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ABSTRACT. To represent real m-dimensional vectors, a positional vector system given by a non-singular
matrix M € Z™*™ and a digit set D C Z™ is used. If m = 1, the system coincides with the well known
numeration system used to represent real numbers. We study some properties of the vector systems
which are transformable from the case m = 1 to higher dimensions. We focus on an algorithm for
parallel addition and on systems allowing an eventually periodic representation of vectors with rational

coordinates.
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1. INTRODUCTION

Expression of a number as a linear combination of
elements of the sequence (87);cz with coefficients
from a finite set D is nowadays the most used way
to represent numbers. Such a system is called a posi-
tional number system with the base 8 and the digit
set D. The decimal number system with the base
ten and digits 0,1,...,9 prevails in Europe for several
centuries. In the age of computers, the binary and
hexadecimal number systems broke the domination
of the decimal number system. But advantages of
working with another number system were observed
before computers came on the scene: A. Cauchy [I]
checked correctness of his computations using simul-
taneously the classical decimal number system and
decimal number system with the symmetric set of
digits {—5,—4,...,0,1,...,5}. V. Griinwald [2] con-
sidered a number system with base § = —2 and digits
{0,1}. An important moment for the number systems,
making them a source of interest for many areas of
mathematics, came in 1957, when A. Rényi [3] intro-
duced number systems with an arbitrary real base
B > 1. Algebraic, dynamical, topological, geometric
and algorithmic properties of the Rényi number sys-
tems have been very intensively studied since then,
from both theoretical and practical points of view. For
example, a suitable choice of a base in an algebraic
extension of rational numbers enables to represent
all elements of the algebraic field by a finite or even-
tually periodic string of digits, see [4] and [5]. Fur-
ther generalisations of numeration systems emerged
in the following years. Knuth [6] and Penney [7] came
with positional representations of complex numbers,
wherein, instead of two strings of digits representing
the real and the imaginary part of complex numbers
separately, they suggested to use a complex base [,
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in order to represent the complex number by a single
string of digits. This type of representation was then
further developed in the concept of canonical num-
ber systems [§] and (even more general) shift radix
systems, see [9] for a survey on the topic.

In most of the above mentioned generalisations of
numeration systems, every number has a unique rep-
resentation, whose digits are determined by iterations
of some transformation function. One exception is
the decimal system with a symmetric digit set used
by Cauchy. It has eleven digits — more than necessary
for representing all positive integers. Such a system is
called redundant. Already Cauchy noticed that, with
this redundant system, the addition of two numbers is
easier than in the classical system, as the carry propa-
gation is limited. This property was further exploited
by A. Avizienis, aiming to speed up addition. In the
classical b-ary numeration system, where the base is
an integer 8 = b > 2, addition has a linear time com-
plexity with respect to the length of representations of
the summands. Avizienis [10] designed an algorithm
with a constant time complexity for addition in re-
dundant number systems using base § =b> 3 and a
symmetric integer digit set.

In this paper, we consider representations of m-
dimensional vectors. The numeration system is given
by a square matrix base M € Z™*™ and by a finite set
of digits D C Z™. An origin of such numeration sys-
tems can be found in works [11] and [12] of A. Vince,
showing that for any expansive matrix M € Z™*"™,
there exists a digit set D C Z™ such that any ele-
ment x of the lattice Z™ can be written in the form
x =37 o M/dj, where d; € D. In other words, the
whole lattice Z™ is representable in the matrix nu-
meration system (M, D). However, if a matrix M has
an eigenvalue inside the unit circle, then no choice
of the digit set D C Z™ allows to represent all in-
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teger vectors as a combination of only non-negative
powers of M. The matrix formalism for numeration
systems (under the name numeration systems in lat-
tices) was systematically used by A. Kovdcs in [13].
Of course, Kovacs, just like Vince, considers integer
matrices, as they map a lattice into itself. In fact, al-
ready positional representations of Gaussian integers
or algebraic integers from an algebraic extension of
rational numbers can be interpreted as special cases
of the matrix numeration systems. J. Jankauskas and
J. Thuswaldner [14] generalised the Vince’s results to
matrix bases M € Q™*™ with rational entries and
without eigenvalues in modulus strictly smaller than 1.
Another generalisation introduced recently allows to
use both positive and negative powers of the matrix
base for representation of vectors. In [I5], it is shown
that for M € Z™*™ with det M = A # 0, there ex-
ists a finite digit set D C Z™ such that every integer
vector from Z™ has a finite (M, D)-representation,
ie.,
Z™ C Finp(M), where (1)
Finp (M) = {Z Mid; . I C 7,1 finite,d; € D} .
jel
We show (in Theorem@ that if, moreover, no eigen-
value of M lies on the unit circle, then for a suitable
finite digit set D C Z™, addition and subtraction on
Finp(M) can be performed by a parallel algorithm,
i.e., in a constant number of steps independent of the
length of (M, D)-representation of summands. Ac-
cording to Proposition the required assumption
on eigenvalues of M is in fact necessary for the ex-
istence of a parallel addition algorithm on (M, D).
Then, we restrict our study to expansive matrices —
i.e., matrices with all eigenvalues strictly outside the
unit circle. In Theorem [2I] we show that the digit
set D C Z™ allowing a parallel addition enables (for
an expansive matrix base M) an eventually periodic
(M, D)-representation of every element of Q™, i.e.

Q™ =Perp(M), where Perp(M) =

N
{ Z Mid; :d; € D,(d;)Y, eventually periodic }

j=—oc0

Consequently, every element of R™ has an (M, D)-
representation (Corollary [22)).

The methods we use in our proofs are based on
proofs of analogous results for a positional representa-
tion of real and complex numbers, modified accord-
ingly to the formalism of matrices and vectors.

2. PRELIMINARIES

A numeration system used for a positional represen-
tation of complex numbers is given by a base g € C
with 8| > 1 and a finite digit set A C C. If z € C
can be written in the form x = E;}:foo a;f?, where

a; € A for each j € Z,j < n, we say that = has a

(8, A)-representation. The assumption |3| > 1 guar-
antees that the series Z?:_Oo a; 3’ is convergent for
any choice of digits a; € A. W. Penney in [7] intro-
duced the following numeration system, which we use
to demonstrate our approach.

Example 1. Let us consider § =i — 1. Penney in [7]
showed that

(1.) each x € Z[i] = {a+1b : a,b € Z},x # 0 can
be expressed uniquely as x = Z;L:[) a;f3’, where
ag,a,...,a, € {0,1} and a, # 0;

(2.) eachx € C can be expressed asx = Y7 a;/,
where a; € {0,1} for every j € Z,j < n.

Our aim is to study selected properties of matrix
numeration systems used to represent m-dimensional
vectors. Any matrix numeration system used in this
paper is given by a non-singular matrix base M €
Z™*™ and a finite (vector) digit set D C Z™. Thanks
to the result of [I5] mentioned earlier, we always
assume that

Z™ is a subset of Finp(M) and, (2)

moreover, D contains the zero vector. (3)

In the first part of this paper, we work only with
vectors from Finp(M). Therefore, we do not yet im-
pose additional assumptions on the matrix base M,
analogous to the assumption |§| > 1 required for
number bases (which is important to ensure the con-
vergence of the infinite series Z;L:_OO ajB7). Only in
the second part of the paper, we revisit the question
of the infinite representations convergence for matrix
numeration systems as well.

Let us list some obvious properties of the set
FinD(M):

e MPFinp(M) = Finp (M) for every p € Z.

e Finp(M) C Q™, more precisely,
Finp(M) C |J xZ™, where A = det M.
kEN
o Ifz =37, M’d; for some n € N, then z € Z™.

e Finp(M) is closed under addition and subtraction:
Indeed, if z,y € Finp(M), then there exists p € N
such that MPz € Z™ and MPy € Z™, and hence
MP?(z +y) € Z™. By assumption (Z2),

MP(z +y) € Finp(M) = MPFinp(M), and thus
x £y € Finp(M).

If a vector z € Q™ is expressed as @ =, ; Md;
for a finite I C Z and d; € D, we can, for some
integer numbers s < 0 < n, write x = Z?:S dej,
because the zero vector belongs to D. Hence x can
be identified with a bi-infinite string (d;);ez € D”

usually referred to as (M, D)-representation of x:
(x)mp = “0dpdp_1---dydo@d_1d_o---ds0%,

where the zero index in the bi-infinite string is
indicated by e.
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As mentioned in the introduction, some numeration
systems used for representation of numbers can also
be interpreted as matrix numeration systems. Let
us illustrate this concept on the Penney numeration
system introduced in Example[l] .

Example 2. Let us transform the number numeration
system from Example [I] into a matrix numeration
system on Z?2. In place of the number base 8 =1 — 1,
-1 -1 2x2
+1 -1 ) €T

It is easily seen that multiplication of a Gaussian
integer — complex number x = b+1c € Z[1], with b, c €
Z, by the number base 3 corresponds to multiplication
of an integer vector v = (b,c)’ € Z? by the matrix
base M, as follows:

Br = (1—1)-(b4+wc)=(-b—c)+1(b—c),
-1 -1 b —b—c
= () (1) ( )
Let us define a mapping ¢ : Z[1] — Z* by the
formula

we use the matrix base M = (

(b,e)"

Obviously, &(z +y) = &(z) + £(y) for every x,y € Z[].
Thus, the mapping & is an isomorphism between the
lattices Z[1] and Z?. Moreover, it fulfils the equality

§(B-x) =M -¢(x)

Hence, if b+ 1c € Z[1] is written in the form b+ 1c =
> i a;B? with a; € {0,1}, then

( ’ ) = E(btc) = (Zﬁfaj) Y M,

Jj=0

s-eare{(5).(g)}-tc0cmy.

Using the properties of the Penney numeration sys-
tem from Example[T} we conclude that the matrix nu-

E(b+ac) = for any b,ce Z. (4)

for every x € Z[1].  (5)

where

meration system given by the base M = ( ;1 :i )

and the digit set D = {(0,0)",(1,0)"} provides for
any vector v € Z2 a unique (M, D)-representation in
the form v = Z;’l:o M’d;, dj € D and d, # 0 (if
v#£0).

3. PARALLEL ADDITION IN MATRIX
NUMERATION SYSTEMS

Let us consider the operations of addition and sub-
traction on the set of m-dimensional vectors from an
algorithmic point of view. Similarly to the classical
algorithms for arithmetic operations, we work only
with finite representations — i.e., on the set Finp(M).
Let x,y € Finp (M), with

(@)mp =“0xpTp_1 - T1200T_12_2--- 2,0 and
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(W)am,p = “0YnYn—1--Y1Y0 ® Y—1Y—2 - - - ys0“.

Adding x and y means to rewrite the (M, D + D)-
representation
(-1 +y-1) (25 +ys)0”

wo(xn + yn) e (.2?0 + yO) b

of the number = + y into an (M, D)-representation
of z +y.

As already announced, we are interested in parallel
algorithms for addition. Let us mathematically for-
malise the parallelism. Firstly, we recall the notion of
a local function, which comes from symbolic dynamics,
see [16].

Definition 3. Let A and B be finite sets. A function
¢+ A — BZ is said to be p-local if there exist non-
negative integers r and t satisfyingp =r+t+1, and a
function ® : AP — B such that, for any u = (u;);ez €
AZ and its image v = p(u) = (v;),ez € BE, we have
vj = ®(ujqt - - -u;—y) for every j € Z.

This means that the image of u by ¢ is obtained
through a window of limited length p. The parame-
ter 7 is called memory and the parameter ¢ is called
anticipation of the function . Such functions, re-
stricted to finite sequences, are computable by a par-
allel algorithm in constant time, irrespective of the
length of the operands’ representations.

Definition 4. Given a (matrix) base M € Z™*™
with det M # 0 and (vector) digit sets A, B C Z™
containing 0, a digit set conversion in base M from A
to B is a function ¢ : A* — B” such that

(1) for any u = (uj)jez € AZ with a finite number of
non-zero digits, v = (v;)jez = ¢(u) € BZ has only
a finite number of non-zero digits, and
) Z Mj’l)j = Z Mjuj.
JEL j€z
Such a conversion is said to be computable in parallel
if it is a p-local function for some p € N.

Thus, the operation of addition on Finp (M) is com-
putable in parallel if there exists a digit set conversion
in base M from D + D to D which is computable in
parallel.

Two useful lemmas precede the statement about
the parallel addition on matrix numeration systems:

Lemma 5. Let M € Z™*™ be a non-singular matrix
and D C Z™ be a finite digit set such that every
x € Z™ is representable in the numeration system
(M, D). If addition is computable in parallel in (M, D),
then it is computable in parallel also in (M,D’) for
each finite digit set D' C Z™ containing D.

Proof. Each digit d’ € D' can be written in the form
d' =3 cran M 'dj, where I(d’) is a finite subset of Z
and d; € D for each j € I(d"). Denote

g=max{|z|:d € D',z e I(d)}.
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The string 0“d),d,_,---dj ® d_1d_5---d_ 0¥ can
be transformed by a (2¢ + 1)-local function into
a string having the form 0%e,ig€n4q—1---€0 ®
e_1e_g---e_N—_q0% whereeg €« D+D+--- 4+ D.
(2g+1)—times

In other words, a sum of two finite (M,D’)-
representations can be rewritten as sum of 2(2¢ +
1) finite (M, D)-representations. Since addition of
two strings is doable in parallel in (M,D), addi-
tion of 2(2¢ + 1) strings with fixed ¢ is possible in
parallel (M, D) as well, and the resulting (M, D)-
representation is also an (M, D’)-representation, due
toDCD. .

The following lemma is stated without a proof here,
as the course of the proof would be identical to that
of Proposition 5.1 in [I7]. Although that proposition
works with roots of the minimal polynomial of an alge-
braic number, the minimality of the polynomial is not
used for the proof itself. In fact, the idea of the proof
comes from [I8], where expansive polynomials are con-
sidered. In our case, we extend the considerations to
polynomials with no roots on the unit circle.

Lemma 6. Let ai,...,a, € C be the roots of
a polynomial f € Z[X)] satisfying |ag| # 1 for all
k =1,...,n. Then, for any t > 1, there exists a
non-zero polynomial g € Z[X], g(X) = Y07 ;X!
such that g is divisible by f and for one coefficient c;,
we have

1 =
7 cr > Z |Cl| . (6)

1=0,l#L
In particular, if |ag| > 1 for all k = 1,...,n, then
L=0.

Corollary 7. Let M € Z™*™, with det M # 0 and
no eigenvalue of M equals 1 in modulus. Then, there
exists a polynomial g € Z[X], g(X) = f;ol X! such
that g(M) = © and for one coefficient c;, we have

p—1

cLZ4-<C+ Z |Cl|)a (7)

1=0,l#L
where C =cp —4|%| €{0,1,2,3}.

Proof. Let f be the characteristic polynomial of the
matrix M. The Hamilton—Cayley theorem says that
f(M) = ©. By Lemma |§| applied on f with t = 16,
we find a polynomial g(X) = S>P~ ¢, X" € Z[X] such
that
p—1
cp > 16 - Z lei|, for some L € {0,...,p—1}.
1=0,1£L

Using the fact that Zf;017l¢L le;] > 1 and denoting
C:=cy —4L%J € {0,1,2,3}, we obtain the following
estimate:

p—1 p—1 p—1
b >16 Y Jal=4 (33 lal+ Y lal) >

1=0,l£L 1=0,l£L 1=0,l£L

24(3+ pf |cl|) >4 (c+ pf |cl|).

1=0,l1£L 1=0,j#L
Since the characteristic polynomial f divides g, we
have g(M) = ©. u

Example 8. The minimal polynomial of the complex
number 8 =1 — 1 and the characteristic polynomial
of the matrix M defined in Example[2 are both equal
to f(X) = X2 +2X + 2. The polynomial g(X) =
Xt +4 = (X2 42X + 2)(X? — 2X + 2) satisfies
g(M) =0 and with L = 0.

Theorem 9. Let M € Z™*™ with det M # 0 and
no eigenvalue of M equals 1 in modulus. Then there
exists a finite (vector) digit set D C Z™ such that
Z™ C Finp(M) and both addition and subtraction
on Finp (M) are computable in parallel.

Proof. Let g(X) = f;ol ¢; X! be the polynomial from
Corollary Denote K = L%J > 1 and define D =
[-3K,3K)™ NZ™. In order to show that the digit
set D enables parallel addition, we introduce two
auxiliary sets

D' =[-2K,2K)"NZ"™ and Q=[-1,1]"NZ",

and then exploit the obvious fact that
D+DCD +4KQ. (8)

Let © = 35, M/a; and y = 3., M7b;, where
a;j,b; € D. Moreover, we assume that a;,b; # 0
for just a finite number of indices j € Z. Clearly,
aj +b; € D+ D. Due to , we find for each j a
vector ¢; € Q such that a; + b; —4K¢q; € D'. Then

T+y=) M(a;+b;)=

JEZL
= (Mf(aj +b;) — Mi~Lg(M) qj).
€L G

We express g(M) in the explicit polynomial form
g(M) = Zf:ol ;MY in the rightmost sum:

p—1
RIS 3) BRI
jez JEZ 1=0
p—1
= Z M (Z CleJrLfl) :
jez 1=0
Therefore, z +y = ZjeZ M7z, with

p—1
zj =a; +bj — (Z cij+L—l) . (9)
1=0

Using ¢y, = 4K + C, we get

p—1
Zj = aj + bj — 4qu 7(0(]] + Z CZQj+L—l) .
—

R 1=0,1#L

=u
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All entries of all vectors ¢; belong to {0,1, -1}, and
thus any component of the vector v in modulus is
at most C'+ 3>, |a|. Equation guarantees
that the components of u are not greater than <.
Since the components are integer, they are at most
K=|%|. AsD' +[-K,K|™ C [-3K,3K)™, so we
can conclude that z; € D.

In order to compute z;, we needed to know, besides
a; and bj, also ¢+, ¢j4rL—1, ---, ¢j+L—p+1- Let us
stress that ¢; depends only on a; + b;. Hence, z; is
determined by digits on p positions, i.e., the addition
is performed by a p-local function.

To demonstrate the point (1) of Definition 4] we
have to show that z; # 0 for only finitely many indices
j € Z. The form of D, D" and Q guarantees that there
exists a unique g; satistying a; +b; —4K¢q; € D'. In
particular, if a; = b; = 0, then ¢; = 0. The formula
@D implies that z; is non-zero for only finitely many
indices j € Z. Let us note that the digit set D is
not closed under multiplication by —1. But for each
b € D, we can find ¢,d € D such that —b = c+ d.
Hence, a subtraction of two vectors x = Y., Ma;
and y = >, M7b; can be viewed as addition of three
vectors, and therefore it is computable in parallel as
well.

It remains to prove that Z™ C Finp(M). But this
is clear, since D C Finp(M), Finp (M) is closed under
addition and each x € Z™ can be expressed as a finite
sum of digits from D. n

Remark 10. The vectors we add by the parallel
algorithm as described in the previous proof are repre-
sented by both-sided infinite strings. But only finitely
many entries of the strings are occupied by non-zero
digits. Assume that © +y = Z;V:n M (aj + b;), for
some integers n < N. As stated in the previous proof,
if both digits a; and b; are zero, then the algorithm
puts q¢; = 0. The formula @D for z; implies that z; is

zero for all j <n—L—1and forall j > N +p— L.
Hence, Z;V:n M(a; + bj) = Z;V:n, M7z, where
n=n—Land NN =N+p—L-1.
Example 11. Consider the matrix numeration sys-
. . . -1 -1 9%2
tem with base matrix M = ( 11 -1 ) € Z°*°.
By Example@ the polynomial g(X) = X* + 4 with
cr, = ¢ = 4 is suitable for the parallel addition algo-
rithm as described in the proof of Theorem [9 Fol-
lowing the proof, we put K = L%J = 1 and define
D = [-3,3)2 N Z?, ie., the digit set has 36 elements.
With such a choice of the digit set D, the addition in
(M, D) is computable in parallel.

The algorithm for parallel addition constructed in
the proof of Theorem |§| is very simple, as the value g;
depends only on the digits a; and b; having the same
index j. An algorithm with such a property is usually
called neighbour free. However, we pay a large price
for the simplicity of the algorithm — the digit set is
huge. With another choice of the algorithm, the digit
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set could be substantially smaller, and still sufficient
to perform the addition in parallel by means of a
p-local function (with a larger parameter p, though).

Example 12. Consider the numeration system in
C with base § =+ — 1. In [I9], a 7-local function
of parallel addition in system (8,.A) is found for the
digit set A = {0,%1,+2}. Let us denote the 7-local
function as ¢ : (A + A)7 — A, acting on a 7-tuple
(wj,...,wj_g) € (A+ A)7 by means of an auxiliary
quotient function Q : (A+ A)S — Q C Z[i] as follows:
and, consequently,

q; ‘= Q(wja"'awj—5) S Q

zj = w; + qj—1 — Bg; = p(wj,...,wj_g) € A.

The local functions ¢ and ) acting on numbers can
be transformed to local functions ¢’ : (D + D)7
D =¢(A) and Q' : (D + D)° — Q = £(Q) acting
on vectors, by means of the isomorphism & : Z[:] —
72 defined in Example @ Thereby, we can define
Q =¢o0Qoéand ¢ = Eopoél. In other
words, with the help of the formulas from 7-local
parallel addition on the number system (3,A), we
obtain a T7-local parallel addition on the matrix sys-
tem (M,D) with digit set size #D = #(£(A)) =
#A = 5. The vector digit set of size 5 has elements
{(O’ O)Tv (1, O)Tv (-1, O)Tv (0, 1)T’ (0, _1)T} =D.

As proved in [20], the size of 5 is minimal for a
digit set allowing parallel addition on the number sys-
tem with base 8 = 1+ — 1. Consequently, the digit
set size #D = 5 must be minimal for parallel addi-
tion on the matrix system (M, D) as well, due to the
isomorphism &.

The algorithm for parallel addition of vectors in Z2
presented in Example [T2] uses, for the given matrix
base M, a digit set of the minimal possible size for
parallel addition. However, the way to determine the
coefficients ¢; = Q(wj,...,wj_s5) is very laborious,
as the formula for @ is in fact a look up table with
135 rows. With the digit set size increased from 5 to 9
elements, a lot simpler algorithm for parallel addition
can be obtained, as presented in the following example.

Example 13. Let us consider M = ( _7_1 :i >

and the digit set of size 9
D={(b):bcec{0,+1}} CcZ%

Again, we construct an auxiliary coefficient function
Q : (15 + 15)2 — Q C 7Z2. The coefficients g € o)
produced by Q then provide the result sum digits
z; € D via local function ¢ : (D + D)*> ~ D, as
follows:

G = Q(w;,w;_9) € Q and, consequently

Zj = ’lj}j + (jj_g — M2q~j = (ﬁ(ﬁ}j,w]‘_z,’d}j_zl) eD.



VOL. 63 NO. 3/2023

Positional representation of vectors

The coeflicient set Q is, just by coincidence, equal
to the digit set D:

Q={(8), (5, (), £(1), £ (1)}
The interim sum digit set
W=D+D={(%):bcec{0,£1,+2}}

has 25 elements and can be rewritten using the rota-
tion symmetry by the angle 7 as follows

w = W()U);Vl UWQUW?,, where
VYO = {(8)~7((1))7((2))7(%)7(%)7(%)7(5)} and
Wi = R'Wy fork=1,2,3, with R= (2 3').

Thanks to the §—rotat1on symmetry of all the sets
in question, i.e., D, Q, and W = D + D, it is enough
to specify the coeﬁiaent function by listing its values
Q(w],wj 2) just for w; € Wy. All the rest can then
be obtained by rotation:

Q(R*w;, RFw;_o) = RF - Q(w;, w;_2) .

For all w; € Wy and ;s = (%) € W, the coeffi-
cients G; assigned by @) are listed below

2)) = ()

[ ]
O
—~
—~

(=)
;—\
(e}

oh), ifb >0 and ¢ > 0;
9),ifb< 0 and ¢ < 0;
1), ife<0<band (%) #(9).
By  checking all the possible variants
(Wj,Wj_2,Wj—4) € W3, it can be verified that
the final digit Z; calculated by z; 1= W; +Gj—2 — M?g;
is always an element of the desired digit set D.

Correct value of the final sum z = 3., MIz; is
guaranteed by

DMz =D My + 4y — M)
JEL JEZL

= D Mluj+)y MGo—) Mg =
JEL JEZ JEL

= TIJ+ZMijj72—ZMl@l72 =w+0=1w.
JEL l€Z

z =

Remark 14. Consider M € Z™*™ with no eigen-
value on the unit circle. Then, at least one eigen-
value \ of M satisfies |\| > 1. The eigenvalue X is an
algebraic integer, as it is a root of the characteristic
polynomial f € Z[X] of the matrix M, and, obviously,
f is monic. If, moreover, f is irreducible over Q, then
Z[N = {ag+ai A Aam A" iag, ... am_1 €L}
and & : Z|\] — Z™ defined by £(ap+a1 A+ -+ am—1)
= (ap,ai,...,am_1)" is an isomorphism.
Consequently, any algorithm for parallel addition
in the number system (A, A) with A C Z[)\] can be
transformed by the isomorphism £ to the matrix nu-
meration system (M,{(A)). In particular, if A C Z,
then the digit set {(A) C {ce1 : ¢ € Z}, where
e; = (1,0,...,0)". Any known result on the min-
imal size of the digit set allowing parallel addition in
the number system with base \ can be applied to the
matrix numeration system with base M, thanks to
irreducibility of f over Q. Some results on the mini-
mal size of digit sets for parallel addition in number
systems with base 8 € C can be found e.g. in [2]].

Theorem [J] states that each non-singular matrix
M € Z"™*™ with no eigenvalue on the unit circle can
be equipped with a suitable finite digit set D C Z™
such that any integer vector x € Z™ is representable in
the system (M, D). As shown in [I5], the assumption
|A| # 1 for each eigenvalue A of M is not necessary for
the representability of Z™ in (M, D). Nevertheless,
this assumption is necessary for parallel addition in
(M, D), as shown below.

Proposition 15. If addition in a matrix numeration
system (M, D) with base M € Z™*™ and a finite digit
set D C Z™ is doable in parallel, then no eigenvalue
of M lies on the unit circle.

Proof. By Lemma [5] we consider, without a loss of
generality, that the digit set D generates R™ — i.e.,
that R™ is the linear hull of D.

Assume, for a contradiction, that M has an eigen-
value A € C on the unit circle, |A\| = 1. Let u € C™ be
an eigenvector of the matrix M T to the eigenvalue \
—i.e., MTu = Mu. As D generates R™, the vector u
cannot be orthogonal to all digits, hence there exists
a digit d € D such that au'd = 1 for some a € C.
Let v be the eigenvector v = au, so that v'd = 1
and v M = M.

Let parallel addition be performed by a p-local
function. Denote

p—1
Szmax{ ’Zx\j dej| 1 d; € D}.

=0

As |\ = 1, there exist infinitely many j € N such that
R(M) > 1. Hence one can find N € N and coefficients

£05E1y- - - EN 1 € {0 1} such that %(Z —_O E]/\ ) >
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2S. Let z = Z;V;Ol MYz with z; € D such that

=

IR z)| = Inax{ |§R(UT(

J

- max{|§R(]:Z::Ol X oTd;)| s d; € D}

Since 1 and 0 belong to {v'd : d € D}, we have

Md;))| : d; € D

I
o

2

[R(vT2)| > R( - gjN) > 28. (10)

J

I
<

The p-local function used to add =+ x produces digits
z;j € D such that

N+p—2

r+x= Z M]z]—kZMJzJ—i— Z Mz .

j=—p+1

After multiplication of z 4+ x by the vector v from
the left, we have v ' (z + 2) =

p—2 N-—1 p—1

N iyl 4T J oy 4 \"P VT

A E Mo zny+v E M7 z;+X Mo zi_p.
j=0 j=0 j=1

(11)

The definitions of S and x guarantee that

p—2 p—1
|Z N UTZNH’ <8, ‘Z)\j szj,p‘ <5,

Jj=0 j=1

N-1
and ’%(v—r(z M z]))| < |R(v' ).
j=0
Using these inequalities and the triangle inequality,

together with and the fact that |R(y)| < |y| for
every y € C, and with [A\| =1, we get

21R(v x)| < 20Tz <25 + |R(v z)|
which contradicts (10]). L]

4. EVENTUALLY PERIODIC
REPRESENTATIONS WITH EXPANSIVE
MATRIX BASE

T. Vévra in [22] shows, for any algebraic complex
base S with |8] > 1, that there exists a suitable
(finite) digit set A C Z such that any = € Q(5) has
an eventually periodic expansion in this base, i.e.,
x = Eé\fziw a;fB?, where the sequence (a;)j<n of
digits from A is eventually periodic. Looking for
an analogy to this result in the matrix systems, we
first have to give a meaning of the previous sum in
the case when the number base [ is replaced with
a matrix base M and (integer) number digits a; by
(integer) vector digits d;.
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If a matrix M € Z™*™ is expansive, then M ! is
contractive and there exists a vector norm ||-||, in R™
such that ||M~!|| < 1, where ||| is the matrix norm
induced by the vector norm ||-||,., see [23]. Let us recall
that for these two norms, the following inequalities
hold:

[Azll, < [lA]l - llzfl, and [JAB] < [|A] . || B]
for every z € R™ and A, B € R™*™,

If (d;)N is a sequence of (vector) digits from a

finite set D C R™, then the vector Z;V: M d;

is well defined, as the sequence ( Z Mid; )

j=—n n=0
is a Cauchy sequence. Indeed, let us denote r :=
HM_1H < 1 and D := max{|d|. : d € D}. The

triangle inequality implies for every n,q € N that

N N —n—1
SoMidi— > Mid| = Y Md
j=-n Jj=—n—gq c Jj=—n—gq ¢
n+q ) n+q +1
= > MY a,l < Y pip< 2
j=n+1 j=n+1 -7

C

so the value Dlr_:l can be made arbitrarily small for

all n > ng, with sufficiently large ng € N.

Consequently, if M is expansive, then there exists

1i1}_1 Zjvzfn MJd;, which may be denoted as
n—-—+oo
Z;'szoo M7 d;. In the remaining part of this chapter,

we focus on matrix numeration systems with M being
an expansive matrix.

Matrix numeration systems with base M being an
expansive matrix have been intensively studied since
the work of Vince. The main focus of the research in
this area is on the systems where each lattice point has
a unique representation. Recall that a lattice in R™
is the set of all integer combinations of m linearly
independent vectors. A lattice numeration system can
be formalised as follows (see [24]):

Definition 16. Let A be a lattice, M : A — A be
a linear operator (also called the base or radix) and
let D be a finite subset of A containing 0 (called the
digit set). The triplet (A, M, D) is called a generalised
number system (GNS) if every element x € A has a
unique finite representation of the form

where N € N, d; € D for every j = 0,1,...,N and

dy is a non-zero digit (if x # 0).

Characterisation of triplets (A, M, D) forming GNS
seems to be a difficult task. To quote a necessary
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condition, we recall that two elements (lattice points)
xz,y € A are congruent modulo M if they belong to
the same residue class, i. e., if (x —y) € MA. We
denote this fact by x =5 y (mod M).

Theorem 17. [I3] If (A, M, D) is a GNS, then the
following holds:

(1.) The operator M is expansive.

(2.) The digit set D is a complete residue system
modulo M.

(3.) det(M — I) # +1.

Note that the number of residue classes modulo M
equals | det(M)], hence the GNS has exactly #D =
| det(M)| digits.

A sufficient condition for GNS was provided by L.
Germén and A. Kovdcs in [24].

Theorem 18. [24] Let M : A — A be a non-singular
linear operator. If the spectral radius of the inverse
1

operator M ! is less than 5, then there exists a digit

set D C A such that (A, M, D) is a GNS.

Any lattice A C R™ is just an image of Z" under a
non-singular linear map. Since a linear map does not
change the GNS property, we can consider, without
a loss of generality, that A = Z™. A linear operator
mapping Z™ to Z™ corresponds to multiplication of
integer vectors by a matrix M € Z™*". Further
results are known regarding the existence of GNS
with special types of the digits sets:

e If D = {k(1,0,...,0)7) : k € Z, 0 < k <
| det(M)|}, we speak about canonical systems.

o If D = {k(1,0,...,0)7) : k € Z, —3|det(M)| <
k < 3|det(M)]}, the digit set is called symmetric.

o If D contains the lattice point of the smallest norm
from each residue class (modulo M), then the digits
set D is said to be dense. The choice of the smallest
lattice point is not necessarily unique.

e The adjoint digit set consists of those lattice points
which belong to |det(M)] - [—%, %)m

The results on GNS with the special digits sets can
be consulted in [25].

If we abandon the requirement of uniqueness for the
representation of vectors from Z™, then the question
on existence of a suitable digit set for a given expan-
sive base M is much more simpler. In fact, using a
sufficiently redundant digit set D allows to represent
all vectors in R™.

First, we focus on vectors from R™ which have
eventually periodic representation in the numeration
system (M, D), i.e., we focus on the set Perp(M) =

N
{Z Mid; : d; € D, (d;)N,, eventually periodic} .

j=—o00

To work with eventually periodic representations,
we exploit a well known fact about contractive ma-
trices, namely that (I — A)~1 = Z;:g A7 for any
contractive matrix A € C™*"™,

Lemma 19. Let M € Z™*™ be an expansive matrix
and D C Z™. If x € Perp(M), then x € Q™.

Proof. First, assume that an (M, D)-representation
of & has the form Oe (d_1d_2---d_p)*. It means that
=M1l 1+ M2+ -+ M Pd_, + M Pz,
which implies that

r=I-M"P)" " (M d_ 1+ M 2d_o+ - -+MPd_,).

Since all elements of M are integer, it follows that all
the matrix powers M~ with j € N and (I,,, — M ~P)~1
belong to Q"*™. Therefore, x € Q™.

Now, let us assume that a representation of z is
eventually periodic and the preperiodic part ends at
an index —k € Z,—k < 0. Then MF*z equals z + v,
where z = Z;‘V:o Md; and y has the purely periodic
form y = 0 e (d_1d_z---d_,)¥. Obviously, z € Z™
and, by the previous argumentation, y € Q™. Hence
x = M~"(z +y) belongs to Q™ as well.

n

To study the implication opposite to the previous
Lemma [T9], we use the concept of parallel addition.

Lemma 20. If the digit set D allows parallel addition
on Finp (M), then it allows parallel addition also on
Perp (M), and the result of addition is again eventu-
ally periodic. It means that, for such a digit set D,
the set Perp(M) is closed under addition.

Proof. Let us explain this statement, assuming the
parallel addition on Finp(M) is a p-local function,
with p = r 4+ 1 4+ ¢, memory r and anticipation ¢.

Let ¢, £, be the lengths of the periods of (M, D)-
representations of the summands x, y, and denote
lyy = LyLl,. Clearly, both z and y have (M,D)-
representations with the same period ¢,,, and the
same holds for the (M, D + D)-representation of their
(eventually periodic) sum w = x + y calculated by a
pure summation of digits on each position separately.

It is clear that, by applying the p-local function
¢ : (D+D)? — D onto the (M, D+ D)-representation
of the interim sum w, we obtain an eventually periodic
string over the alphabet D. In other words, x + y has
an eventualy periodic (M, D)-representation. m

Theorem 21. Let M € Z™*™ be an expansive ma-
trix. Then there exists a finite digit set D C Z™ such
that Perp(M) = Q™.

Proof. By Theorem [9] and Lemma [5] there exists a
finite digit set D such that addition in (M, D) can be
performed in parallel. Due to Lemma [I9] it remains
to prove only the inclusion Q™ C Perp(M). We
denote by e, the vector from Z™ whose s*" coordinate
equals 1 and all other coordinates are zero. In the
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first step, we show that for each ¢ € N and each s =
1,2,...,m, the vector %es has an eventually periodic
(M, D)-representation. For this purpose, we define a
congruence relation on the matrices from Z™*™.

We say that A € Z™*"™ is congruent modulo ¢ to
B e zZm*™ if (A— B) € ¢qZ™*™. As the number
of congruence classes is finite (for a fixed ¢ € N), we
find in the list I, M, M?, M3, ... two matrices from
the same congruence class. In other words, there exist
k¢ € N, ¢ > 0 such that M*+¢ — M* = ¢C for some
C € Z™*™ or, equivalently

Lr=MtFI-MYHTC
q

- M“(SM“) c. (12)

Jj=0

Let ¢; denote the first column of the matrix C. As
Z™ C Finp (M), we can write ¢; = >, o M" f, with
ft € D. It is due to Lemma [6] and Remark [I0] that
the bottom index of the sum equals zero, as M is
expansive, so all of its eigenvalues are > 1 in modulus.
The first column of the matrix equality then
equals

—+o0 n —4oo
ey =M™FY M ey =) N MR
j=0 t=0 j=0

Thus, we have expressed % e1 as a sum of n+ 1 vectors
with eventually periodic (M, D)-representation. Since
Perp (M) is closed under addition, due to Lemma
the vector ¢ ei belongs to Perp(M) as well. Anal-

ogously, the same holds for %62, cee % em and for
—% €1y, —% em, therefore, they are also elements
of Perp(M).

In the second step, we consider an arbitrary vector
x € Q™. We find ¢ € N and integer nubers p1,...,pm
such that © = pl(% 61) + .- —|—pm(% em). It means
that x is a sum of (|p1| + - + [pm|) vectors from the
set Perp (M), which is closed under addition. Hence
T € PerD(M). L]

Corollary 22. Let M € Z™*™ be an expansive
matrix. Then there exists a finite digit set D C Z
such that every x € R™ has an (M, D)-representation.

Proof. Let ||-||, be the vector norm of R™, for which
the induced matrix norm of the contractive ma-
trix M~1is ||[M7Y| =7 < 1.

Since M is expansive, any vector y € Z™ has an
(M, D)-representation in the form y = Z;‘V:o Md;
for some N € N and d; € D. In general, the repre-
sentation is not unique. We denote by height(y) the
minimal N € N among all the (M, D)-representations
of y.

Let x € R™ and (:v("))neN

tors from Q™ such that lim z, = =x.
n—oo

be a sequence of vec-
By the

previous theorem, we have z(™ = Z;V;LOO M7 d§n).

Denote the integer and fractional parts of z(™ by
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y™ = SN MId and 2 = Y MY,
respectively. Obviously, y(™ € Z™. Assume that
(M, D)-representations of the integer parts y(™) sat-
isfy N,, = height(y(™) for every n € N. The size
of the fractional parts z(™ is bounded. Indeed,
BRI ’Ej_:lfooM"d;-”) < ¥ riD =

C
%DT. Since any convergent sequence is bounded, the

integer parts y(™ € Z™ are bounded as well, as
ly ™l < [l=™ ==, < [z, + [« 1t
means that y(") can take only finitely many values
in Z™, and thus their heights N,, are bounded as well,
say by N.

Hence, we can rewrite the representation of z() for
each n € N into the form z(™ = Zj.vzioo de§-n) with
the uniform upper index N of the sums (if necessary,
we add leading zero coefficients to sums). Now, we
are ready to find an (M, D)-representation of x =

lim z(™.
n— o0

We construct the sequence dydy_1---dy e
d_1d_o--- of digits from D. A digit which appears

infinitely times among xg\?) will be chosen as dy.

Then, we chose dy_1 as such a digit that the pair of
digits dydy—1 appears infinitely many times among
x%)x%)_l. Similarly, dy_o is chosen as such a digit
that the triplet dydy_1dny_2 appears infinitely many
times among mg\?)x%)_lx%l)_w and so on. By this con-
struction, for every step | € N,I > 1, there exists
k; € Z such that the strings dydy_1 - - - dped_1d_o - - -
and mg\l,c’)x%cfl . xé’“) o xgcll)a:(_ké) .-+ have a common
prefix of length at least I. Therefore,

N

N
S mid; - Mgl

j=—o0 j=—c0

N-—I
> M7 (d; — ™)
c j=—o00

—+oo
. 2D
<2D E I = =N
- ) " 1—7r " ’
j=l—N

where D denotes max{||d||. : d € D}. Since 22 r!=V
tends to 0 with [ — +00, we obtain

N

E dej: lim 2®) = lim 2™ =z,
. l—+o00 n—+o00
j=—00

and thus Z;.V:foo M7d; is an (M, D)-representation
of x.
L]

5. OPEN QUESTIONS

We have focused only on two questions connected
with (M, D)-representation of vectors: computability
of addition in parallel and eventually periodic represen-
tations. Many open problems still remain unresolved.
Let us list some of them:

(1.) What is the minimal size of a digit set D C Z™
with the property Z™ C Finp(M)? This question
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was already tackled in [26] for very special matrices,
namely for Jordan blocks J,,(1) corresponding to
the eigenvalue 1.

(2.) Is it possible for a given non-singular matrix
M € Z™*™ to find a (finite) digit set D C Z™
such that every element in Finp (M) has a unique
representation in this numeration system? If M is
expansive, then the size of the suitable digit set (if
it exists) is | det(M)|, see [I3]. What is an analogy
of this result for a non-expansive matrix?

(3.) Does there exist any (finite) digit set such that
multiplication of vectors from R™ by a scalar z € R
can be performed by an on-line algorithm? Note
that K. Trivedi and M. Ercegovac in [27] designed
on-line algorithms for the multiplication and divi-
sion of two numbers represented in a numeration
system (f3,.4) with § € N. Their algorithms were
later generalised to numeration systems (3, .4) with
base 3 being a (real or complex) Pisot number [2§].
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