Laplace trans-
form, suppresses the multiple IR renormalons simultaneously in the dual space, where
the perturbative expansion shows a good convergence. The renormalons in the original
Wilson coefficients can be separated by using the one-parameter (Laplace) integral of
the dual-space series. Since the perturbative series is convergent in the dual space, it is
possible to successively approximate the Wilson coefficients with the renormalon contri-
bution removed, from a finite number of perturbative coefficients. The Wilson coefficients
and non-perturbative matrix elements, from which renormalons are removed in the DSRS
method, have the same definitions as in the conventional studies, i.e., in the Principal
Value (PV) scheme using the Borel resummation.

We investigated how the theoretical prediction by the DSRS method approaches the
actual value using the static QCD potential in the large-5, approximation and the simple
toy model as examples. The scale dependence becomes more stable as the truncation
order of the perturbative expansion increases, and the predicted value at stable scales is
confirmed to become closer to the true value by removing the renormalon. Furthermore,
we confirmed that the DSRS method can be applied to the perturbative QCD calcula-
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tions beyond the large-5; approximation. In the latter part of this thesis, we applied
this method to the observables of the heavy quark system with the latest perturbative
expansion.

The first application is the OPE of the masses of the B and D mesons. The LO
term of the OPE is the heavy quark pole mass mj. The low energy effective field theory
called HQET describes the non-perturbative corrections, which contains the uncertainty
due to the renormalons of the pole mass of heavy quark. From the quark pole masses
myp and m,., we separated the u = 1/2 and u = 1 renormalons, which are canceled by
the HQET parameters A and p2, respectively. The HQET parameters [A] and [“ﬂpv’
which are defined in the infinite mass limit and with renormalons removed, are important
parameters used to predict multiple observables of the B and D mesons. This is the
first time to study the determination of the HQET parameters subtracting the u = 1/2
and v = 1 renormalons simultaneously. Before the real analysis, we verified that the PV
mass results, applying the DSRS method to the pole-MS mass relation in the large-3,
approximation, asymptotically approach the exact values as the order of the perturbative
expansion is increased. Then using the DSRS method for the true pole-MS mass relation
up to O(al) (and with estimated o coefficient) with the PDG values of m; and m, as
inputs, the renormalon-subtracted quark pole masses, called PV masses, are determined
as

(4] by = 4.822(36) GeV,  [m],, = 1.468 (35) GeV, (5.1)

where the uncertainties represent combined systematic uncertainties. Both PV masses
have smaller theoretical uncertainties when perturbative calculations of the next order
are achieved. This is owing to the removal of renormalon. On the other hand, the
uncertainty due to the input value of the MS mass, is large in both cases. More precise
determination of the MS masses is an important task for future precision physics.

Using the results of the PV masses, we determined [/_X] py and [,uﬂ py as

[A],y, = 0.486 (54) GeV,  [p7],, = 0.05(22) GeV?, (5.2)

where the systematic uncertainties are combined. The size of the (combined) systematic
uncertainty for [/ﬂ py 18 sufficiently small, reflecting the fact that the IR renormalons
of the pole mass are properly removed. [,u,zr]PV result has apparently large perturbative
uncertainty, but this may be due to the lack of perturbative coefficients in the pole-
MS mass relation (especially for the charm quark). The results are consistent with the
previous studies in the same scheme [23, @5].

As the second application, the semileptonic B decay is investigated. In this analysis,
the v = 1/2 and w = 1 renormalons are subtracted simultaneously, which is the first
time to be studied. The u = 1/2 renormalon, contained in the LO Wilson coefficient of
the inclusive semileptonic decay width, is canceled out by rewriting the pole mass of the
bottom quark by the MS mass, which is one of the short-distance masses. Although the
MS mass is not favored in previous studies due to the large infrared-ness between the
pole mass and the MS mass, in this thesis we found that the convergence of the Wilson
coefficients improves when the u = 1 renormalon is removed using the DSRS method.
This is because subtracting the correct form of the v = 1 renormalon, taking into account
the deviation from the simple power-type behavior, allows us to construct a dual space in
which the perturbative expansion is more convergent. The prediction is consistent with
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a calculation that does not subtract the © = 1 renormalon using RG-improvement, but
confirms that the scale dependence is smaller. The final result of our |V,;| determination
using the renormalon-subtracted Wilson coefficient is given by

Vol = 0.04147 (*3,), (5.3)

where the uncertainties are combined. We used the PDG values for the theoretical input
parameters such as my, m. and a,. We incorporated the non-perturbative corrections
described by two HQET parameters [“ﬂpv and pZ, which are determined from the
masses of B and D mesons, and from the hyperfine-splitting of the B mesons, respectively.
The experimental inputs of the branching ratio B and the lifetime 75 are close to the
values used in the previous studies. The uncertainty due to the perturbative calculation
is reduced to an accuracy of one percent, due to a highly convergent series constructed
using the DSRS method. On the other hand, the uncertainty due to the input parameters,
especially the bottom quark mass, is large because |V,| is proportional to () ~%/2. If
we use the FLAG values of m,, the input uncertainty will be smaller, but the result is
considered as only a reference point in this thesis.

Our results are consistent with those of the previous studies using other short-distance
mass schemes. First we compared the kinetic scheme with the MS scheme. Since there
is a difference in the number of light quarks n; between the OPEs of our calculation
and those of Refs. [bR, 5Y], the definition of the non-perturbative parameter 2 is also
different. Refs. [b8, BY] used the kinetic mass of the bottom quark determined from the
FLAG value of m;, with a smaller uncertainty, which could lead to an underestimate of
the input uncertainty of |V;|. All these observations imply that the consistency between
our results and those in kinetic scheme would increase if the value of p? decreases and
the PDG value of m, is used.

Next the 1S mass scheme was compared with the MS mass scheme. We speculated
that the contribution to the 1S mass from the higher order potentials (and currently
ignored non-perturbative effects) may reduce the value of the MS mass corresponding to
the same 1S mass. To clarify this, it is necessary to achieve the next order perturbative
calculation of the 1S mass spectrum (Mvyg) and M,,1s)). Since the naive expectation is
that the value of |V| using the small MS mass is close to the true value corresponding
to the bottomonium mass, we took the conservative attitude and determined |V,| from
the PDG inputs as the determination value.

After the above analysis, the determined value of the inclusive |V,| using the default
experimental value of B is still in tension with the result of the exclusive determination.
However, the experimental values of B by different determination methods may reduce
the value of the inclusive |V|. To verify this effect, it is essential to use the Belle I

results to be announced in the near future which improve the accuracy of the background
B — X, v.

Discussion

We discuss the applicabilities of the DSRS method in the future. First we look into the
determination of [mb} py using the 1S states of the bottomonium. Disadvantage of the

determination of the PV mass from the MS mass is that the input MS mass contains a
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large uncertainty at present. It is because the MS mass is a theoretical parameter, of
which precision depends on how we determine its value and what observable we use. The
ideal situation is that the PV mass is determined by comparing observables directly. The
1S energy spectrum of a heavy quarkonium has such possibilities. Naively, the right hand
side of Eq. (B121) is a perturbative expansion for a,(7), and it seems that the DSRS
method can be applied to separate the renormalon. In that case, we can determine my
with renormalons removed by comparing both sides with the experimental value of the
1S mass of the bottomonium on the left hand side, and then we can determine also the
PV mass from the formula in this thesis. However, the actual scale of the bottomonium
is the Bohr scale ~ Cragsmy, and it is difficult to apply the DSRS method to the 1S
mass spectrum for the following reason. The perturbative calculation when written in
a5 () relies on the e-expansion explained in App. @, which contains corrections of the
form o log¥(ay) that does not appear in the normal perturbation. When the scale is
set to the Bohr scale, the perturbative expansion does not have such an exotic form,
but even the bottomonium system has a low typical scale of about 1 — 2 GeV. At such
scales, the number of known perturbative coefficients may not be sufficient to determine
the PV mass value accurately, as in the calculations of the charm quark system in this
thesis. Furthermore, unlike theoretical quantities such as the pole-MS mass relation, the
bottomonium mass is an observable, including non-perturbative effects, and such effects
would not be negligible in the Bohr scale calculation. In addition to its low scale, the
Bohr scale itself is defined in terms of the pole mass, which makes a practical use of the
DSRS method difficult because the (hard) Bohr scale has also uncertainty due to the
renormalons of the pole mass.

One possible way to calculate the PV mass directly from the 1S mass would be the
following. The energy levels of the bottomonium are given as the positions of the poles
of the Green function of H — Ey;, with the Hamiltonian H = p?/m;, + V (r). Eq. (E2Z2)
is calculated by considering the non-Coulomb potentials as perturbations. On the other
hand, the position of the pole can be calculated numerically from the input values of my,.
If the renormalons are removed from V'(r) and the pole mass my, at the Hamiltonian level
using the DSRS method, it is expected that the PV mass [mb} py can be determined by
numerically varying parameters to reproduce the real bottomonium mass. Although the
low Bohr scale cannot be avoided, removing the renormalon at the Hamiltonian level has
the advantage that the Bohr scale is well-defined. This is beyond the scope of this thesis,
but it would work at least for the bottomonium mass.

It is also possible to determine |V,| from the other observables, the moments of the
semileptonic B decay. In this thesis, the B and D meson masses were used to determine
the HQET parameters with renormalons removed, but since there are only two parameters
that can be determined for two experimental values, the heavy quark masses had to be
used as input parameters. In our determination of |V|, the uncertainty due to the
input bottom quark mass is dominant, and therefore we would like to determine the
bottom quark also as a parameter of the theory, from a comparison to experimental values.
There are several measurements of the distributions of the lepton energy and invariant
hadronic mass in the LHC and Belle II experiments, which provide a large number of
observables to compare with the OPE. The HQET parameters and |V,| have already
been determined using the OPE of the moments from the NNNLO-level perturbative
calculations in the kinetic scheme. The mass of the bottom quark in addition to the
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above have been determined by global fitting at the NNLO level. In the future, using
the latest OPE of moments at the NNNLO-level and applying the DSRS method to
them, we expect to remove the renormalon and determine |V,,| and HQET parameters
as well as the bottom quark mass in the MS mass scheme. This investigation would
further strengthen the certainty of the OPE and make the determination of |V;| from the
inclusive semileptonic B decay more precise.
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Appendix A

Perturbative coefficients

In this appendix, we collect the perturbative coefficients necessary for the analyses in this

paper.

QCD beta function
The QCD 2 function is known up to O(af) (5-loop accuracy) [f].
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ny is the number of active quark flavors, and ¢, = ((n) = Y .-, k=™ denotes the Riemann
zeta function.

Pole-MS mass relation

We consider that there are n; massless and one massive internal quarks, besides the heavy
quark h. The relation between pole mass and MS mass is given by

mp

e 1+ 0(my,), (A.6)
and -
d(my,) = Z o ()" dy, (e /), (A7)

where ag(my,) = ag’”)(mh). The coefficients d,,’s are calculated up to dsz [64, 65, 66, 6, 69,
5, B, [7]. The internal massive quark effects for O(a?) and O(a?) corrections are contained,
while those for O(a?) has not been calculated. The series we used in Chap. B, including
the non-zero m,. corrections up to O(a?), is given by

_—(‘;) ~ 1+ 0.424413 s + 1.03744 o2 + 3.74358 o + 17.4376 o2, (A.8)
my,

where o, = o (,) with 7, = m.”, and
e A 140424413 0, + 104375 0 + 375736 a2 + 17.4376 o, (A.9)
mc

where oy = a§3) (m.) with m,. = mg4> and non-decoupling bottom effects are included. In

obtaining the right-hand sides, we used the inputs WE‘Q = 1.27 GeV and m}f” =4.18 GeV.
We note that both of O(a?) and O(a?) corrections are quite similar to each other, and
each series can be approximated well by > «a”d,(m./m, — 0) with n; = 3, given by

M o1+ 0.424413 oy + 1.04556 o2 4 3.75086 o + 17.4376 a2 (A.10)

mp

Mass of heavy-light meson

The OPE of its mass My based on HQET is given by

B 2 2 A3
Mg = my + A+ &+A<s>ocm<mh>w+0(ﬂ)» (A.11)

2my, 2my, m3

where s (= 0, 1) denotes the spin of H. The Wilson coefficient of a chromo-magnetic term
C.p, is analytically calculated up to O(a?) [61], which was used to evaluate uZ(m;) in
Sec. 13. The numerical values of coefficients of

2
Com =1+ Z s (my) "™, (A.12)

n=0
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with o, = o™ ), are given by

€™ ~ 0.6897, (A.13)
™~ 2.2186 — 0.1938 ny, (A.14)

and
5™ A~ 11.079 — 1.7490 ny + 0.0513 n. (A.15)

Total decay width of inclusive semileptonic B decay
The OPE of the total decay width of B — X (v is given by

~ GH|Va|?

5| AT = r 1 A2
s oo e

b

The leading Wilson coefficient CCSQ in terms of a pole mass is perturbatively calculated
as

Coq = ZO as (my)" X (p), (A.17)

with p = m./my, and oy = . Xo, X1 and X, are analytically calculated [I71, [72, [73, 74,

75, (6, (7). They are given by

Xy =1—8p* —12p*log(p?) + 8p° — p°, (A.18)
2 25 239 25 4 17
X:___1_4<___2 _4> 21 2(20 902 — =4 _6)
| 37r[ A=p) g — 5P+ ) +plog(p’) {20+ 900" — op" + —p
17 64 17
+ptlog?(p*) (36 + p) + (1 — p') (g -5 gp”‘) log(1 — p?)

— 4(1+30p" + p®) log(p?) log(1 — p?) — (1 4 16p" + p®*)(6Liz(p*) — 1)

—32p*(1 + p?) (7 — 4Lia(p) + 4Liy(—p) — 2log(p?) log (;—Z)} , (A.19)

and

Xy ~ —2.158 — 0.8333p + (—65.01 — 39.22log(p) + 0.2701 log(p))p*
+(—118.7 — 129.8 log(p)) p* + (128.2 — 124.6 log(p) — 16.5210g?(p) + 1.081log*(p))p*
(—41.65 — 80.981og(p))p”® + (98.42 — 39.3010g(p) + 16.77log?(p))p°
(—14.86 + 1.9541og(p))p" + (0.09796 — 0.1094 log(p))p® + O(p?) (A.20)

where we expand X5 in p to avoid a lengthy expression. X3 is known as the expansion in
d=1—pup to O(6*) [67].
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C! has been calculated to O(a) order [78, [79, 80, B1]. In this thesis, to determine
the central value of |V;|, we use the LO term C’CFm|LO given by

1
Comlpo = =58 = 80% + 24p" — 249" + 50" + 129" log p?)). (A.21)
The NLO term is used for the estimation of uncertainty, which is given by

Chlaio & —2:42 x Xo(p)as(my,), (A.22)
where “ ~ ” means that we use the numerical value of CCleNLO
analytic result is unknown.
To change the flavor of running coupling constant from n; flavor to (ny — 1) flavor,
we use a flavor threshold relation [99] given by

at u = m, since the

(ny—1) 2
Qs b gy (G 19 (n1))2
=1-2= s f R s f
Q) or (36 aln ez ) (@)
G131, —6793+281(n; — 1) (N3
_ ko 0o ¢ ") L O(at(A.23
+( 216 576 " " 1728 nes | (a5)7 4+ Ofa)A.29)

with a, = a, (1), i, = m(ps), €, = log(p?/p;) and

11 82043 564731 2633

72 %= 5765t ouats 31104
6. @

In this thesis, we take a scale for matching a5’ to as’ as u = up = My, and for matching

ag4) to ozg?’) as [ = p = M.

(ny — 1). (A.24)

Cy =
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Appendix B

Relation between Borel transform
and Dual transform

In this appendix, we derive a relation between a regularized inverse Borel transform and a
regularized inverse dual transform. The relation is used to show equivalence of Eq. (2223)
and Eq. (BI4), which is valid not only in the large-3, approximation, but beyond that.

We consider” the observable in the dual space X(7) = X®(7) in the N*LL approx-
imation for 0 < k < 4, as given by Eq. (B12) with Cy replaced by X. From it, the
perturbative coefficients of X(Q) = > a"¢,(Lg) can be computed up to arbitrarily
high orders, by inverse dual transformation at each order of expansion in a,. We assume
that the Borel transform of X (@),

=3 2 (1) B1)

n=0

does not have singularities in the right half u-plane, Reu > 0, except on the positive real
u-axis.? If |u| is smaller than the distance to the renormalon closest to the origin, the
series converges and Bx(u) is single-valued. At larger |u|, Bx(u) is defined by analytic
continuation. For k& = 0 the closest renormalon is a pole, while for 1 < k < 4 it is a
branch point, where the branch cut extends along the real axis to the right [I1].

Let us define

X1(Q)= xQ‘”‘l/ dr? e "X (1) ; x=Q Y (B.2)
d
Brelu) = § 52 e [X(Q), Ly (B.3)

X has a singularity corresponding to the (Landau) singularity of [as(7%)]ners, at 7 > 0.
Along the 7 integration contour C'_(7) the singularity is circumvented to the lower half

!The reason why we limit %k to this range is that we do not know the QCD beta function beyond five
loops and hence in the argument below the singularity structure in the complex p plane cannot be made
definite. In the case within the large-5y approximation, where the QCD beta function is given by the LL
one, the range of k is not limited.

2For k = 0 (LL) the assumption indeed holds, see below. Although we believe that this assumption
can be checked for 1 < k < 4, up to now we do not know the proof or disproof.
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Figure B.1: Schematic diagram of the contour of p integration in eq. (B33). Each branch cut
extends to the direction in which the integral wrapping it converges.

plane. Thus, X, is well defined. In the second equation, X, is regarded as a function
of ay = a,(p?) and is rewritten in terms of p = 1/a;,. The integral contour of p is taken
as a closed path surrounding all the singularities of [X+(Q)]asﬁ1 I counterclockwise; see
Fig. Bl. This contour is obtained by a continuous deformation of the closed contour
surrounding the origin p = 0 in a small |p| region.

In the case that we apply Egs. (B2) and (B33) to the series expansion in a,(u?) (up
to arbitrary order), the expansion of X (7) has no singularity at 7 € Rsq. Then, C_(7)
can be deformed to the positive real 7 axis, and the expansion of X, (Q) coincides with

that of X (Q); the singularities of the expansion of [X (Q)] wos1/p ATC multiple poles at the

origin p = 0, and the expansion of By reduces to Eq. (Bl), which follows readily by the
residue theorem. Hence, By, coincides with Bx for small |u|, or in other words, By, is
defined as an analytic continuation of By.

We define the regularized Borel resummation representation of X (Q) = > ¢,(1/Q)at?
as

1 —__u > is
X(Q)pr+ = o e due Pes By, (u) = i/o dse” = Bx(ibys), (B.4)
+

where the integration contour of w is rotated to the positive imaginary axis (u = ibys)®.

The reason why we choose the contour C'_(7) in Eq. (B2) rather than C'(7) is as
follows. Let us explain in the case that X(7) is given by the LL approximation, X o
[as(7%)]LL. (We explain the NLL approximation and beyond later.) Thus,

1372(1”/ o . 2,215
XQure = 5 fp [ @t [ g%, L, (B

where the integration contour of p surrounds the pole of X at? p = by log(u2/72%), which

3This equality is invalid if Bx (u) contains singularities in the first quadrant of complex Borel u-plane.
We assume that the contribution from such singularities is negligible in the high energy region, while it
would be a restriction in the low energy region. For the Adler function, this kind of restriction has been
discussed recently [I00].

4This is the only singularity of X in the LL approximation.
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Figure B.Q:~ Singularities and integration contour in the complex p plane, in the LL approxi-
mation for X (7).

originates from

2a Qg 1
(T = = . B.6
[ ( )]LL 1 _ bOas 1Og(lu2/7_2a) as—)l/p p— bO log(,u/Z/TZa) ( )

We would like to integrate over s first. To ensure convergence at s — oo, the imaginary
part of p should be non-negative (Note: ag > 0). By taking the path of 7 (slightly) in
the lower-half plane, i.e., along C_(7), the pole p = by log(u?/7%?) lies in the upper-half p
plane, and the entire contour of p can be taken in the upper-half plane. After integration
over s, we have

—2au’

) 1 2027
X(@sr+ = mZW %dpp —1/a; /c_ dre [X(T)}as—ﬂ/p' (B.7)

This argument also shows that Bx, (u) is a natural integral representation of Bx(u) for
u in the upper-half plane.

Next we integrate over p. There are two poles at p = 1/a, and p = by log(u?/7%).
The two poles are well separated as 7 moves along C'_(7), see Fig. B2. In fact these two
poles coincide only if 7¢ = AX: but this is circumvented on C_(7). Hence, the closed
contour of p can always be taken to surround only the pole at p = bylog(u?/7%*). The
integrand reduces to zero sufficiently rapidly ~ 1/|p|* as |p| — co. This means that we
can take the residue at p = 1/a; and obtain

]_ __u / 2.2 5
X(Q)pr+ = o o due” %os By (u) = x7 2™ / dre” ™" X (7). (B.8)
+

This is the relation between the regularized inverse Borel transform and the regular-
ized inverse dual transform, which we set out to derive. Similarly, X (Q)p1_ is given by

5In the case that we expand in as, regularizations are unnecessary. The difference is that the sin-
gularities of X in the p plane stay fixed at the origin, so that we do not need to rotate the integration
contour of w but it can be kept on the positive real axis.
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changing C — C= in Eq. (BR). We emphasize again that it is crucial that X (7) is free
of IR renormalons and well-defined (while X (@) is not).

In the case that X (7) is given by the NLL approximation or beyond, the above argu-
ment needs to be modified as follows. We set X = X*) ZZ:O n(0)as(7%)" ! for a given
k € {1,2,3,4}. According to our current knowledge of RGE at N*LL, a,(7%) diverges at
7 = 7. € R if the running starts from p > 7% with the initial condition () = 1/p. This
causes a singularity on the positive real p-axis for given values of 7 and p. The relation
between p and a,(7%) is determined implicitly by

2 as(r?) 1
log (%) = —/1 dx 5@ B(as) = — an at? (B.9)

/p

which can be derived from Eq. (Z2). One can analyze the positions of the singularities
of [X(7)] in the complex p plane and find the following feature. If 7 € R+q, we

can choose p.ot € R+ independent of 7 such that all the singularities except one (let us
call it p.1) are located to the left of p,r. We can choose o, such that 1/as > prer. In the
region 7% < i, p. is real positive and collides with 1/a; at 7 = 7,. In this region, if 7
is shifted slightly to the lower half plane, p,; is shifted slightly to the upper half plane.
Thus, p.1 plays the role of the only singularity in the LL case if 7% < p, although p,; is
a branch point rather than a pole. In the region 7* > p, p,; is also located to the left of
Pret-

We separate the integral along C_(7) of Eq. (BJ) into the regions Re7® > u and
Re7® < p. In the latter integral, we further separate the integral corresponding to the
contour of p wrapping the branch cut of p,; from the rest. The branch cut of p,; is
taken to extend to +ico. For this particular integral, we treat it similarly to the LL case
and integrate over s. For the rest of the integrals, rather than integrating over s from 0
to oo, we integrate over u from 0 to oo. (Namely, we transform back from s to w, and
instead of integrating along the positive imaginary u-axis, we integrate along the positive
real u-axis.) The integral over u converges, since Rep < 1/a; for any p along the contour
of p which is closed to the left; see Fig. BZ3. After collecting all the integrals, we obtain
eq. (B70) again. The essence of the above procedure is that we can find a path to Eq. (B22)
by an analytic continuation. The remaining procedure is the same as the LL case.

Below we present an analysis of the singularities of [X (7')]

as—1/p

ass1/p in the complex p

plane. We consider the case 7 € R~(. The integral in Eq. (BH) can be evaluated as

as(T) 1 D qk

_/ dx—:/ dg +— k-1
1/p x 1/as(r29 0q 14 k
/ B(x) Jan(r2ay bogF +bigF Tt 4 b

5 () ZR oc (5 ) () B0

Here, the complex roots of —p*™23(1/p) = bop* + byp*~! + -+ + by = 0 are denoted as p;
(1 <j < k). Rjis the residue of p*/[-p*"23(1/p)] at p = p;. The roots p; are logarithmic
branch points of a,(7%), hence, they are singularities of [X (7')} They are branch

as—1/p’
points independent of 7. The other class of singularities originate from divergence of
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Figure B.3: Contour of p integration surrounding singularities in the p plane. These singularities
correspond to all the singularities except p, 1 in the region 7 < pu, and to all the singularities
in the region 7% > p.

as(7*), and the positions of those singularities (p = p.;) are determined by

ILLQ P i qk
log| == | = d
Og(TQ“) /0 T bogt T b T by

k
p*,z‘
= +Y " Rjlog(1—p.i/ps)- (B.11)
j=1

They are branch points, a,(7%) ~ (p — p.;) Y.

When 7/u ~ 1, p.; (1 <i < k+ 1) are located close to the origin and determined
approximately by (k + 1)by log(p?/72*) = (p«;)* ™. In the region 0 < 7% < u, we take p, 3
as the one corresponding to the Landau singularity 7.. That is, p,; is real positive and
moves from 400 to 0 as 7% is raised from 0 to p. The behavior of other p,; as 7 — 0
belongs to either of the following categories:

(a) p.; goes towards left, i.e., Rep,; — —oo while Imp, ;/Rep.; — 0.
(b) p.; € R and converges towards one of p;’s which is also real.

(c) p.; approaches one of p;’s as p.,; rotates around this fixed point infinitely many
times (hence it enters the different sheets).

(d) p.; rotates around one of p;’s infinitely many times (hence it enters the different
sheets) as the distance to this fixed point increases.

In the region 7* > p, as 7 — oo the behavior of every p.; (including p. ;) belongs to
either of the above categories. As an example we show the trajectories of p,; for k =1
(NLL case) in Fig. B4.
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Figure B.4: Trajectories of p. 1 and p,2 in the NLL approximation of X (k= 1), as 7 € R is
raised from 0 to co. At 7 =0, p,1 = 400 and p,2 = p1 = —b1/bo.
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Appendix C

Including logarithmic corrections to
DSRS method

In Chap. B, we saw the suppression of renormalons of the LO Wilson coefficient in dual
space by an appropriate choice of the parameters (a, u’), see Eq. (BR). It can be extended
to a more general case with logarithmic (perturbative) corrections of the renormalons
or non-zero values of the anomalous dimensions of the corresponding operators. We
demonstrate how these can be incorporated into the DSRS method in this appendix.

For heuristic reasons we present most argument in expansion in log(Q3/Q?) with
respect to an arbitrary chosen scale () = ()y. In this way we can start from the limit where
we know the answer already (the case without logarithmic corrections). Nonetheless, the
expansion in log(Q2/Q?) can be resummed using RG. At the end of this appendix we
show how to resum log(Q3/Q?)’s and obtain @, independent expressions.

First, let us consider the case for suppressing only the leading renormalon at u = uq.
The imaginary part from the renormalon at u = uy has the form

A2
wo(cz):Nm(boas(@?»wbo(ﬁ) 1+ T nu@r e

according to eq. (2231). We expand a,(Q?) in log(Q2%/Q?) about Q = Qq using

on(@?) = 3" AN g (p))

0 " 2
— n! m} a,(Qp), (C.2)

where @ is an arbitrary expansion point.” Then §Cy of eq. (2231) can be written in the
form

0Cy = N, AQUOanlog Q7?0 = N, A2“°an( ) Q2. (C.3)

qy, is given by a combination of s;, a,(Q3?), log Q3, and the coefficients of the beta function
and anomalous dimension (b; and ;).

Tt is natural to take Qo within the energy range where we use the OPE, such that as(Qo) log(Q3/Q?)
can be regarded as a small parameter.
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To construct Cy(7), define the series > °°_ 2™ by

1 equiv. >
mex S = Z Pmnx™ T =1, (C4)
" anx” m,n=0
or,
po=1/qo, Zpin,i:O for N=1,2,3,---. (C.5)
i=0

Then we can define

a\m 1 x3+ioo 7202 9qu/ —a

2
ZO 100

1 Z‘g+100 2,2 / i -1
— da? e ™ g2 (Z qn(2a log(:c))") Co(x™), (C.6)

" 2mi 23 —ico —

which is a generalized version of Eq. (870) with = Q=% Due to the inverse of an
infinite sum in the integrand, the renormalon in the integrand behaves a simple power of

x, and renormalon in the dual space can be suppressed by the inverse Laplace transform.
Actually,

600 me <8u> L /:3+i<><> da? % g2 N Azuoz ( ) 2au0

100

- e () () st

= Ny, A% meqn< >m+nf(a(u<) +u);7)

= NupgA2 f(a(ug + u'); ), (C.7)
where

1 x%-l-ioo 2 e’ 242 25 1 1
f(s;7) = - /x . dx = () (C.8)
To suppress the renormalon, we can take the same (a,u’) as the ones without the loga-
rithmic corrections, e.g., v/ = —ug and @ = 1. Then 6Cy = 0 up to an arbitrary order
in the log(Q2/Q?) expansion. This means that we can construct an appropriate Cy using
the sequence ¢, and dual transform.

The inverse transform can be constructed as

Co(Q) =27 " gu(2alog(x))" /O i e Co(T) . (C.9)
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In fact, the right-hand side can be written as

12 5
, 1 Ty +ioo [ee) , ,
2 E pmqn—./ da,ﬂ/ dr? e T (@ —a"?) p12au (2alog(x))"(2alog(z"))™Co(z'~)
. 2mi z2—ioco 0

z02+zoo 1

_ —2au 2 2au’ m —a
- meqngm [ ™ (alouta) alog(a)"Cola' ™)

—100

_ I,anu’ meqnx2au’(2a lOg(l’))ernCO(.ﬁKia)

m,n

= C(Q), (C.10)

/2 2

where we set z* > z© and use the Cauchy’s integral theorem in the third line. The
formulation in Chap. B is a special case where ¢y = ¢ =--- = 0.

Secondly, we suppress the leading and next-to-leading renormalons simultaneously.
For simplicity of calculation, let us assume that they are at u = ug, ug + 1, so that we
take a = 1. For k£ =0, 1, we write the renormalons as

_ (uo+k) G —2(uo+k)
SO = Ny x A2 ZO ( EMO) . (C.11)

Similarly to the previous case, we define Cy(7) as (note that a = 1)

:Eg +i00

C, Z QZZp (8u> %/x dI2€T2x2])2(U/+l)C()<I_a). (012)

—100

To suppress the renormalons at u = wug, uy + 1 simultaneously, the following equations
need to be satisfied for £ =0, 1:

(50 = @Z[ZZTﬂpflq]\, Z( )Nf(uo+u'+l+/€;7)

=0 =0

0. (C.13)

As a trial analysis, let us truncate the summation at a fixed N and see if we can find a
solution for {pil)}. The condition reads

=0, (C.14)

s=usx+u'+k

T2S+2§: 0) (&) <£>Nf(3'7)—l— (1) (k).(£>N7'2f(8+1'7')
[ qN 7 88 ) pz qN—z 88 y

=0

for kK = 0,1. Let us set ' = —uy. Noting that f(s;7),7%f(s + 1;7) o< 1/7%2 the
left-hand side is an (N — 1)th-order polynomial of log7, and we write 72f(s + 1;7) =
—(s+1)f(s;7) = g(s;7). Hence,

— 0, (C.15)

i

T25+2i [p(()) N f(s;7) N (1)8Ng(s;7)] (k)

osN bi osN N

=0 s=k
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For N = 0 the condition is satisfied for arbitrary (p((]o),p(()l)) since f(k;7) = g(k;7) =0 for

k = 0,1. For general N, equating each coefficient of log™(7) to zero in eq. (CI3), there
are 2N linear equations for 2(N + 1) variables {p(()o), p(()l)}, T {p§3), pg\l,)}, which indicates

that there is a non-trivial solution for {pgl) }.
We can construct a non-trivial solution in a more sophisticated way as follows. We

define
le Z gl (au()) xZ(uo+u’+l+k)’ (016)

F /
Goo Gip o() _ 0‘02 g2 uotu), (C.17)
Goa G Fi(z) arr

where ag,a; are z-independent arbitrary coefficients.? In particular, ay, Fj(r) are 7-
independent. If we define

and Fj(z) satisfying

_ 1 TH+100 ,
Colr) =) 5 / da? e Wy (a7 By () (C.18)
we find that 5C'ék)(7) =0 for k=0,1.

1
1 :):O+zoo ,
_ Z . / d? o772 +l)5C'(()k)(I71)Fl(x)

27T —1300
=0 0
1 00
_ ik A u0+k Z L /xo—l-zoo dflfz 67-29;2 Z q(k) (i)nxg(quruuer)Fl(x)
0 2T 02 ino =" \Qug

27

2., 1
(u 1 TH+100
= Nugik A °+k —/ dz? e Zle(x)Fl(x)
=0

22 —ico
0
1 w8+ioo
_ u0+kA U0+k)a — dr? €T2$2$2(U0+U/+k)
2m1 xg—ioo
= Nug+k AQ(UOM ay f(ug+u + k;7) = 0. (C.19)

The inverse transform is given by

(210g >n/ dr? e 7 Cy (7). (C.20)
0

We can construct it for either & = 0 or 1. (The results are the same.) In fact the

2These parameters correspond to {po , p } In the case that the matrix on the left-hand side does
not have its inverse, we adjust ag/aq such that Fj(r) have a non-trivial solution.
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right-hand side can be written as

n 1 x62+ioo
P (2108@)) 5 / .
Lo

—2(u0+u +k)

dx’2 / dT2 6772(90271’2)1,/2(1/4#)00(x/—l)Fvl(x)
0

—1400

Z Gra( Co(z™) = Co(Q). (C.21)

Finally we present the formulas corresponding to eqs. (C8), (C4), (CI6) and (C20),
after resummation of log(Q3/Q?)’s. According to eqs. (2231) and (C33), the relation
between the expansion coefficients in log(Q3/Q?) and in a,(Q?) is given by

D glog"(Q7%) = (boas (@) Y sl . (C.22)
n=0 m=0

Then it is readily seen that the following expression is equivalent to eq. (C8):

B x%-}—ioo dl’Q 67'2382 xZau’C()(x—a)
C — - . C.23
ol) /xg_m 2t (o5 )0 5, (D) asla ) (©23)

This is an RG invariant expression. To obtain an explicit expression of OO(T) up to NFLL,
we express the integrand in expansion in a,(p?), dual transform order by order in ay(u?)
up to the k-th order, and then set u = 7. Eq. (C9) can be written as

Co(:v_“) 20 (b . —2a Wo/bo ZS —Qa)m / dr? 6_7—%26’0(7'). (024)

0

Similarly the relation between the expansion coefficients in the case with two renormalons
reads

[e.9]

an log"( = (boas(Q%))% Z s (1) a(QH)™ (C.25)

m=0

where 0, = 'y(()k) /bo. The following formulas achieve resummation of logarithms in egs. (CI8)
and (C20):

Gk,l( ) 50045 (Sk Z s k) —2)m 2(up+u’ +l+k:) (C26)

CO(Q) =

(272> " sB(1) ay(z72)m /0 T ey, (C2n)

We anticipate that the formulation presented in this appendix can be extended to the
case a # 1 and k =2,3,4,---
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Appendix D

Resummation of UV renormalons in
DSRS method

In this appendix, we give the definition of the resummation formula for UV renormalons
in the large-, approximation, which is used in the third analysis of Sec. BZ3. In the
formula, we introduce a new parameter u to suppress UV renormalons. éQ(T) can be
expressed by the following one-parameter integral form,

1 ~
N (7'2)1+aul/0 dCCa u+H) 1 B Za ”""10;1([/7_)

_ 1 au—1 —C 2a ~—a n+1~/
= W/o d¢ ¢ Zas ) (D.1)
where ¢ ’s can be read from the following relation
n+1 ~/ 1 S n+1
S S D2
T(a(a+ H)T(—a(u + H))
It can be seen that the UV renormalons of Y7  as(p?)" !¢, at u = —u, —u— 1/a, —t —

2/a,--- are suppressed by the 1/I'(a(i + H)) factor. In the fourth line of Eq. (IXT), we
use the RG running formula given by

(12 /)" ey (12) = (1), (D.3)

Wlth /JL2/M/2 —
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Then [Co} , with UV renormalons resummed is calculated by

[Co(@)], = =7 / dr? e~ Co (1)
Cx
, 1 > ; =
— x—2au / dT2 6—7'2:172 / / dC Cau—le—c Qg TQQC—a n+1an
e (7-2)1+au 0 ; ( )

00 oo
—2au’ i—u)—1 — 2_22 1 2 +1~
=7z ““/0 d¢ ¢ 1e g/c dr?e 7" (o Zas(T ayntiel
:’:

n=0

, dr? [(a(u —u')
— p2au 2a n+1~,. D4
A e

We note that the above formula cannot extend to the case beyond large-3, approximation
because the accurate asymptotic behavior due to UV renormalons is unclear.
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Appendix E
Derivation of Eq. (£.57)

According to our paper [35]", §g () is expressed by the one-parameter integral form
after the mass renormalization as

M2
5g(mh) = lim [/0 d—TIme (#) 0550(7'2) — va]

M—o0 T h
. > d'T —_— T SCF 5/3_2 2
- /0 o {Im W, (m%) Lo — ) s (), (B)
where .
Won(s) = —% dz [(2+ 2x)log (2* + sz — s — i0) + 2z] , (E.2)
T Jo

and ag, is defined by Eq. (82). Eq. (ET) is ill-defined due to the Landau pole of ag,, which
causes the IR renormalons of d¢(7,) in analogy of the DSRS method. The renormalon-
free part of 0 with the same convention as the Borel resummation is obtained by taking
a principal value of Eq. (EZJ). Furthermore, the imaginary part of W, is calculable in
the analytic form as

ImW,,(s) = % Im [— o?log(—1+ a) + 2alog(—a) + o®log(a) + (a — B)

_ %(_su(s_g)\/m), (E.3)

where o and /3 are roots of the equation 2? + sz — s —i0 = 0. a and 3 are given by,

Q_—s—\/4s+s2 B_—s+\/4s+s2
- 9 ) - 2 )

(E4)

which follows —1 < Rea <0, Ima < 0,0 <Reff <1and 0 < Impg < 1. We can see that

lim Im W, (s) = &, (E.5)

S§—00 4

'We found a misprint in Eq. (21) of Ref. [35], in which a factor 7 in the denominator of the second
term is unnecessary.
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which is canceled by the step function term in Eq. (EX). Using Eq. (EZ33), the principal
value of the integral (ET) is calculated as

o C e>/? T+ (2—-7)\/1+4/7 1
[5G(mh)]Pv = / dr ( ) / —2 /A2
d7tby Jopv 2 log(Tmj,/ Am)
Cr [~ T+@2-7)y1+4/7 3 1
+ dr - —>5 2 N\ (EG)
Amhy J o578 2 7 | log(tmj /Af)
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Appendix F

Renormalon cancellation in
B — X fv in the large-3g
approximation

In this appendix, we explain how the LO renormalon (u = 1/2) in the inclusive semilep-
tonic B decay width is canceled by rewriting the quark pole mass by the MS mass in
the large-3, approximation. It can be proved by using a one-parameter integral repre-
sentation discussed in Sec. Z2. The total decay width I' = I'(B — X.(7) in the large-3
approximation is calculated as

= Mo (o) [+ Co [ 5 (o plas (7). (F.1)

v VP
Nr = T (F.2)
filp) =1 —=8p* = 12p* log(p?) + 8p° — p° (F.3)

and p = m./m,. All-order corrections are resummed to the running coupling constant

2y s (p?)
0T = T o (12) log (2 ) (F4)

w,(7/m3, p) is a structure function of the LO loop diagrams with 7 being a square of the
momentum of the internal gluon. From Eq. (3.2) of Ref. [19], the function w,(7/m3, p)
for small 7 can be read as

w3 ) = W) T+ O(r ), (75

where

1
hi(p) = 7 (5= 16p — 24p* — 249" + 24p* + 48p° — 8p° — 8p" + 3p°

— 48p” log(p?) — 12p” log(p?)). (F.6)
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Eq. (E3) implies that I" expressed in terms of the pole mass my, has the u = 1/2 renor-
malon. Now, I' is expressed by rewriting m; by the MS mass my, to explicitly see the
cancellation of the u = 1/2 renormalon. The relation between the pole mass and the MS
mass is given by

T

< dr
mp = My [1 +/ 2—wm(7'/m12,)0450(72) , (F.7)
0
where w,, in 1/my, expansion can be read from Eq. (EX6) as

Wy (T /15 = _CF% + O(1/m3). (F.8)

Sources of u = 1/2 renormalon in Eq. (EX0) are identified as my, fi(p) and w.. Their
expansion forms in 1/my, are given by

o > dr _ __
m;:’ = mg [1 + 5/0 %wm(T/mi)aﬁo (72) + O<A(QQCD/mg>:|

o [ e ran(r?) + O ) (F.9)

70) = ) |1+ 55805 [ 5 (wn o/ = ) ) (72) + O /)

fi(p) 2nr
O B . PR NN
— 1)1 - S G [T o)+ Odep/m)| (R0)

and

\/F

> dr > dr
Cr [ gk phas(r) = Co [+ 5T (p) L (72) + O /)

2rT mp

C > d
= SE0(p) | g/ (r) + 0o /IF-11)

where p = ./, and we use

* d
pip=1+ [T (wmwmz) - wmwm%))%(#) L O /T). (F12)
Finally we obtain
F = o0
r= w1+ 222 [T o o) 4 oo (a3
with L
Fus(p) = =5Ce - C P 21 p) + Cila(p) =0, (F.14)

which indicates for T" to be free from the u = 1/2 renormalon after rewriting a pole mass
to MS mass. It is non-trivial that the p = m./m;, dependence of I is essentially important
for this excellent cancellation. In the limit m. — 0, in which the B meson decays to the
up-type hadrons and (v, the second term in Eq. (EI4) vanishes.
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Appendix G

Determination of |V | at N3LO level
using 1S state mass of bottomonium

In this appendix, we explain the detailed calculation of the Wilson coefficient in the
|Vs| determination at N3LO level using 1S state mass of bottomonium Miys)- The
perturbative calculated part of 1S mass in terms of the pole mass my is given by

Mpyis ’ n. (—
ﬁb) =1+ ;5 €n(mc/MBb(1S)7OCs)a (G.1)

where we use the e-expansion [25, P6] instead of the usual o, expansion. The e-expansion
is a convenient framework which can treat the u = 1/2 renormalon properly, whereas
the order counting in «; is not appropriate in the situation that the typical scale or the
Bohr radius of the bottomonium depends on «, as (%Cpasmb)_l. Each coefficient of ¢
depends on a;. The parameter ¢ is finally set to one. For the mass relation Eq. (G),
we basically use the results in ref. [I01] but we consider the internal charm mass effects
beyond the linear approximation in m./Mpg,g) using the results in ref. [Z]. For the charm
quark, we use the relation between the pole and the MS masses up to the O(a?) order
given in App. AL We include non-decoupling effects of the bottom quark using the results
in ref. [[7], although the effects turned out to be small as in App. AL

In this analysis, the LO Wilson coefficient of the decay width is also given in the

g-expansion as
3
C'C%Q(mc/mb, Q) = Zs"as(mg)"Xn(P), (G.2)
n=0

where coefficient X, is given in App. A. We make a remark on the u = 1/2 renormalon
cancellation in the product mgch Since the Wilson coefficient CL  is calculated by
treating the charm quark as massive, its renormalon uncertainty is actually that of three-
flavor QCD. To cancel the renormalon in the product mg’C’gQ, the renormalon uncertainty
of my should also be that of three-flavor QCD. We therefore need to consider internal
charm mass effects on the mass relation for consistency. Related to this, we consider the
three-flavor running coupling constant o, = al¥) as it is natural in this situation.

Using Eq. (G), we rewrite m; in Eq. (G2) in terms of Mg, /2. In this process

we use the flavor threshold relation in App. @ to express the series in terms of a®). The
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charm quark pole mass m,. is expressed in terms of m,.. Then we obtain

3
mgCgQ(mc/mb, ) = mig Z " X% (M. /s, o), (G.3)

n=0

with mis = Mg /2. After rewriting the quark pole masses, the e-expansion shows a
good convergence. Using Mp,1g) = My(1s) = 9.46030 GeV and the PDG values of m,. and
a, as inputs, we obtain

3
> " XS (M /mas, o) = 0.5903 — 0.0836e — 0.0281> — 0.0070¢, (G.4)

n=0
and using Mpy5) = My,s) = 9.3987 GeV, we obtain

3
> " XS (Me/mus, o) = 0.5863 — 0.0797¢ — 0.0294¢> — 0.0073<". (G.5)

n=0

The detailed procedure of the determination of |V,3| is explained in Ref. [60].
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