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Abstract

In this paper, we analyse a proximal method based on the idea of
forward-backward splitting for sampling from distributions with densi-
ties that are not necessarily smooth. In particular, we study the non-
asymptotic properties of the Euler-Maruyama discretization of the Langevin
equation, where the forward-backward envelope is used to deal with the
non-smooth part of the dynamics. An advantage of this envelope, when
compared to widely-used Moreu-Yoshida one and the MYULA algorithm,
is that it maintains the MAP estimator of the original non-smooth distri-
bution. We also study a number of numerical experiments that support
our theoretical findings.

1 Introduction

The problem of calculating expectations with respect to a probability distribu-
tion p in R? is ubiquitous throughout applied mathematics, statistics, molecular
dynamics, statistical physics and other fields. In practice, often d is large, which
renders deterministic techniques, such as quadrature methods, computationally
intractable. In contrast, probabilistic methods do not suffer from the curse of
dimensionality and are often the method of choice when the dimension d is
large. In particular, Markov chain Monte Carlo (MCMC) methods are based on
the construction of a Markov chain in R™ with m > d, for which the invariant
distribution (or its suitable marginal) coincides with the target distribution p [1].

Often, such Markov chains are based on the discretization of stochastic dif-
ferential equations (SDEs). One such SDE, which is also the focus of this paper,
is the (overdamped) Langevin equation

dX, = —Vf(X,)dt + V2dW,, (1)
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where {W;}, is the standard d-dimensional Brownian motion and Vf denotes
the gradient of a continuously-differentiable function f : R¢ — R. Under mild
assumptions on f, the dynamics of (1) are ergodic with respect to the distribu-
tion p o< e~/. In particular, p is the invariant distribution of (1) [2].

The discretization of (1), however, requires special care, since the resulting
discrete Markov chain might not be ergodic [3]. In addition, even if ergodic,
the resulting discrete Markov chain often has a different invariant distribution
than p, known as the numerical invariant distribution p. The study of the
asymptotic error between the numerical invariant distribution p and the target
distribution p has received considerable attention recently [4, 5]. In particu-
lar, [4] investigated the effect of discretization on the convergence of the ergodic
averages, and [5] presented general order conditions to ensure that the numerical
invariant distribution accurately approximates the target distribution.

Another active line of research quantifies the nonasymptotic error between
the numerical invariant distribution p and the target distribution p. In partic-
ular, when p is a smooth and strongly log-concave distribution, [6] established
non-asymptotic bounds in total variation distance for the Euler-Maruyama dis-
cretization of (1), commonly known as the unadjusted Langevin algorithm
(ULA). These results have also been extended to the Wasserstein distance Wy in
[7, 8,9, 10, 11], to name a few. Typically, these works study the number of iter-
ations that the numerical integrator would require to achieve a desired accuracy,
when applied to a target distribution p with a known condition number.

In fact, the above strong log-concavity of p can be substantially relaxed. In
particular, using a variant of the reflection coupling, the recent work [12] derived
non-asymptotic bounds for the ULA in the Wasserstein distance W1, when p is
strictly log-concave outside of a ball in R?. Similar results for the Wasserstein
distance Wy have also been presented in [13].

Within the class of log-concave distributions, a significant challenge for the
Langevin diffusion in (1) arises when the target distribution p is not smooth
and/or has a compact (convex) support in R%. One approach to address this
challenge is to replace the non-smooth distribution p with a smooth proxy ob-
tained via the so-called Moreu-Yoshida (MY) envelope. This new smooth den-
sity remains log-concave and, hence, amenable to the non-asymptotic results
discussed earlier. When the support of p is also compact, proximal Monte Carlo
methods have been explored in [14, 15, 16]. It is also worth noting that [17]
pursued a different approach for sampling from compactly-supported densities
that does not involve the MY envelope.

A potential drawback of the above approach is that the MY envelope often
does not maintain the maximum a posteriori (MAP) estimator. That is, the
above approach alters the location at which the new (smooth) density reaches
its maximum. This is a well-known issue in the context of (non-smooth) convex
optimization and is often resolved by appealing to the proximal gradient method.
The latter can be understood as the Euler discretization of the so-called forward-
backward (FB) envelope [18].



Contributions. This work explores and analyzes the use of the FB envelope
for sampling from non-smooth and compactly-supported log-concave distribu-
tions. In analogy with the Langevin proximal Monte Carlo, we replace the
non-smooth density with a smooth proxy obtained via the FB envelope. In
particular, this proxy is strongly log-concave over long distances.

Crucially, the new proxy also maintains the MAP estimator , under cer-
tain assumptions. However, this improvement comes at the cost of requiring
additional smoothness for the smooth part of the density. Lastly, the strong
convexity of the new proxy over long distances allows us to utilise the work
of [12] to obtain non-asymptotic guarantees for our method in the Wasserstein
distance Wj.

In addition to investigating the use of FB envelope in sampling, this work
has the following contributions:

e It introduces a general theoretical framework for sampling from non-
smooth densities by introducing the notion of admissible envelopes. MY
and FB envelopes are both instances of admissible envelopes.

e It proposes a new Langevin algorithm to sample from non-smooth den-
sities, dubbed EULA, which generalizes MYULA. EULA can work with
any admissible envelope (e.g., MY or FB) and can handle a family of
increasingly more accurate envelopes rather than a fixed envelope.

Organization. The rest of the paper is organised as follows. Section 2 formal-
izes the problem of sampling from a non-smooth and compactly-supported log-
concave distribution. As a proxy for this non-smooth distribution, its (smooth)
Moreau-Yosida (MY) envelope is reviewed in Section 3. This section also ex-
plains the main limitation of MY envelope, i.e., its inaccurate MAP estimation.
In Section 4, we introduce the forward-backward (FB) envelope which overcomes
the key shortcoming of the MY envelope.

Section 5 introduces and analyses EULA, an extension of the popular ULA
for sampling from a non-smooth distribution. EULA can be adapted to various
envelopes. In particular, MYULA from [14] is a special case of EULA for the
MY envelope. Section 6 proves the iteration complexity of EULA and Section 7
presents a few numerical examples to support the theory developed here.

2 Statement of the Problem

Consider a compact convex set K ¢ R?. For a pair of functions f : R — R
and g : R? — R, our objective in this work is to sample from the probability
distribution

T @) ~7(2) s e K
p(z) = { Tae 770 dz 2)
0 x ¢ K,



whenever the ratio above is well-defined. In order to sample from p, we only
have access to the gradient of f and the proximal operator for g, to be defined
later. Our assumptions on K, f, g are detailed below.

Assumption 2.1. We make the following assumptions:

(i) For radii R > r > 0, assume that K C R is a compact convex body that
satisfies B(0,r) € K C B(0,R). Here, B(0,r) is the Euclidean ball of

radius r centered at the origin.

(ii) Assume also that f : RT — R is a convex function that is three-times
continuously differentiable.

(iii) Assume lastly that G : R? — (—oo, 00| is a proper closed convex function.
Moreover, we assume that G is continuous.'

A few important remarks about Assumption 2.1 are in order. First, in
the special case when f is a convex quadratic [20], the assumption of thrice-
differentiability above is trivially met and some of the developments below
are simplified. However, our more general setup here necessitates the thrice-
differentiability above and results below in more involved technical derivations.

Second, instead of the two functions f,, it will be more convenient to work
with two new functions f, g, without any loss of generality. More specifically,
consider a convex function f that coincides with f on the set K, has a compact
support and a continuously differentiable Hessian.

For this function f, the compactness of K and smoothness of f in Assump-
tion 2.1 together imply that f, Vf, V2f are all Lipschitz-continuous functions.
To summarize, for the function f described above, there exist nonnegative con-
stants Ao, A1, A2, A3 such that

f@)=0, if[lzlla = Ao,
[f(@) = f < Millz —ylz,  zy eRY,
IVf@) =Vl < delle—yll2, 2y eRY (3¢
IV2f(2) = V2 f W)l < Xsllz —yll, @,y €RY (3d
Let us also define the proper closed convex function
g:=7+ 1k, (4)

where 1k is the indicator function for the set K. That is, 1x(z) = 0 if = €
K and 1k(z) = oo if © ¢ K. The compactness of K and continuity of g in
Assumption 2.1 together imply that ¢ is finite, when its domain is limited to
the set K. Outside of the set K, ¢ is infinite. To summarize, the new function
g is lower semi-continuous and also satisfies

Imnea%|g(x)| < 00, g(xz) =00, ifz¢K. (5)

Tn Assumption 2.1(ii), the requirement that g is a proper closed convex function implies
that g is lower semi-continuous, but not necessarily continuous [19]. The latter stronger
requirement of continuity for g is needed in this work.



We can now revisit (2) and, using the new functions f, g, we rewrite the defini-
tion of p as

efF(m)
P = e
F(@) = F(2) +3(x) + (@) = f(z) +g(a).  weR.  (6D)

r € RY (6a)

Above, F' is often referred to as the potential associated with p. The last
identity above holds by construction. Indeed, on the set K, the functions f and
f coincide. Likewise, on the set K, the functions g and g coincide. On the other
hand, outside of the set K, both sides of the last equality above are infinite.

In view of (6b), we will often use f and f interchangeably throughout this
work, depending on the context. Likewise, we will use g and g interchangeably.
Note also that the integral in the denominator above is finite by Assumption
2.1. When there is no confusion, we will overload our notation and use p to also
denote the probability measure associated with the law p.

Since ¢ is not differentiable, F' in (6b) is itself non-differentiable. In turn, this
means that one cannot use gradient based algorithms such as ULA to sample
from p oc e [10]. One way to deal with this issue is to replace F with a
smooth function F, which we will refer to as an envelope, to which we can then
apply ULA. It is reasonable to require this envelope F, to fulfill the following
admissibility assumptions.

Definition 2.2 (ADMISSIBLE ENVELOPES). For 4° > 0, the functions {F, :
R? — [—00,00] : v € (0,7°)} are admissible envelopes of F if

(i) There exists a function F°: R% — [—o0, 00] such that e F s integrable,
and F., dominates FO. That is,

/ e ') dz < o0, F,(z) > F°(2), z e R v € (0,7°).
Rd

i) F. converges pointwise to F, i.e., lim,_,q F.(x) = F(x) for every x € R%.
2l 9 gl 2l Y
(iii) F, is Ay-smooth, i.e., there exists a constant Ay > 0 such that
IVE,(2) = VE,(W)ll2 < Mz —yll2, 2,y €RY, 5 €(0,7°).
If {F, :v € (0,7°)} are admissible envelopes of F, we can define the corre-
sponding probability densities

e_F’Y(@E)

o d 0
py(z) = Wv z e R v e (0,77). (7)

Remark 2.3. In the definition above, the property (i) implies that p, can be
normalized. This observation, combined with the property (ii), imply after an
application of the dominated convergence theorem that

: _ d
’lylg%)pv(x)—p(:v), x € R



where the probability measures p and p~ are defined in (6a) and (7), respectively.
That is, p-, converges weakly to p in the limit of v — 0. (For completeness, the
proof of this claim is included in the appendiz.) In other words, we can use p
as a proxy for p, provided that v is sufficiently small. Finally, as we will see
shortly, the property (iii) guarantees the convergence of the ULA to an invariant
distribution close to yp~, provided that the step size of the ULA is small.

3 DMoreau-Yosida Envelope and Its Limitation

For v > 0, let us define

E¥@) = f@) +,0), @R ()
where )
(o) = min {a(2)+ 5o — 213} ®)

is the Moreau-Yosida (MY) envelope of g. Somewhat inaccurately, we will also
refer to FMY as the MY envelope of F, to distinguish FMY from its newer
alternatives. It is well-known that g, is 7y~ '-smooth and that g, converges
pointwise to ¢ in the limit of v — 0. These facts enable us to establish the
admissibility of MY envelopes, as detailed below. All proofs are deferred to the
appendices. We note that the result below closely relates to [16, Proposition 1].

Proposition 3.1 (ADMISSIBILITY OF MY ENVELOPES). Suppose that Assump-
tion 2.1 is fulfilled. Then {FyY iy > 0} are admissible envelopes of F in (6D).
In particular, VFyY is (Ao + v~ 1)-Lipschitz continuous, and given by the ex-
pression

VEMY () = Vf(2) + %"”) € Vf(x) +0g(Pyy (),
Prg(a) = argmin {o(2) + o llo - 213} o)

Above, Ao was defined in (3c), Py : R? — RY is the proxzimal operator associated
with the function vg, and dg(z) is the subifferential of g at z [21].

Remark 3.2 (CONNECTION TO NESTEROV’S SMOOTHING TECHNIQUE). Al-
ternatively, we can also view the MY envelope through the lens of Nesterov’s
smoothing technique [22]. More specifically, if Assumption 2.1 is fulfilled, one
can invoke a standard minimaz theorem to verify that

* g
gy(@) =max { (z,2) — g"(z) - 2213}, weRY,
zER4 2

where g* is the Fenchel conjugate of g. The right-hand side above plays a key
role in Nesterov’s technique for minimizing the non-smooth function F in (6a).



In view of the admissibility of F,IYVIY by Proposition 3.1, applying ULA to
the new potential F,IYVIY leads to a well-defined algorithm, see Remark 2.3. In

addition, if ~ is sufficiently small, plfY x e " would be close to the target dis-

tribution p by Remark 2.3. This technique is known as MYULA [14]. However,
a limitation of the MY envelope is that the minimizers of F,i”y are not neces-
sarily the same as the minimizers of F. In turn, the MAP estimator of pg/IY,

denoted by xg/IY, might not coincide with the MAP estimator of p, except in
the limit of v — 0. That is

iii% FW(:C,I\Y/IY) = mmin F(z).

This observation is particularly problematic because, as we will see later, very
small values of « are often avoided in practice due to numerical stability issues.
In view of this discussion, our objective is to replace the MY envelope with a
new envelope that has the same minimizers as F for all sufficiently small v, and
not just in the limit of v — 0.

4 Forward-Backward Envelope

In this section, we will study an envelope that addresses the limitations of the
MY envelope. More specifically, for v > 0, let us recall from [18] that the
forward-backward (FB) envelope of the function F in (6b) is defined as

FEP (@) = f(2) = SIV@I} +g,(z —7VF@), zeR’,  (FB)

where g, was defined in (8). A number of useful properties of F'® are col-
lected below for the convenience of the reader [18]. Recall that P, denotes the
proximal operator associated with the function g in (9).

Proposition 4.1 (PROPERTIES OF THE FB ENVELOPE). Suppose that Assump-
tion 2.1 is fulfilled. For v € (0,1/)\2) and every x € RY, it holds that

(i) F(Pyy(z — vV f(z)) < FfP(x) < F(z), which relates the function F to
its FB envelope.

(ii) FMY (x) < F$B(x) < FyY(a:), which relates the MY and FB envelopes
T—x
of thezfunction F.

) F$ B is continuously differentiable and its gradient is given by
VE P () =771 I = V2 f(2))(@ — Pyglz =1V f(2))).

(iv) argmin F,EB = argmin F', i.e., the function F' and its FB envelope have
the same minimizers.



In view of Proposition 4.1(iv), a remarkable property of the FB envelope is
that the modes of pSB x e 37 coincide with the modes of the target measure
p o< e F' for all sufficiently small v, rather than only in the limit of v — 0.
Indeed, very small values of v are often avoided in practice due to numerical
stability issues. This observation signifies the advantage of the FB envelope
over the MY envelope. Recall that the modes of the MY envelope coincide with
those of p only in the limit of v — 0, see Section 3.

As a side note, let us remark that the proximal gradient descent algorithm
for minimizing the (non-smooth) function F' coincides with the gradient descent
(with variable metric) for minimizing the (smooth) function Ff B whenever
is sufficiently small [18]. It is also easy to use Proposition 4.1 to check the
admissibility of the FB envelopes, as summarized below.

Proposition 4.2 (ADMISSIBILITY OF FB ENVELOPES). Suppose that Assump-
tion 2.1 s fulfilled. Then {F,EB :y € (0,YFB)} are admissible envelopes of F
in (6b), where

1
FB .= : 10
7 s + 203(ho + R) (10)

Moreover, it holds that

IVESB(2) = VESP ()|, < APz —ylla, @y €RY, (11a)
(@ —y, VE P(2) = VEyP(y)) > piP |z —yll3,  llz—ylla > p5%,  (11Db)
where

AP =T 20 + A3(Mo + R), 5P = Ao+ A3(Ao + R),
2R
1—=2y(A2+ A3(Mo + R)))

FB ._
p'y R

The equation (11) provides valuable information about the landscape of the
FB envelope of F', which we now summarize: (11a) means that F$ Bisa )\SB—
smooth function. The smoothness of F$ B in (FB) is not surprising since both f
and g, are smooth functions. (Recall that g, is the MY envelope of g, which is
known to be v~ !-smooth.)

Moreover, even though F,f B is not necessarily a strongly convex function,
(11b) implies that F,f B behaves like a strongly convex function over long dis-
tances. As detailed in the proof, (11b) holds essentially because the MY envelope
of the indicator function 1k is the function % dist(-, K)2. The latter function
grows quadratically faraway from the origin. Here, dist(-, K) is the distance to
the set K.

It is worth noting that a similar result to Proposition 4.2 is implicit in [14].
That is, the MY envelope FMY also satisfies (11), albeit with different constants.



Remark 4.3 (CONVERGENCE IN THE WASSERSTEIN METRIC). Recall from
Remark 2.3 that pEB converges weakly to p in the limit of v — 0. This weak
convergence implies convergence in the Wasserstein metric by [23, Lemma 2.6]:

: FB _
lim W1(py ™, p) = 0. (12)

We recall that, for two probability measures q1 and qz that satisfy Exq, [|z]2 <
0o and Ey.q,||yll2 < oo, their 1-Wasserstein or Kantorovich distance [2/] is
defined as

Wilar,a2) i= inf Ellz — yll. (13)

y~qz2

With some abuse of notation, throughout this work, we will occasionally replace
the probability measures with the corresponding probability distributions or ran-
dom variables.

A non-asymptotic version of Remark 4.3 is presented below, which bounds
the Wasserstein distance between the two probability measures pEB and p. In
effect, the result below is an analogue of [14, Proposition 5] for the MY envelope.
The key ingredient of their result is the Steiner’s formula for the volume of the
set K4+ B(0,t) = {z : dist(x, K) < t} for every ¢t > 0. The previous sum is in the
Minkowski sense. Essentially, our proof strategy is to use Proposition 4.1(ii) to
relate the FB and MY envelopes and then invoke [14, Proposition 5].

Theorem 4.4 (WASSENSTEIN DISTANCE BETWEEN pYB AND p). Suppose that
Assumption 2.1 is fulfilled. For v € (0,7FB), it holds that

coRI(Y) + c2la(y) + eala(y/(1 = vA2))
vol(K) + I1 ()
"B(y), (14)

Wi(piP,p) < e+ +aR

=:!Cs

where

e2maxsek g(z)—yAz min; f(2) fK |\x||2e—(1‘”\2)f($) dz

C1 =

fe*f(m)*w dz
6V>\2 min; f(z)—2max,zex g(z) fK ||$||2€_f(w) dz
fe*ﬂfw)f(z)—% dz 7
£y 1= Mo f(@)—ming f(z)
Cy 1= e () ming f(@) 42 max e g(x).
Cy 1= eM¥eer 9(2)mmingex 9(x) _ gmingex g(z)—maxser 9(z)

d—i

d—1
N(y) =) voly(K) - (2m7) 7",
=0



d—1 _
L(y) = 3" voli(K) - (277) ‘T (\/y(d—i—i-?») +R). (15)
1=0

Above, vol;(K) is the i-th intrinsic volume of K, see [25]. In particular, the d-th
volume of K coincides with the standard volume of K, i.e., volg(K) = vol(K).
Moreover, to keep the notation light, above we have suppressed the dependence
of c1 to cEB on K, f,g,7.

As a sanity check, consider the special case of ¢ = 1k, where 1k is the
indicator function for the set K. Then we can use (15) to verify that ¢; and I (7)
and I3(y) and I2(v/(1 — vA2)) all vanish when we send v — 0. Consequently,
both the left- and right-hand sides of (14) vanish if we send v — 0. When
g = 1k, then Theorem 4.4 is precisely the analogue of [14, Proposition 5]. Their
work, however, does not cover the case of g # 1k.

In our result, when g # 1k and v — 0, the right-hand side of (14) converges
to the nonzero value

Jic lzllae ") da
[e @) dx

(62 maxgex g(z) _ 672 maXgeK g(x))

<emaxzex g(z) eMinzex g(z) >
+ - )

eminzek g(v) emaxzek g(x)

unlike the left-hand side of (14), which converges to zero by (12). Improving (14)
in the case g # 1k appears to require highly restrictive assumptions on g which
we wish to avoid here. Moreover, in practice, very small values of v are often
avoided due to numerical stability issues. In this sense, improving (14) for very
small values of v might have limited practical value.

To summarize this section, the FB envelopes {F$B v € (0,7%FB)} are
admissible and we can use them as a differentiable proxy for the non-smooth
function F in (6b). Crucially, the FB envelope addresses the key limitation
of the MY envelope, i.e., the modes of p,};B x e 7" coincide with the modes
p o< e, for all sufficiently small «y, rather than only in the limit of v — 0.

5 EULA:
Envelope Unadjusted Langevin Algorithm

We have so far introduced two smooth envelopes for the non-smooth function F
in (6b), namely, the MY envelope F)'¥ in (MY) and the FB envelope FJ'®
n (FB). We also described in Section 4 the advantage of the FB envelope over
the MY envelope. To keep our discussion general, below we consider admissible
envelopes {F, : v € (0,7%)} for the target function F in (6b), see Definition 2.2.
Our discussion below can be specialized to either of the envelopes by setting
E, = FMY or I, = F$B.

For the time being, let us fix v € (0,7°). Unlike F, note that VF, exists
and is Lipschitz continuous by Definition 2.2(iii). We can now use the ULA [10]

10



to sample from p, oc e, as a proxy for the target measure p oc e f. The

k-th iteration of the resulting algorithm is
Tpy1 = Tk — hVEy(z1) + V2h( g1, (16)

where h is the step size and (x11 € R? is a standard Gaussian random vec-
tor, independent of {(;};<x. In particular, if we choose F, = F,IYVIY, then (16)
coincides with the MYULA from [14].

Under standard assumptions, to be reviewed later, the Markov chain {zy } x>0
in (16) has a unique invariant probability measure, which we denote by p. 5.
There are two sources of error that contribute to the difference between p. p,
and the target measure p in (6a), which we list below:

1. First, note that (16) is only intended to sample from p., as a proxy for
the target distribution p. That is, the first source of error is the difference
between the two probability measures p, and p.

2. Second, the step size h is known to contribute to the difference between the
two probability measures ﬁ% » and p, see [10]. This bias vanishes only in the
limit of A — 0.

In fact, instead of (16), we study here a slightly more general algorithm that
allows v and h to vary. More specifically, for a nonincreasing sequence {7 x>0
and step sizes {hy}r>0, the k-th iteration of this more general algorithm is

Tht1 = Tk — h’kVF'Yk (:Ek) + vV 2hiCrt1, (EULA)

where Ck+1ian is a standard Gaussian random vector independent of {(; }i<y.
(EULA) stands for Envelope Unadjusted Langevin Algorithm.

In particular, if we set v, = v in (EULA) for every k > 0, then we re-
trieve (16). Alternatively, if {yx}r>0 is a decreasing sequence, then F,, be-
comes an increasingly better approximation of the target potential function F'
as k increases, see Definition 2.2(ii). That is, (EULA) uses increasingly better
approximations of the potential function F' as k increases.

We next present the iteration complexity of the (EULA) for admissible en-
velopes {F, : v € (0,7")}, where admissibility was defined in Definition 2.2.
The result below can be specialized to both MY and FB envelopes by setting
E, = F}YV[Y or I, = FEB, respectively.

Theorem 5.1 (ITERATION COMPLEXITY OF (EULA)). For 4% > 0, consider
admissible envelopes {F, : v € (0,7°)} of F in (6b), see Definition 2.2. For
ty >0 and py > 0, we additionally assume that F, satisfies the inequality

(@ =y, VE(2) =VE, ) = pylle—yl3,  lle—yllazpy 7€ (0,7(0)-)
17

Consider two sequences {yx k>0 C (0,7°) and {hi k>0 C Ry. For the algorithm
(EULA), let qi denote the law of xy, for every integer k > 0. That is, xp ~ Qg

11



for every k > 0. Then the W1 distance between qi and the target measure
poce ' in (6a) is bounded by

k-1 k=1 k-1
Wi(qr, p) < e JT(1 = eshi) - Wi(do,pyo) + €27 Y i ] (1—cshy)
i=0 =0 j=i+l
+W1(p’)’kvp)a (18)

for every k > 0, provided that

1 (1 g, Aupd A
c O7 O7 he < -, ’ch7 Vk, 0 , k> 0.
%(V)k_wm%GM 3 0T0M, 02, =

Above, ¢ > 0.007 is a universal constant specified in [12, Equation (6.6)].
Moreover,

ce = (1+ hk)\'Yk)p'Yk < 7/)%/67 Cr = 7)\'Ykp'7k/007

. 122 245 _ 49 2
cg = min (%, ICO(AWP'V’CV) e Beo P

ok = A Jhd - (Vi + V2) + Wil 0) + Wilpsy,00), k> 0.

Note that, when p, = 0, then (17) requires F to be p,-strongly convex for
every v € (0,7°). This can happen, for example, when f itself is a strongly
convex function. A particularly important special case of Theorem 5.1 is when
we choose the FB envelope, and use a fixed v and step size h.

Corollary 5.2 (ITERATION COMPLEXITY OF (EULA) FOR FB ENVELOPE).
Suppose that Assumption 2.1 is fulfilled. For the algorithm (EULA), suppose
that v, = v € (0,7¥B) and F,, = F$B and h, = h > 0 for every integer k > 0,
see (FB) and (10). In (EULA), also let qi denote the law of xy, for every k > 0.
That is, x ~ qi for every integer k > 0. Then the W1 distance between q;, and
the target measure p < et in (6a) is bounded by

aFBechch
FB FB
Wi(ar,p) < e (1= egPh)" - Wado, py) + ——— + 57, (19)
8
for every k > 0, provided that
1 1 pFB AFB(pFB)2 2
0,7" h < —=min [ -, o 7 0 20

Above, ¢y > 0.007 is a universal constant specified in [12, Equation (6.6)].
Moreover,

ch =14 hASB)pSB < 7p,};B/6, C};B = 7/\5Bp5B/co,

12



)

FB
245 _
= mm<*‘_; 7—2460@5%58)2)6 A

oFP = NBVRAd - (\[BAFE 4 V2) + 2cEP.
The remaining quantities were defined in Propositions 4.2 and 4./.

We remark that Corollary 5.2 for the FB envelope is the analogue of [14,
Proposition 7] for the MY envelope. However, note that [14, Proposition 7]
requires f to be strongly convex whereas we merely assume f to be convex, see
Assumption 2.1.

6 Proof of Theorem 5.1
(Iteration Complexity of EULA)

To begin, we let Q) denote the Markov transition kernel associated with the
Markov chain {zx }x>0. This transition kernel is specified as

Qk(z,-) := Normal(x — hi VF,, (), 2hi14), z e RY, (21)

where Normal(a, B) is the Gaussian probability measure with mean a € R? and
covariance matrix B € R4*¢, Above, note that Q;, depends on both hy, and 7.
We also let qi denote the law of zy, i.e., xx ~ q. Using the standard notation,
we can now write that

qr+1 = qxQr, k>0. (22)

To be precise, (22) is equivalent to

Ghsr(dy) = / 0e(dz)Qu(z.dy),  yERL k>0, (23)

Recall that p., , , serves as a proxy for the target probability measure p. The W,
distance between qx41 and p,, can be bounded as

Wi(qrt1,0v,) = Wi(qwQr, pq)  (see (22))
S Wl (q’ka/mp’Yka) +W1 (kaQkuka)7 (24)

where the second line follows from the triangle inequality. We separately control
each W distance in the last line above. For the first distance, we plan to invoke
Theorem 2.12 from [12], reviewed below for the convenience of the reader. It
is worth noting that a similar result to the one below appears in [13, Corollary
2.4].

Proposition 6.1 ([12], THEOREM 2.12). Let
Ce = (1 + hk}‘%)p’m < 7p%/67 Cr = 7)"Ykp’7k/007

0(r) == / e s, O(w,y) = 0(]lz — yl2),
0

13



(e, 245 a0y 2
Ccg 1= min <%’m(/\%p7k)2) e Beo wakv

min 1 py, A 03 i
6’ Ny 3 970N, 2, )

hy <
)\'Yk

where ¢y > 0.007 is a universal constant specified in [12, Equation (6.6)]. Then
it holds that

Wo (qrQk; P, Qr) < (1 — cshi) - We(ak, pr, )5 (25)

where Wg is defined similar to (13) but the o-norm is replaced with ©. Above,
to keep the notation light, we have suppressed the dependence of cg and c7 and
cs on K, f, g, hy,. Moreover, the two metrics Wg and W1 are related as

676667W1 S W@ S Wl. (26)

For the second W; distance in the last line of (24), the following result is
standard, see appendix for the proof.

Lemma 6.2 (DISCRETIZATION ERROR). It holds that

WP, Qs Pry) < o 1= Ay hid - (\/ hi Ay + \/5) : (27)

In fact, it is more common to write the left-hand side of (27) in terms of the
Markov transition kernel of the corresponding Langevin diffusion, as discussed
in the proof of Lemma 6.2. By combining Proposition 6.1 and Lemma 6.2, we
can now revisit (24) and write that

W@(qk-‘rlupﬁ’k) S W@(qukap’Yka) + W@(p’kakap’Yk) (See (24))
< (1 - Cghk)W(—)(qk,p»yk) + Wl(p’kakap’}%) (See (26))
< (1 —cghi)Wo(dk, pry,) + Co. (Lemma 6.2) (28)

Using the triangle inequality, it immediately follows that

Wo (qrt1s Pyiyy)

< Wo(dk+1,Pvi) + We (pay, p) + Wo (pyy,y,p)  (triangle inequality)

< (1 = cghi)We (ar, pay,) +co + Wo (pay, 0) + Wo (b, ) (see (28))

< (1= cshi)We(ar, py,) + co + Wi(py,,0) + Wi(p,,,,.p)  (see (26))

=: (1 —c8hk)W@(qk,p7k)+ak. (29)

By unwrapping (29), we find that

Wi(qr, by ) < e““"Weolqr,p,,)  (see (26))
k—1

S 60507 H(l _ CShi) . W@(q07p’)’0)
i=0

14



k—1 k—1
+e> a; [ (1—eshy)  (see (29))
1=0

=0 j=it+1
k—1
< e [T (1 = esha) - Wi(qo, pr)
=0
k=1 k-1
+ ey H (1 — cshy). (see (26))  (30)
i=0 =i+l

Lastly, we can use (30) in order to bound the Wy distance at iteration k to the
target measure p as

Wi (ak,p) < Wi(ak, pr) + Wilps,,p)  (triangle inequality)

k—1
< ecocr H(l — cshi) - Wi(q0,pro)
i=0
k—1 k—1
+ ec6c7 o; H (1 — Cghj) + Wl (mep)a (31)
i=0  j=i+l

which completes the proof of Theorem 5.1.

7 Numerical experiments

A number of numerical experiments are presented below to support our theo-
retical contributions.

7.1 Truncated Gaussian

Our first numerical experiment deals with sampling from a truncated Gaussian
distribution, restricted to a box K4 C R? For this problem the potential
U :R% — R is specified as

U(z) == = (2,27 ') + 1, (2). (32)

DN | =

Here similarly to [14] the (i, j)th entry of the covariance matrix is given by

YT

We now consider three scenarios, namely,
e d =2 with Ky =[0.5] x [0,1],
e d =10 with Ky = [0,5] x [0,0.5]°
e d =100 with Koo = [0,5] x [0,0.5]%.
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Figure 1: This figure compares the MY and FB envelopes for the two-dimensional

U=k gpecified in Section 7.1. The horizontal

truncated Gaussian distribution p o< e™
lines in the left and right panels show, respectively, the expectation and variance of
the first coordinate, namely, Ey[x1] and vary[z1] = Ey[z]] — (Ey[z1])?. The blue and
red graphs in both panels show the estimated values of E,[z1] and vary[z1], obtained
via MY and FB envelopes. That is, the graphs on the left correspond to EPMY [x41]
and E,re[z1], for various values of «. Similarly, the graphs on the right correspond to

var,my [¢1] and var,pe [21], for various values of +.
v vy

Using quadrature techniques, it is possible in the two-dimensional case (d =
2) to calculate exactly the mean and the covariance of the truncated Gaussian
distribution, as well as the corresponding approximations obtained via MY and
FB envelopes. More specifically, Figure 1 uses MATLAB’s integral2 command
to plot the following quantities for various values of ~:

f:ble_FyY(w) dx o fxle_FyY(m) dx
[e Y@ qg varpyy 1] = [e @) 4y

fxefFvFB(m) dz o f:z:%efFvFB(m) dx

EPMY[$1] = - (Epg”[xl])zv

EPEB [$1] = — (]EPEB [.%'1])2.
The horizontal lines in Figure 1 show the ground truth values obtained by
MATLAB’s integral2 command, i.e.,

- [x1e F®) da

[a2e F®) dx
Bl =T rar -

varp[z1] = TeF@dr (Epla1])*.
For small values of the parameter v, we observe in Figure 1 that the FB envelope
better approximates the mean of the first component than the MY envelope.
However, the FB envelope tends to overestimate the variance. This can be
understood by comparing the two envelopes since in the case of the MY envelope
the smoothing is more localized compared to the FB envelope.

Such explicit calculations are not tractable in higher dimensions, i.e., for d €
{10,100}. Instead, we now generate 10° samples from the truncated Gaussian

16
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Figure 2: This figure shows the boxplots for the expectations of x1,x2,x3 for the
truncated Gaussian distribution in dimension 10 obtained by MYULA, FBULA, and
wHMC. The last approach serves as the ground truth.

distribution p by applying MYULA and FBULA. As our ground truth, we also
generate 10° samples from p with the wall HMC (wHMC) [26]. In all three
approaches, the initial 10% of the obtained samples are discarded as the burn-
in period. In terms of the parameters, we set v = 0.05 and fix h = 0.005 for all
of our experiments.

The results are visualized in Figures 2 and 3. More specifically, Figure 2
corresponds to d = 10 and shows the estimates for E,[z;] for ¢ € {1,2,3},
obtained by MYULA, FBULA, and wHMC. Similarly, Figure 3 corresponds to
d = 100. These figures indicate that, in all of these cases, FBULA is providing
a more accurate approximation of the expectation compared to MYULA.

7.2 Tomographic image reconstruction

We now study a tomographic image reconstruction problem. In this case the
true image is taken to the Shepp-Logan phantom test image of dimension d =
128 x 128, in which we applied a Fourier operator F' followed by a subsampling
operator A, reducing the observed pixels by approximately 85%. Finally, zero-
mean additive Gaussian noise ¢ is added with standard deviation ¢ = 1072 to
produce an incomplete observation y = AFxz + £ where y € CP. Note that
p < d. With regards to the prior, we use the total-variation norm with an
additional constraint for the size of the pixels. This leads to the following
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Figure 3: Boxplots for the expectations of x1,x2,x3 for the truncated Gaussian dis-
obtained by MYULA, FBULA, and wHMC. The last
approach serves as the ground truth.

tribution in dimension 100,

posterior distribution:

7(x) o exp |~ [ly = AFa]|*/20% = BTV (x) = 1 ya(2)] (33)
with 8 = 100. Above, 11 yja is the convex indicator function on the unit cube, as
the pixel values for this experiment are scaled to the range [0, 1]. Following (4)
and (6b), we have that f(z) = ||y — AFz|?/20? and g(x) = BTV (x)+ L, 1pa(z)-
Figure 4(a) shows the Shepp-Logan phantom tomography test image for this
experiment and Figure 4(b) shows the amplitude of the (noisy) Fourier coeffi-
cients collected in the observation vector y (in logarithmic scale). In this figure,
black regions represent unobserved pixels.

We have set v = 1/5L where Ly = 1/0% = 10* for both MYULA and
FBULA. Figure 5(a) shows the evolution of the values of log7(z) from (33) of
both MYULA and FBULA with the step-size h = 1/(Ls + 1/v) = 1.67 x 107°.
We observe that both methods converge at a similar rate. However, Figure 5(b)
shows the evolution of the mean-squared error (MSE) between the ergodic mean
of the samples and the true image x. Here, it can be seen FBULA reaches a
better MSE level compared to MYULA. We have also included in Figure 5(c),(d)
the posterior mean estimated by both MYULA and FBULA.
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Figure 4: Tomography experiment: (a) True image x of dimension d = 128 x 128.
(b) Incomplete and noisy observation y, amplitude of Fourier coefficients in
logarithmic scale.
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A Proof of Proposition 3.1

To establish the admissibility of the MY envelopes, we verify the conditions
in Definition 2.2. We begin by verifying that Definition 2.2(iii) is met. Recall
that the MY envelope is continuously-differentiable [27, Theorem 2.26], and its
gradient is given by

MY\ _ x — Pyy(x) d
VF, (:c)-Vf(:c)—i—%, x € R%, (A1)
where )
P, :x — argmin {g(z)+2—||x—z|§} (A.2)
z€ER4 Y

is the proximal operator associated with the function vg. Above, note that the
minimizer is unique and the map P,, is thus well-defined. Recall also that we
can use the Moreau decomposition [28] to write that

z = Pyy(2) + Pyge( (),  x€RY, (A.3)

where g* is the Fenchel conjugate of g. Using (A.3), we rewrite (A.1) as

VEMY (2) = Vf(2) + M (A4)
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which we will use next to compute the Lipschitz constant of VF,IYVIY. For z,y €
R?, note that

IVEYY () = VIR ()2

1
S IVF@) = VI + 2Py @) = Prge i@l (see (A4))
< Ag+ -, ((3c) and non-expansiveness of the proximal operator) (A.5)
Y

where the first line above uses the triangle inequality. We next verify that
Definition 2.2(ii) holds. In one direction, it is easy to see that g, < g for every
v > 0. In the other direction, we fix + € R? and distinguish two cases:

1. When z € K, let us fix an arbitrary e > 0. Because g(z) < oo and
min, g(z) > —oo by (5), there exists a sufficiently small v. > 0 such that the
following holds for every v < 7e:

2
znglﬁg% {g(z) + %} > g(z). x € K. (A.6)

We now use the above inequality as part of the following argument,

1 2
| ERT O
i {g() + 5l = 218 o - 51 >

> Inzin {g(z) + %}
> g(z) (see (A.6))

> go(0) =min {g(:) + -l = 213} (A7)

which holds when x € K and for every v < ~.. In view of (A.2) and (A.7), we
conclude that ||z — Pyg(z)||2 < €, for every € K and every v < 7. Since the
choice of € was arbitrary, we arrive at
lim || — Pyg(z)|l2 =0, z e K. (A.8)
v—0

It immediately follows that

lim i(r)lf g(z) — g(x)

—timigtuin {g(2) + 5l = 213}~ o(a)  (see (V)
—timigt {g(Py(0) + e = Pr@)l3 )~ o) (see (42)

> liminf g(Pyg(2)) — 9(2)
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> liminf g(z) — g(z) (see (A.R))

zZ—T

>0, z €K, (A.9)

where the last inequality follows from the fact that g is lower semi-continuous,
see above Equation (5). If we combine (A.9) with the earlier observation that
gy < g for every 7, we reach the conclusion that lim,_,o g (z) = g(x), pro-
vided that 2 € K. Lastly, after recalling the definitions of F and F}*¥ in (6b)
and (MY), respectively, we arrive at

lim FMY (z) = F(x), z € K. (A.10)

¥—0 v

2. When z ¢ K, note that g(x) = oo by (5). Note also that
: 1 2
gr(x) =min ¢ 9(2) + - [lz = =]z (see (8))

= min {g(z)—i—%”;v—z”% :zEK} (see (5))

1
> —maxg(z) + — min ||z — 2|3

zeK 27y zeK
1
= — — di K)? A1l
gleagg(ZH o ist(x, K)*, (A.11)

where dist(x, K) is the Euclidean distance from z to the set K. The maximum
above is finite by (5). Above, by sending 7 to zero, we immediately find that
lim, 0 g4(x) = 00 = g(z), provided that = ¢ K. Recalling the definition of F'
and F, in (6b) and (MY), we conclude that

lim F)™ (z) = F(z) = oo, z ¢ K. (A.12)

~—0

Together, (A.8) and (A.12) imply that lim,_,o F(z) = F(x) for every z € R?.

Lastly, we now verify that Definition 2.2(i) is satisfied: Because, by Assump-
tion 2.2(i), K is enclosed inside a ball of radius R centered at the origin, it holds
that

dist(z,K) > (||z]| — R)4+,  x€RY (A.13)

where (a)4 := max(a,0). When ||z||2 is sufficiently large, we can simplify (A.13).
In particular, (A.13) immediately implies that

dist(z, K) > ||z]|2/2, [lz]l2 > 2R. (A.14)

If ||z|l2 > 2R, then we can use the convexity of f by Assumption 2.1(ii), in order
to write that

Y (x) = f(2) + g4(x)  (see (MY))

24



> f(0) + (2, Vf(0)) + gy(x)  (comvexity of f)
> £(0) + (z, Vf(0)) — rzneaé(g(z) + % dist(z, K)? (see (A.11))

> f(0) + (z, Vf(0)) — rzneaé(g(z) + %, (see (A.14)) (A.15)

for ||z||2 > 2R. We now set

FO(2) — {Fm) lz]l2 < 2R

It (A.16)
f(0)+ (2, VF(0)) —max.ck g(2) + T2 lzl2 > 2R.

By its construction, note that F° satisfies fe_Fo(””) dz < oo and FO > F,,
as required in Definition 2.2(i). The former claim is true because F°(x) is
quadratic for large ||z||2 and e=F ° thus decays rapidly faraway from the origin.
This completes the proof of Proposition 3.1.

B Proof of Proposition 4.2

To establish the admissibility of the FB envelopes, we verify the requirements
in Definition 2.2. We first verify that Definition 2.2(iii) holds. To begin, for
xr € RY, let

T:=z—Vf(z), Ty () := Pyy(T), (B.17)

for short. Above, recall that P,, is the proximal operator associated with the
function vg, see (9). We can then apply the Moreau decomposition [28] to write
that

T = Pyy(T) + Pyge(./y) (), (B.18)
where ¢g* is the Fenchel conjugate of g. For future reference, we record the

following observations:

T, ()|l = ||Pye(T)|2 < R, combine Assumption 2.1(i) and (A.11
¥ Y9

le =Ty (@)ll2 < llzll2 + [Ty (@)]l2 < llzll2 + B, (see (B.19)) (B.20)

lz =y = (Ty(z) = T5(y))ll2

= [l =y = (Py(T) = Pyg(@))ll2 (see (B.17))

= V(Vf (@) = VW) + (Pyge (/1) (@) = Prge (. @)ll2 - (see (B.18))
<AHVF(x) = V)l + HP’YQ*('/’Y)(E) - Pvg*(-/v)(f)uz

<Xz =yl + |7 — 72 ((3c) and non-expansiveness of Py g«(./))
<Xz =yl +lle —yllz +9IVF(@) - Vi)l (see (B.17))

<@ +290)llz -yl (see (3¢)) (B.21)
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0= (1—7vX\)ly < Is— V3 f(2) < 1,
[Ia —yV2f(z)| <1.  ((3c) and v € (0,1/A2)) (B.22)

Above, I; € R? is the identity matrix. Recall the expression for VF,? B from

Proposition 4.1(iii). We next establish that F,f B is smooth. Below, without loss
of generality, we can assume that ||y|l2 < Ao:

IVEP () = VETE ()2

= %II(Id =V (@))(@ = Ty(2)) = (Ia =7V f(y))(y = Ty(y) 2 (Proposition 4.1(iii))

< % [(1a =y V2 f (@) (x = y = (Ty (@) = Ty ), + (V2 (@) = V2 @) (v — T ()],
= 1%27)\2”95 =ylz2+Xs(llyllz + R)|lz —yll2 (see (3d) and (B.20)-(B.22))

1+ 29X
< +77 2 llz = yll2 + As(Xo + R) |1z — yl|2 (llyll2 < Ao without loss of generality)

= (7 22 + A3(ho + R))llz — yl2
=: )\SBHx—yHQ. (B.23)
Indeed, if both [[z]2 > Ao and yll2 > Ao, then /() = f(y) = [V/(@)]> =
IV @)l = IV2£()] = I92£ ()]l = 0 by (3), and (B.23) still holds. This
observation justfies our earlier restriction to the case where ||yl < Ag. Next,

we show the strong convexity of F,f B over long distances. Again, without loss

of generality, we assume below that |ly|l2 < Ao and write that
(x =y, VEP(2) = VETP(y)

-2 (z =y, (Ia =7V [ (@) (@ = Ty(2)) = Ta =7V W)y — T4(y))

— 2

=— (2 —y,(La =V f(@)(z —y — (T1(2) - T4(y))))
— (@ =y, (V2 f(2) = V2 fW))(y = T4(y)))

=2

> 2o =0 (ta =292 - ) - P i, )+ )l
e =yl IV @) = V@) -y — Ty )l

S
= B —ylla = daa+ R)le =y} (see (30, (B19), (B:20), (B.22)

= (1= 20+ 200 + Bz = 3 - L ol (B.24)

where the second line uses Proposition 4.1(iii). When ||z — y||2 is sufficiently
large, the first term in the last line above dominates the second term. In par-
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ticular, it holds that

2R
27(A2 + A3(Xo + R)))
= (2 -y, VEyP(2) = VEyP(y)) > (A2 + As(Ao + R)) ||z — yll5. (B.25)

lz = yll2 > p57 =

In words, F$ B behaves like a strongly convex function over long distances. It is
not difficult to verify that Definition 2.2(ii) is also valid for the FB envelopes:
To that end, one needs to combine Proposition 3.1 with the relation between
the MY and FB envelopes in Proposition 4.1(ii).

Lastly, we now verify that the requirement in Definition 2.2(i) is met for the
FB envelopes: Below, suppose that v € (0,1/A2). On the one hand, Proposi-

tion 4.1(ii) implies that
FI'® > FMY

T—xg

On the other hand, by Proposition 3.1, there exists F° < FMY such that e~

is integrable. By combining the preceding two observatlons we find that the
FB envelopes satisfy Definition 2.2(i) for every v € (0,1/ )\2). This completes
the proof of Proposition 4.2.

C Proof of Theorem 4.4

Let us define
ef (@) —1k (@)

— d
q(z) := ECEECrS x € RY (C.26)

where 1k is the indicator function on the set K. Note that the target distribu-
tion p in (6a) coincides with g in the special case where g = 1k. Let dist(z, K)
denote the distance from x to the set K. For v > 0, we also define

I 1
Ik y(z) == Zdls‘c(:zc,K)2 = %rzréllr(lﬂx — 2|3
. 1
_Znelﬁxri{h((x)—F%HI—ﬂ%}, ZEGRd, (027)

to be the MY envelope of the indicator function on the set K. We denote the
corresponding probability distribution by

of (@)~ 1k (2)

— d
qy(x) = [T T ®) 45 x € R% (C.28)

When + is sufficiently small, we may intuitively regard g, as a proxy for q. We

also recall our earlier notation for the convenience of the reader:
—F(x) efF,fB(z)

_ FB _ d

P(CL') - fz e*F(Z) dza p»y (:E) —fz e_F'fB(Z) dz, r € R%. (029)
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Above, the functions F and FJ® were defined in (6b) and (FB), respectively.
Our objective is to control the distance W1 (pSB, p). To begin, we use the triangle
inequality to write that

Wi (p5®,p) < Wi(pi®, q,) + Wi(ay,9) + Wi(q, p). (C.30)

The following three lemmas each bounds one of the terms on the right-hand
side above.

Lemma C.1. It holds that

I (7/(1 - "Y)‘2)))
- _ C.31
1(py7,9y) Scertes vol(K) + I1(y) ’ | )
where
¢ = e2maxzek g(x)—yAz min: f(z fK ||x||26_(1_7>\2)f(1) d
f efj d)st(t K)2 dx
eA2 min; f(z)—2maxgex g(z f ||£C||26 f@) qg
[e-a-miGe ) -S4 |
c3 =€ eMmaxe f(z)—ming f(z)+2maxeecx g(z),
d—1 d—i
Li(y) =) _voli(K) - (2m7) T,
1=0
d—1

Iy(y) =) voli(K) 271'7 (\/ —i+3) —|—R) =: Ir(y), (C.32)

where vol;(K) is the i-th intrinsic volume of K [25]. In particular, the d-th
volume of K coincides with the standard volume of K, i.e., volg(K) = vol(K).

Lemma C.2. It holds that

-,
Il
=)

RI(v) + Ix(v)

Wi(ay,9) < sz, (C.33)
where cq ;= eMaXs f(z)—ming f(z)
Lemma C.3. It holds that
Wi(q,p) < R, (C.34)
where
C4 1= eMReer 9(2)—mingex 9(z) _ mingex g(x)—maxsex 9(z) (C.35)

To keep the notation light, above we have suppressed the dependence of ¢;
to ¢4 on K, f,g. With Lemmas C.1-C.3 at hand, we revisit (C.30) and write
that

RI(y) + cala(7) 4+ csla(v/(1 = vA2))

W, (pFB p) < C2

bR S et vol(K) + 1,(7)

This completes the proof of Proposition 4.4.

+cuR. (C.36)
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D Proof of Lemma C.1

In order to upper bound the distance Wl(qv,pEB), we will use the following
simple result which bounds the Wy distance under small perturbations.

Lemma D.1. For constants o > 3 and ' < 1, consider two functions hy :
R — R and hy : RY — R that are related as

B - hi(x) + B < ha(z) < hi(x) + o, r € RY, (D.37)
Then it holds that
W, e M , e M2
[e 7 [ehe
eo‘fﬁf ||a:||2675/h1(m) dz eﬁf‘lf ||a:||267h1(””) dz

S fe_hl(m) de - fe_B/hl(m) d:E . (D38)

As a sanity check, note that the right-hand side of (D.38) is always nonneg-
ative because, by assumption, a > 3 and 3’ < 1. Moreover, if we set a = 5 =0
and 8’ = 1, the right-hand side of (D.38) reduces to zero, as expected.

Let us now recall from (C.28) and (6a) that g, oc e™/ =%+ and pFP o e B,
respectively. Our plan is to invoke Lemma D.1 with the choice of hy = f 4+ 1k ,
and hy = FJP. In turn, this plan necessitates that we verify (D.37) for the

choice of hy = f 4+ 1k 4 and hy = FEB. We begin by relating the two functions
as

F$B($) < F,ly\/IY(:E) (Proposition 4.1(ii))
= f(z) + g4(x) (see (MY))

— /() + min {g<z> s ol z||§} (see (8))

zeK

1
< N ] — 2
rgleaxg(z) + 1(;10) + B gIéln ||$ Z||2

= max 9(z) + f(z) + 1k 4 (2) (see (C.27)). (D.39)

Above, note that max,ck g(z) is finite by the construction of g, see (5). In the
other direction, we similarly write that

FB
FJ2(x)
>FMY  (2) (Proposition 4.1(ii))

1—vX2

= f(@) + 9.2 (@)

— YA
= fta) +min {a(2) + 522 o 513

— A2
2y

1
> — i —2||?
- rzneaé(g(z)—l—f(;v) + Eg}r(lnx Z||2
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=— rgleaécg(z) + X f(x) + (1 =) f(z) + (1 — yA2) 1k ~(2) (see (C.27))
> —maxg(z) + 7\ rnzin f(2)+ (1 —yA) f(z) + (1 — yA2) 1k (). (D.40)

zeK

Above, min, f(z) is finite by the construction of f, see (3). To summarize, for
our choice of by = f + 1k 4 and ho = FEB, (D.37) is satisfied with

B'(f(@) + 1y (@) + B < FyP(2) < f(2) + 1 y(2) +a,  zeRY, (D4l)
a=maxg(z), f=7Aminf(z) -maxg(z), F=1-7k.

With (D.41) at hand, we can invoke Lemma D.1 to find that

FB e
Widy,p57) = Wh JerImhen? [ o= ByP

L 0 [l IO H 1500 g P70 [ e o) do
- fe_.f(I)_lK,w(w) dx - fe_B/f(w)_B/le(w) dx

eQmaxzng() ~A2 min, f fon e (I=yA2)f(x)— %fxz) dz

dlst(m K)?2

f e~ M@ -5 qu

i d dist(z,K)2

eremin. (o) —2maxscr (@) [ g6/ do
- — (1= A2) f(x)— st K2 ’ (D.42)
f@ A2 27/0-7x2) dx

where the second line uses Lemma D.1 and the last line uses (C.27) and (D.41).
To complete the proof, we need the following result, which is proved in [14,
29] using the well-known Steiner’s formula from integral geometry [25]. For
completeness, a self-contained proof is given later.

Lemma D.2. It holds that
/ — St dz = Z vol;( 271'7) e (), (D.43a)
dlst(a: K)2 d—i
/ dz = Zvol - (2m7) 7T =vol(K) + I, (7), (D.43b)
Rd

dist(z,K)2
[l 5
Ke

<Zv01 - (2m9) (m +R) ), (D.43c)

where K¢ = R4\K is the complement of the set K and vol;(K) is the i-th intrinsic
volume of K [25]. In particular, the d-th volume of K coincides with the standard
volume of K, i.e., volg(K) = vol(K).
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In particular, note that I; () and I2(7) both vanish in the limit of v — 0, as
expected. To control the first fraction in the last line of (D.42), we use Lemma
D.2 to write that

dist(z,K)2

Jllzlge” @75 dy
[t gy
_ Jlelle 0O g e OO SRS 4
feif(x) dlst(m K)?2 da feif(x) dm(m K)2 da
_ Jxllzllze” AT do N e”Ummina 1) D(y/(1 = ya)) (D.44)
[T TR emmas & vol(K) + 1h(7) |

where the last line uses Lemma D.2. For the second fraction in the last line
of (D.42), we similarly use Lemma D.2 to write that

J [z dz
dist(z,K)2

f e (=72 f (@)~ 27035 dg

Jicllzllze™ ") da 4 ke llzllze dz
[em U@ gy [ 0P @70 g
Jic llzll2e= /@) da

Z dist(z,K)?2 .
3 ist(x,
J" e*ﬂ*’ﬂ%)f@)*m dz

dlSt(L‘ K)

—fa)— dm(z K)2

(D.45)

We can now use (D.44) and (D.45) to upper bound the W; distance in (D.42)
as

e2maxIEK g(z)—vyA2 min, f(z) f H.I||2€7(17’Y>\2)f(z) dz

Wl (q’Ya pSB) <

dlst(a: K)2

fe_f(m) o dx
eYA2min: f(z)—2maxsek g(@ fK l|z|[2e= /) da

1 _ dist(z,K)2
Je A=) f @) =705 dg

—min, f I (v/(1 = 7A2)))
+ max, f(z)—ming f(z)+2maxzck g(x) , D.46
¢ wlK) +Lh(y) D40

which completes the proof of Lemma C.1.

E Proof of Lemma D.1

Let us first recall Theorem 6.15 in [24], which can be used to link the W; and
TV distances of two rapidly decaying distributions.

Theorem E.1. Any pair (v1,t2) of probability distributions satisfies

Wl(tl,tz) S /H{EHQ . |‘C1(ZE) — 'CQ(I)| dzx. (E47)
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We apply Theorem E.1 to bound the W; distance of interest as
e—hl €_h2 e—hl(iﬂ) e—hg(:ﬂ)

Wil = 7= S/ [zll2 |7—= -~ T
[e 7 [ehe Rd Je Mm@ dz [eh(2) dz

To bound the integral on the right-hand side above, we first use the assumed
relationship between h; and ho to write that

dz. (E.48)

e—hi(z) e—ha(x) e—hi(@) e—hi(z)—a )
FemOd: Jemed: = femod:  Jermmra e d30)
efhl(m) e*hl(m)*f’ﬁ*a

— — >

fe_hl(z) dz fe_B,hl(Z) dz = 0. (E49)
The last inequality above holds because, by assumption, o > 8 and 8/ < 1. In
the other direction, we can again use the relation between hy and ho to write
that

e—hi(z) e~ ha(z) e (=) e—B'hi(z)—B )
Teme @z JemOd; - Jem@dz  Jemmmady o P0)
e—hi(2) e—B'hi(z)+a—p

<0, (E.50)

T Jem@dz Jeh@ dz

where the last inequality above holds because, by assumption, @ > S and 8’ < 1.
By combining (E.49) and (E.50), we find that

e*hl(m) e*hz(m)
Ill2- ’fe—hl(Z) Az e dz
< =B (@)ta—p e—ha (@) e (@) P (@) +6-a
_||=TH2maX fe_hl(z) dz _fe_hl(z) dz’fe‘hl(z) dz_fe_'@'hl(z) dz
e Bh@ra—B  p—hi(2)+h—a
S ||(E||2 fe*hl(z) dZ - fefﬁzhl(z) dZ 9 (E51)

where the second line uses see (E.49) and (E.50), and the last line above uses
the inequality max(a,b) < a + b for nonnegative scalars a,b. With (E.51) at
hand, we revisit (E.48) and conclude that
e eh2 e P [|z]l2e=# M@ dz ef [||z)se™ @) da
Wi (fehl ’ feh2> = Je M) dz B [ e A=) dz ’
(E.52)

which completes the proof of Lemma D.1.

F  Proof of Lemma D.2
Let ¢(A) =1 if the claim A is true and ¢t(A) = 0 otherwise. Using the fact that

 dist(x,K)2 1 [ 2
e = —/ te” = dt, (F.53)
Y Jdist(z,K)
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we can rewrite the left-hand side of (D.43Db) as

d]st(a: K)2
/ e / / te” ﬂ dtdzx
Rd R4 Jdist(z,K)
/ / o(dist(z, K) < t)te™ & dtdx
]Rd

:;/0 (/R J(dist(, K) < )d:v) e B de

oo t2
= l/ vol({z : dist(z,K) < t})-te” 27 dt (F.54)
7 Jo

Note that {z : dist(z,K) < ¢} is the tube of radius ¢ around the set K. We can
represent this set more compactly as K + B(0,t), where the addition is in the
Minkowski sense. With this in mind, we rewrite the last line above as

 dist(z,K)2 1 o0 42
/ e 7 dx = —/ vol(K + B(0,¢)) - te” > dt. (F.55)
R? 0
We can now use the Steiner’s formula [25] to express the volume above as

d
vol(K + B(0,)) = > #'k;volg—i(K), (F.56)
=0

where k; is the volume of the unit ball in R? and vol;(K) is the i-th intrinsic
volume of K [25]. In particular, the d-th intrinsic volume of K coincides with
its the standard volume, i.e., volg(K) = vol(K). Substituting the above identity
back into (F.55), we find that

_ dist(a,K)?
e 27 dzx
]Rd

d
1 oo 2
=7 Z”iVC’ldfi(K)/ tlem2v dt (see (F.55) and (F.56))
7= 0
= > 7ﬁé~ voly—i(K) - v(29):0(1 +i/2) (ki =% /T(1+1i/2))
glrt I'(1+1i/2)
d .
= Zvold,i(K)@ﬂ"y)%
= ZVO] )(27y) ;i
= volg(K) + Z vol; (K)(27y) ;i

= vol(K +Zv01 )2 T (volg(K) = vol(K))
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=:vol(K) + I1 (), (F.57)

which establishes (D.43b). Above, in the second line we used the identity

o 2 1
/ tie % dt = y(27)'T r(lg > (F.58)
0

To prove (D.43a), we write that

_ dist(z,K)? dlst(a: K)2 _ dist(z,K)?
e 27 dz e dz — e 27 dz
c Rd K

vol(K) 4+ I () — /Kdaj
1), (F 59)

To prove (D.43c), we use the fact that K C B(0, R) by Assumption 2.1(i), which
implies that
dist(z, K) > ||z]|2 — R. (F.60)

In turn, we use (F.60) to write that

dist(z,K)2
/ lz]lze” 2 da
KC
dist(z,K)2

< / (dist(z,K) + R)e” 2 dz (see (F.60))
dist(z,K)>0

~/dl:>t(;n

)

oo

(dist(z,K) + R) (/ 267% dt) dx (see (F.53))
K)>0 d

ist(z,K) 7

o0 t2
< - / / 1(0 < dist(z, K) < t)(dist(z, K) + R)te” 27 dtdax
R Jo

| /\

o0 t2
/ / 1(0 < dist(z,K) < t)(t + R)te” 2 dtdx
re Jo

y
o0 t2
l/ ( (0 < dist(z, K) <) dac) -(t+ R)te” > dt
7 Jo
+2
/ (vol(K + B(0, 1)) — vol(K)) - (t + R)te™2v dt. (F.61)

We can again use the Steiner’s formula to calculate the volume of the tube of
radius ¢ around K, which appears in the last line above. Substituting from
(F.56) into the last line above, we find that

ist(x,K)2
KC

oo _d \
< l/ > tikivolg_i(K) - (t+ R)te™% dt ((F.56), (F.61), volg(K) = vol(K))
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d
1 Rl . t2
==Y kivoly_s(K) / (t+2 + Rt 5 dt
7= 0

_ énivoldi(K) ((27)#r (Z J; 3) 4 R(24)iT (% + 1>) (see (F.58))

d i (i i p i
= ; 7“11 772y Ola-i(K) <(2”y)’2 r <%3> +R(27)20 (5 + 1>> (ki =% /T(1+1i/2))
; LK) 2t (v L (%)
—;vodﬂ( )(277) ﬁ-r(%) +R
d
< ;voldﬂ'(K)(%r”y)% <\/ﬂ - ; & + R) (Gautschi’s inequality)
d .
= Zvoldﬂ(K) (27‘(")/)% ( v(i+3)+ R)
d—1
= voli(K)(2m) T (VA —i+3) + )
1=0
=:h(v), (F.62)

which establishes (D.43c). This completes the proof of Lemma D.2.

G Proof of Lemma C.2

Recall from (C.26) that q o< e~/ ~!¥ where 1k denotes the indicator function
on the set K. Recall also from (C.28) that q, o e~/ 7%~ where 1k ,(z) =
% dist(x, K)? is the MY envelope of 1k, see (C.27). We will repeatedly use
these two distributions in the proof. To begin, let us invoke Theorem E.1 to
write that

Wi(a,.0) < / lell2 - |, (@) - q(@)| d (Theorem E.1)

= [ Mol lay(0) = ata)| da+ [ e+ oy (o)~ a(o)] da. (G63)
K Ke

For the first integral in the last line above, we use the fact that K C B(0, R) in
Assumption 2.1(i) and write that

/ 2 - |ay(x) — q(2)] de
K

< R/K lg(z) — q(z)| dz (Assumption 2.1(i))

e—f(@) e (@)
= R/ dist(2,K)2 o f e—f(2) dz d.
K fRd e*f(z)*T dz K
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1 1
:R/ —F@) g | _
K fRd e_f(z)_d‘s‘:(ziﬂ ds fK e—f(2) dz

B

1 1
=f / e/ dz - : (G.64)
—f(2) () distzK)2 :
K Jxe dz e 7

2y dz

where the last line uses the fact that

/ e_f(z)_w dzz/e_f(z)_w dz:/eif(z) dz.
R4 K K

We continue to simplify the last line of (G.64) as

[ llelz la, ) = a(a)| dz
K

—f(=) q
B fK e T
=Rr|1- — () — Qs
fRd e 27 dz
_ 7dist(m,K)2
Jpae f(z) »dz— i e @) qg
=R oy dist(@,K)2
I]Rd e~ /@ 2 dz
e T g,
= R ’ 7f(x)7dist(m,}()2
Jrae = da
_ dist(z,K)?

27 dzx

< Re™maxa f(z)—ming f(z) fKC €

dist(z,K)?2
fRd e = dz
RemaXa f(z)—min, j(z)]l (,.Y)

vol(K) + I (%)

(Lemma D.2) (G.65)

For the second integral in the last line of (G.63), we can again use the definitions
of q and g, to write that

[ lall - fay () = a(a)] dz
KC
— [l ay(a) do

KC

dist(m,K)2

i e TR da

_ dist(z,K)2

fRd e T@———"5""— qu
emaxs f(z)—minz f(2) [, (7)
vol(K) + I ()

(Lemma D.2) (G.66)
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where the first identity above uses the fact that q is supported on K. With
(G.65) and (G.66) at hand, we revisit (G.63) and write that

RI(y) + Ia(v)
vol(K) + I ()’

where we used (G.63), (G.65), and (G.66). This completes the proof of Lemma C.2.

W, (qﬁﬁ q) < eMmaxs f(z)—ming f(z) (G67)

H Proof of Lemma C.3

Recall from (C.26) and (6a) that q oc e/ 1% and p o e=F', respectively. The
function F was defined in (6b). In order to bound W1 (g, p), our plan is to invoke
Lemma D.1 with h; = f 4+ 1k and hy = F. As before, this means that we need
to verify (D.37) for the choice of hy = f + 1k and hy = F$B. We begin by
relating these two functions together as
F(z) = f(z) + g(z) = f(z) + g(z) + 1k (z)  (see (6D))
< meaécg(z) + f(z) + 1k (z). (H.68)
In the first line above, we used the fact that F' and 1x both take infinity outside
of the set K. In the other direction, we write that
F(z) = f(z) + g(z) + 1k (2)
> ming(2) + f(z) + 1x(x). (F.69)
To summarize, for our choice of hy = f + 1k and hy = F, (D.37) is satisfied
with
B'(f(z) +1x(2)) + 8 < F(z) < (f(2) + 1x(2)) +a, @z eR?,  (H.70)
_ — i r_
a= rgleaé(g(z), B = gél}I{lg(Z), g =1

We can now invoke Lemma D.1 to find that

—f-1k —F
Wl(qap):W1< c c )

[e -1k’ [e=F

< (emaXmEK g(z)—mingex g(z) _  mingex g(z)—maxsek g(m))

[llzllze~/ @71 d
' [eF@-1x@) dg

< (emaxIEK g(xz)—ming ek g(x) _ eminIEK g(z)—maxgek q(m))

(Lemma D.1)

R [e f@~1k@) qy
e T@ k@ dr

— (emaxmeK g(m)—minme}( ‘](m) _ eminmeK g(w)—maxme}( ‘](I)) ‘R7 (H?l)

(K € B(0, R))

where we used the fact that K C B(0, R) by Assumption 2.1(i) in the penulti-
mate line above. This completes the proof of Lemma C.3.
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I Proof of Lemma 6.2

Consider the stochastic differential equation
doy = —VE,, (z:) + V2dB;, 0~ Py, (1.72)

where {B;}>0 is the standard Brownian motion. Above, note that the initial
probability measure is p, oc e~ . From Definition 2.2(iii), recall that F,, is
Ay.-smooth and is, moreover, coercive. To be concrete, the latter means that

F,, satisfies

im F () = oo

Therefore Theorem 3.4 in [23] ensures that p,, o e 7 is the invariant proba-
bility measure of (1.72). In particular, because xo ~ p~, in (I1.72), it holds that

Let {Px}r>0 denote the Markov transition kernel associated with the Markov
chain {z g, } x>0, where

k—1
Hy = b (1.74)
1=1

is the elapsed time since initialization. Using this transition kernel, we can
rewrite (I1.73) as
Py = p'YkPka k>0. (175)

Finally, we can write the quantity of interest on the left-hand side of (27) as

Wi (P Qks Pri) = WPy Qo Py Pr). - (see (1.75)) (L.76)

In the remainder of the proof, we will upper bound the right-hand side above,
which can be thought of as the discretization error associated with (I.72). To
begin, recall from (1.73) that xg, ~ p,, and note that

z’ = THy, — h’kVF’Yk ('er) + v 2hk<k+1 ~ p’Yka (see (21))

Hy 1
=g, — / VF’Yk (:Z?Hk) dt + / 2hk<k+17 (see (174)) (177)
Hy,

by construction. The second line above uses the fact that Hy11 — Hx = hg
by (I1.74). Likewise, note that

THy11

Hpy41 Hy
=2y, — / VE, (z)dt + V2 AB; ~ po, Py

Hy, Hy,
. Hya
e / VE,, (z)dt + v/2hiCri1, (1.78)
Hy,
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where the first line uses (1.72) and (I.75), and both sides of U have the same dis-

tribution. Above, recall that ;41 ~ normal(0, I;). In view of (I1.77) and (I.78),
we revisit (I.76) and write that

Wl (pka/mp’Yk)
= Wi(p,, Qs 9, Pr) (see 1.76)
<Ell2’ —am,,,llz (see (13), (L77), (L78))

Hy41
=E / VF,, (xt) — VFy, (xm,)dt (see (1.77), (1.78))

Hy,

2

Hyq1
< / E||F,, (z¢) — VE,, (xm,)|2dt (Minkowski’s integral inequality)
Hy,

Hy11
< >\’Yk /H EHIt —TH, ||2 dt, (Deﬁnition 2.2(111)) (1.79)
k

where the last line above uses the fact that £, is A, -smooth. To estimate the
expectation in the last line above, we write that

Ellzs — zm,[l2

t
=E / dz,
Hy,

t t
=E|- [ VE,(zs)ds+Vv2 [ dB,
Hy, Hy,

2

(see (1.72))
2

t
+V2E H/ dB,
2 Hy,

t

<E VFE,, (xzs)ds
Hy,

t t
g/ IE||VF%(:E5)||2ds+\/§EH/ dB,
Hy, Hy,

(triangle inequality)

2

. (Minkowski’s inequality) (I1.80)
2

To estimate the first expectation in the last line of (1.80), recall from the last
line of (I1.79) that ¢t € [Hy, H+1) and then note that

t
/ E|VE, (z.)] ds
Hy,

t
_ /H By, [[VEy, (2)[2ds  (see (173))
k

= (t = H)Eump,, [VE,, (2)]l2
< iEomp, IVF, @)l (sce (L74))

< hk\/EINM IVE, ()2 (Jensen’s inequality)

= hy, \/Eamp% [AF,, ()] (integration by part and p., ~ e )
< hiky/ Ay d, (L.81)

39



where the last line above follows from AF,, (z) = trace(V2F,, (z)) and the fact
that F,, is Ay, -smooth by Definition 2.2(iii). To estimate the second expectation
in the last line of (I.80), note that

t .
/ dB, "/t — HyCita, Cry1 ~ normal(0, I). (1.82)
Hy,

The above observation enables us to bound the second expectation in the last
line of (1.80) as

t
Lo
Hy,

=Vt = HiE[Geallz (see (1.82))

2
< Vit — Hi\/E|[ i3 (Jensen’s inequality)
=+/(t— Hy)d (see (1.82))
< v hid. (see (1.74) and (1.79)) (1.83)

We now plug in the bounds in (I.81) and (I.83) back into (I.80) to obtain that

t t
IE||;vt—;ka||2§/ E||VF%(xS)||2ds+\/§EH/ dB. (see (180))
Hk Hk

2

hkd(«/hk/\%+\/§). (see (L.81) and (L83))  (L84)

By substituting the above bound back into (I.79), we arrive at

Hy41
Wil Qucpr) S Aoy [ Bl =z fladt (see (179))
Hy,
< Ay (Hig1 — Hy)/hed - (\/hk)\% + \/5) (see (L.84))
= At/ Tud - (Vo +v2)  (see (174))
N/ Bd - (Viks, +2), (1.85)

which completes the proof of Lemma 6.2.
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