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In this paper, we study a phenomenological model for pattern formation in electroconvection, and the effect of
noise on the pattern. As such model we consider an anistropic Swift—-Hohenberg equation adding an additive noise.
We prove the existence of a global solution of that equation on the two dimensional torus. In addition, inserting a
scaling parameter, we consider the equation on a large domain near its change of stability. We observe numerically
that, under the appropriate scaling, its solutions can be approximated by a periodic wave, which is modulated by
the solutions to a stochastic Ginzburg-Landau equation.
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1. Introduction

The Swift-Hohenberg equation is a celebrated toy model for the convective instability in the Rayleigh—-Bénard
convection [13]. This equation has played an important role not only in the model of pattern formation in thermal
convection, but also in the study of different fields including electroconvection, economics, biology, sociology, optics,
etc. (see [9)).

The one-dimensional Swift—-Hohenberg equation is given by

du= -1+ u+au—u?, t>0, xeR, (1.1)
where o € R is called the stress parameter. The linear part is clearly analyzed using Fourier transform. The ansatz
I/l(l, X) — e/l(k)t-l-ikx’
where k € R is the wave number, yields A(k) = —(1 — k?)?> + «. If o > 0, then unstable modes around k = +1 exist

and thus, in this case the convection and the pattern formation occur. Now let @ = &> > 0. We expect that the solution
can be described by the ansatz

u(t,x) = eA(T, X)e™ + cc., X=cex, T=2¢t,

where c.c. means the complex conjugate. Substituting it into the above equation, and comparing the coefficients of
ele™(j, k € Z), we see that the so-called residual is minimized if A(T, X) fulfills

drA = 49%A + A — 3|AJ*A. (1.2)

Indeed, it is known that if ¢ > 0 is taken to be small enough, u(t,x) — (A(T, X e + c.c.) becomes smaller in a suitable
sense (see [14]).

We are interested in adding noise in this formulation. For the stochastic equation, it is shown in [2] that the solution u
of the one dimensional stochastic Swift-Hohenberg equation;

du = —(1 + 8°)* + ve’u — v’ + &k, 1>0, (1.3)

where v > 0, and &, is the real valued space-time white noise, can be approximated by using the solution A of the
stochastic Ginzburg-Landau equation:

A =4%A +vA —3AIAP +17), X=ex, T=¢t
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where 7 is a complex valued noise. The approximation is given by
u(t, x) ~ eA(e’t, ex)e™ + c.c.

This result is proved on the whole space R, there is also a result by [3] on the one-dimensional torus. To our best
knowledge, this approximation in the stochastic case is known only in one dimension, the results in more than two
dimensions are not known. The main problem in the stochastic case in the dimension more than two is that the solution
of the stochastic Ginzburg—Landau equation has a priori a negative regularity, thus we need to use a renormalization to
make sense to the nonlinearity (see for example [10]), whereas the Swift—-Hohenberg equation has good regularity and
we do not need to use a renormalization. Rather, the linear part of Swift—-Hohenberg equation can define the Wick
products of Ornstein—Uhlenbeck process in a certain scale of €. We would address this issue in the sequel paper. In the
deterministic case, such approximation for more general forms of equation is already known in two dimensions, see for
e.g. [11].
In this paper we thus consider a two-dimensional stochastic Swift-Hohenberg equation on the torus given by

{a,u = -1+ u+Futu—1w’+& (nyeT, (14

u(0) = uo,
where £ is the real-valued space-time white noise. This equation is a phenomenological model for pattern formation in
electroconvection, in the sense that the spectral surface is similar to the modeling of the electroconvection proposed in
[12]. In this paper, as the first step, we prove the existence of a solution of this equation (1.4).
By the result of the approximation of the deterministic equation and the approximation result of [2], we can expect
that the two-dimensional stochastic Swift-Hohenberg equation (1.4) also can be approximated by the two-dimensional
complex stochastic Ginzburg—Landau equation. We may see by formal computations that the solutions of

ou=—(1+ 8%)214 + Biu +&%u—u’ + 8%:5

defined on the domain [—L/¢,L/e] x [—L/e,L/¢] (L > 0) with periodic boundary condition would be approximated by
the solution A of

drA = 4%A + FA + A — 3|APA + 1),
on the domain [—L, L] x [—L, L], through the ansatz
u(t,x,y) = 8A(82t, £x, 8y)eix +c.c.

We try to see whether this would be observed or not by numerical simulations.

The organization of this paper is as follows. In Sect. 2, we prepare the notation necessary for discussing the
subsequent sections, and we state our main theorem. In Sect. 3, we investigate the regularity of the solution of the linear
equation of the two-dimensional stochastic Swift-Hohenberg equation using the Kolmogorov test. Section 4 is
dedicated to prove the existence of the solutions of equation (1.4) using the regularity of the solutions of the linear
equation obtained in Sect. 3. We use the compactness method and obtain the solution as the limit of finite dimensional
Galerkin approximation and its energy uniform estimates. Lastly, we will present the numerical simulations in Sect. 5.

2. Preliminaries and Main Results
2.1 Notation

In this section, we define the notation for our discussion.

(i) Our results will concern the periodic functions in R* and for a fixed L > 0 we shall take the fundamental period
in each variable to be 2L. That is, a function f on R? is said to be periodic if f(x + 2Lk) = f(x) for all x =
(x,y) € R? and k = (k, ) € Z*. For the analysis, a natural option would be to base the definition of the Sobolev
spaces on discrete Fourier series, and those are adapted to the “torus,” namely we regard the periodic functions
as functions on the space R?/((2L)Z)* which we will call the torus and denote by T?. We identify T? with the

cube [—L, L)%
(i1) Letv, = # my, where m; is two-dimensional Lebesgue measure. Then, by the identification above, v, induces

a measure on T2, but we denote it by the same v, with an abuse of notation. For all p € [1, co], LP (']I‘z) denotes
thus LP([—L, L]?) with this Lebesgue measure v;.
(iii) For measurable complex-valued functions f, g € L*(T?), the L*(T?) inner-product is denoted by

(f.8) = / Jg)dv, = f Jg)dv,.
T2 [—L,L]*
(iv) For e € [0,1], we set £, = —(1 + 82)* + 02 + &% and Ay, = —{(1 — (5)*k*)* + (F)*I* — &%} for k, I € Z, which
are eigenvalues of .£,. The dependence of the operator L, on ¢ is not essential for the existence of solutions,
thus for the sake of simplicity we set € = 1, but we use ¢ for the purpose of numerical simulations in Sect. 5.
(v) Let {er(x,y)}s ez be the eigenfunctions corresponding to Ay 0, which will simply be denoted by A, i.e.,
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£ 2 (ry) = A L)
exs = Adrjers,  exi(x,y)=—e )
0€k,! 1€k, k1(X Y oL
and which constitute a complete orthogonal basis in L*(T?).
(vi) For s e R and 1 < p < 400, we denote by 'W*?(T?) the space of f € §' satisfying
f g2y = 11— Lo)2f Nl Loer)-

(vii) For1 < p < 4+o00,and T > 0, and a Banach space B with the norm || - ||z, we denote by L?(0, T'; B) the B-valued
measurable function g on [0, T'] such that

T
/ gzt < oo.
0

For o € (0, 1), we denote by W*?(0, T; B) the subset of L”(0,T; B) function g such that

1

. i
ls® — gl \?

I8 llwero.r:8 = ( / lg@llfds + f f Sy dsdt) <o

(viii) We denote by C([0, T]; B) the B-valued functions that are continuous on [0, T]. And for o > 0, C*([0, T]; B)
denotes the set of B-valued a-Holder functions f such that

If® = f)llp
T e =™
rsef0Tlis |t — S|
(ix) If f and g are two quantities, we use f < g to denote the statement that f < Cg for some constant C > 0. When
this constant C depends on some parameters aj, ...... ,ap, weuse f S, . g to enlighten this dependence on
the parameters.

Let {Bri}trsecz be a series of independent Brownian motions on a probability space (2, ¥,P). For (x,y) €
T2,¢ € [0, T], a L*(T?) cylindrical Wiener process & is written by

Etxy) =Y Br®eri(x,y).

kleZ

We will see later in Sect. 5 that the e-scaled Wiener process is defined as

ein(k,l)
E(x,y,0) = Zﬂkmste L,

L&
Here we note the propositions which will be useful later.

Proposition 1 (Compact embedding 1). Let By C B C By be Banach spaces, By and B reflexive, with compact
embedding of By in B. Let p € (1,00) and a € (0, 1) be given. Let X be the space

X =LP(0,T; By) N W*P(0,T; By).
Then the embedding of X in LP(0,T; B) is compact.
Proof. See Lemma 2.1 in [6]. U

Proposition 2 (Compact embedding 2). If B; C B are two Banach spaces with compact embedding, and the real
number a € (0,1), p > 1 satisfy

ap > 1
then the space W*P(0,T; By) is compactly embedded into C([0, T];E).
Proof. See Theorem 2.2 in [6]. U

Proposition 3 (Gyongy—Krylov criterion). Let (X,,),en be a sequence of random variables from a probability space
(R, F,P) to a complete separable metric space (E,d). Assume that, for every pair of subsequences (n,(k), n,(k)), with
ni(k) > ny(k) for every k € N, there is a subsequence (k(h)),cy such that the random variables (X, «ny)> Xnykny)) from
(RQ,F,P)to(E X E,d x d) converge in law to a measure L on E x E such that u(D) = u({(x,y) e E x E;x =y}) = 1.
Then there exists a random variable X from (2, F,P) to (E,d) such that X,, converges to X in probability.

Proof. See Lemma 9 in [5], and [7]. O

2.2 Main theorem

First of all we set ¢ = 1 and we establish the existence of a solution of the stochastic Swift-Hohenberg equation:
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{3,14: £1u—u3+é, on [0,7T] XTzv 2.1
u(0) = uo, on T2 '
To find a solution of (2.1), we use the decomposition v = u — Z with Z satisfying
— - 2
{a,Z—£1Z+$, on [0, T] x T?, 22)
Z(0) = 0, on T2
Then v satisfies the following equation formally.
_ _ 3 2
{3,v—£1v (v+2Z)’, on [OZ,T]X’]I‘, 23)
v(0) = uy, on T-.

This equation is a random PDE. We can thus solve the equation (2.3) as a deterministic PDE. As a result, we can get the
solution of (2.1).
Our main results are as follows.

Theorem 1. Let T > 0 be fixed. Let p > 1, s € [0, %), and o € (O,% — ). The solution Z of (2.2) has a modification in
C([0, TT; W P(T?)). Moreover, there exists a positive constant M, 1 such that

E( sup ||Z(t)||LII(’I[‘2)> < Mp,T,L~
t€[0,T]

Theorem 2. Let uy € L*(T?), and a > 0. There exists a unique stochastic process v on (2, F,P) satisfying (1.4) in
the following weak sense, i.e., for w € Wwite? s e [0,T],

(v, w) = (uo, w)+/(vs,£1w)ds— /((vs+Zs)3,w)ds, 2.4)
0 0

and v takes values in L0, T; L*(T%)) N L3(0, T; L*) N C([0, T1; W-1+92y N L2(0, T; W'=*?) almost surely.

Theorem 1 is proved by using the Kolmogorov test, where convergence properties of the Gamma function are
helpful in the computation. Theorem 2 is proved by using a Galerkin approximation as in [1]. Note that L” energy
estimates seem not available, thus we do not use the fixed point argument. First we consider a finite dimensional
nonlinear equation. We get an energy estimate and properties of Z allow us to obtain a probabilistically uniform
estimate with respect to the dimension. The Prohorov Theorem and the Skorohod Theorem imply the existence of a
limit taking a subsequence on another probability space. Moreover, the Gyongy—Krylov criterion can make the
convergence on another probability space into the convergence on the original space regarding X,, as the subsequence
converging to some probability measure weakly. This convergence constructs a solution of the infinite dimensional
system.

3. Regularity of the Solution of the Stochastic Linear Equation
3.1 Regularity of Z

In this section, we investigate the regularity of Z by using the Kolmogorov test. We may write Z as a mild solution.

2= [ e Ede) = 3 [ e et i) G.1)
0 k1 0

Proposition 4. Let T > 0 be fixed. Let p>1, and 0 <0 < % Then Z has a modification which is a-Holder
continuous on [0, T] with values in 'WP(T?) for o € (0,% —0).

Proof. Let (x,y) € T2 and > 0. Fort > s, 1,5 € [0, T], we first calculate

E(I(1 — £0)*(Z(D) — Z()P)

2\ 2 2 v
ZEZ (1—(Zk)> +<Zl> + 1| @t x,y) — Z(s,x,y), ex)*

0 2

S T 2 2 T 2
_VE / - (—k) + (—z) N I e O
T 0 L L
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0 2

T \2

Ll) + 1| T dB ()

20

i
s 2 2
< / 1— (E k) + <f l) +1 (e(’*”)/lk,l,l _ e(S*u)/lk,l,l)zdu
w7 Jo L L

) R 26
T 2(t—10) Ay
+ Zl +1] e L dy

=L + 1,

where we have used the It6 isometry of the stochastic integral. First, we estimate I, dividing into I, o and I, .o with

2 20
t T 2 P 2
A f 1—<k) +<l> + 1| 2rtugy,

k:1—k2>0
26
' 2\ 2 2
b= Z / (1 — (z k) ) + (z l> +1 2= gy,
leZ, s L L
ki1—k2<0
Recall 4, = —{(1 — (Fk)®)* + (£1)* — 1}. Note that if k € Z satisfies 1 — k2 > 0, then k = 0,1 thus (1 — (2k)*)* <
1. Therefore,
) 20
(7
Lo < Z / ((— l) + 2) 2= g,
leZ, s L
k:1—k>>0

4L, [t [t ! 528 (D222 — |
< _/ / / Q2+yH e—(t—u){( —(P)x) +y = }dxdydu
T Js Jo 0
ot
< 4_L/ / 00(2 + y2)296—(t—u)(y2—l)dydu
T Js Jo

aL (! oo .
— 7\/ e(tfu)\/‘ (2+y2)2967(t7u)y dydu
T Js 0

Here, the use of the change of variable (r — u)y2 =z > 0 allows us to estimate

+00 ) —+00 ) —+00 )
/ Q24 yHPe =¥ gy <4 / e 7Y dy + / yHe= =1 gy
0 0 0

= COYt —u)"2 + CO)t — u)—”—%r<29 + %)

if 260 + % > 0, where I'(-) is the Gamma function, and

1 +00 1
F<29 + —) = / P 2e7dy.
2 0

t
1 1 1
Lo Sou / Tt — w4 (t—w) ) du Sppy (0 — )7,

s

Hence,

if 6 € [0, i). Next we estimate I -o. The condition is k? > 1, but thanks to the symmetry, we first focus on the integral
/ oo(1 — )W 2= (A=) (3.2)
I
Let X2 — 1 = z, and we getl

> 240 —2(t—u)(1—x2)>? > 4ol —2(t—w)2 1
3.2) < (1 —x)"e dx Sy 77 2e <
1 0

— i
2(z+1)2

!considering two cases: FT<landx>1,o0rF>1orx> 1. The former case is impossible in (3.2).
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Moreover we change the variable 2(f — u)z> = w > 0 which leads to the above RHS:
00 l(4971) —w
w2 2 e
50-/ 1 1 1 1 dw
0 (t— w22 wa(r — u)2

1
SQ (t - u)_z_ze’

where we have again used the convergence of the Gamma function if 26 4 % > (. Therefore, by symmetry,

5 2
t T 2 T 2
b= 1—( =% + <_ l) +1 2 gy,
Sy / ( (L > ) L

k:1—k* <0

t oo pFo0 b o
,SL / / / ((1 _ x2)2 + y2 + 1)20672(),‘71,4){(17)( ) +y“7l}dxdydu
s JO %
! 00 —+00 b o
59’1‘ / / / (1 _ x2)49e—2(t—u){(l—x ) +y _l}dxdydu
s JO %
! 00 400 b o
+ / / / (y29 4 l)e—Z(Z—u){(l—x ) 4y _l}dxdydu
s JO %

I3 1 —+00 )
50’1‘ / eZ(t—u)(t _ u)—Z—ZQ/ e—Z(t—u)y dydu
s 0

t +00  pF00
+ / ez(l—u)/ / (y2(9 + l)e—z(l—u)[(]_x2)2+y2}dxdydu
s 0 1

' —3_29 ' -1 -1 —19 129
Serr | G—w) 7 Fdu+ | t—uw)HE—w) 2+ — w7 M du Sppp (E—5)3
s s
if 0 < % which implies, I, Sy7, (t — s)%_zg if 6 < é Now we estimate /;. For y € (0, 1), a similar calculation as above
yields, using the y-Hoélder regularity of the exp function,

2426

s 2\ 2 2
0 JR?

s T 2 o) T Ar+0) T N2N2 (T N2
<,e(t— s)z’”/ / -7 [1-(=x + -y + 1 | e GG+ T = dxdydu
v 0 JR? L L

§ 3
Syers (E— )% / (s —u) 52 2qy.
0

The right hand side is finite if é > 0 + y. Hence, for m € N, we obtain

E((1 — L0Y2(Z(1) — Z(sNP™) < Clm, y,60, Tt — s|™ra=20x2m,
Therefore, for m € N and 1 < p < 2m, by the Minkowski inequality,

E(I(1 — Lo)2(Z(0) — Z(DI a3 < Clmy, 0. Tt — 517

Set & = 0. We conclude by the Kolmogorov test that Z has a modification in C*([0, T']; WOP(T?)) for any o < % and
p > 1. In particular,

E( sup ||Z(t)||L,,(T2)) =< Mp,T,L’
te[0,7T]

for some M, r; > 0. More generally, if 6 € (0, %), Z has a modification in C¥([0, T]; WP (T?)) for p>1,and a <
L_g O
8

4. Existence of the Solution

In this section, we construct a solution of (2.3) using a compactness argument.

4.1 Approximation
We want to construct the solution of (2.3) by a Faedo Galerkin approximation. For f € L*(T?), and n € N,
M, : LX(T% — I1,L%(T?)
is defined by
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M.f = Y (es e (4.1)

k|41l <n

where IT,L2(T?) denotes the subspace of L*(T?) such that the IT,f can be represented by linear combinations of ey
with |k| + |I| < n. Obviously, IT,f — f in L3(T?). Our goal is to find the solution of (2.3). It is defined by

(v(t) — up, w) = / (v(o), L1w)do — / ((v(0) + Z(0))*, w)do, P —a.s. 4.2)
0 0

for w € W!'**2, To do so we use the finite dimensional solution v, which solves
{ 3 (1) = L10a(1) — T(T,va(0) + TIZ(D))’,
v,(0) = IT,uy.

This solution is smooth enough to obtain the following energy estimate. Multiplying the equation (4.3) by v,,, and using
periodic boundary condition, we get:

4.3)

1d ,
5 E ”Un”LZ =-2 ” v”BXvndxdy

— / v,,aiv,,dxdy + / vnaivdxdy — / v, (v, + l'InZ)3dxdy.
e e e
The second term is estimated as:
) v, (v’
U, 0, Uy dxdy < — dxdy + ———dxdy, (§>0),
e ™ 252 e 2
and the fourth term may be written as, by integration by parts,
f v, 0t vdxdy = — f (0v,)(3}va)dxdy = / (@7v,) dxdy = |8va172,
T ™ T
and
V(v + T1,2)dxd <—l|| 4+ C|mZ|
) n\tn n Yy = 2 Un”L4+ ” n ||L4’
T
where we have used Young’s inequality. Then for any § € (0, 1),

_2/ v,,aivndxdy—/ vnE)j‘;vndxdy—i—/ vnaiv,ldxdy—/ vn(v,,+1'[nZ)3dxdy
T? T? T? T?

1 1
< 5z lvnllzz + 8 = DIFZvalzz = 1yvnlzz = 5 Honllze + CITLZI.

Therefore, we have,

d

—[lvall 7 + 10200172 + 13yl 72 + lall7e < C@EIvall7 + ITLZIT),

dt
which reads in other word, by the definition of the space ‘W', taking for example § = %,
d
vl + ol + llvallZe < Cllvallzz + ITLZI ). (4.4)
Thus, by integrating on [0,¢] with r < T,

78 t
lvall7> + / [0a() 151245 + / V()17 dls
0 0

!
<C / (lvaI72 + ITLZ N )ds + Tl 7 4.5)
0

Therefore, by the Gronwall inequality, we have

T
[vall72(2) < CeCT<||Hnuo||iz + / ||HnZ||24<s>ds). (4.6)
0

On the other hand, a similar proof as in Proposition 2 infers that E||I1,Z ||i4 < Cr where Cr is independent of n. This
implies that

T
Ellvall7> < C(&)[Tuupll7.e" + C / E|[T1,Z|].ds
0

< C(D)|ITuo |22 + C(T). 4.7)
Thus, by (4.5)
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T
([ llvall lzdS+/ ||vnlliadS) < C(T, [ TT,uoll 2)- (4.8)

The fact ||IT,ugl|;2 < |luol|l;2 implies that {v,}, is bounded (independently of n) in
L2(2; L2(0, T; W) N L*(2; LY(0, T; L*(T?))).
Now for any w € wh2, noting that £; =2 — (1 — L),
'(% va(2), w)' < |a(0), L1w)] + [((vy + T1,2)°, T, w)l
< @l lwll gz + [l (v, + l'InZ)‘*IIL%IIHanIy
< Clva@ g2 wllayrz 4+ Qvall e + ITLZIO [ wll ).

Therefore,

= Cun@ iz + lenllzs + ITLZIZ)-

i
E Un(t)

The uniform estimates of (4.8) and ||I1,,Z ||‘£4 in n imply
T d %

E — v,(t
/() dt @ 12

which concludes that {v,} is bounded in L%(Q; Wl‘%(O, T; W~12)). Let us now consider m > 0. We multiply both sides
of (4.4) by Jlvall72 2,

dt S C(Ta ||u0||L2)’ (49)

d
%Envnnz + a3z lvall727 < Clvall7 + ITLZI s vall722). (4.10)

Applying the interpolation inequality:

1/3 2/3

lonll 22 = llvall 2" llonll5gr

and choosing m = 3 in (4.10), we want to show that {v,} is bounded in L3(2; L3(0, T; 'W%’z)).
We integrate (4.10) in time, and we get

1 T
6 12
*IlvnIILz +3/ lonll 2.

1
=3 llvollf + C/ (oallfz + ITLZN e lvallf2)

1
§||v0||Lz+C/ ||vn||Lz+c/ IT,z)) 2

We take the expectation and the use of the Gronwall inequality which implies that
T
E(lvally2) < uollf + JE( / ||H,ZZ||£%>
0

3
< Nuollf: + (/T E(IHnZ|12)4dxdy) )

Here we have used the Minkowski inequality, and that the integrand of the second term in the RHS may be bounded by
Cr as in the proof of Proposition 4. Therefore, we obtain

(/ ol 5, )sC(T,nuoan).

We remark that embedding L30,T; Wi 2y nwh %(O T; W) c L30,T;L*) is compact, and L*(0,T; W) N
wh 3(0 T; W2y c L*(0, T; W' =%?) is compact for any « > 0 by Proposition 1. On the other hand the embedding
wh ?(O T; Wb c C([0,T]; w192y ig compact for any o > 0 by Proposmon 2. Meanwhile, as in the proof of
Proposition ]4, {I1,Z} is bounded in C*([0,T]; W*P) for 0<s < 8, oy < % s, p>1. The embedding
C([0, T1; Wis*y N € ([0, T]; W-3*(T?)) c C([0,T];L*) is thus compact for any § > 0. We thus conclude that the
sequence {(v,, [1,Z)}, is tight in L3(0, T; L*) N C([0, T]; W-1+®2)y N [2(0, T; W'=%%) x C([0, T]; L*) for any « > 0.

4.2 Existence of the solution

By Prohorov Theorem, the tightness of (v,, I1,Z) implies that the existence of subsequence (v, [1,xZ) and some
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probability measure w such that
(Un@ys My Z) — p weakly as k — oo.

Moreover by Skorohod Theorem, there exists a probability space (', #',P') and random variables {X"®, Z"®}, ~and
(X, Z) such that

Law(v,, [y Z) = Law(X"®, 2"®)  for k > 1, Law(X,Z) = pu,

lim (X"®, 7270y = (X,Z), in

k— 00

L0, T; LY N C([0,T]; W *92 0 120, T; W% x C([0,T],LY), P —a.s.

The equivalence of probability laws leads that for w € W'*%? and ¢ € [0, T,
2 2
A0~ (O 0) = [0 Lo~ [ X + 27 @), wido .11
0 0

P’-almost surely. We prove that X is a solution of (2.3) on (€', #',P). For ¢ € [0, T],
(X" = XO, )] = IX" = Xll o ryow-o-02) Wz = 0

as k — oo. The LHS of (4.11) converges to (X(f) — ug, w). Next we observe the convergence of the second term on the
RHS:

' / X"P(0) — X(0), L1w)do| < f X"P(0) — X(0),(2 = (1 — Lo)w)do
0 0

T
5‘/ X" (0) — X ()| 4g-1-02 | 2W][ yp1 w2 dr
0

T
+/nv%w-mwwwmwwmw
0

— 0,

as k — oo. The convergence of the third term on the RHS can be shown as follows;

f |(T, 1 (X" (0) + 2" (0))?, w) — (X(0) + Z(0))*, w)|do
0
< f [ [(X"® (o) + 2" (0))*, My@yw — w)|do
0

+ f (X" 0 (o) + 2"®(0))* — (X(0) + Z(0))*, w)|do
0
=1+J.

First, we estimate /.

T
1= [ 1000 4 20 ¢~ wldo
0 L
T
<C / UX" D@13+ + 12" (@) ) Tgow — wl 1do
0

T

< C/ UX" O @)3: + 1Z"P@ID I Tuyw — Wl yrracdo
0

-0

as k — oo, for any o > 0, where we have used the Sobolev embedding in the third inequality. Next we will see the
convergence of J.

J= / (X"0(0) + 2D (@)’ — (X(0) + Z(0))?, w)|do
0
<C / (X" B (o) — X(@))(X"P(0)* + 1X(0)* +1Z"®(0)[* + 1Z(0)*), |w])do
0
+C f 1(Z"® () — Z(@EN(X"®(0)* + |1X(0)* + 1Z"P(0)* + |Z(0)*), lw])|do.
0

=Ji+ /.

Considering the first term J; we have;
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T
Ji < / 1X"®(0) — Xl +(IX" P (@) + 1X (@) 7s + 12" P05 + 1Z(0)]}:)do
0

X flwllzs
1

- 1
< C</ ”X"(k)(o') — X(a)||i4da)3
0

T 3
x </ X" O @)1 + 1X@)II7s + 12" P07 + IIZ(G)||24)d0) llwll s
0

The second integral is finite and the convergence X" 5 X in L3(0, T; L% gives the convergence of J;. Furthermore,
similarly as above, we estimate

T
S < / 1Z"®(0) = Z@) I X" O @) 7s + X4 + 12" O @)II7e + 1Z(0)lI72)do
0

X flwllza

1

T 2

=C < f 120 (o) — Z(o)||24do)3
0

2

3

T 3
( / X" O@)7: + 1IX@)II7: + 12D @)l + ||Z<a)||i4>da> X [[w]l s
0
and use Z"® — Z in L3(0, T, L*). Therefore, we conclude, as k — o0,
! !
X)) — u0),w) = / X(0), L1w)do — / (X(o) + Z(O’))S, w)do. P —a.s. 4.12)
0 0

We have proved the existence of the solution on (', ', ). To obtain the solution on the original space (2, F,P),
we use the Gyongy—Krylov criterion. Regarding X, of Proposition 3 as (v,x), [1,kZ), we know that arbitrary
subsequence of (v,x), [1,k)Z) converges to w in law. It is thus sufficient to prove that for any € > 0 (see the details in
Sect. 4.4.2 of [5]),

Py ey T i) — Wnatenys gDl > €) = 0,
with
0 :=L*0,T;L*) N C([0, T]; w3 N 20, T; W'~*%) x C([0, T1; L").
This follows from the equivalence of probability laws between (X"®, Z"®) and (v,), 1,4 Z), and convergence
Jlim (x"0, 7"0y = (X,7), in
L0, T; LY N C([0,T]; W9y N 20, T; W' %) x C(0,T; LY, P —a.s.

Therefore there exists a random variable (V,Z) such that (vuw), [T,nZ) — (V,Z) in 30, T; LY N C(0,TT;
W02y " 12(0, T; W'=*%) x C(0, T; L*) in probability. Note that by taking a subsequence {v,uqy}, the convergence
in probability becomes P-a.s. convergence. Similarly to the above discussion, we get

V(@) — u(0), w) = / V), L1w)du — / (V) + Z(w))?, wydu. P — a.s. (4.13)
0 0

Thus we have proved the existence of the solution on (2, ¥, P).
Recall that we proved v,x) — V in L3(0, T; L*) N C([0, T]; W=1T92) 0 [2(0, T, W'~*?), P almost surely. Also,

SUP]E< sup ”Un(t)”i2) < C(T, lluoll2)- (4.14)
neN t€[0,T]

This inequality comes from (4.7). The inequality (4.14) implies that {v,} is weak star compact in L*(Q2, L®(0, T; L?)).
Thus there exist a subsequence (denoted by the same letter) and a limit v* such that v, — v* weak star in
L*(;L°°(0,T; L?)). On the other hand, v,y — V in L*(0,T;L*) N C([0, T]; W~ 1+92y 0 [2(0, T, W' =*?) P-almost
surely. In particular, v,y — V weak star in L3(0, T; L*) N C([0, T]; W12y 0 [2(0, T; W'~*?) almost surely. We
know

v* e L°(0,T; L% c L*(0,T; L*) N C([0, T]; W-1+92y 0 120, T; W'=*?),
almost surely. The uniquness of weak star limit implies

v =V.
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Therefore,
V e L30,T; LY N C(0, T); W 1+92y N 20, T, W= N L>¥0,T : L),

P-almost surely. Finally we show the pathwise uniqueness of solutions following the idea in [2]. Consider two solution
v, vy € L®(0,T; L?), and set d = v; — v,. Then d satisfies

dd = L1d — {(v) +2)° — (1, + 2)%),

and
%8t||d||%z = 3,d,d) = (L1d,d) — /T i d{d® + 3d*(vy + Z) + 3d(v, + Z)*}dx. (4.15)
Note that
-3 f vy + Z)dx < / <d4 + 2d2(v2 + Z)2>dx,
e e 4
and
(Lid,d) = 2[ldI% — I1(1 = Lo)d|%
=2|ldlI7> = Il
Thus,

9
(4.15) < {2 + = sup (vl + ||Z||iz)}||d||iz,
4 sef0.17]

which implies d = 0 in L? after an application of the Gronwall inequality. This completes the proof of Theorem 2. (]

5. Numerical Simulation

In this section, we present some simulations in space dimension 2. The idea is to first perform simulations for the
equation of A and convert them to u by the Ansatz, and at the same time, to perform direct simulations for the Swift—
Hohenberg equation on u. We expect that with the proposed definitions of the noise term and the scaling, the patterns
obtained by the two methods will be similar one to the other. And as informal observations, we perform simulations to
compare the results in both the deterministic and stochastic case.

Equation of A
We recall the equation of A(X, Y, T) in the deterministic case
drA = 4%A + 33A + A — 3|A%A, (5.1)

in the space domain [—L,L] x [—L, L] and time interval [0, T4]. As A is complex-valued, we suppose A = AR +iA!,
where R stands for real and 7 stands for imaginary. And we separate the real part and the imaginary part of the equation
into the following system

IrAR = 493AR 4 ;AR + AR — 31(AR)? + (A)*|AR,

drAl = 4247 + AT + AT — 3|(AR)? + (A1) A, >-2)
with initial conditions and periodic boundary conditions for both AR and A’.
Convert A to u by the Ansatz
Once we obtain the numerical solution of A, we convert it to u by applying the following Ansatz
u(x,y, 1) = eA(ex, ey, e2e™ + eA(ex, ey, e*t)e ™™ (5.3)
where x = X/e, y =Y /e, t = T/e* and A = AR —iA!. A direct computation yields
u(x, y, 1) = 2e(AR(ex, ey, €%1) - cos(x) — Al(ex, ey, €21) - sin(x)). (5.4)
Anisotropic Swift-Hohenberg equation
The anisotropic Swift—-Hohenberg equation that we consider is as follows
= —(1 4 00)°u+ Fu+ &u —u’. (5.5)

In order to perform simulations, we decompose the equation into the system
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o = —u+8§u+8§u+82u—u3

5 (5.6)
H=—0u—2u
with initial condition for # and periodic boundary condition for both # and pu.

Form of the stochastic term
In order to consider the corresponding stochastic equations of (5.1) and (5.5), we present the stochastic term. We first
define the stochastic term for A, which is
—ink
EX,Y,T)=CL ) Bul)e L X
keZ?
More precisely, we have the space domain [—L,L] x [-L,L] and C; = 1/2L), k = kR +ik/, X = (X, Y) and By =
,BSCR’k,) + i,B{kR’k,), where ﬂﬁcR,k,) and ,B{kR’k,) are independent real-valued Brownian motions. The corresponding stochastic
equation of (5.1) is given by

(5.7)

IrA = 4%A + A+ A —3|APA + &, (5.8)
with
. . —irk
EX.Y.T)=CL)  fuMet . (5.9)
keZ?

Since £(X,Y,T) is complex-valued, we suppose £&X, Y, T) = EX(X,Y,T) +i& (X,Y,T). A computation yields

w(kRX + K'Y) L (TRX + K'Y
=3 [ﬂﬁk,k,)(T) cos<f> — Bl (D sin | —————
i
€
(5.10)
L (T(RX + K'Y w(kRX + K'Y)
g = Z [ﬁﬁx,kz)(T) sin <7L ) + ﬁikR’kl)(T) cos <—L > .
kRez
Kez
And the corresponding stochastic system of (5.2) is given by
arAR = 42 AR + B2 AR 4+ AR — 3)(AR)? 4 (AT)?|AR 4 &R 5.11)
IrAl = 4FAT + FAT + AT = 3|(AR) + (AHHAT + £ '
Next, we present the stochastic term for the equation of u, after some computation, we define
—irk
£y, ) =CL ) Bule™De ™, (5.12)

keZ?
where X = (x,y) € [~L/e,L/¢e] x [~L/e,L/e] with x = X/e,y = Y /e and t = T/&%. We suppose that f_ = f and as
a result,

&e(x, Y, 1)
n(kRx 4 k'y) ((kRx + kly)
=2C,, ](RZEZ (ﬁﬁcR,kl)(ezt) COS(T> + ﬂfkk’k,)(ezt) sin (T)) (5.13)
ezt

and we remark that €&, is real-valued. The stochastic system corresponds to (5.6) is given by
{3,14: —u+8§u+8§u+82u—u3+g.§'8

(5.14)
w=—u—2u.

5.1 Space and time discretizations

We mainly present the numerical settings of A and the settings for u are defined correspondingly. We discretize the
space domain [—L,L] x [—L, L] into a Nx x Ny uniform mesh, so that AX = 2L/Ny and AY = 2L/Ny. We define
pef{0,1,2,...,Nx — 1} and ¢ € {0,1,2,...,Ny — 1}, two indices in direction X and Y respectively. The control
volume (p, g) is the volume whose barycenter satisfies

X,, = ((p+0.5)- AX, (g +0.5) - AY).

And we apply uniform time discretization, that is we fix the time step AT and define 7, = nAT for all n =
0,1,2,.... If we consider Ny time steps, the total time interval is Uf:’lal[nAT, (n+ 1)AT).

The discrete solutions of A® and of A’ are denoted by {ARZ’ .} and {A’Z, 4} over control volume (p, ) in time interval
[T, T+1) respectively.
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In the discretization of the space derivative, we will need the values of AR" g AR?\,X o AR" _; and ARP Ny because of
the periodic boundary condition, we set
ARilq —ARNX g forall ¢e€{0,1,2,...,Ny — 1} 5.15)
ARY g =A%, forall ge{0,1,2,....Ny—1}
and
AR‘,,,,1 = ARpNy , forall pef{0,1,2,...,Nx — 1}, 5.16)
ARy, =AR, forall pe{0,1,2,....Ny — 1},

we have the same conditions for {A”” - For the approximation of u, we apply corresponding settings with notations
Ax, Ay and At, N; and the discrete solutlon is denoted by {up q}

5.2 Discretization of the noise term
Suppose B is a Brownian motion, for the numerical simulations, we approximate 8 by

Bt + Ar) — B(1)

B(1) ~ AL

where B(t + At) — B(t) ~ N(0, Ar) is a Gaussian random variable with mean value 0 and variance At.
We discretize the noise term (5.9) as follows

. T + AT — T —in
EX, Y, T)~ Cp > Aul AT) Pll) =px (5.17)
kRe{—mg,...,0,....mg}
k’e{—ml ..... 0,..., mI]
such that
ER(X,Y,T)
R R
~ G, )3 [ﬂ(kﬂ,kl)(T + AT) = Biewsy(T) cos (n(kRX + k’Y))
KRl m) AT L (5.18)
K e{—my,...,0,....,m;}
_ Biwr i (T + AT) = Biga () sin (kX + k'Y)
AT ) L
and '
X, Y, T)
~ C Z [,Bfkli’kl)(T + AT) - kR kl)(T) <7T(kRX + kIY)>
~ Cp
O S AT L (5.19)

k’E{fm[ ,,,,, 0...., m1}

Bl (T + AT) = Bl 1y (T) (n(kRX + kfnﬂ
+ - . cos

AT L

where B (T + AT) = B (T) and B (T + AT) = Biys s ~ N (0, AT). The mg and my are the truncation
numbers. We denote this approximation of £&(X, Y, T) by & such that ER(X Y, T) is approximated by EX and é’ X, Y, T)
by E'. In view of (5.13), the discretization of the noise term (5.12) is as follows

és(x, y, 1)
~o0, Y [ﬁ{i&k,)(y(t +80) = B @) <ﬂ(ka N k,y))

At L/e

kRE{—mR ..... 0,....mg}

(5.20)

At L/e
where Bir(2(t + A1) — Brr(e?t) and B (2(t + A1) — Bu(e?t) ~ N(0, g2 Af). We denote this approximation term by

Ee.
We present in the following directly the numerical scheme for the stochastic case. For the deterministic case, we
perform the simulation by omitting the stochastic term.

i ﬂfkR’kl)(gz(t + An) — ﬁsz’kl)(Szt) Sin<7T(ka + kly)):|

5.3 Numerical schemes

We apply the finite difference scheme and first present the scheme for A of the system (5.11)
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n+1 n
ARP,J; _ARp.q — AP AR™! + d2AR" +AR"+1 —3[AR" 2 4 A" AR 4 ER
AT — 7YX pag Yt pag X Pa X pg " (5.21)
A]n-H I :
P4 Pa _ g2 AIMF] 2 410 m+1 R \2 I \2 AT =l
AT = 4dyA pa T dyA pa T A pa 3|A M) +@A M) A pg T8
where d% and d are discrete operators such that
Rn+1 Rrn+1 Rrn+1 RN RN RN
dzARn+1 _ A p—lg +A ptlg — 2A P4 and  BP2ART — A =1 +A P+l 2A P
X pg = (AX)? Y pg T (AY)? ’
forall p e {0,1,2,...,Nxy — 1} and ¢ € {0, 1,2, ..., Ny — 1}. We refer to (5.15) and (5.16) for the periodic boundary
condition. Forn = 0,1,2, ..., N7 — 1, knowing the values of (AR;!q,AIZ’q), we compute the values of (ARZ;] ,AIZEI ), for

all pe{0,1,2,...,Ny — 1} and ¢ € {0,1,2,...,Ny — 1}.
And we implement the following numerical scheme for the Swift—-Hohenberg equation in the form of system (5.14).

n+l _ .n

u u
p.q rq _ _  n+l 2 n+l1 2.n 2.n n \3 =
At =Ty T dx'u“p,q + dy Upg T EUpg (“p,q) T e (5.22)
n+l _ 2. n+l _ nd+l _ n
Hpq = dxup,q Upq Up g
with corresponding definitions of d)% and df, and the periodic boundary conditions. Forn =0, 1,2, ..., N, — 1, knowing
the values of (u) . u»,), we compute the values of (uit',urt!), for all pe€{0,1,2,....,N,—1} and g€

{0,1,2,...,N, — 1}.

5.4 Numerical settings

In the simulations, ¢ is the parameter to connect A and u, so we first fix the value of ¢. And we perform simulations
for A with the following settings.
Numerical settings for A
The space domain to be [—L, L] x [—L,L] with L = 7/2;
we discretize the space into 100 x 100 uniform square;
we fix the time step At = 0.0001;
we set the initial condition AR(X,Y,0) = AR(X,Y) and A’ = AL(X, Y);
e we perform simulations of A and convert the numerical results to u# by the Ansatz.
We perform simulations of u by (5.22) with the following settings.
Numerical settings for u
The space domain to be [—L/e,L/e] x [—L/e,L/e] with L = 1/2;
we discretize the space into 100 x 100 uniform square;
we choose time step At = 0.001;
we compute the initial condition for u based on the initial condition of AX and A’ by the Ansatz (5.3), which yields

uop(x,y) = 2e(AR(ex, €y,0) - cos(x) — Al(ex, ey, 0) - sin(x)); (5.23)

e we perform simulations for u.

5.5 Results and observations

We set & = 0.25 and perform numerical simulations for A’ and A® with the initial conditions

Ag(X,Y)z{l if Y e (—L,0) (5.24)
0  otherwise
and
0 ifYe(—L,O0
AlX,Y) = { it ye(=L0) (5.25)
1 otherwise.

The result is as follows.
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0.0e+00 025 05 075 1.0e+00 |0.0e+00 025 0.5 0.75 1.0e+00 | 0.0e+00 025 0.5 0.75 1.0e+00
| | | \ | | ] | | |

Fig. 1. Solution for AR at time T = 0, 0.1 and 0.2.

0.0e+00 025 05 075 1.0e+00 |0.0e+00 025 0.5 0.75 1.0e+00 |[0.0e+00 025 05 0.75 1.0e+00
(R R — (T I — R I

Fig. 2. Solution for A’ at time T = 0, 0.1 and 0.2.

Deterministic case

We convert the numerical results from A to u.

-56.0e-01 -0.25 0 0.25 5.0e-01 |-5.0e-01 -0.25 0 0.25 5.0e-01 |-50e-01 -0.25 0 0.25 5.0e-01
f— I [ — I — — I i

Fig. 3. w at time t = 0, 0.1/¢% and 0.2/&* converted by the Ansatz from A of time T = 0, 0.1 and 0.2.

Then we perform directly the simulation for # and compare it to the simulation results of u convert by A which are
presented in Fig. 3.
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-5.0e-01 -0.25 0 0.25 5.0e-01 |-5.0e-01 -0.25 0 0.25 5.0e-01 |-5.0e-01 -0.25 0 025 5.0e-01
| | | \ | | | \ |

| R

Fig. 4. u by direct simulation at time ¢ = 0, 0.1/ and 0.2/¢.

Stochastic case

We set the truncation numbers mg = 10 and m; = 10. We first present the simulations results of AR and A’

0.0e+00 025 05 075 1.0e+00 |0.0e+00 025 0.5 0.75 1.0e+00 0.0e+00 025 05 0.75 1.0e+00
| | | \ | | I | \ | |

Fig. 5. Solution for AR at time T = 0, 0.1 and 0.2.

0.0e+00 025 05 075 1.0e+00 |0.0e+00 025 0.5 0.75 1.0e+00 |0.0e+00 025 05 075 1.0e+00
— | | ‘ ) | | ! | | | | | |

Fig. 6. Solution for Al at time T =0, 0.1 and 0.2.

We convert the numerical results from A to u.
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-5.0e-01 -0.25 0 025 5.0e-01 |-5.0e-01 -0.25 0 025 5.0e-01 |-5.0e-01 -0.25 0 025 5.0e-01
| | \ | | | \ | | |

— I |

Fig. 7. u at time ¢t =0, 0.1/&? and 0.2/ converted by the Ansatz from A of time T = 0, 0.1 and 0.2.

Then we perform direct simulation for u and compare it to the simulation results of # convert by A which are
presented in Fig. 7.

-5.0e-01 -0.25 0 0.25 5.0e-01 |-5.0e-01 -0.25 o] 0.25 5.0e-01 |-5.0e-01 -0.25 0 0.25 5.0e-01
| | | \ | | | | \ | |

Fig. 8. u by direct simulation at time ¢ = 0, 0.1/ and 0.2/£.
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