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Part I

The Singular Limit of Competition-diffusion Systems
Arising in Population Dynamics as
the Reaction Coefficient Tends to Infinity
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Chapter 1

Introduction

During the last 30 years, mathematical models have progressively earned their recognition in the field of ecology.
Though still not as used and trusted as in other scientific fields (Sagoff [39], DeAngelis et al. [11]), they have been
applied with success in biological invasion (Shigesada [40], Lewis [33]), endangered species conservation (Williams
[45], Kingsland [30]), and many other problems. From the old models of Malthus (1789) and Verhulst (1838)
describing the possible growth of a single homogeneous species, to the models proposed nowadays, huge progresses
have been made. During this lecture, we will present some results when looking at two spatially heterogeneous species
competing for resources, in the limit when this competition tends to infinity. In this chapter we introduce the
competition-diffusion system which we will be working with.

1.1 Competition systems in population dynamics

For a given species, there are two kinds of competition. The first comes from the individuals of the species itself
competing against each other, whether because of a lack of space or food. Such a competition is called intraspecific
competition. One way to model it, called the logistic effect, is to have a growth rate that decreases with the increase of
the population size. The simplest model with a logistic effect is (with dimensionless variables):

u, = r(1 —u@®)u(z), (1.1

with r > 0 the intrinsic growth rate, and u(r) is the density of the population depending on the time ¢ (see Iannelli and
Pugliese [27], chapter 1). The function f(u) := r(1 —u)u is called the logistic growth function, and its graph is
represented on Fig. 1.1, while Fig. 1.2 shows the evolution of the solution u.

The second kind of competition, called interspecific competition, is the competition between different species. Given
two species u and v, we will model their interaction following mass-action laws: ku(t)v(r) and aku(¢)v(¢) where k and «
are positive coefficients. Those simple hypotheses to model those two types of competition give a system called a
Lotka—Volterra competition system which has been extensively studied (see [37, Chapter 3]):

{ u; = ri(1 — wu — kuv,

(1.2)
v, = (1 — v)v — akuv.

One can show that when k is large enough compared to r; and r,, system (1.2) admits two stable equilibrium
(u,v) = (0,1) and (u,v) = (1,0), and two unstable equilibrium (u, v) = (0,0) and (u, v) = (u*, v*) with u*,v* € (0, 1).
Starting from an initial data (ug, vo) € (0, 1)? \ {(u*, v*)}, the solution (u(t), v(t)) of the Lotka—Volterra competition
system may converge in long time to (0, 1) or (1,0). Which species becomes extinct depends on the parameter through
the separatrix, and on the initial values. See Fig. 1.3 for a phase plane of a bistable case.

1.2 Competition-diffusion systems in population dynamics

Our previous model does not take into account the movement of species in space. Among the many models proposed
so far, reaction-diffusion equations are used to study the spatial segregation of competing species that move by
diffusion. Consider a competing system consisting of n species living in a habitat @ c RY (¥ > 1). We denote by
ui(x,t) (i=1,2,...,n) their population densities at position x € 2 and time 7 > 0. The time evolution of u;(x,1)
(i=1,2,...,n) is described by the system

£y — » — ) %
Jlu) =1 (1 )

0 ‘\ u

Fig. 1.1. Logistic growth function. Positive for u < 1, negative for u > 1.
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Fig. 1.2. Logistic population growth as a function of time. Note how the population tends towards a stable equilibrium.

ODE phase plane of two species competition ODE phase plane of two species competition

a) + Blue : basin of atfraction for species u b) + Blue : basin of atfraction for species u

* Orange : basin of atiraction for species v

species v
species v

0.0 0z 0.4 06 L) 1.0
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Fig. 1.3. Phase plane of a bistable case for an ODE competition model, with f(s) = ris(1 —s), g(s) =rs(1 —s), 1 =r =1,
a = 2. In a), k = 2, while in b), kK = 20. The basins of attraction illustrate how the system will evolve through time, and which
steady states it will reach as t — oco. Depending on the initial values #(0) and v(0), the solution pair can be located in either of
the two basins. This means that the steady state reached as r — oo depends on the initial values.

Ujp = d,-Aui + (r,- — a;u; —

n
bijuj)ui i=12,....,n) xe€Q, t>0, (1.3)
=1

=

where d; are the diffusion rates, r; the intrinsic growth rates, a; the intraspecific competition rates, i.e. the competition
between members of the same species u;, and b; the rates of interspecific competition, i.e. the competition between
members of the different species u; and u;. All rates are positive constants. We assume that € is bounded. We first
impose zero flux boundary conditions on the boundary 9€2,
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Bui

v
where v is the normal unit vector to 2. Later in the lecture notes, we will also consider the case of inhomogeneous
Dirichlet boundary conditions. The initial conditions are given by

ui(0,x) = up;(x) >0 (G=1,2,...,n) xeQ. (1.5)

=0, (i=1,2,....,n) xedQ, t>0, (1.4)

The large time behavior of the solutions of the problem (1.3)—(1.5) has been widely analyzed in order to understand the
spatio-temporal segregation of competing species. We first underline the special case where all the diffusion rates d; are
large compared to the other parameters. In this situation, the diffusion processes are dominant and it is therefore easy to
find that any (non-negative) solution of the problem (1.3)-(1.5) tends to be spatially homogeneous when ¢ — oo
(Conway et al. [7]). In other words, the asymptotic behavior of the solutions of the problem (1.3)—(1.5) is qualitatively
the same as that of the system without diffusion corresponding to (1.3),

%:(ri—aivi—j_zlbijui>v,~ (i=12,....,n) t>0. (1.6)
Thus we know that in this case (1.3) does not present any spatial segregation for the competing species. Note that (1.6)
presents a temporal segregation, depending on the values of the parameters r;, a; and b;. We will not study this
phenomenon here, but refer for example to an article by Mimura [36]. Our main interest for (1.3)—(1.5) concerns the
case where at least one of the diffusion coefficients d; is not necessarily large from the point of view of the spatial
segregation of competing species. In order to analyze this case, we discuss the simplest case of (1.3) with n = 2,
namely

uy,; = diAuy + (rp — ajuy — byup)uy, x€ Q,t>0, (1.7)
Uy = dr Auy + (ry — acity — bou)uy, x€ 2,1t >0, '
with boundary conditions
8u1 31/{2
— =0, — =0, xe€d, t>0. (1.8)
dv av

Let us first note that the stable attractor of (1.7), (1.8) only consists in equilibrium solutions (Hirsch [25], Matano and
Mimura [35]). Thus, for the study of the asymptotic behavior of the solutions of (1.7), (1.8) we only have to pay
attention to the existence and the stability of the equilibrium solutions. Along the same lines, Kishimoto & Weinberger
[31] showed that if 2 is convex, then any spatially inhomogeneous equilibrium solution — when it exists — is unstable.
If we assume that two species are strongly in competition, that is to say if the rate of interspecific competition is
stronger than the intraspecific one, so that we require that

—<—<—, (1.9)

then we find that the only stable equilibrium solutions of (1.7), (1.8) are given by (u;,ur) = (r/a;,0) and
(u1,u) = (0, r2/az). In ecological terms, this implies that the two competing species can never coexist under strong
competition. This is called Gause’s competitive exclusion. On the other hand, if the domain 2 is not convex, the
structure of equilibrium solutions is complicated, depending on the form of €2 [14]. In fact, if Q2 takes a suitable two-
dimensional dumbbell shape, there exist spatially inhomogeneous stable equilibrium solutions which exhibit spatial
segregation in the sense that u; and u, take values close to (r)/a;,0) in one subregion and close to (0,7,/a;) in the
other. Thus the results above inform us about the asymptotic behavior of the solutions. However, from the point of view
of ecological applications, it is more interesting to know the transient behavior of solutions. For this we consider the
situation where the diffusion rates d; and d, are small enough or all the other rates r;, a; and b; are large enough and
satisfy (1.9). We rewrite (1.7) as

{ul,zszAul—l—(rl—alul—blug)ul, xe, t>0, (1.10)

Uy, = de* Auy + (ry — asty — byupup, x€ 2, t> 0,
where ¢ is a small parameter. If the competing species are distributed according to (1.10) it is natural to define the
subregions Q(t) = {x € Q: (uy, ux)(x, 1) =~ (r1/a;,0)} and Q1) ={x € Q: (U1, u2)(x,1) = (0,r2/az)}. In order to
study the dynamics of segregation between u; and u,, we take the limit ¢ | 0 in (1.10) so that the internal layers that
exist for small values of ¢ > 0 become proper interfaces, say ['(¢), which is the boundary between the two regions €2;(?)
and €2,(#). Using singular limit analysis, Ei and Yanagida [15] derived the following evolution equation to describe the
motion of the interface I'(¢),

V =el(d)(N — Dk +c, (1.11)

where V is the normal velocity of the interface, « its mean curvature, L(d) a positive constant depending on d such that
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L(1) = 1 and c the speed of the traveling wave solution (u;, ;) of the one-dimensional system corresponding to (1.7)
with d; = 1 and d, = d, namely

Uiy = U1 + (rp — aruy — brup)uy, xeR,t>0, (1.12)
Uy = digex + (12 — bouy — aour)un, x € R, >0, )
with the conditions at infinity
r r
(ul»MZ)(_oo7 t) = <_50> et (ul’MZ)(oo5t) = <O’ _> (113)
ay a

Kan-on [28] proved that the speed of the traveling wave solution of the problem (1.12), (1.13) is unique for fixed values
of the rates r;, @; and b; (i = 1.2). In particular, if a; is a free parameter and the other parameters are fixed and satisfy
the inequalities (1.9), then there exists a unique constant a* > 0 such that c = 0ifa; = a*,¢ > 0ifa; > a*,andc < 0
if a; < a*. For the special case where ¢ = 0, (1.11) becomes the equation of motion by mean curvature, which has been
studied analytically and numerically. The interface I'(f) obtained from (1.11) provides information on the dynamics of
spatial segregation between the two competing species.

This result clearly shows the similarity between this class of problems and the Allen—Cahn equation first studied by
Keller, Sternberg and Rubinstein [29], where the boundary interface moves along its mean curvature. In the second part
of this course, we will formally derive the limit problem for the Allen—Cahn equation.

In the first part of this course, we consider a situation different from the one obtained above, namely the case where
only the interspecific competition rates b; and b, are very large. To study this situation, it is convenient to rewrite (1.7)
as

{ult =dAuy + ri(1 —up)uy — bujuy, x€ 2,t>0, (1.14)

Uy = drAuy + (1 — up)uy — abujuy, x € 2, t>0,

where b and « are positive constants. We assume that b is the only parameter that is large and that all other parameters
are of order O(1). The coefficient « > 0 is the competition ratio between the two species u; and u,. If & > 1, then u;
has a competitive advantage over u,, while if o < 1, the situation is reversed.

We will take b as a free parameter and keep the other parameters dy, d», ri, > and « fixed. For values of b which are
neither large nor small, we show numerically that u#; and u, exhibit spatial segregation with a fairly large overlapping
zone. As the value of b increases, the overlapping area becomes narrower. Thus, taking the limit b — oo, we can
expect that u; and u, have disjoint supports (habitats) with a single common curve, which separates the habitats of the
two competing species.

One of the purposes of these notes is to derive the limiting system of (1.7) as b — oo, which is called the spatial
segregation limit, to describe the time evolution of the supports of u; and u,. In chapter 2 we will consider the
homogeneous Neumann boundary condition and in chapter 3 we will consider the inhomogeneous Dirichlet boundary
condition. As will be proved, the limit system can be described by a free boundary problem which is a two-phase
Stefan-type problem with reaction terms.

Let I'(¢) be the interface which separates the two subregions

Q) ={xe Q:uxt) >0, uyx,t) =0}
and

Q) ={xe Q:uxt) =0, uy(x,1) > 0}.
Then u; and u, satisfy

uy, =diAuy +ri(1 —upuy, xe (), t>0

uy = drAuy + (1 —uuy x € (0,1t >0 (1.15)
8u1 31/12
— =0, — =0, xed, t>0.
av av
On the interface,
uy =0, up,=0, xel(¥) fort>0, (1.16)
and
8Lt1 3142
O:—adla—(x,t)—dga—(x,t) xel(t) for t>0, (1.17)
v v

where v is the normal vector to I'(¢). The initial conditions are given by
ui(x,0) = uip(x), xe(0) (=12), (1.18)

and are such that their support is separated by the line
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o) =rTo. (1.19)

The problem is to find the functions (u;(x, ), u(x, 1)) and I'(f) which satisfy (1.15)—(1.19). If this problem can be
solved, the interface I'(#) determines the segregation patterns between the two strongly competing species. Note that the
system (1.15)—(1.19) is quite similar to the standard two-phase Stefan problem, except for the two following points: (i)
the partial differential equations in (1.15) for u#; and u, are not heat equations, but logistic growth equations which are
well known in theoretical ecology; (ii) the interface equation (1.17) is such that the latent heat coefficient is equal to
zero. The coefficient « of the interspecific competition between u; and u; is contained in (1.17). These notes extend a
similar study due to Evans [18] in the case of a slightly simpler system without growth terms, which he considers with
more restrictive assumptions on the initial data. Let us also mention the results of Dancer and Du [9] on the limiting
behavior of equilibrium solutions in higher space dimensions. For a study of the limit free boundary problem without
growth terms, we refer to Cannon and Hill [5] and to a paper by Tonegawa [44] which proves regularity properties of
the solution and the interface. We will finally show that our method of analyzing the spatial segregation limit can be
applied to some three-component competition-diffusion systems, where the latent heat coefficient is strictly positive.
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Chapter 2

Spatial Segregation Limit of a Competition-diffusion System with Neumann Boundary
Conditions

In this chapter, we study the competition-diffusion system (1.14) introduced in Chapter 1, with Neumann boundary
conditions, in the limit where the interspecific competition tends to infinity. More precisely, let €2 be a bounded domain
of class C' in R, T > 0 be an arbitrary positive time, and consider the following competition-diffusion system:

u, =dy Au+f(u) —kuv  in Q x (0,7T1],
v, =dy Av+ g(v) —akuv in Q x (0,7],
u,=0, v,=0 on 92 x (0,71,
u(-,0) = ug, v(-,0) = vﬁ on €2,
where f(s) = puis(1 —s), g(s) = was(l — ), k, a, di, d», 1, o are all positive constants, arg u’é,v’é € C(Q) with
0< u’é, v’(‘) < 1. k is a positive _free parameter. We assume moreover that there exist ug, vg € C(S2) such that u’é — Uy
and vf — vy uniformly on C(Q). We wish to investigate the behavior of the solution pair (u*, v¥) as k tends to infinity.

By a solution of problem ($£*) we mean a pair of functions (%, v*) such that u*, v* € C(Q7) N C>'(Q x [8, T1) for all
6 € (0,T), where Qr := Q x (0,T). This chapter is based upon the articles [10] and [23].

(%)

2.1 A priori bounds and relative compactness

We start by proving a priori bounds on the solutions and their derivatives, which will be uniform with respect to the
parameter k. This will enable us to use compactness arguments to obtain the convergence of the solutions as k tends to
infinity, as well as to study the properties of the limit. We start with a priori bounds on u* and v* by applying the
comparison principle.

Proposition 2.1. Let k > 0, and WF, v%) be a solution of(J’k). Then 0 < u* <1 and 0 < v* <1 in O, where Qr =
Q x (0,7).

Proof. Define
L1 = ub — dy Ak — f*) + kb,
Lo 1= vk — dy AVF — g(VF) + aku ot
Since £;(0) =0, and £;(1) > 0 for i = 1,2, the assertion follows from the comparison principle. U
As a corollary, we deduce the existence and uniqueness of the solution.

Proposition 2.2. F(lany initial_ condition u’é, v{‘) e C(Q)with0 < uﬁ, v’5 < 1, there exists a unique solution Wk, v%) of
(P*) with uF,v* € C(Or) N CEH(Q x [8, T)) for all 6 € (0, T).

Proof. The result follows from Proposition 2.1 and [34, Proposition 7.3.2 p. 277]. (I

Next, we obtain a bound on the interspecific competition terms, which will turn out to be useful to study the
properties of the limit of the solutions (¥, v*) for large values of k.

Proposition 2.3. Define Iy := m[(z)ulg] f(s). Then for all k > 1
s€|0,

//kk (lT+1)

Proof. Integrating the equation in (P for u¥ over Q7 := Q x (0,T) yields

/T/uf=d,/T/Auk+/T/f(uk)—k/Tfukuk.

By Fubini’s theorem fo fQ ;= fQ fo u so by applying the fundamental theorem of calculus and then Green first
equation on jﬂ Au¥, we obtain:

[ ftma [ e [ Lo e

First remark that the homogeneous Neumann boundary condition implies that [, 90 uk = 0. Moreover, since 0 < u* < 1
and by definition of /y, we have
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T
//f(uk)§T|Q|lo,
0 Q
—fMﬁDSQ
Q
fQuSS|Q|.

‘// <—ﬂJ+D

This completes the proof. O

Therefore,

Next, we want to obtain bounds on the sequences ¥y and (v%) in the function space 20, T; H'(2)) which we will
use to obtain relative compactness. Remark that by Proposition 2.1 we already know that the sequences (1) and (v*)
are bounded in L*(0, T; L*(R)), so it only remains to prove that the sequences (Vu*) and (V) are also bounded in
L*(0, T; L*(2)). This is given by the following proposition.

Proposition 2.4. There exists a positive constant C, which does not depend on k, such that for all k > 1,

T
/]WWWSG,

0 Q

T
//|Vvk|2§(?.

0 Q

Proof. We multiply the first equation in ($*) by u* and integrate it on Q. This yields

/uu—dl/uAu +/ ubf ) — /(Mk)Zk
Q Q

On the one hand u u =1 Bt(uk)2 and as u* and u are bounded in (x, ¢) (recall that u* is C! in time), and 2 is bounded,
we obtain fQ u u =3 fQ 9,( k)z 2 o fQ(uk)2 On the other hand, using Green’s formula and the Neumann boundary
condition, we get [, u*Auf = — [, [Vu*|*. Finally, Proposition 2.1 gives us directly

/ﬁﬂﬂstL
Q

—k / Wt <o.
Q
O TR Py KO
Q
which we integrate in time to obtain,

m/°f|wu2<MQw——/YM(nf fmwz

< LIQUT + = /(uo)2
2 Jo

Therefore,

This completes the proof of the estimate on Vu*. The estimate on V¥ can be proved similarly using the equation for v*
in (£ =

Using the previous propositions, we proved that the sequences (%) and (v*) are bounded in L*(0,T; H'(RQ)). As
L*(0,T; H'()) is a separable Hilbert space, this is sufficient to have weak convergence along a subsequence (see
[3, Theorem 3.18 p. 69]). Weak convergence is enough to pass to the limit in the linear term in a weak form of equation
(#%), as continuous linear operator are weakly continuous (see [3]). However, the nonlinear terms are not weakly
continuous, and to deal with them, we will need strong convergence in L'(Qy7). To this end, we introduce the new

variable wf := uf — évk, in order to eliminate the product term. It satisfies

d 1
wh = dy Auk — ;2 AV + Fub) — &g(vk) in Q7 @.1)
together with the homogeneous Neumann boundary condition

wk =0 on Sy :=3Q x (0, 7).

The sequence (w®) is bounded in L*(0, T; H'(S2)), which represents estimates for w* and its spatial derivatives. In order
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to apply a compact embedding result that will be given later, the only thing missing is an estimate on the time
derivative. We prove thus the following proposition:

Proposition 2.5. The family (w¥) is bounded in L*(0,T; H'(RQ)), uniformly with respect to k.

Proof. Multiplying the equation for w* in ($;) by & € L*(0, T; H'(R)) and integrating it on Q7 = Q x (0, T), we obtain
after integrating by parts

T T dz T T 1
f(wi‘,s>=—d1/ /W"~Vs+—/ /Vv"-VéJr/ /{f(u")——g(v")}s
0 0 JQ a Jo JQ 0 Jo o

where (-, ) is the duality product between H'($2) and H'(2)'. The right-hand side is clearly integrable and continuous
over & € L*(0,T; H'(R)) by Propositions 2.1 and 2.4. Therefore w* € L*(0, T; H'(2)'). Moreover, using similarly the
Proposition 2.1 and 2.4, as well as the Cauchy—Schwarz inequality, we have

T
‘/ (wh, )‘ < M&ll sy YE€L*0,T; H(Q)),
0
where M is a positive constant independent of k or & This means that

k
lwy 20,01 ) =M,
which completes the proof. (]

We are now ready to apply the following compactness embedding that can be found in [42, Theorem 2.1 p. 271].

Theorem 2.6. Let Xy, X, X, be three Banach spaces such that Xy C X C X, where the injections are continuous. Let
T > 0 be a fixed number, and let ay, | be two finite numbers such that oy, o; > 1. We consider the space

Y =1{eL™0,T;Xo), v, € L*(0,T; X1)},

where the derivative should be understood in a weak sense. The space Y is endowed with the norm

IVlly = IVllzeoco,r:x0) T Vel 2o 0,7 %,

It is obvious that Y C L*(0,T; Xy), with continuous injection. If moreover

o X; is reflexive, i =0, 1,

o The injection Xo — X is compact,
then the injection Y C L*(0,T;X) is compact.
Theorem 2.7. There exist subsequences of (1) and (V), which we denote again by (u*) and (VF), functions
i, 0 € L0, T; H(Q)) such that 0 < u,v < 1, and a function w € L*(0, T; L*()) = L>(Qr) such that

(i) u*¥ — 7 and v* — v weakly in L*(0, T; H'(RQ)),

() wt*— w strongly in L*(Qr) as k — oo and almost everywhere in Qr,
(i) ¥ — 0 strongly in LY(Qr) as k — oo and almost everywhere in Qr.

Proof. We apply Theorem 2.6 with Xo = H'(Q), X = L*(Q), X, = H'(Q)', and ap = a; = 2. Clearly, X, and X, are

reflexive, and it is also standard that the inclusion H'(Q2) C L*(2) is compact (see [3, Theorem 9.16 p. 285]), so the

conclusion of the theorem applies. As by the Proposition 2.5, (w*) is bounded in Y, and since we already established

(%) and (v*) are bounded in L*(0, T; H'(2)), there exists subsequences of () and (v*), which we denote again (%) and

(v%), functions &, v € L*(0, T; H'(R)) such that 0 < %, v < 1, and a function w € L*(0, T; L*(2)) = L*(Qr) such that
uk — 7 and v* — T weakly in L2(0, T; H'(R))

and

wt > w strongly in L?(Qr) as k — oo.

We can moreover assume that the convergence of (w¥) holds also almost everywhere, since convergence in an L” space
implies convergence almost everywhere along some subsequence (Theorem 4.9 in [3]). Furthermore, it also follows
from Proposition 2.3 that

¥ — 0 as k — oo in L'(Qr) and a.e. in Qy.

This completes the proof. O

2.2 Characterization of the limit functions

Next we want to study the limit functions % and v. We start by relating them to w.

Proposition 2.8. The subsequences u* and v* are such that

k +

u* — w" = max(0, w) and = aw” = —a min(0, w) as k - oo
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in L'(Qr) and a.e. in Qr. As a consequence

=w"and v = qw™ so that w =7 —

QICI

Proof. Let (x,t) € Qr be such that
k .k v_k ko k
wi(x,t) = (u (x, 1) > w(x, 1) and W v*)(x,1) —> 0 as k — oo.
o

We distinguish three cases according to the sign of w.
1. We first consider the case that w(x, ) > 0. Then there exists a positive constant ko such that

w(x, 1)

uk(x, 1> > 0 for all k > ko,
which implies that
F(x, 1) = 0 and v*(x, 1) —> w(x, ) = wh(x, 1) as k — oo.

2. Next we consider the case w(x,t) < 0. Then there exists a positive constant k; such that
o > — g w(x,1) > 0 for all k > ki,
so that
u*(x,1) = 0 and vl‘(x, 1) —> —aw(x,t) = aw (x,t) as k — oo.

3. Finally we consider the case where w(x, t) = 0. If a subsequence of ¥ (x, 1), which we denote again by wk(x, 1), is
such that u*(x,1) — w; > 0, then v*(x,) — 0, so that u*(x, ) — évk(x, t) — w1 which contradicts the fact that
w(x, ) = 0. Similarly it is impossible to have that v*(x,f) — u, > 0. Hence

u*(x,f) = 0 and v*(x,7) — 0 as k — oo.
The convergence in L'(Qy) follows from the boundedness of u* and v* and the dominated convergence theorem. [l

Note that this proposition implies that # and v have disjoint supports, see an illustration on Fig. 2.1. We now obtain a
weak form satisfied by the limit functions (u, v).

Proposition 2.9. The limit functions (u,v) are such that

/ /{(“‘“)fﬂr <d1”_dU)V§0+<f(ﬁ)—ig(§)><p} =/Q(uo_'2’>(p(.,0) 2.2)

for all functions ¢ € Fr := {y € C*(Qr), ¥(-,T) = 0}.
Proof. Let ¢ € F7. Multiplying the equation (2.1) on w* by ¢ and integrating by parts (both in time and space), we

obtain the identity
T 1 k T d
—f /(uk——vk>wr+/(ué—ﬂ)wo,ow/ fv(dluk——zvk)w
0 JQ o Q o 0o Jo o
! N
—// f) ——g@) o =0.
0 Ja o

The second term converges to fQ(uo — %)(p(~,0) by assumption on the family (u’(‘)) and (v’é). Moreover, as

t=0 t>0
Q) cR2

uo(x,y)=0
Vo(x,y)=0

uo(x,y)>0 u(x,y)>0 u(x,y)=0

Vo(x,y)=0

uo(x,y)=0
vo(x,y)>0

V(x,y)=0 V(x,y)>0

(a) (b)

Fig. 2.1. Illustration of the supports of the limit functions # and v, at time (a) # =0 and (b) t > 0 a given time before the
equilibrium. Here # has a competitive advantage on v.
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W — @, and v* — T ae. in Or as k — oo,

and |uk|, |vk| <1 for all k£ > 1, it follows by the dominated convergence theorem that

T 1 T 1
/ f(uk——vk>¢,—>f /(ﬁ——v)q)l as k — oo,
0 JQ o 0o Ja o
T 1 T 1
/ /(f(”k)——g(vk)><ﬁ—>/ [(f(ﬁ)——g(ﬁ)><p as k — oo.
0 JQ o 0 Ja o

W —~Tand V¥ =~ 7 weakly in L*(0, T; H'(Q)) as k — oo,

T T
4oy _ dy_
Vidiu* — —=v" |V —> V(diu——v|Vg as k - oo.
0 JQ o 0 Ja o

This ends the proof of the proposition. O

Finally, as

we have that

In terms of w, the previous proposition suggests that w is a solution of the following problem:

w; = V- ([dw)Vw) + h(w) in Qr,
w, =0 on 92 x (0,71, ()
) vo(x)
w(x,0) = wo(x) == uglx) — ——, x € 2,
o
where
d, if s >0,
d(s) = .
d, if s <O,
and
hs) — {f(s) %f s> 0,
g(—as) if s <O.

Note that this problem only admits a weak solution since d is not continuous. Next, we present a possible definition of a
weak solution of Problem ().

Definition 2.1. A function w is a weak solution of problem (P) on [0, T] if
w € L¥(Q x (0,1) N L*0, T, H' () N C([0, TT; L*(),
and for all p € Fr:={ € C®°(Qr), ¥(-,T) =0}

T
f) /Q{wwt—d(w)V(w)V(¢)+h(lU)<p} =/Qwo§0(-,0)-

(

Theorem 2.10. The function w is a weak solution of problem (P).

Proof. We already know that w € L®°(Q x (0,T)), and that w € L*(0,T; H'(R2)). Since also w, € L*(0,T; H'(Q)'), it
follows from a standard regularity result that w € C([0, T]; L*(R2)) (see [42], Lemma 1.2 p. 260). Now observe that, by
Proposition 2.8,

_ dy __
d\Vu — —=Vv =d(w)Vw,
o

1
f@) — —g@) = h(w).
o

Therefore this is a straightforward consequence of Proposition 2.9 that for all function ¢ € ¥,

T
[ [ we— dw w9+ hwyg) = [ wout.0)
0 Ja Q
This completes the proof. (]

From this, we know that problem () has at least one weak solution. The following theorem gives uniqueness along
with a more precise regularity result.

Theorem 2.11. Problem (P) has exactly one weak solution w, and w is Holder continuous: w € CPP/2(Q x [0, 00))
for all B € (0,1).
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Proof. The proof of uniqueness is similar to that of Aronson, Crandall and Peletier. The regularity of w follows from
DiBenedetto ([13], Theorems 1.1 and 1.3 p. 41 and 43). [l

2.3 A strong form of the limit free boundary problem

Proposition 2.8 shows that # and v have disjoint supports, separated by a moving boundary which is the level set
{w = 0}. So far we have shown a weak form of the limit problem where the moving boundary does not explicitly
appear. We will now show a strong formulation of the free boundary problem, with explicit interface conditions, under
a few additional regularity assumptions. However, before doing so, let us slightly rewrite the weak form of problem

(#). Let us introduce D(s) := djsT — drs~ where st = max(s, 0) and s~ = —min(s, 0). Since D'(s) = d(s), we have
V(D(w)) = d(w)Vw, and thus (&) becomes:
w, = AD(w) + h(w) in QOr,
w, =0 on 92 x (0,71, (P)
vp(x)
w(x, 0) = wo(x) := up(x) — e Q.
o

Theorem 2.12. Assume that, at each time t € [0,T], there exists a closed hypersurface T'(t) and two subdomains
Q,(1), 2,(t) such that

Q=Q,0UQ®0, TI't=20nNQ,®0, Q0 ccC,
w(-,1) > 0on Q,(1) w(,1) <0 on Q,(®1).

Assume furthermore that t — T'(t) is smooth enough and that (i, V) := (w",aw™) are smooth up to T'(t). Then the
functions u and v satisfy the problem

i, = dy AT + £ () in 0, = | J {Qu) x (1),
1€[0.T)

v, = dy AT+ g(v) inQ,:= (J {Q.0) x {11},
t€[0,T]

i=v=0 onI:= [ {F® x (1)},

) 1€[0.T] ()
_ dy _
diu, = ——1, on T,
o

u,=0 on 02 x [0, T],

_ wl" _ vo | .

u(-,0) = |:u0 — —] , v(-,0) = a[uo — —] in €2,

o o

where n denotes the inward pointing normal of the set €2, (see Fig. 2.2 for an illustration of the problem with Q C R?).

Proof. Recall that w satisfies Problem (&) in the sense of Definition 2.1:

T
/(; /{w(p, — d(w)VwVe + h(w)p} = / wop(-,0) Yo e Fr,
Q Q

Fig. 2.2. Tllustration of the free boundary problem’s subdomains.
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1.2 t=0.02 —— Solution of u 121 t=0.05 —— Solution of u L2 t=0.10 —— Solution of u
1.0 ' Solution of v 1.0 ' Solution of v 1.0 ' - Solution of v
0.8 0.8
0.6 1 0.6
0.4 0.4
0.2 0.2
0.0 0.0
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
X X
12 t=0.02 —— Solution of u b t=0.05 —— Solution of u 1.2 t=0.10 —— Solution of u
1.0 ' Solution of v 1.0 ’ Solution of v 1.0 ' Solution of v
0.8 0.8 0.8
(b) 0.6 1 ’ \ 0.6 1 . 0.6
0.4 0.4 ‘ 0.4
0.24 0.2 0.2
-/ R >
0.0 0.0 0.0
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
X X X
12 t=0.02 —— Solution of u 12 t=0.05 —— Solution of u L2 t=0.10 —— Solution of u
1.0 ' — Solution of v 1.01 : — Solution of v 1.0 ’ — Solution of v
0.84 s 0.8 0.8
(€) o6 0.6 ' 0.6
0.4 0.41 \ 0.4
0.2 \ 0.2 \ 0.2
0.0 00 ———— 0.0
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
X X X

Fig. 2.3. Numerical simulation of the system (£;) with wj =pur =1, a=2,di=dy =1, Q=(—1,1), up(x) = e*(’(xfo‘s)z,

vo(x) = e 56H09” for (a) k = 100, (b) k = 1,000, and (c) k = 10,000 at time ¢ = 0.02, t = 0.05, and ¢ = 0.1.

where Fr := {yy € C*(Qr), ¥(-,T) = 0}. We are going to perform integration by parts, in space and time, on the
supports of u and v, respectively, which is possible because u and v are assumed to be smooth on Q, and Q,
respectively. Let us begin with the integration by parts in space. Let ¢ € ¥ 7. We take the convention that the normal to
012, is outward while the normal to 9<2, is inward (see Fig. 2.3): n = n, = —n,. Then

T T
// Vﬁ~V¢=—f/ Aﬁgﬁ—i—// 8nﬁ(p+//8,,ﬂ¢,
Ou Qu 0 JI@ 0 Jog
T
// Vi-Vgo:—f/ Aﬁp—// 0,00,
Oy Qy 0 JT()

where we took into account our convention for the normal, and the fact that Q,(f) CC €. Thus

g d
f f {—d(w)VwVe} = / / di(AT)p — / / = (Av)g
0 Ja Ou 0, &
T T d2
—f f dl(anﬁ)w—/ / (— an+d18nﬁ)go.
0 Jo 0o Jrop\ @

Now, let us turn to the integration by parts in time. It requires careful attention because the boundaries of the domains
Q,(#) and Q,(¢) depend on time. We have

d
— up = / (8;u¢ + ud;p) + f up Vy,
dt Jo,0 Qu(t) I

where V,, denotes the speed of propagation of the boundary ¢ — I'(¢). Following our convention on the normal, we

decide that when €2,() increases, then V,, is nonnegative. Remembering that ¥ = 0 on I, we deduce that
d _ _
- up = (Oug + udyp).
dt Ja,w Q.00

Integrating it in time, and recalling that ¢(-, T) = 0, we get
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// waw:—// aw#// a,w+/<<0) S )>(0>
0 Qu o 0,

In the same way, we obtain

d

dr Jo,u Q1)

Therefore, the computations yield

1
- / (8tu —d1Au—f@)p + — /
0,

/ / dy(3ui)g — / / (—av+d18nu> / woe (-, 0),
() Q

for all ¢ € Fr:= {y € C*(Qr), ¥(-,T) = 0}. Using test functions ¢ with suitable supports, namely ¢ € C5°(Q,) and
¢ € C{°(Qy), we obtain

(00 — dr AV — g(V)p + /
Q

o
(u(-,m - ”(a )>¢(-,0>

o =dAu+f(u) in Q,,

_ dy  _ .
v =—Av+ g in Q,.
o

T d
/ / (a U+ did, u)go 0 Vo e C&0r),
0o Jro

dy . _ _
—0,v+d0,u=0 onT.
o

We then deduce that

which implies that

Then we deduce that

T
/ / di(0,u)p =0 for all ¢ € F7 such that ¢(-,0) = 0,
o Joa

which implies that

0,4 =0 on 02.
Finally, we have
_ u(-, 0)
f 7,0) — 22 ) g, 0) = / wop(,0) Vg € Fr,
Q o Q
which implies that
5.0
a0 = 9

As a consequence,

+ p—
_ Vo _ Vo
M(', 0) = [MO - _] = Uy, U(',O) = O[[l,to — —] = Vp.
o o
This completes the proof of the theorem. (]

2.4 Concentration of the term ku*v*

So far we have completely characterized the limit (i, v) of (%, v¥) as k — co. We showed that the two populations
segregate as k tends to infinity. We now focus on the singular limit of the interspecific term ku*v* as k tends to infinity.

From proposition 2.3, we have
k// ok < C(T).
Or

Therefore, the family (ku*v¥) is bounded in L'(Qr). Thus, there exists a Radon measure 1 on Qr such that kufvf — p
as k — oo in the sense of the weak-* convergence of measures, along some subsequence that we still denote by ku*v*
We recall that the space of Radon measures on Qr is the dual space of the space of continuous functions over Q7. We
only compute p in the case that the limit problem can be written in a strong form with a smooth interface. More
precisely, we prove the following result.
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Theorem 2.13. There exists a measure ( over Qr such that
kuv* — p, in the sense of measures.

If the interface T is smooth, then w is localized on T and is given by

1
w(x, 1) = T+a [d10,u + dr0,v](x, )dr ().

Proof. We define pu* = kufv*, and take ¥ € C°(Qr). Multiplying by v the equations for #* and v* in (#*) and

integrating by parts we obtain
/ f = / / Wroy + dyu Ay + f(u )
Or Or
1

1 / W + dovk A+ g0 )),
Or

o

Therefore, letting k going to infinity, and using the convergence almost everywhere of u* and v*, and the dominated

convergence theorem, we obtain
[ wo= ] o aasy .
Or Or

o // ny = // O,y + dryvAY + g(V)Y).
Or Or
Applying Theorem 3.12, and integrating by parts, we have

/ . @y + dyulAy + fy) = — /Q @uy — i (Awyy — f@y) + d, /F((anﬁ)lﬁ)

— 4 / ().
r

Similarly,

/ g+ dypay @) =~ [ Gy - davy - @) +d; /r (D)

QOu
—d, / (DY),
r

This yields

(1 + a) // MW = /(dlanﬁ"f' dZBnB)w’
Or r

which concludes the proof. O

2.5 Illustration and interpretation of the results
Figures 2.3 and 2.4 give numerical examples for increasing values of k for the system
uy=dy Au+f(u) —kuv  in Q x (0,7T1],
v, =dy Av+ g(v) —akuv in Q x (0,7],
u,=0, v,=0 on 92 x (0,71,
u(-,0) = u’é, v(-,0) = vf) on €2,
with the initial values
{ uo(x, y) = g—ﬁ(x—o.S)Z
vo(x, y) = o~ 0+0.5)?
for space dimension 1 and
[ uo(x, y) = e—6(x+0.5)2—6(y+0.5)2
vo(x, y) = 676(.):70‘5)276())70,5)2

for space dimension 2 respectively. The simulations in this section and the rest of the manuscript have been obtained
using the finite element tools from Wolfram Mathematica 12.3 (see Appedix A for listings and details on meshes used).
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t=0 t=0.3 t=0.7 t=1 t=15

sulxy,t) : ouxyt) o/ Bu(xyt)

suxyt) P
Bv(xy,t) > ev(xy,t) o Bv(xy,t)

ev(xy,t)

1of”

(a.2)

o0

1 N e ou> 0.006
h ) ) ov> 0.006

su(xyt)
ov(xy,t)

Buxyt) RS su(xyt)
avixy,t) av(xy,t)

19)

“ulxy,t)
avixy,t)

(b.2) -

s S . aou> 0.006
av> 0.006

nu(le;,t)
ovixy,t)

sulxyt) ° suxyt)
av(xy,t) av(xy,t)

19 10)

Bu(xy,t)
av(xy,t)

Bu(x,y,t)
Bv(xy,t)

(c.2)

& ou> 0.006
ov> 0.006

ET) S 0 05 0 -0 ED 00 05 0

Fig. 2.4. Numerical simulation of the system ($%) with u;=pu, =1, a=2, di=d=1, Q=(—1, 1)2, up(x,y) =
e 6O0SH =605+ 3 (¢ ) = o=6(-05+0"=6(=0.56" “for (a) k = 100, (b) k = 1,000, and (c) k = 10,000. The choice of the
value 0.006 as a delimiting value to show the presence of the species is empiric. It is only the one we found best to illustrate the
phenomenon here with the parameters we chose. The graphs in (a.1), (b.1) and (c.1) show a 3D spreading of the species in €2,
with the z-axis the population density, in case of the initial values being a Gaussian distribution on opposite corners, and with
Neumann boundary conditions. The graphs in (a.2), (b.2) and (c.2) show a numerical approximation of the support of each
species. Since o > 1, u has a competitive advantage which is translated by its dominance in space after some time. We see that
when k tends to oo, the supports become disjoint, though the nature of the competition, or the time taken to dominate in space
does not change.

As has been proved previously, and can be seen in Figs. 2.3.c and 2.4.c, in the singular limit system, both species
have disjoint support. Even in the case of supp uy(x) N supp vo(x) # @, after an infinitesimally small amount of time ¢
has passed, then supp u(x, §t) N supp v(x, 8¢) = @. See Fig. 2.5 for an example of this nearly instantaneous process. To
understand why, we need to take into consideration that with k really large, there are two time-frames at play (see [38]).
In the fast time frame, the system is akin to a Lotka—Volterra sytem. Indeed, since k > 1, we have, for §t < 1, and u, v

not too small,
{ u; ~ f(u) — kuv 2.3)

v, & g(v) — akuv

from t = 0 to a time §t when, on the whole space, either u or v reaches 0. When k is large enough, this system is
bistable: it admits two stable equilibria (u*, v*) = (1,0) and (&%, v*) = (0, 1). Which solution becomes extinct depends
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05

(b)

ou> 0.01
ov> 0.01

i i L I n n I L
-1.0 -05 0.0 s 1.0 -10 -05 0.0 05 1.0

Fig. 2.5. Numerical simulation of the system with k = 100,000, 1 =, =1, 0 =2,di =d, =1, 2 = (-1, 1)2. (a) shows the
spreading of the species in a rectangular space when starting with partially overlapping Gaussian distribution. (b) shows the
support of each species. Though it starts with supp uo(x) N supp vo(x) # @, these supports become disjoint instantly after the start
of the process.

00

sulyt) Y, oulxyt) *

Bu(xyt) °° : : au(xy.t) ‘
ov(xy,t) Bv(xy,t) Pty

Bav(x,y,t) Y o Bv(xy,t) ) ~-10

Fig. 2.6. Nuzmen'calzsimulation of the system 2with k =210000, ur=mr=1,a=2, d=dy=1, Q=(-1, 1)2, up(x,y) =
e7005+07°=60540)7 ) (x,y) = 2.5 x 00507 =6(=0.54)" Gince o = 2, each u counts double in the competition with v so u has a
competitive advantage. However, it is supplanted by the advantage of v having more than twice the initial values of u.

on the initial data (see Fig. 1.3). Because of this effect, when k tends to oo, the supports of each species become disjoint
as soon as t > 0. In the Fig. 2.4, uyp and vy are symmetrical, and as predicted, we observe that the species u out-
competes the species v. However, an example with vy more than twice the value of uy gives an opposite result, see
Fig. 2.6.
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Chapter 3

Spatial Segregation Limit of a Competition-diffusion System with Dirichlet Boundary
Conditions

In this chapter, we study the same diffusion-competition system, but now equipped with inhomogeneous Dirichlet
boundary conditions. Let  be a bounded domain of RY with a smooth boundary 82, T a strictly positive time. We
consider the following problem

u, =dy Au+f(u) —kuv  in Q x (0,7T1],
v, =dy Av+ g(v) — akuv in Q x (0,T],
uw=m on 8% x (0,7, (%
v =m on 92 x (0,77,
u(-,0) = us, v(-,0)=v§ on Q.
We assume the following:
e f and g are continuously differentiable functions on [0, 00) such that £(0) = g(0) = 0 and f(s) < 0, g(s) < 0 for all
s> 1.
o mk,mh e C*1(Q x RY), 0 <mh,mk <1 and mk — my, mk — my weakly in L*(3Q x (0,7T)) for all T > 0 as
k — oo.
e The initial data u and v§ are defined by

ug(x) = mh(x,0), vi(x) = mb(x,0) forx e Q
and uf — uo, v§ — vy weakly in L*(Q) as k — oo. o B
By a solution of Problem ($£*) we mean a pair («*, v*) such that u*, v* € C(Q7) N C>'(Q x (0, T]) and satisfy pointwise
the partial differential equations as well as the boundary and initial conditions in Problem (#¥). Throughout this part,

we fix the pair of solutions (#*, v¥), and we define the parabolic domain Qr := Q x (0, T). This chapter is based upon
the article [8].

3.1 A priori bounds and relative compactness

To begin with, the comparison principle gives us again bounds on the values of #* and v*:
Proposition 3.1. Forallk>1,0 < w*<1and 0 <v* <1 in Qr.

The existence and uniqueness of such a solution (%, v*) of Problem (£¥) follows again from Proposition 7.3.2 p. 277
of Lunardi [34] for U* := u* — m! and V¥ := % —mh.

Following the approach of the previous part, the next step would be to obtain a bound on the interspecific

competition term. However, the same computation fails, because the boundary term appearing during the integration by
part does not cancel with Dirichlet boundary conditions. Integrating the equation for u* on Qy yields

T
k// ukvk=d1/ / uk—i—// f(uk)+/ug—/uk(~,T>,
Or 0 02 Or Q Q

where we have not yet obtained an a priori estimate for the first term on the right-hand side, and it could even blow up
as k tends to infinity. To cope with this difficulty, we are going to obtain a slightly weaker estimate, by multiplying with
a test function vanishing on the boundary before performing the integration by parts. It will provide useful information
only in subdomains  of  such that @ CC Q. Let thus ¢ € C() N C®(R2) such that ¢ = 0 on 32 and ¢ > 0 in Q. For
example, one can take ¢ as the first eigenfunction of the operator —A in €2 with the homogeneous Dirichlet condition,
namely the function ¢ such that |g|| HIQ) = 1 satisfying,

—Ap=A1¢ in Q,

=0 on 0S2,
with 4 > 0 and ¢ > 0 in Q (see Theorem 9.31 p. 311 in [3] for the existence of such a function). Then we prove the
following result:

Proposition 3.2. There exists a constant Cy independent of k such that

Proof. Integrating the equation for u* after multiplication by ¢ yields
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T
k// vk = dl/ / {u’j(p — o} +d /:/ ukAg
Or 0 Jog Or

+ / fuh)e + f upp(-, 0) — f W', T)g(-, T).
Or Q Q
Now using that ¢ = 0 on 9%, ¢, is bounded on 9€2, and that u*, v* have values in [0, 1], we obtain the desired result.
O
As in Chapter 1, we now prove uniform estimates for |Vu¥| and |VoF|.

Proposition 3.3. There exists a positive constant C, independent of k such that

// |Vik|? g, // |Vik2p < C,.
Or Or

Proof. We multiply the parabolic equation for u* by u*¢ and integrate by parts. This gives

1d
Ezf(uk)zgﬂ-i-dl/ |Vuk|2(p+d1/ kit - v
tJa Q Q

_ f Flto — k / WPk,
Q Q

where we used that V(uFg) = @VuF 4+ u¥ Ve, and that ¢ = 0 on the boundary. Integrating it in time, and integrating by
parts the last term of the left-hand side we find

l/(uk)z(-,T)(p(~,T)+d1 [/ |Vuk|2(p
2 /e or

1 T
= / WYl 0) — dy f WY, +dy f WA + / Flde.
Q o Joo Or Or

Using again that 0 < u*, v* < 1, and that ¢, is bounded on 3%, we obtain the result. O

2 (Or) estimates for |Vuf| and |Vo¥|. This is not
sufficient to pass to the limit as k tends to infinity in the nonlinear terms and in the time-derivative term. In the first
chapter we coped with this problem by finding estimates on the time derivative of the solution pair and using a
compactness embedding to obtain strong L? convergence. Now, we obtain strong L>-convergence by a different
approach. We apply the Fréchet—-Kolmogorov Theorem, as stated in the book of Brezis [3], Corollary 4.26 p. 74.

So far we have obtained L>(Q7) estimates for »* and v¥, and L?

Theorem 3.4. Let F be a bounded subset of LP(Qr) with 1 < p < oo. Suppose that
e for any ¢ and any subset w CC Qr, there exists a positive constant §(< dist(w, 0Qr)) such that

1f G+ &1) = fO Do) + I1f Gt + 1) =Dl < €

forall & T, and f € F satisfying |&| + || < §,.
e for any ¢ > 0, there exists w CC Qr such that

I fllrome < €

forallf e F.
Then ¥ is relatively compact in LP(Qr).

The Fréchet-Kolmogorov theorem is written in a way that all the variables are involved in a similar way. However,
we deal with a parabolic system so that it is handy to separately derive estimates for differences of space and time
translates, first the space translates and then the time translates.

Theorem 3.5. The sequences {u} and {v*} are relatively compact in L*(Qr).

Proof. To verify the first hypothesis of the Fréchet—-Kolmogorov theorem it is sufficient to consider subsets of Q7 of the
form 2, x [0, T — t], where t € (0, T], and

Q, = {x € QIB(x,2r) C Q)

for r > 0, and where B(x, r) denotes the ball in RY with center x and radius r. Indeed, if @ CC QOr, the continuous
function (x, 1) € w — dist(x, 02) achieves a positive minimum on w, and thus @ will be included in 2, x (0, T) for r
small enough. Reasoning similarly on time, w will be included in a domain of the form Q x [7,T — 7] for t small
enough. Thus we deduce that w C 2, x [t,T — 7] for r and t small enough. We define in addition
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Q= U B(x, 7).

x€,

We start with the estimates on the space translates. We show that for all » > 0, there exists a positive constant C3 such
that

T
/ / W+ E0) — i (e ) < Clel,
0 Q,

T
/ / W@+ &1 — v )’ < GlEP,
0o Jo,
for all £ € R such that || < r, which will imply the desired result. For the proof of these inequalities, we use the

estimates on |Vuk|\/¢ and |Vvk|ﬁ in L>(Qr), as well as the Cauchy—Schwartz inequality:
2

T T 1
/ / x4+ &) — uf(x,0)* dxdr = / / ( / wk(x+9§,z).sd9> dx dt
0 JQ, 0 Ja,\Jo

1 T
< &P / f f Vit 68, 0 dxdt d6
0o Jo Ja

T
% / Vil (x, |2 dxdr
0 Jeo

IA

&7 T k )
< — V" (x, )| p(x) dx dt
vlefg/ ey Jo Ja

< G5l

The estimates on the space translates of v* can be shown similarly. Next we turn to the estimates on the time translates.
We prove that for each r > 0, there exists a positive constant C4 such that

T—1
f / W, t 4 1) — uF(x, 1) dedt < Cyr,
0 Q

T—1
/ / W (x, t 4+ 1) — V'(x, 1)) dxdr < Cyr,
0 Q,

for all 7 € (0,T). We take pu € C3°(S2)) such that 0 < u(x) <1 in €/ and u =1 on €2,, and we show that for all
te€(0,7)

T—t1
/ W, t 4 1) — uF (e, 0))? (x) dxdt < Cyr,
0 Q.

T—1
/ W (x, 1+ 1) — V(x, ) (x) dx dt < Cyr.
0 Q
We perform the computations for u*, the estimates for v* being proved similarly. We have

T—1
/ (U, t 4 1) — uF(x, 1)* (x) dx dt
0 Q!
T—1 +T
= / W (x,t+ 1) — uf(x, 1) < / uk(x, 5) ds) w(x) dx dt
0 Q! t

T—1 T
= / W (x, t + 1) — uF(x, 1)) ( / uk(x, 1+ 5) ds) w(x)dxdt
0 Q!

0
=L+5L+15,
where I, I, and I3 are obtained when replacing uf in ( for uf(x, t + s)ds) by the equality from ({P‘k):
uf =d, Auk +f(uk) — Kok,

So we have

T T—1
I = f / / W, t 4+ 1) — uF (o, 0)dy Ak (x, £+ s)(x) dx dt ds,
o Jo Q!
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v pT—1
L: f / W (x,t + 1) — ub e, ) (U (x, £ + $))u(x) dx dt ds,
0o Jo Q!

T T—1
L= — / / (U (x, 1t + 1) — uF(x, )k V) (x, £+ ) (x) dx dt ds.
0 Jo Q!

The estimate on /; follows from the estimate on |Vuk|2. Indeed, since p vanishes on 952, we have

T T—1
I = —d, / / / VW (x, 1t + 1) — uF(x, 1)) - ViF(x, t + )(x) dx dt ds
o Jo !

T T—1
—d f / / (uk(X, t+1)— uk(x, t))Vuk(x, t+s) - Vu(x)dxdtds.
0 Jo Q,

The first term of /; can be bounded using Cauchy—Schwartz inequality and the fact that, by definition, w is bounded:

T T—1
d / / f VW (x, 1 + 1) — uF(x, 1)) - ViF(x, t + $)u(x) dx dt ds
o Jo Q

. T 1/2 Tz 1/2
< 2ldi [l 4]l oo f (f / |Vu"(x,r)|2dxdr> (f |Vuk(x,r+s>u<x)|2dxdr> ds
0 0 Jo! 0 Q.

T
< 20d Il / Vi e )P d dr.
0 Ja

As for the second term of /;, we just use that Vu is bounded on €2 and 0 < uk < 1. Finally we introduce ¢ the same
way we did previously.

T T
L) < C5tf / |Vu’<(x,z)|2dxdt+c6rf f |Vuk(x, 1)| dx dt
0o Ja 0 Ja

C T

5T k 2

< - / |Vu™(x, £)|“p(x) dx dt
ylefg, e Jo Ja

1

T 2
P L ( / Vit e, )2 (x) dx dt)
(inf ) 7

yesy,

[S1h

< Cgr.

The estimates on the terms /; comes easily from the fact that u*, ¥ take their values in [0, 1], and that on the term I3
from the bound on the interspecific competition term:

lI] < Cort,

Ciot T
L < —2 kifvko < €)1
inf o(y) Jo Jo
YEQ, "

This completes the proof of the estimates for differences of time translates of u*. The estimate for the function v
follows in a similar way.

The proof of the second hypothesis of the Fréchet—Kolmogorov theorem easily follows from Proposition 3.1. Indeed,
since {#*} and {v*} are bounded by 1, for any ¢ > 0 fixed, there exists rp > 0 and 7o > O such that for 0 < r < ry and

0<t=<71
T T
/ / Wy, / / Wy <e,
- Ja 0o Jae,
along with similar inequalities for v*.

We are thus able to apply the Fréchet-Kolmogorov theorem and we deduce that {«*} and {v*} are relatively compact
in L2(Qr). O

k

We can now state the following convergence result.

Corollary 3.6. There exist subsequences {u*}, {v*»}, functions u € L*(Qr) and v € L>(Qr) such that

Wb — u, V" — v strongly in L*(Qr) and a.e. in Qr,

as k, — oo.
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3.2 Charaterization of the limit problem

As with the Neumann boundary conditions we have the following result.
Proposition 3.7. uv =0 a.e. in Q.

Proof. The proof is simpler than in the case of the Neumann conditions because we already know the strong
convergence of () and (v*). Indeed, recall that

Since (#*) and (v*) strongly converge in L?>(Qr) we can pass to the limit in the left-hand side and deduce that

// uvy = 0.
Or

Now since, u*, v¥ > 0 and they converge almost everywhere to u# and v, we deduce that u, v > 0 almost everywhere.
As by assumption ¢ is also strictly positive in the interior of Qr it yields

k

uv =0 a.e. in Qr.
This completes the proof. U

Next we set wf := uf — ”;k and w = u — 5 We deduce from the convergence results above that

wh — w  strongly in L*(Q7) and a.e. in Qy
as k, — oo and furthermore that
u=w", and v=oaw",

where sT = max{s,0} and s~ = max{—s, 0}.
We will now prove that w is the unique weak solution of a limiting free boundary problem in the same way as in the
previous chapter but with Dirichlet boundary conditions.

Proposition 3.8. The function pair (u,v) defined above is such that

S A
a2 (52

={y € C>'O7) | ¥(x,T) =0 in Q and ¥ = 0 on 92 x [0, T]}.

3.1

for all v € F where

Proof. We take the difference of the partial differential equations for u* and v*/a, multiply by ¥ € F and integrate by
parts in time and space, which yields

T B [ [ -5
I, (oo (- 22}

We can then pass to the limit as k" — oo in all the terms by using the dominated convergence theorem (as

0 < u*,v* < 1). This yields the desired result. O
We rewrite this equation in terms of w, and of the following quantities
d, if s >0,
d(s) := i
dr, if s <0,
dis if s>0,
D(s) = .
drs if s <O,
f(s) if s > 0,
h(s) := —
W= 80w o,
o

Thus the equation for w reads,
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w; = AD(w) + h(w) in Or,

d2m2
o) Dw) =dymy — ——  on Q2 x (0,T),
() o

v in Q.

w(x, 0) = up(x) —

Definition 3.1. A function w is a weak solution of Problem (P) if it satisfies:
e weL®x(0,7)), ,
o Jf o, (Wi + DAY+ hw)p) = fi fugldim — L2y, — [, woy(,0) for all T > 0 and € Fr.

Theorem 3.9. The function w defined above is a weak solution of problem (P).

Proof. This follows from (3.1) and from the definitions of w, D and h. O

3.3 Numerical example

As can be seen in Fig. 3.1, just as in the previous chapter with Neumann boundary conditions and as it has just been
proved in this case, when k — o0, the supports of the species become disjoint. The difference in this case is that when
the system reaches its steady state (when ¢ — 00), both species coexist. Here it can be explained by the Dirichlet
conditions acting as sources for each species. Indeed, in this system, we took the following Dirichlet conditions:

ulx,—1,6) =—-05xx+0.5, u(—1,y,1) =—-05xy+0.5,
ux, 1,8) = u(l,y,t) = 0.

(3.2)
v(x,1,1) =05 xx+0.5, v(1,y,6) =05 xy+0.5,
v(x,—1,1) = v(—1,y,1) = 0.
It means that we force the species u to exist on the boundaries x = —1, y = —1, and the species v to exist on the

boundaries x = 1, y = 1. Furthermore, as we explained in the previous chapter with Neumann boundaries, though u has
a competitive advantage, it can be offset by a larger “initial value” for the species v at the space where the species
interact. Since the Dirichlet boundaries act as source for each species in their respective corner, the further one species
invades the other initial territory, the greater this “initial value” will be. At some point, the competitive advantage of u
is not enough, and it cannot over-compete the species v.
3.4 Uniqueness of the weak solution of the limit problem

The goal of this part is to show the uniqueness of weak solution of problem (). Our proof relies on the following
proposition.

Proposition 3.10. Let w, and wy be two solutions of Problem () with initial data wo and wqy respectively. Then

// |wi(x, 1) — wa(x, t)| dx dt
Or

<7 / 0.1 (9) — wo2(0)] d + / / (T — Dlh(wr) — h(wy))| dxdt.
Q Or

The proof of this result is based on properties of the solution of the adjoint problem
wl + U(X, t)Aw = 77()5, t)’ (-x9 t) S QT’
Yv=0 on d2 x (0,7), ()
Yx,T) =0, xeQ.
We first show the following lemma.

Lemma 3.11. Let T > 0, n € C{°(Qr) be such that |n| <1 and let o € C*°(Qr) be such that there exists a positive
constant o, with

o(x,t) >0, >0 in Qr.
Then there exists a unique solution ¥ € Cc>'(0p) of Problem (A). It satisfies
W <T—1t inQr
and

/ (apy < 12
or - O—a% .
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ou(xy,t) -
Bv(xy,t)

0s

(a.2)

ou>0.01
ov>0.01

suxyt)
ov(xy,t)

wu(x,y,t) '
ov(xy,t)

(c.2)

ou>0.01
ov>0.01

= T 05 05 (=T ED 20 05 [T o0 05 0 T S o0 s [T ES 0 o5 0

Fig. 3.1. Numerical simulations of the system with ;1] = po = L, 0 =2, dy =do = 1, @ = (=1, 1), ug(x, y) = e~ 60-5+9"=605+"

vo(x, y) = e 805+ =6(=056" For (a) k = 100, (b) k = 1,000, and (c) k = 10,000. The graphs in (a.1), (b.1) and (c.1) show a
3D spreading of the species in €2, with the z-axis the population density, in case of the initial values being a Gaussian distribution
on opposite sides. The boundary conditions are non-homogeneous Dirichlet boundary conditions, see (3.2). The graphs in (a.2),
(b.2) and (c.2) show a numerical approximation of the support of each species. Since o > 1, u has a competitive advantage
which is translated by the dominance of its support after some time. We see that when k tends to oo, the supports become
disjoint, though the nature of the competition, or the time needed for the support of u to extend does not change.

Proof. Note that problem () is a backward parabolic equation, along with a final condition at the time 7. We first
rewrite the equation as a classical forward (in time) problem by a change of variable, t =T — ¢, o(x,t) = o(x, 1),

n(x, 1) = n(x, ) and Y(x, ) = Y(x, t). Then

wr = —1/’1, AE = Al/f

and  satisfies the forward (in time) problem

¥, =0, DAY —7(x,7), (x,7) € Or,
U=0 on 3 x (0,7), (F)
¥(x,0) =0, x e Q.

The existence and uniqueness of the classical solution of this problem can be found in classical literature. For example,
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it follows from the book [32] that problem (F) has a unique classical solution v/, which in turn yields a unique classical
solution of the adjoint problem (#4).

The first estimate of the lemma follows from the maximum principle. Indeed, since |n| < 1, the functions 7 and —t
are upper and lower solutions of problem (¥). Thus

—t<y <t inQr
or equivalently
—-T-n=y<T—1t inQr.

We now turn to the estimate on Ay. We multiply the parabolic equation in problem (4) by Ay and integrate by
parts on Qr. So,

f v (o) = / / v

- / (V). - VY + / (Ay)o = / / Ay,
Or Or Or

Here we have used that ¢, = 0 on 92 x (0, T"). Thus

1 2 1 2 2
—/ V¥(., 0) ——/ VY T)) +// (Aw)asff 1Ay,
2 Ja 2 Jq Or Or

As ¥(-,T) =0, also Vi{y(-,T) = 0, and we deduce that

/ / RO f / Ay

We claim that it implies the desired estimate. Indeed, using Young’s inequality

f w)zas/f N
Or Or
O 2 1 2
ET//QT(AVO +2C7*//QTn
<1 (Ao + 1 )
_5/ Or vre 2T‘*//.anl

1 2 1 2
Ef/QT(M’)"fza*/fQT"

T|S2|
< 9
— 20,

where we have used that || < 1 for the last inequality. Hence

[IREE l// (apro < T8
Or O Or Oy

This completes the proof. (I

which implies that

Therefore

The next step is to prove the inequality for the difference of w; and w.

Proof of Proposition 3.10. Let w; and w, be two solutions of problem (4) with initial data wy; and wy, respectively.
Set W 1= w; — wy, Wp := W1 — Wo2, 2 := M(w;) — h(w,) and define for all (x,#) € Or
D(wi(x, 1) — D(wa(x, 1)) i w1 (1) % wan, 1),
q(x, 1) = wi(x, 1) — wo(x, 1)
min{d;, d,} otherwise.
Note that it easily follows from the definition of O that

min{d,,d>} < q(x,t) < max{d;,d>} in QOr.
The definition of a weak solution for problem (#) yields, for all ¢ € Fr,

// (W, + gAY) + 2} dxdt = —/ Woyw(x, 0) dx.
Or Q
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Lemma 3.11 allows us to replace v, + gAv by any function n € C3°(Qr) such that |n| < 1, while ensuring || <
T — t. Choosing a suitable function n would then yield the result. However, we are not quite able to apply Lemma 3.11,
since ¢ is not smooth enough. Yet using mollifiers, one can find a smooth sequence g, converging to ¢ in, say, L>(Qr)
and verifying the same bounds as g:

1
g, — qlliz,) < P

min{d;, d>} < q,(x,t) < max{d,,d>} in Qr

(extend ¢ to min{d,, d,} outside Qr and then use mollifiers, the convergence in L*(Qr) is a classical result that can be
found in the fourth chapter of [3], while the bounds on g, come easily from the fact that the integral of a mollifier is
one). Then fix n € C§°(Qr) with || < 1 and let v, be the solution of problem (+) with the function o replaced by g,
(with o, = min(d;, d») then). Setting ¥ = ¥, in the equation for ¥ gives

f f [D{(W), + gAY} + 2l ddr = — / Bou(x, 0)di,
Or Q
and hence since

)i + qu(x, DAY, = n(x, 1),
we have

' / / MG a)AY, £ 1) dc

< / / (il drdi + f [ Bovn(x, )] d
Or Q

5/ (T—t)|z|dxdt—|—T/ |Wo| dx.
or Q

Next we show that the first term on the left-hand-side of the inequality above vanishes as n — oo. Indeed, using
Cauchy-Schwartz inequality,

// [0 lg(x, 1) — gn(x, D) | Ay | dx dt
or

1/2 172
< (lwillz=op + ||w2||L~’>°(Q,-))<// (q—qn)’ dxdt) (/ (AY,)? dxdt)
Or Or

- cnr'?1Q'?
~ nmin{d;,ds}

Letting n — oo we obtain
‘ / / wn dx dt
Or

for each n € C3°(Qr) with [n] < 1. Take as functions 7 the elements of a subsequence {n,}, (m € N) such that {»,,}
converges to sign() in L'(Qr) as m — oo. Letting m — oo yields

// |1D|dxdt§/ (T—t)lzldxdt—l—T/ || dx,
Or Or Q

which completes the proof. (]

5/ (T—t)lzldxdt—i—T/ |Wo| dx
Or Q

With the aid of Lemma 3.10 in hand, we are now ready to prove the uniqueness of the weak solution of problem ().

Corollary 3.12. There exists at most one weak solution w of Problem (P). The function w belongs to C*P2(Qr) for
all B € (0,1).

Proof. First, the Holder continuity of weak solutions of problem () in Qr follows from [13, Theorem 1.1, p. 41].
Suppose then that w; and w; are two weak solutions of problem () with initial data wg; = wp, and let M > 0 be
such that |w;| <M (i = 1,2). Since A is locally Lipschitz continuous on R, there exists a constant L such that

|h(wy) — h(wa)| < Llwy — wa| in Or.

Applying the inequality above with Q7 replaced by 2 x (¢, ) + 7) with ty € [0,T) and t € (0, T — o] (we can reduce
to this case because as w; and w; are continuous we can show that they are solutions of problem () over [#y, T] with
initial conditions at time fy) gives
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fo+T
/ / lwy — wy| dx dt
Iy Q

to+T
< T/ [wi(x, o) — wax, fo)| dx + / /(lo + v — )|h(w) — h(wy)| dx dt
Q Iy Q

10+T
< T/ lwi(x, to) — wa(x, )| dx + TL/ / |wi — wa|dxdt,
Q to Q
and thus
f0+T
(11— ‘L’L)/ / lw; — wy|dxdt < r/ |wi(x, tg) — wa(x, to)] dx.
to Q Q
It follows that, for all T < min{1/(2L), T — ty}, we have
to+T
/ / |lw; — wy|dxdt < 2r/ |wi(x, tg) — wa(x, to)] dx.
Iy Q Q
Let then
to :=sup{t € [0, T] | wi(x,s) = wa(x,s) for 0 <s <t x € Q}

and assume that 7y < 7. Then by continuity of w; and w,, wi(-, o) = wa(-, %) so that by the inequality above

w; = wy on Q2 X (fy,to + 1)

29

T € [0,min{1/(2L), T — tp}], which contradicts the definition of #y. Therefore problem (J) has at most one weak

solution w.

O
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Chapter 4

Link with a Stefan Problem

In the Chapter 2, we showed that the strong form of the limit problem with Neumann boundary conditions is:

iy = dy ATt + f (i) in Q= (J {20 x {11},
t€[0,7T]

T, = 2 AT + g(0) in 0, := (J 12,0 x (1},
t€[0,T]

P =0 onT:= | (r®) x {1}, (P)
t€[0,T]

_ dy _
dit, = ——7, on I,
o
u,=0 on 92 x [0,T],
u(x,0) = up(x), v(x,0) = vo(x) for x e L,

where n denotes the inward pointing normal of the set €2, (see Fig. 2.2), and v the outward pointing normal of 2. We
will see in this chapter its relationship with a Stefan problem, and show how to transform the initial problem (#*) so
that the limit problem (&) includes a positive latent heat coefficient.

4.1 The Stefan condition

A Stefan problem is a problem where the diffusion equation is posed in a domain bounded by a free boundary, which
is determined by an extra boundary condition (Fowler [20]). Historically, it was introduced to study the freezing of
water. We suppose that there is no heat convection, only conduction. In this situation, we need to keep in mind 2
distinct phenomena.

e The first one is that the evolution of the temperature in the water is assumed to follow the heat conduction law (or
Fourier’s law). It states that the local heat flux density is proportional to the gradient of temperature. This gives
birth to the standard heat equation. However, it is only valid until the water reaches 0 °C.

e At 0°C, a change of phase occurs. The energy released from this point on by the water does not bring the
temperature further down, but instead changes its state from liquid to ice; this energy is called the latent heat (of
solidification in this case). See Fig. 4.1.

e Once the ice has formed, then Fourier’s law is valid once again in it, albeit with different heat conductivity.

Assuming that the assumptions above are still valid, we suppose that a body of water at temperature 7; is suddenly
subjected to a surface temperature 7y < 0°C, with 0 °C the freezing temperature. We also suppose that the temperature
only depends on the depth z and the time 7. Then at time ¢ > 0, we can expect a frozen region 0 < z < s(¢) and an liquid
region s(f) < z < L, where the free boundary s(t) is a function of time. A model to describe this situation is given by

Temperature
N
phase change quuid
9O ,
S  Mmelting
(%)  —
<:|
freezing
N

./
Latent heat Energy input

(heat added)
Fig. 4.1. Phase change and latent heat graph.
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T = o T,, 0<z<s(t),0<t<T
0, =-|Tol, 0<t=<T
T(s(t),t) =0, 0<t<T

T, = T, s)<z<L, 0<t<T
T,(L,t) =0, 0<t<T
T(z,0) =1, 0<z<L

where o > 0, o, > 0 are the mass diffusivities in water and in ice, respectively, T > 0, and a Neumann boundary
condition is set at z = L (it is thermally insulated). Finally, what happens at the free boundary is that there is a
discontinuity in the local heat flux density between g(s™) = —k; %—f |- and g(sT) = —k % |+, due to the latent heat
(L, per unit mass) removed when the water freezes at z = s. Hence we add the energy balance condition:

Lds_ r oT oT @.1)
Poar = M| TP L) '

which is called the Stefan condition. It is a condition that directly translates into the description of the speed of the free
boundary. For a full solution of this problem we refer to Fowler [20].

In Problem (%), there is no Stefan condition on the moving boundary, or more precisely, the latent heat equivalent in
this model is equal to zero.

4.2 The limit boundary problem with a positive latent heat

If our problem had a positive latent heat, then Problem () would be:

iy = dy ATt + f (i) in 0, = | J (2.0 x (1),
t€[0,T]

v, = dy AT + g(v) in Q,:= (J {Q.0) x (1)},
te[0,T]

T=T=0 on = [ {r@ x {1}, ()
t€[0,T]

_ dr
AV, = —du, — —v, on I’
o
u, =0 on 92 x [0, 7]
u(x,0) = up(x), v(x,0) = vo(x) for x € L,

with 4 > 0 and V,, the normal velocity of displacement of the interface. Our question is: can we modify problem (#y)
into a reaction diffusion system (&) such that the limit of the solution of ($}) is the solution of ($')?
4.2.1 An example of such a reaction diffusion system

In the article of Hilhorst et al. [21] we can find a first example:
In the half-strip St = {(x,#) : 0 < x < 00, 0 <t < T} we consider the following reaction-diffusion system

Uy = Uy — kF(u, v), in St,

v, = —kF(u, v), in St,

' (u, v) T @.2)
u(0,1) = ug > 0, t>0,

u(x,0)=0, v(x,0) =v9 >0, x>0,

where the function F is smooth enough and non-decreasing in u# and v.
The corresponding limit problem is the simplest one-dimensional one-phase Stefan problem, similar to the one given
in the previous example,

U = Uy, t>0,0<x<s(t),
u(0, 1) = uy, t> 0,

u(s(t),r) =0, t >0,

é = —iux(s(t),t), t>0,

dt Vo

5(0) =0,

u(x,0) =0, x> 0.
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As k — 00, the solution (u*, v¥) of the problem (4.2) converges to (1, 0) in the set {# > 0, 0 < x < s(¢)} and to (0, vg)
in the set {r > 0, s(¢) < x}.

In this one dimensional example, the equivalent of the latent heat is vy, and ds/dt corresponds to the normal velocity
of displacement of the interface V,,.

4.2.2 The new system coupled with an ODE

From the one-dimensional example given by system (4.2) comes the idea to couple an ODE with a PDE system, to
approximate a Stefan problem with positive latent heat. We consider the system

siuv Asi(1 — wu

wy=didu+fu)y——— ———, x€Q,t>0,
e &
SHUv ASHwv
v =drAv+glv) — — — , xeQ,t>0,
& I3
(I—wu wv G150
W= —— —, xeQ, t>0,
t e o 4.3)
u,=v, =0, x€ 02, t>0,
u(x, 0) = ug(x), xeQ,
v(x, 0) = vj(x), x e,
w(x, 0) = wy(x), xeQ,

where v denotes the outward normal vector to 9€2, and s1, 52, 4 and € are positive constants. We note that in the case
where 4 = 0 (no latent heat), we lose the coupling with w, and we recover the previously studied system (with s; = 1,
s; =« and 1/¢ = k). This new system is thus a perturbation of the previous 2 component system.

Here the initial data depends on ¢. We further make the following hypotheses:

us, v € C(Q), w) € L(Q)
0 <up, vy, wy <1, inQ
uy — ug, Vg — vo, wy — wo, weakly in LX) as ¢ — 0,

for some functions ug, vy, wy € L*(£2).

4.3 A priori bounds and relative compactness

By a solution of Problem (4.3) in Q7 (T > 0) we mean a triplet of functions (u, v, w) € C([0,T]; C(Q) x C(Q) x
L*°(2)) such that

u,v € C'((0,T]; C(Q)) N C((0, TI; WP(Q)), w € C'([0,T]; L®(Q))
for each p € (1,00) and such that (u, v, w) satisfies Problem (4.3).

Lemma 4.1. There exists a positive number T = T(||u8||c(§), ||v6||c(5), lwgll o)) such that (4.3) possesses a unique
solution (uf, v, w®) in Qr.

A proof can be found in Hilhorst et al. [22].
Lemma 4.2. Let (ug, vy, wy) be a solution of (4.3) in Qr. Then
0 < uf(x, 1), v°(x, 1), w(x,1) < 1
for (x,t) € Q.

Proof. We deduce from the maximum principle that u®,v® > 0. Let now x € Q be such that w{(x) is defined. If
w®(x,f) =0 at a time t = ¢, then wi(x,f) = u(x,1)/e > 0. The condition w{(x) > 0 implies that w®(x, ) > 0 for all
t > 0. A similar argument implies that 0 < w®(x,f) < 1 for all # > 0. Finally, a second application of the maximum
principle yields u®,v* < 1. (]

Lemma 4.3. For any positive number T, there exist positive constants C; (i = 1,...5) independent of € and A such
that

/ (s1 + s2)u’v® < Cie,

Or
/f As1(1 — wu® < Cye,
Or
// Asrw®v® < Cse,
Or
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/f 4 IVieP < G,

Or

/f d>|VV|? < Cs.
Or

Proof. As we did in the previous chapters, integrating the equation for #° in Qr yields

siufv® Asi(1 — wu . . .
// ( + )=/<u0(~>—u (~,T>)+// F) < (@ + TMPIS,
or\ ¢ € Q Or

which implies the first and second estimate. The third one can be shown similarly by integrating the equation of v°.
Next we multiply the equation of u® by ©® and integrate by parts on 2. This yields

1d K £\2,,8 Pl 1 —w £\2
**/(u5)2+d1/ |Vu5|2+/ v AT
Zdt Q Q Q &

&

Hence we can integrate on (0, T) to deduce the fourth estimate. The last one can be proved similarly. (|
Lemma 4.4. Let T be any positive number and set
Qe ={xeQx+rEeQ for0<r=<1}

with & € RN, Then there exists positive constants Cg and C; such that

T
C
/ W (e £ 1) — 1 (e ) ddi < <2 Je2,
0o Ja d
T CS
f W (x + & 1) — v (x, )  dxdt < — |E],
0o Jeo d>
T—1
/ / W, t 4 1) — u(x,1))> dxdt < Cer,
0 Q

T—1
/ / W (x,t+ 1) — u(x, 1)) dxdt < Cyt.
0 Q

Proof. The first and second inequalities follow immediately from the estimates for |Vuf|? and |Vv¢|. Indeed, we have:
2

T T 1
/ W+ &1 —u(x, 1) dedt = / / {/ Vul(x + r&, 1) - “g‘dr} dx dt
0o Jo. o Jo:lJo
Cy .
< —|&|".
=7 151
The second can be shown similarly. For the last two inequalities, we have:

T—t
/ /(us(x, t+ 1) — uf(x,0)* dxdt
0 Q
T—71 T
= f [(ug(x, t+ 1) — u’(x, t))/ ui(x,t +r)drdxdt
0 Q 0

T—1 T
_ / / WGt + 1) — 15, 1) / {dl AW+ 1)+t + 7))
0 Q 0

siuf(x, t + rv(x,t +r)+ Asi (1 — wé(x, t + r)uf(x,t+r)
&

} drdxdt.

For an upper bound of the first term, we have

T—1 T
/ /(us(x, t+1)—ut(x, t))/ di Auf(x,t + r)drdxdt
0 Q 0

T pl—1
=d; / / /(Vug(x,t+ ) — Vul(x, 1) - Vu(x,t + r)dxdtdr
o Jo Q

T
52(111/ / |Vl (x, 1)|* dx dt
0 Q

< 2Cyt.
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Similarly,
T—t T
/ /(us(x, t+ 1) — u’(x, t))/ f@f(x,t + 1)) drdxdt| < 2M;T|Q|t.
0 Q 0
Finally, we have
T—1
/ f {Iug(x,t + 1) — u'(x,1)]
0 Q
Tsiuf Ot +r)vi(x,t+ 1)+ As (1 — wé(x, t + r)uf(x, t +r)
dr dxdt
0 &

T osuf (o, OUE (e, 1) + Asi (1 — w (e, 0)uf (x, 1)
<2t dx dt
0 JQ &

<2(C + Cy)r.

In the end, we have shown that

T—1
/ [ W (x, 1+ 7) — ub (x5, 1))> dxdr < 2C4 + M;T|Q + C) + Cy)t.
0 Q

Similarly, we can prove the estimate

T—1t
[ [ @it n - vworad < ecs + mriar+ 6+ G
0 Q

which concludes the proof. O

We deduce from the previous estimates that the families {°} and {v°} are bounded in L?(0, T; H'(£2)) and the family
{w®} is bounded in L*°(Q7). Furthermore, it follows from the Riesz—Fréchet—-Kolmogorov theorem that the families
{uf} and {v°} are relatively compact in L?(Qr).

4.4 Characterization of the limit problem
44.1 Convergence to a weak form of the limit problem

With the previous results, we know that there exist subsequences {u®}, {v*"} and {w®'} as well as functions
w*, v* € L2(0,T; H(R)) and w* € L*(Qr) such that

U — u*, v —> "
strongly in L?(Qr), weakly in L?(0,T; H'(2)) and a.e. in Qr, and
w® — w* weakly in L*(Qr) as &, — 0.
Moreover,
0<u*, v, w*<1 ae. onOr.
Hence we deduce from the first three estimates of Lemma 4.3 that

Wt =1 —wHut =w*v* =0 ae. on Or. (4.4)

Lemma 4.5. Let T be an arbitrary positive number. The triplet of functions (u*, v*, w*) defined above satisfy

R e
or L\ 51 52 S1 $2 S1 5

Up Vo
=- / (— L zwo>;(-,0> .5)
Q\S1 $2

for all functions ¢ € C®(Qr) satisfying ¢(x,T) = 0.
Proof. We deduce from the reaction-diffusion system (4.3) for (u°, v*, w®) that

& ) dAF dAS &€ &
(u__v_+/lw5> _dAe d v+f(u)_g(v)_
t

S1 S2 51 52 S1 S2

Multiplying that by a test function ¢ € C*(Q7) with ¢(-,T) = 0 and integrating by parts, we obtain the identity,
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o
0 A r
Fig. 4.2. Graph of the function ¢(r).
u . div®  dn®
—|———+Aw )+ V - - V¢
Or S1 52 S1 S
u® V8 u, v
], (25 (2
or \ S1 $2 Q\S1 $2
Letting ¢ = ¢, — 0 yields the result. (]

Let us now set

u* v*
Z¥ = — — —+ Aw".
S1 52
We will show that Z* satisfies a weak form corresponding to the following parabolic boundary value problem

Z = ADPZ) + Wp(2), x€Q, 0<t=T,

0D(p(Z
y:o, xedR, 0<t<T, (4.6)
v
Z(x,0) = Zy(x), xe,
where
dir forr >0,
D(r) :=
drr forr <0,
r—A forr> A,
¢(r):=410 for0 <r<a,
r for r <0,
fsin) for r > 0,
S1
h(r) .=
— 8(=s2r) for r < 0.

52
The function ¢ is used to model the phase change, as can be seen by comparing the Figs. 4.1 and 4.2.
Let us now define the Heaviside function
1 for r > 0,
H(r):={1[0,1] forr=0,
0 for r < 0.
ry = max{r,0}, r_ := —min{r,0}.

Lemma 4.6. If w € H(z), then ¢(z + Aw) = z. In particular, the limit functions u*, v* and w* satisfy

W= 92 v = 0bZ)_ and w =2 PE)

5 4;
Wheie

* u* v* *
ZF = — — — + Aw. (4.8)
N 52

Proof. The first claim of this lemma follows from the definition of ¢ and H. We deduce that
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. ut vt
w e H|[———
§1 52

y u*  v*
¢Z)=———,
S1 52

from the equalities (4.4). Hence we have

which implies the result. (]
Definition 4.1. A function Z € L*(Qr) is a weak solution of the problem (4.6) with an initial datum Zy € L>(R2) if
D(H(Z)) € L(0,T; H'(Q))

and
// Zg +/ Zog(-,0) = / {(VD(@(Z)) - Vi — h((Z))¢) 4.9)
Or Q Or

for all functions ¢ € C®(Qr) satisfying ¢(-,T) = 0.
If Z is a weak solution of the problem (4.6), then ¢(Z) is continuous on € x [8, 7] for each 8§ € (0, T1].
Lemma 4.7. The function Z* defined by (4.8) is a weak solution of the problem (4.6) with an initial datum Zy =
uo/s1 — vo/s2 + Awo.
Proof. 1t follows from the Lemma 4.2 that Z* € L*°(Qr). We observe that (4.7) implies
« dlu* dzv*
DPYZ) = ————.
S1 S2
In particular, D(H(Z*)) € L*(0, T; H'(Q)) holds true by Lemma 4.3. We also notice that

npzry =14 80D

S 52

Therefore (4.5) can be rewritten as (4.9) with Z = Z* and Zy = up/s1 — vo/s2 + Awg. This completes the proof. [

Theorem 4.8. The function Z* defined by (4.8) is the unique weak solution of the problem (4.6) with an initial datum
Zo = M()/S] — U()/S2 + /lwo. As e —> 0,
ut — u*, v° — v* strongly in L*(Qr) and weakly in L*(0, T; H'(R2)),

w® — w*  weakly in L*(Qr).
The proof for the uniqueness addressed in this theorem can be found in Hilhorst ef al. [24].

4.4.2 The strong form of the limit problem
We set
Qi) :={x e Q| dZ(x,1)) > 0},
Q_():={xe Q| dZx,1) <0}, (4.10)
I'(@) := Q\(Q4() U Q2_(1)),
for t € [0, T], and also use the notation

Q+ = U Q+(t) X {t},

0=t<T

= J eoxw, (4.11)
0<t<T

r={J roxim.
0<t<T

We can regard €2, (7) and 2_(¢) to symbolize two distinct phases, and I'(¢) represents a phase boundary (or an interface)
at time .

Theorem 4.9. Let Z be the unique weak solution of the problem (4.6) with initial datum Zy and let Q4 (t) and T'(t) be
the sets defined by (4.10). Suppose that (each component of) T'(t) is a smooth, closed and orientable hypersurface
satisfying T'(t) N 02 = @ for all t € [0, T]. Let n be the unit normal vector on I'(t) oriented from Q2 (t) to Q2_(t). Also,
assume that T'(t) smoothly moves with a velocity V,, in the direction of n and that the functions

u:=s1902),, and v:=s5¢Z)_
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are smooth on Q and Q_ respectively. Then (I',u,v) satisfies

u; = diAu+ f(u) in Q.(1),

v, = drAv + g(v) in Q_(1),

AV, = —ﬂun — évn on I'(t), “4.12)
S Ky

u=0 v=0 on I'(1),

u, =0, v,=0 on 012,

fort e (0,T] and
{ ['(0) = {x € Q2 | p(Zo(x)) = 0},
u(x, 0) = s1(@(Zo(X)))y, v(x,0) = 2(p(Zo(x)))_, x € L.
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Part 11

The Singular Limit of an Allen—-Cahn Equation
with Linear or Nonlinear Diffusion
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Chapter 5

Singular Limit of the Allen—Cahn Equation with Linear or Nonlinear Diffusion

5.1 Singular limit of the Allen—-Cahn equation with linear diffusion

The Allen—Cahn equation
1
u = Au+— fw), (x,1) €D x R*
€

was introduced to understand the phase separation phenomena which appear in the construction of polycrystalline
materials. Here, u stands for the order parameter which describes the state of the material, —f is the derivative of a
double-well potential with two distinct local minima «; and «_ at two different phases, and the parameter ¢ > 0
corresponds to the interface width in the phase separation process. When & > 0 is small, it is expected that u converges
to either of the two states u = oy and u = «_. Thus, the limit ¢ — O creates a steep interface dividing two phases; this
is a phase separation phenomenon and the limiting interface is known to evolve according to mean curvature flow
[2,5]. More precisely, the problem which we study is given by

1
u, = Au+ 8—2f(u), (x,f) e D x RT,

ou P*
— =0, (x,1) € 0D x R*, &)
av
u(x,0) = uy(x), xeD.
In this model, f is the growth function, and it is bistable. In other words, the ODE
& rw
= — flu
dt
has two stable equilibria, «_ and «,, as well as one unstable equilibrium «, with o¢_ < « < ay. For example,
f(u) =u—u® with a_ = —1, « =0 and oy = 1. When this equation is used to model a mixture undergoing phase

separation, then «_ and o are the two different phases.

5.1.1 Rough idea of how this system evolves

Since ¢ « 1, for a given x € Q, by changing the time-frame to 7 = t/¢%, we can approximate the Allen—Cahn
equation with the solution of the ODE

i (x, 7) = f(i(x, 7))

Since f is bistable, depending on the initial condition #(x, 0), i(x,7) — «o_ or oy when T — oo (except if #i(x,0) = «,
then fi(x, t) = «, for all T > 0). See Figs. 5.1 and 5.2 for an example. Hence, a solution u® of the problem (#°) has a
very steep transition zone between {#°} ~ o_ and {u°} ~ .

The singular limit of the solution u°® as ¢ tends to zero is known (see for example Allen and Cahn [2]). #° converges
to the function #(x, r) where () = o, inside the space delimited by the interface I';, and ##(¢) = O outside I';. We also
know that this interface moves according to the law:

V,=—(N—1k onT, 5.1)

Fig. 5.1. Bistable growth function. The green arrows show the evolution of u(7) in the case of u, = f(u).
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a+
_"_ ________________________________________________________________________________
uo(x)
a
—
-'k --------------------------------------------------------------------------------
X
\L given T>>1
a+
_"_ ______________________________________

Fig. 5.2. up(x) and u(z,x) for a given 7 >> 1 when its growth is approximated by u, ~ u — u’. The transition region is called the
interface.

t=0 t=0.005 t=0.25 t=0.35 t>0.4

Fig. 5.3. Numerical simulations of the Allen—Cahn system in space dimension 2. The z-axis represents the density of the population
u at a given time written above, and at the coordinates (x,y) € D = [—2,2] x [—2,2]. We have taken Neumann boundary
conditions, and chosen uy(x,y) = e for the initial condition, while the reaction function is defined by f(u) =
u(l — u)(u — 0.5), ¢ = 0.01. The graphs show the evolution of the species according to the Allen—Cahn equation. We can clearly
see the interface, moving towards the center before disappearing.

on some time interval [0, T*], where V,, is the normal velocity of the interface I';, k its mean curvature, and # is the unit
normal vector.

5.1.2 Formal derivation of the limit problem

The main reference for this part is the paper of Alfaro, Hilhorst and Matano [1]. We suppose that the following
hypotheses are satisfied:

e D is a smooth bounded domain in R”,

e f € C%(R) has three zeros f(a_) = f(a;) = f(a) = 0 where o < o < ey, and f'(e_) < 0,f"(ay) < 0,f'(cx) > 0,

o [V f(s)ds=0,

e [ is an hypersurface of class C**?, for some 0 < § < 1,

e uy € C*(D), and Vuy(x) - n(x) # 0 if x € Ty,

® uy>ain Df, and uy < « in Dy,
where D denotes the region enclosed by I'g, D7 the region enclosed between dD and Iy, and n is the outward normal
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-1.0e+00 -0.50.250 0.250.5 1.0e+00 [-1.0e+00 -0.50.25 0 0.250.5 1.0e+00 |-1.0e+00 -0.50.250 0.250.5 1.0e+00
J — | — — ] —

Fig. 5.4. Numerical simulations of the Allen—Cahn system in space dimension 2. The space domain is D = [—1,1] x [—1,1]. We
have taken Neumann boundary conditions, and chosen a non-convex domain D; such that uo(x,y) = 0.9 if (x,y) € D; and
up(x,y) = —0.9, otherwise for the initial condition, while the reaction function is defined by f(u) = u — u3, e = 0.01. The graphs
show the evolution of the species according to the Allen—Cahn equation at = 107°,0.007,0.021. We can see the non-convex
domain becomes convex and then disappears.

04 ——=0.05

0.2

-6

Fig. 5.5. Numerical simulations of the Allen—Cahn system in space dimension 1. We have taken Neumann boundary conditions,

up(x) = e for the initial condition, and f(u) = u(1 — u)(u — 0.5). The graphs show the evolution of the species according to
the Allen—Cahn equation.

Fig. 5.6. Interface in the limit problem.

vector to Dy . Let also D;” denotes the region enclosed by the interface I';, and D" := D \ D, . See Fig. 5.6.
Let d(x, t) be the signed distance function to I'; defined by

dist(x, I';) for x € D_,Jr
—dist(x,I";) for x € D]

d(x, 1) =



42 HILHORST, SALIN, SCHNEIDER and GAO

We look for an approximate solution in the form

u(x, 1) = Up(x, t,2) + eUi(x,t,2) + - - -

near I';, where z = ‘;’.

To this purpose we dpply the method of matched asymptotic expansions; namely we substitute this expression into (P°)
and chose Uy, U; accordingly. A first calculation gives

1 1
Auf = AUy + " Uo.Ad + = Uy..(Vd)?
1
+ AU, + U, Ad + " Ui (Vd)? + ...,

1
Mf = U0t+gUOzdt+8Ult+Ulzdr+--~

After substitution into (P?), we collect the ¢~2 terms, which yields the equation
U()zz +f(U0) = 07
where U is the unique solution of the problem
Uy.. + f(Uy) =0,
{ 0zz f( 0) (52)
Up(—=o0) =a_, Up(0)=a, Uy(oo)=oay.
We note that
+00 +00
| tntioaz+ [ stz =0
—0Q —0oQ
implies

—+00

fUo)Up,dz = / +f(s)a’s =0

To achieve that result, remark that

—0o0

—+00 U 292=+00
[ [T

and when z = o0, Uy(z) reaches stable steady states so that Uy, (o0) = 0. Thus there cannot exist a solution Uy
unless ﬁf " f(s)ds = 0. Moreover one can prove the following results:

Lemma 5.1. There exist positive constants C and A such that
0 <oy — Uyz) < Ce M for z >0,
0 < Upr) —a_ < Ce™™ forz<o.
In addition, Uy is a strictly increasing function and, for j = 1,2,

ID/Uy(z)| < Ce™ 1 for z e R. (5.3)

Next, we consider the collection of ¢! terms in the asymptotic expansion. This yields the problem

{ Ulzz +f,(UO)U1 = U()z(dt - Ad)’ (5 4)
Ui(x,1,00=0, U € L*(R). '
Now consider the more general problem
{ Ve +f/(Uo)W = A(2), 5.5)
Y =0whenz=0, v € L®R), '

and multiply the ODE by Uy,. This gives

+00 +00 —+00
V2:Uo.dz + F (U YU dz = / A(2)Uo.dz,
—0o0 —00 —00
and an integration by parts yields
+00 —+00
- V:(Uo,; +f(Uo))dz = / A(@)Uo.dz = 0,
—00 —00

which implies the solvability condition
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—+00
(d, — Ad)(x, 1) f Up2dz = 0,
—00

or else
d,(x,1) = Ad(x,1).

It is known that d;, = —V,, on the interface I';, and Ad is equal to (N — 1)k where k is the mean curvature of I';. Thus
we obtain the interface motion equation on I,

V, = —(N — D). (5.6)

5.1.3 Other resources

For more results on the deterministic Allen—-Cahn equation with linear diffusion, see the papers:

e Bronsard, Kohn [4]: Deterministic, arbitrary space dimension in spherical symetry.

e De Mottoni, Schatzman [12]: Arbitrary space dimension, matched asymptotic expansions.

e Xinfu Chen [6]: Using comparison principle, sub-super solutions.

e Evans, Soner and Souganidis [19]: Convergence to viscosity solutions on an arbitrary time interval.

5.2 The limit of the Allen—Cahn equation with nonlinear diffusion

ur = Ap(u) + g—lzf(u), (x,f) € D x RT,

#) a‘g(”) =0, (x,1) € 3D x R*, (5.7)
v
u(x,0) = uy(x), x e D.

In the case that the nonlinear diffusion term in the parabolic equation of (5.7) is degenerate, for instance if ¢'(0) = 0, no
rigorous propagation of interface result in arbitrary space dimension has been proved. However, we can prove these
results in the case that this partial differential equation is uniformly parabolic, namely if ¢’ > C, > 0 and
f(j " ¢/(5)f(s)ds = 0. We are expecting phase separation as in the linear case, since we can approximate the system just
as before:

1
u = Ap(u) + g—zf(u)

1
~ ?f(u),

in the generation of the interface time interval.
We will not present here a rigorous proof of the propagation of interface. However, we will formally show that the
limit problem is given by

Vi,=—2(N — 1k onl,,
{ " o ) ' Po)
Fflt:() = FO»

with the same notations as before, V,, the normal velocity of I';, and « the mean curvature at each point of I';,

A [ ¢/ )/ W(uydu 5.8)

0= o .

[ VW )du
and the potential W is defined by
N
W) = /W F()¢ (s)ds. 5.9)

For complete proofs, we refer to [16].
We suppose similar hypotheses as in the linear case, with some more added because of the presence of the function
©:
e D is a smooth bounded domain in R,
e f € C*(R) has three zeros f(a_) = f(o;) = f(o) = 0 where o— < o < a4, and f'(w_) < 0, f'(ees) < 0, f'(a) > 0,
e peC'R), ¢ =Cy>0and [ ¢/(s)f(s)ds =0,
e INyisaC**¥ 0<8<1,uy>ain Dg, ug < ain Dy, where D denotes the region enclosed by I'y, Dg the region
enclosed between oD and Iy,
e uy € C*(D), Vuy(x) - n(x) # 0 if x € T'g, up > « in D, up < @ in Dy,
where Dy, Dg , D7, Dl+, n and the distance function d = d(x, r) are defined similarly as in the linear case.
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Fig. 5.7. Expected phase separation with interface of width O(e).

5.2.1 Formal derivation of the limit problem
We are looking for an approximate solution in the form
us(-xv t) = UO(-x’ 1, Z) + SUI()C, f, Z) + -

near I';, where z = d/e.
Once again we apply the method of matched asymptotic expansions which yields the equation

gp(UO)zz +f(U0) = 09
where Uy is the unique solution of the problem

{ ((p(UO))zz +f(U0) - O,
Up(—o0) =a_, Up(0)=a, Uy(oo)=ay.

To understand this more clearly, we set

(5.10)

8u) = flp™ (),
where ¢! is the inverse function of ¢ and define Vi (z) := @(Uy(z)). Substituting V; into equation (5.10) yields
Vo +8(Vo) =0,
{ Vo(=00) = @(a3),  Vo(0) = (),  Vop(00) = (o).
Next, we consider the collection of ¢! terms in the asymptotic expansion. This yields the following problem
{ (@' (Uo)Uh); +f (Uo)Ui = Un.d; — (9(Uy)). Ad,
Ui(x,1,0) =0, ¢'(Up)U; € L*(R).

To justify the existence of the solution of (5.12) we perform the change of unknown function V| = ¢'(Uy)U;, which
yields the problem

.11

(5.12)

VOZ
Vi +8 Vo)V = ————d, — Vo, Ad,
1z + 8 Vo)1 T 0z (5.13)
Vitx, 1,00 =0, V; € L(R).
There exists a solution V| provided that
1 2
—————~di— Ad |V;, =0.
r\¢' (¢~ (Vo)
Substituting Vy = ¢(Uy) and Vi, = ¢'(Up) Uy, yields
P N g Jo(@' (Uo)Uo.) A
o T WU
R ¢/(p" (Vo) <
It is known that d; = —V,, on the interface I';, and Ad is equal to (N — 1)k where « is the mean curvature of I',. Thus we

obtain the interface motion equation on I,

Vi = —(N — DApk. (5.14)
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We multiply the equation (5.2) by ¢(Up), and then integrate from —oo to z to deduce that

L2 @ )/ W(w)du

Ao = - 5.15
O /Wwdu (5-15)
where the potential W is defined by
W(u) = / F()¢'(s)ds. (5.16)
If o(s) = s, then 4y = 1 so that we recover the usual mean curvature equation.
5.2.2 Generation and propagation of interface
We use the notations
w=f(a), t°=upu'e?|lnel, no:=min(e —a_, o, — ). (5.17)

Let D; denotes the region enclosed by the interface I';, D := D\ D; .

Theorem 5.2. (i) For any given 0 < n < nq there exist &g > 0 and C > 0 such that for all ¢ € (0, &) and for all
te[tt,T]
[ —n,ar +1n] forxeD,
u® € § lo— —n,a—+nl if x € D7\ Nco(I')), (5.18)
lay —n,aq +n] if x €D} \ Nee(Th),

where N,(I';) := {x € D, dist(x, ;) < r} denotes the r-neighborhood of T,.
(ii) Let p > 1. Then the solution u® of the problem with nonlinear diffusion (P?) satisfies

- S0 -
() = Up =0, (5.19)

where Uy is the standing wave solution defined above and d° denotes the signed distance function associated with
I'Y:=={xeD:u(xt)=a}:

lim  sup
=0 pre<f<T, xeD

dist(x,T%) if xe DY,
—dist(x,T}) if xe D™,

where D%~ denotes the region enclosed by I'* and DFt denotes the region enclosed between 3D and T:.

f@g:{

This result extends a similar result by Alfaro and Matano which they obtained in the case of linear diffusion.
Next we extend the comparison theorem to our present case of nonlinear diffusion, which will help prove the
generation of the interface.

Theorem 5.3 (Comparison Theorem). Let v € C>'(D x R") satisfy

1
v = Ap(v) + 5 f(v) in D x R*,
€

0 P
v (V) =0 in 8D x R™, (P)
v

v(x,0) > up(x) for x € D.

Then, v is a super-solution of Problem (P?) and we have
v(x,t) > u¥(x,1), (x,f)e D xR".
If v satisfies the opposite inequalities in Problem (P), then v is a sub-solution of Problem (P®) and we have
vix, 1) < uf(x,1), (x,f)eD xR".
Proof. Consider the inequality satisfied for the difference of a super-solution v and a solution u°. Apply the maximum
principle to the function w := v — u® to see that it is positive. (]

In these lecture notes, we sketch the generation of interface proof but do not prove the propagation of interface
property.

Theorem 5.4 (Generation of interface). Let n > 0 be arbitrary. There exists My > 0 and &y > O such that, for all
x €D and ¢ € (0, &),

a- —n =u( %) Sap +,

and
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if up(x) > o+ Moe then u(x,t°)>ay —n,
if uyx) <a—Mye then u’(x,t°) <oa_+n.

Idea of the proof:
Neglecting the diffusion term, we have

1
= — f ()
u(x, 0) = uo(x)

whose solution can be given as

u(x, 1) = Y<i2 s uo(x))
I3

where Y(t,¢) is the solution of the initial value problem for the ordinary differential equation

{ Yi(r,0) = f(Y(7,0)) fort>0
Y0, =1¢.

Here ¢ ranges over the interval (—2Cy, 2Cy), with Cy = ||M()||C2(5).

Lemma 5.5. Let n € (0,1n9) be arbitrary. Then, there exists a positive constant Cy = Cy(n) such that the following
holds:

1. There exists a positive constant [t such that for all T > 0 and all ¢ € (=2Cy,2Cp), e ** < Yi(1,0) < Cyet'.
2. Forall Tt > 0 and all ¢ € (—2Cy,2Cy),

(5.20)

Yer(@. O _ .
B Cy(e** —1).
Yg(f, o= y(e )

3. There exists a positive constants &y such that, for all ¢ € (0, &),
(a) forall ¢ € (—2Cy,2Cy)

a- —n<Y(u'nel,0) <oy +m; (5.21)
(b) if ¢ > a+ Cye, then
Y(u'Inel, &) > ay — (5.22)
(¢) if ¢ <a— Cys, then
Y(u'linel,0) < a +n.

We now construct sub- and super-solutions for the proof of the generation of interface Theorem 5.4. For simplicity,
we first consider the case where

8u0

— =0on aD. (5.23)

v
In this case, we define sub- and super-solution by

t 2

wE(x, 1) = Y<—2,uo(x) + &2Cy (" — 1))

£
for some positive constant C,. In the general case, where (5.23) does not necessarily hold, we need to modify w* near
the boundary dD. To prove that these are sub- and super-solutions, we define the operator /£ by

1
Lu:=u — Ap(u) — 8_2f(“)'

Lemma 5.6. Assume (5.23). Then, there exist positive constants gy and C,, C, independent of ¢ such that, for all
e € (0, &), wf satisfies

L) < —Cae & < Cre™ @ < L) in D x [0,1°]
dw, ow?
v v

(5.24)

=0 on oD x [0, t°].

Proof. We set
P(t) := 2Ca(e™/€ — 1).
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We only prove that w is the desired super-solution; the case for w; can be treated in a similar way. The assumption
(5.23) implies

9 +
e — 0 onaD x R
av

Then, direct computation with T = /&2 gives

1
Lw!h) = SVt Pt)Y, — (qo”(wjnwoﬁ(n)z + ¢ (W) AugY,

/ + 2 1
+ @ (w)|Vug|" Y + 8_2f(Y) ,
so that

1
Lw]) = S Ve —f(@¥)

, /7 / / d
+ Y;(P O <<0 W)IVuol*Y + ¢ (w)Aug + ¢'(w))| Vol f))
¢

By the definition of Y, the first term on the right-hand-side vanishes. By choosing & sufficiently small, for 0 < ¢ < ¢°,
we have

P(t) < P(t°) = 2Co(e"/" — 1) < 2Ca(e™' — 1) < Co.

Hence, |ug + P(t)| < 2Cy. Also using the bounds on uy and its derivatives and the bounds on ¢ and its derivatives, we
deduce that

Lwh > Y(Cope™™ — (CIC,Cye™® + CoCy + CLC1Cy(e"F — 1))
= Y,((Cops — C2C1Cy — C2C1Cy)e'® + C3C,Cy — CoC)).
Hence, we deduce that for C, large enough, we can find a positive constant C, independent of & such that
Lw! > Coe M1
Thus, by the comparison principle, w; is a super-solution for Problem (P?). (I
In the end we have
w, (x, 1) <u(x, ) <wlx,t) inD x [0,1] (5.25)

with
t
wr(x, 1) = Y(—z,uo(x) + 20, (M — 1)).
€
Now, recalling that #* = ﬁ82|1n gl, so that u 2—7 = |Ing|, we deduce that
+ & 1 1 2
wix,tf)=Y ﬁln B ,up(x) £ Co((e — €9)) ).
So, for ¢y small enough, by replacing ¢ by #° in 5.25 we obtain

—2Cy < ug(x) £ Co((e — €%) <2Cy in D.

Hence, the first part of the Theorem 5.4 is given by (5.25) and (5.21). For the second part, we take M, large enough so
that Mye — C»((e — €%)) > Cye. Then, for any x € D such that u; (x) > o 4 Cye, we have

Uy (x) — Ca((e — €%)) = a + Moe — Ca((e — €%)) > a + Cye.
Combining this with (5.25) and (5.22), we deduce that
' (x, 1) > ay —n, VYx €D with uy (x) > aMoe.

This yields the first inequality, and the second can be proved in a similar way. This concludes the proof of Theorem 5.4.
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Appendix A: Code for the Numerical Simulations

All numerical simulations have been coded with Wolfram Mathematica 12.3. An example of code is given below; its
purpose is to generate the basic components of the Fig. 2.4.

Listing A.1: Parameters

mul =1
mu2 = 1
T=75
L=1

k=10
a=2

dli =1
d2 =1

Listing A.2: Necessary functions

fi[u] := mul*(1 —u) u
f2[v.] :== mu2+(1 — v) v
iniCondi2D1[x., y.] := (E"(—(x + (L/2))"2 — (y + (L/2))"2))"2
iniCondi2D2[x_, y_] := (E"(—(x — (L/12))"2 — (y — (L/2))"2))"2

Listing A.3: System and conditions

egn = {
Dlu[x, y, 1], t] ==

d1*D[ux, vy, t], {x, 2}]] + d1*D[u[x, vy, t], {y, 2}] + f1[ux, y, t]] — kxu[x, y, t]*v[x, y, 1],
D[v[x, vy, 1], 1] ==

d2xD[v[x, v, 1], {x, 2}] + d2«D[v[x, y, t], {y, 2}] + f2[v[x, y, t]] — a *k*u[x, y, t]*Vv[x, vy, ],
u[x, y, 0] == iniCondi2D1[x, y],
V[X, ¥, 0] == iniCondi2D2[x, y]
}

If needed, we can create a finer mesh at the regions where more spatial resolution is needed. The following code was
used for Fig. 2.4:

Listing A.4: Creation of a mesh 1
mesh = DiscretizeRegion[Rectangle[{—L, —L}, {L, L}],
MeshRefinementFunction —
Function[{vertices, area},
Block[{x, y}, {x, y} = Mean[vertices];
If[(y > —x), area > 0.002, area > 0.01]]]]

whereas this one was used for the Fig. 5.3

Listing A.5: Creation of a mesh 2
mesh = DiscretizeRegion[Rectangle[{—L, —L}, {L, L}],
MeshRefinementFunction —
Function[{vertices, area},
Block[{x, vy}, {X, y} = Mean[vertices];
Iff(x<-L+L/20||x>L—-L20||y>L — L/20 ||
y < —L + L/20 || (x*{2} + y*{2} < L/2)),
area > 0.001, area > 0.01]]]]

Listing A.6: Computing the solution

sol2 = NDSolveValue[egn2, {u, v}, {t, 0, 1}, {x, y} \[Element] mesh,
Method —> {"PDEDiscretization” —> "FiniteElement"}]
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6

Fig. A-1. Mesh used for the numerical simulation in Fig. 2.4.

Fig. A-2. Mesh used for the numerical simulation in Fig. 5.3.

Listing A.7: Showing the graph

time =0
Plot3D[{sol2 [[2]][x, y, time],
sol2 [[11][x, y, time]}, {x, y} \[Element] mesh, PlotRange —> All]
RegionPlot[{sol2 [[1]][x, y, time] > 0.01,
sol2 [[2]][x, y, time] > 0.01}, {x, y} \[Element] mesh,
PlotRange —> {{—L — 0.05, L + 0.05}, {—L — 0.05, L + 0.05}}]

49
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Appendix B: Definitions, Notation and Tools in Functional Analysis

B.1 Sobolev spaces

(See also Evans [17] chapter 5)

1

10c(§2), where Q is a subset OfRN, and let o be a multi-index. Then v is the «-th order

Definition B.1. Assume u,v € L

weak partial derivative of u
ooty
v=D%=—F——F-,
axy’ ... oxy

if for all test functions ¢ € C°(2):

/uDo‘(pdx:(—l)‘“‘/ vdx.
U U

If this weak derivative exists, it is unique.
Definition B.2 (Sobolev Space). Let 1 < p < oo. The space
WEP(Q)

consists of all functions u € LP(2) such that for each multi-index o with |«| < k, D*u exists in a weak sense and
belongs to LP(2).

Definition B.3. For u € WoP(Q), we define its norm as:

1/p
llutll e 2= (Z/ |D"‘u|”dx) (1 <p < oo).
U

|| <k

WkP(Q) is a Banach space with this norm. When p = 2, we write W*?(Q) = H¥(Q2). The space H¥(Q) is a Hilbert
Space with:

Definition B.4. For u,v € H*(Q), we define the inner product as:

(U, V)i i = Z(Dau,Dav)Lz

o<k

and the previously defined norm is the induced norm.
The dual of H*(Q2) is denoted by HYQ)'.

B.2 Bochner spaces

(See also Evans [17] chapter 5)
In these lecture notes, we work on equations with functions depending on space and time, with various smoothness.
Consider X a real Banach space with norm ||.||y, and introduce the following spaces:

Definition B.5. The space
LP(0,T; X)

consists of all strongly measurable functions u : [0,T] — X with

T 1/p
lullLrorx) == </ ||u(t)||[;(dt> <00 (for1=<p<o0).
0
The space
C(0, T X)
consists of all continuous functions u : [0,T] — X with

u .yy .= max ||u(t < 0Q.
llull eo,r1: ) [max. lu(@®x

Proposition B.1. Let H be a Hilbert space. Then the space
L*0,T; H)

is a Hilbert Space, with inner product



Lecture Notes on the Singular Limit of Reaction-diffusion Systems 51

T
(W, V)20,7:1) 1=/0 (u(t), v(®))pdt.

Proposition B.2. Let E be a Banach space. If we denote (L*(0,T; E)) the dual space of L*(0,T; E), then
(L0, T;E)) = L*(0, T3 E).

See the comments in [3] Chapter 4 and Hytonen et al. [26], Proposition 1.3.3. for a proof.

B.3 Comparison principle for semi-linear parabolic equations

(See also Evans [17] chapter 7)

In this paper, the systems studied are reaction diffusion systems. Just like the heat equation, they belong to the family
of second-order parabolic partial differential equations.

For u: Q x Rt — R with T > 0, we consider a semi-linear operator of the form

S) =, — Y a(x, Dty + F(x, 1,1, Vi)

=
with given functions a¥ = a/ (i,j = 1,...,n) bounded, and the non-linear term F is C' jointly in all of its arguments.

Definition B.6. S is called uniformly parabolic if there exists a constant 0 such that

Y dlx,ngg > 6l

ij=1
for all (x,t) € Q x (0,T], £ e R".

Theorem B.3 (comparison principle). Suppose that S is uniformly parabolic.
Ifu,v e C(Q x [0,00)) N C>'(Q x (0,00)) satisfy

S(w) <S(m) in 2 x (0,00), and v>uin (2 x {0}) U (B2 x (0,00))
or
Sw) <Sm) in Q x (0,00), v=>uin (2 x {0}) and
ov/on > du/on in (92 x (0, 00)),
then

v>uin Q2 x (0,00).

For this theorem, see for example the paper from Testa [43] Theorem 2.1. In these lectures, we sometimes call this
theorem the comparison principle, since it is an extension of it.

B.4 Weak solution

Given a PDE of order k, a solution that is at least k times continuously differentiable is called a classical solution.
This allows all the partial derivatives expressed in the PDE to exist and be continuous. On the other hand, there also
exist functions which verify a PDE statement, are continuous, but not with enough smoothness to be classical solutions.
These solutions are called weak solutions. For example, u(x, ) = |x — ¢| verifies

ou n ou
a  ox
but is not differentiable in x = ¢. u is a weak solution of (B.1).

To define weak solutions, the differential equation has to be rewritten in a weak formulation, in which none of the
derivatives of the solution appears. There is no unique way to define a weak formulation, it depends on the problem, but
let us present an often used methodology. Let us consider the case of the parabolic equation:

Sw)=f in Q2 x(0,T]
u=0 in 02 x [0,T] (B.2)
u=g in Q x {0},
with S uniformly parabolic, T > 0, f € L>(Q x (0,T]), g € L*(R). Let us now assume that u solving this system is

a classical solution: u € C>'(Q x (0,T])) N C(2 x [0,T]), and let ¢ € C>'(Q x [0,T]) be an arbitrary test function
which vanishes on 92 x [0, 7]. We will multiply by ¢ and integrate the PDE.

0, (B.1)
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T
/f U — Za Uy @ + F(x, 1, u, Vu) o dxdt = //f(pdxdt.
QJo

We first make the time derivative of u disappear with an integration by part of the first term:

T T
/ / urp dxdt = — / / uq; dxdt + / u(x, T)o(x, T) — u(x, 0)p(x, 0) dx.
QJo QJo Q

The same technique applied to the second order differential terms of S(u), with the boundary terms vanishing due to ¢,

gives

T n T n
— / / Z Aty dxdt = / / Z a’uy, @, dxdt.
QJO ij=1 QJO ij=1

The weak form of this PDE is then:

with

T n
/ / Z a’jux,.wx] + F(x,t,u, Vi) ¢ — ugp, dxdt
QJO =
4 / uCx, T)p(x, T) — ux, 0)g(x, 0) dx
Q

T
://fgpdxdt in Q x (0,T], (B.3)
2 Jo

as before

{uzo in 0Q x [0, T] (B.4)

u=g in Q x {0}.

From there, we say that a function that verifies (B.3) and (B.4) for any function test ¢ is a weak solution of the PDE

probl

(1]
(2]

(3]
(4]

(3]
(6]
(7]
(8]
(9]
(10]
(1]
(12]

(13]
(14]

(15]
[16]

(17]
(18]

em (B.2).
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