
                                                                    

University of Dundee

Evaluation of continuum modelling approaches for reinforced concrete in geotechnical
applications
Mubarak, Ahmed; Knappett, Jonathan; Brown, Michael

Published in:
Proceedings 10th NUMGE 2023

DOI:
10.53243/NUMGE2023-216

Publication date:
2023

Document Version
Publisher's PDF, also known as Version of record

Link to publication in Discovery Research Portal

Citation for published version (APA):
Mubarak, A., Knappett, J., & Brown, M. (2023). Evaluation of continuum modelling approaches for reinforced
concrete in geotechnical applications. In Proceedings 10th NUMGE 2023 [216] International Society for Soil
Mechanics and Geotechnical Engineering. https://doi.org/10.53243/NUMGE2023-216

General rights
Copyright and moral rights for the publications made accessible in Discovery Research Portal are retained by the authors and/or other
copyright owners and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with
these rights.

 • Users may download and print one copy of any publication from Discovery Research Portal for the purpose of private study or research.
 • You may not further distribute the material or use it for any profit-making activity or commercial gain.
 • You may freely distribute the URL identifying the publication in the public portal.
Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Download date: 17. Aug. 2023

https://doi.org/10.53243/NUMGE2023-216
https://discovery.dundee.ac.uk/en/publications/16282ea5-c3b8-4453-85f7-38905c96c91c
https://doi.org/10.53243/NUMGE2023-216


INTERNATIONAL SOCIETY FOR 

SOIL MECHANICS AND 

GEOTECHNICAL ENGINEERING 

This paper was downloaded from the Online Library of 
the International Society for Soil Mechanics and 
Geotechnical Engineering (ISSMGE). The library is 
available here: 

https://www.issmge.org/publications/online-library 

This is an open-access database that archives thousands 
of papers published under the Auspices of the ISSMGE and 
maintained by the Innovation and Development 
Committee of ISSMGE.   

The paper was published in the proceedings of the 10th 
European Conference on Numerical Methods in 
Geotechnical Engineering and was edited by Lidija 
Zdravkovic, Stavroula Kontoe, Aikaterini Tsiampousi and 
David Taborda. The conference was held from June 26th to 
June 28th 2023 at the Imperial College London, United 
Kingdom.

https://www.issmge.org/publications/online-library


Proceedings 10th NUMGE 2023  

10th European Conference on Numerical Methods in Geotechnical Engineering  

Zdravkovic L, Kontoe S, Taborda DMG, Tsiampousi A (eds) 

 

© Authors: All rights reserved, 2023  

https://doi.org/10.53243/NUMGE2023-216  
 

 

       1 NUMGE 2023 - Proceedings 

Evaluation of continuum modelling approaches for reinforced 

concrete in geotechnical applications 
A.G. Mubarak1, J.A. Knappett1, M.J. Brown1 

1School of Science and Engineering, University of Dundee, Dundee, UK 

 
ABSTRACT: Modelling the structural response of reinforced concrete (RC) elements in geotechnical applications has been 

implemented using various numerical approaches with different levels of confidence; ranging from simple linear elastic 

approximations to non-linear section behaviour using embedded beams with moment-curvature (M-κ) relationships within 

dummy elements. However, the non-linear structural response of continuum RC approaches has not been widely employed in 

the geotechnical analysis of soil-structure interaction problems. This paper evaluates and compares different combinations of 

modelling approaches for the concrete and reinforcement, as implemented within the FE code PLAXIS 2D, to simulate the 

structural response of RC beams using the continuum approach for the concrete with discretely modelled reinforcement. The 

Concrete Model ‘CM’ and an equivalent Mohr-Coulomb ‘MC’ approach are compared for the concrete alongside the use of 

either embedded plates (with interfaces) or embedded beam rows to efficiently simulate the reinforcement. These approaches 

are validated against well-documented experimental data of singly and doubly reinforced concrete beams obtained from the 

literature. The results can be utilised to improve structural precision in Finite Element models in various soil-structure interaction 

problems (e.g., piles, shallow foundations, retaining walls, tunnel linings) within an integrated geotechnical environment. 
 

Keywords: reinforced concrete, Finite Element Method. 

 

 

1 INTRODUCTION 

Rigorous analysis of the structural response of the rein-

forced concrete (RC) elements in soil-structure interac-

tion (SSI) problems is commonly performed using uncou-

pled structural-geotechnical modelling using specialised 

FE codes (e.g., ABAQUS or DIANA). While the non-lin-

ear structural response can precisely be modelled in such 

an approach, the geotechnical capabilities of these pro-

grams are limited, where simplified assumptions are often 

required in order to simulate the soil effect via imposing 

an equivalent active and/or passive subgrade pressure 

which ignores the non-linear SSI effects.  

       Accounting for coupled non-linear structural and ge-

otechnical analysis simultaneously in an integrated nu-

merical environment (e.g., PLAXIS FE code) will em-

power greater precision of results in routine geotechnical 

analyses and reduce the level of uncertainties associated 

with simplified assumptions. This paper presents an eval-

uation of different modelling approaches, implemented 

within PLAXIS in the plane-strain space, to simulate the 

structural response of RC elements. The concrete is mod-

elled using a continuum approach with either an equiva-

lent Mohr-Coulomb (MC) or Concrete Model (CM) ap-

proach. In addition, two methods were used to model the 

reinforcing steel bars using either elasto-plastic plates 

with interface elements or embedded beam elements. The 

study presents a series of simulations conducted on sin-

gly and doubly RC beams under three-point loading tests.  

 

Numerical predictions using these modelling approaches 

were validated against well-documented experimental 

data from the literature. The endeavour is to develop an 

approach which can capture the composite behaviour im-

plicitly, avoiding the gross over-simplifications of linear 

elastic continuum modelling (while remaining similarly 

efficient) and also avoiding the necessity of generating a 

moment-curvature relationship a priori (avoiding also 

the decoupling of axial-bending interaction that is 

inherent in such model). 

2 MODELLING OF SIMPLY SUPPORTED RC 

BEAMS IN THE PLAIN-STRAIN SPACE 

This section investigates the bending behaviour of 

simply supported RC beams under three-point loading 

tests. Two beams were chosen from the literature, a sin-

gly reinforced (specimen J-4, Burns and Siess, 1962) 

and doubly reinforced (specimen A-1, Bresler and Scor-

delis, 1963) beam, which were constructed using con-

crete with uniaxial compressive strengths f’c = 30 and 

24 MPa, respectively. Figure 1 shows the experimental 

setup and the beam cross-sectional details. The follow-

ing subsections illustrate the procedure followed to 

model the concrete material as well as the reinforcing 

bars and confining stirrups using available numerical 

tools within the commercial FE code PLAXIS (2D). 
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2.1 Constitutive modelling of concrete 

Many failure models have been evolved over the years 

to predict concrete behaviour based on different mate-

rial behaviour theories, such as elasticity, plasticity, 

continuum damage and fracture mechanics, or a combi-

nation between them. In this study, two constitutive 

models that are available in PLAXIS materials library 

were used to model the concrete behaviour, namely the 

Mohr-Coulomb and the Concrete Model.  

According to Mohr-Coulomb (MC), three main pa-

rameters are required: equivalent friction angle (ϕ), 

equivalent ‘apparent’ cohesion (c) and dilation angle 

(ψ). Vermeer and Borst (1984) reported common fric-

tion angles of concrete ranging between 30o to 35o, and 

dilation angle of around 11o. Equivalent cohesion can 

be determined by rearranging the Mohr-Coulomb fail-

ure envelope principal stress equation in the τ−σ space 

for an element under uniaxial compression (σ1 = f′c; σ3 

= 0) as per the following: 

 

c = (1−sin ϕ
2 cos ϕ

)  fc
  ′

                                                       (1) 

 

where fc
  ′

 is the Unconfined Compressive Strength of 

concrete (UCS). 

The Concrete Model (CM) is an advanced nonlinear, 

time-dependent constitutive framework to model the 

behaviour of concrete, which was initially proposed by 

Schütz et al. (2011) to simulate tunnel linings. In this 

model, the concrete behaviour in compression and ten-

sion under multi-axial stress conditions is formulated 

within the rules of elasto-plasticity. The model can pro-

duce the nonlinear plastic strain hardening and soften-

ing characteristics of the concrete stress-strain curve. 

Cracking of concrete is incorporated within a smeared 

crack model by employing fracture energy principles in 

compression and tension. The model parameters required 

to defined the concrete behaviour are: E28 = 4700 √f c '  ( 

Young’s modulus at 28 days, ACI-318); v = 0.2 

(Poisson’s ratio,  reported by Vermeer and Borst, 1984 for 

concrete); fc,28 (Uniaxial compressive strength at 28 days);  

ft,28 (Uniaxial tensile strength, typically taken as  ft/fc = 

0.1);  fc0,n  (Normalised initially mobilised strength, 

typically = 0.25); fcf,n (Normalised failure strength, 

typically = 0.8);  fcu,n (Normalised residual strength, 

typically = 0.1);  ftu,n (Ratio of residual to peak tensile 

strength);  εcp
p

= −0.001 (typical uniaxial plastic failure 

strain); Gc,28 = 8.8 √f c ' (Compressive fracture energy, 

Lertsrisakulrat et al. 2001); Gt,28 = Gc/250 (Tensile 

fracture energy, Nakamura et al. 2001);  ϕ𝑚𝑎𝑥 (Maximum 

friction angle); ѱ (Dilatancy angle). The last two 

parameters are shared with the MC model. A summary of 

the constitutive parameters used for the MC and CM con-

crete modelling approaches is given in Table 1. 

 
Table 1 Summary of the constitutive parameters selected for 

MC and CM modelling approaches 

 

2.2 Idealised stress-strain behaviour of confined 

and unconfined concrete 

It is well established that concrete possesses nonlinear 

stress-strain behaviour under uniaxial-compression. 

Various analytical solutions were proposed in the liter-

ature to predict such behaviour (e.g., Lim and Ozbakka-

loglu, 2014, Mander et al. 1988). These analytical mod-

els can be used as a benchmark to calibrate the 

numerical constitutive parameters to fit the uniaxial 

nonlinear behaviour. Lim and Ozbakkaloglu (2014) pro-

posed an analytical model applicable to both confined and 

unconfined concrete, and for normal to high-strength con-

crete classes. Figure 2 shows an example of the stress-

Mohr-Coulomb 

Para-

meters 

Value 

(J-4) 

Value 

(A-1) 
Unit 

c  7.8 6.3 MPa 

ϕ 35 35 o 

ѱ 11 11 o 

Concrete Model 

E28 25 23 GPa 

v 0.2 0.2 - 

fc,28 30 24 MPa 

ft,28 2.4 2 MPa 

fc0, n 0.25 0.25 - 

fcf, n 0.8 0.8 - 

f𝑐𝑢,𝑛 0.1 0.1 - 

ftu, n 0 0 -  εcp
p

 −1 × 10-3 −1 × 10-3 - 

Gc, 28 70 50 kN/m 

Gt, 28 0.2 0.15 kN/m 

ϕmax 35 35 o 

ѱ 11 11 o 

Figure 1 Geometrical and reinforcement details of the beams 

under three-point bending: (dimensions in ‘mm’) 
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strain curves for confined and unconfined concrete with 

compressive strength f’c = 30 MPa, plotted against MC & 

CM responses using the parameters in Table 1. The con-

fined response was obtained under triaxial loading condi-

tions with a confining pressure (σ’3 = 6.4 MPa) estimated 

using the suggested procedure by Mander et al. (1988) for 

rectangular sections.  Nevertheless, for members under 

flexure without significant axial load, the effect of con-

finement provided by the beam stirrups is expected to be 

small (Park and Paulay, 1975). 

2.3 Finite Element modelling  

The FE model of the beam setup is shown in Figure 3. 

The end supports were modelled using a prescribed point 

displacement with pin and roller restraint properties at 

each end respectively. A transition element with elastic 

properties similar to the beam concrete was introduced at 

the end supports to avoid stress concentrations near the 

point restraints which might terminate the calculation be-

fore the actual beam failure. The model boundary condi-

tions were set such that they were compatible with the 

constraints in the test setup as illustrated in Figure 3.  

       

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The FE model domain for J-4 and A-1 specimens was 

discretised to a total number of 1160 and 915 triangular 

plane-strain elements, which corresponds to (2447 nodes) 

and (1966 nodes) respectively. 6-noded elements were se-

lected, which were found to be precise enough for such 

applications and which reduce the computational cost. 

Elasto-plastic plate elements were initially chosen to 

model the tension steel in specimen (J-4) and the tension 

and compression steel in specimen (A-1). Plates had nor-

mal (EA) and bending (EI) stiffness properties per metre 

length which were used to idealise the fundamental be-

haviour of steel bars at a given spacing. The plates were 

assumed to have a bending capacity equal to the yield 

moment capacity (i.e., Mult = My = n.Z.fy, where Z is plas-

tic section modulus and n is the number of bars). Positive 

and negative interfaces were used between the plate and 

concrete, to capture potential gapping (normal tensile 

limit = Rinter.ft = 0.36 MPa) and bar slippage mechanisms 

(strength and stiffness reduction factor Rinter smeared in 

the interface material to degrade the bond condition).  

Alternatively, embedded beam elements at the rein-

forcement spacing with equivalent elastic stiffness proper-

ties were used to model the bond-slip behaviour via limit-

ing skin friction (τskin). Shear stirrups were modelled using 

node-to-node (NtN) anchors with axial properties per me-

tre length equivalent to those of the beams. The steel prop-

erties for both approaches are summarised in Table 2. 

3 VALIDATION OF THE NUMERICAL 

MODELS AGAINST THE TEST RESULTS 

In these simulations, various combinations were tested 

for MC vs. CM. Figure 4(a) (b) and (c) (d) show the FE 

load-displacement response for singly and doubly-rein-

forced beams (J-4  and A-1) against the experimental 

data. In these simulations, two main variables affecting 

the flexural behaviour of the beam were considered, 

these being the concrete tensile strength (with ft = 0.7, 

1.2 and 2.4 MPa), such that ft/fc ≤ 0.1, and the interface 

strength between the concrete and plate(s)  such that 

Rinter =1 represents a rigid interface (with strength equal 

to the surrounding concrete). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 2 Idealised stress-strain models for confined and un-

confined concrete against MC & CM test fittings 

Figure 3 Plane-strain FE model with the modelling elements identified for (a) singly-reinforced and (b) doubly-reinforced beams 
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Table 2 Steel properties used in singly and doubly RC beam specimens 

Steel property  Specimen J-4 Specimen A-1 

 Bottom Steel Top Steel Bottom Steel Stirrups 

Material behaviour Elastoplastic Elastoplastic Elastoplastic Elastoplastic 

Structural element Plate Plate Plate NtN Anchor 

Es (GPa)  203 200 217 189 

fy (MPa)  310 345 555 325 

EA (kN/m) 1.02 × 106 0.167 × 106 1.88 × 106 0.04 × 106 

EI (kN.m2/m) 12.45 1.68 99.2 - 

Np (kN/m) 1556 287 2945 68 

Rinter (-) † 0.15 0.15 0.15 - 

† Rinter is the interface strength parameter 

The results show that MC generally over-predicts the 

load capacity of the beam at typical tensile strength val-

ues (i.e., 2.4 MPa, ft/fc = 0.1), and manifests a stiffer de-

formational response after the first-yield point (e.g., >50 

kN in Figure 4(a) and (b) and >200 kN in Figure 4(c) and 

(d). Such behaviour was improved by reducing the con-

crete tensile strength to 1.2 MPa and 0.7 MPa respec-

tively, where the latter results in a good prediction for 

the beam capacity and stiffness with error percentage of 

10% (Figure 4(a) and (c)). 

The CM appears to demonstrate a slightly stiffer re-

sponse at typical tensile strengths (ft = 2.4MPa), which 

was improved at lower values (ft =1.2 MPa, 0.7 MPa). 

However, the capacity appears not to be affected signif-

icantly by the tensile strength in this approach. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The effect of uncertainty in the steel-concrete bond 

condition was also explored by allowing some bond-slip 

to take place by decreasing the strength and stiffness of 

the interface (Rinter < 1) as shown in Figure 4(b) and (d). 

This allows better fitting to the experimental data after 

the first-yield to the peak capacity, particularly for CM. 

Reduction of this parameter may yield poor results in 

CM if larger limitations on load transfer are modelled 

(e.g., Rinter < 0.1).  

Figure 5(a-d) shows the load-displacement response 

of the RC beams (J-4, A-1), using the MC and CM ap-

proaches with steel rebars modelled as embedded beams 

(EB) and compared to the responses utilising plate ele-

ments and interfaces (PLATE).   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4. FE verification of the load-displacement response of experimental beams loaded in bending using Mohr-Coulomb 

and Concrete models for concrete, for varying ft and Rinter values. (a) and (b) singly-reinforced ‘specimen J-4, (c) and (d) 

doubly-reinforced beam 
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The embedded beam elements have equivalent stiff-

ness and strength parameters to those in Table 2, with a 

pull-out resistance τskin, max = 1250 kN/m and 1940 kN/m 

for J-4 and A-1, respectively, which were estimated ac-

cording to Eligehausen et al. (1982) to model the bars’ 
slippage. The results show that embedded beam ele-

ments did not manifest a significant difference as com-

pared to the responses of beams modelled with plate el-

ements. In both cases, the behaviour remained affected 

by the concrete tensile strength (although this is a prop-

erty related to MC and CM and not to the embedded el-

ements). The plate cases shown in Figure 5 had a rigid 

interface strength (i.e., Rinter = 1), and since the embed-

ded elements had a skin friction much higher than the 

yield strength of steel (τskin, max > Np/Asurface), they re-

sulted in near-identical response curves.  

To investigate the reason why MC tended to over-es-

timate load capacity and stiffness beyond the first-yield 

point, a group of FE triaxial compressive strength test 

simulations with different confinement levels were gen-

erated, as shown in Figure 6. The MC and CM failure 

envelopes in the shear-normal stress (τ−σn) space were 

drawn using Mohr-circles representing the peak princi-

pal stress condition that corresponds to the peak capacity 

in the load-displacement response (Figure 2). The linear 

MC envelope with tension cut-off over-estimates the 

shear strength capacity in compression and tension com-

pared with the nonlinear CM envelope.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The plastic softening behaviour that characterises the 

compressive behaviour in CM is furthermore not cap-

tured by the perfect plasticity assumption in MC (see Fig-

ure 2). In the same manner, the tensile strength of concrete 

degrades to zero in the CM while the strength is main-

tained in MC.   

Figure 7 shows shear-strain (γs) contours using the MC 

and CM for the singly- and doubly-reinforced beams 

compared against the observed experimental crack pat-

terns (overlying darker lines). In general, strain localisa-

tion zones at the bottom of the beam show more realistic 

patterns in CM simulations compared to a bulb-like strain 

concentration in MC. 

Figure 5 Load-displacement response with longitudinal steel modelled as embedded beams and compared with the plate ele-

ments response; where (a) MC/singly RC ‘J-4’, (b) CM/singly RC ‘J-4’, (c) MC/doubly RC ‘A-1’, (d) CM/doubly RC ‘A-1’ 

Figure 6 Comparison between the MC and CM failure enve-

lopes in the τ-σ space using simulated FE compressive triax-
ial concrete tests with different confining pressures 
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4 CONCLUSIONS 

In light of the numerical results from various modelling 

approaches to model RC beams (flexural members), the 

following key findings can be drawn: 

1. MC criterion can be used as a first-order approxima-

tion approach to model simple RC structures. How-

ever, it tends to over-predict the capacity of the con-

crete component at typical tensile strength values 

(ft/fc ≤ 0.1). This can be addressed by artificially low-

ering the tensile strength to residual values (ft ≤ 
1MPa) to represent a cracked section. 

2. CM offers a more sophisticated technique to model 

RC behaviour with confidence and higher accuracy 

(usually with precision around ±5%). The model is 

reliable for the range of RC configurations under 

flexural loading considered herein. 

3. Different reinforcement modelling methods can be 

employed to model the reinforcing steel, either using 

elasto-plastic plate elements (PL) with interfaces, or 

by the embedded beams (EB) which have implicit 

frictional interfaces. Both methods demonstrated 

similar results approximately. 

4. In the case of plates, setting the value of the interface 

stiffness parameter Rinter is paramount to control the 

stiffness of the load-deformation response after the 

first-yield point. According to the investigated beams, 

a suitable parameter in the range of (0.1 ≤ Rinter ≤ 0.15) 
appears to be adequate to simulate the load-transfer 

between concrete and reinforcement. This is equiva-

lent to the pull-out resistance in EBs. 

Having said that, the presented modelling approaches of-

fer a useful tool to model the RC elements necessary for 

geotechnical applications (e.g., tunnel linings, founda- 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

tions etc.) at working and ultimate loads scenarios (i.e., 

Serviceability and Ultimate Limit States, ‘SLS’, ULS’ 
respectively). 
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