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Abstract. We investigate the optimal control problem with respect to coefficients of
the degenerate parabolic variational inequality. Since problems of this type can have
the Lavrentieff effect, we consider the optimal control problem in a class of so-called H-
admissible solutions. We substantiate the attainability of H-optimal pairs via optimal
solutions of some nondegenerate perturbed optimal control problems.
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1. Introduction

The purpose of this paper is to investigate optimal control problem associated
with a degenerate parabolic inequality. The control is a matrix of coefficients in
the main part of elliptic operator. It is well known that degenerate control prob-
lems of this type may admit nonuniqueness of admissible solution classes, which
implies non-uniqueness of optimal solutions of particular kind and the optimal
control problem in the coefficients can be stated in different forms depending on
the choice of the class of admissible solutions (for example W- or H-solutions if
we consider the weighted Sobolev space W or its subspace H as the phase space,
correspondingly) (see [1], [2] and references there). These spaces allow to enlarge
the class of boundary value problems and variational inequalities which are sol-
vable by functional-analytical methods. In fact, we consider variational inequality
with some degenerate weight function which is not bounded away from zero and
infinity but only satisfying some local integrability conditions. Under these as-
sumptions the nonlinear differential operator in our inequality is not coercive in
the classical sense.
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Since the range of OCPs in coefficients is very wide, including as well optimal
shape design problems, optimization of certain evolution systems, some problems
originating in mechanics and others, this topic has been widely studied by many
authors (see [1]- [3], [6] and others).

As F. Murat showed (see [7]), in general, such problems have no solution even
if the original elliptic equation is non-degenerate. It turns out that this feature
is typical for the majority of problems for optimal control in coefficients. So,we
have to restrict our optimization problem by introducing some additional control
constrains (see, for instance, [8]). An optimal control problem for a variational
inequality with the so-called anisotropic p-Laplacian in the principle part of this
inequality is studied in [9] where the authors showed that the original problem is
well-posed and derived existence of optimal pairs. In [10] an optimal control prob-
lem associated to Dirichlet boundary value problem for non-linear elliptic equation
on a bounded domain is considered. In [6] the authors study the existence of op-
timal solutions in coefficients associated to a linear degenerate elliptic equa-tion
with mixed boundary condition where by control variable they mean a weight
coefficient in the main part of the elliptic operator. The sufficient conditions of
the existence of weak solutions to one class of Neumann boundary value problems
(BVP) are obtained in [11], and moreover, the authors propose a way for their
approximation. In [12] the existence of H-optimal solutions for optimal control
problem in coefficients for degenerate variational elliptic inequalities of monotone
type in the class of so-called generalized solenoidal controls was proved. The solv-
ability results for optimal control problems for degenerate elliptic and parabolic
variation inequalities one can find in [13-16].

Taking into account a wide spectrum of application of the optimal control
theory, in particular, we deal with possibilities of some types of approximation of
original problems by those that are better researched and converge to the original
problems in a suitable way. As for problems similar to the one studied in the given
paper, in application a degenerate weight p occurs as the limit of a sequence of non-
degenerate weights p for which the corresponding “approximate” optimal control
problem is solvable. Thus, naturally, it arises the question: if limit points of the
family of admissible solutions to the perturbed problems appear to be admissible
solutions to the original problem, whether all optimal solutions are attainable in
this sense? Note that for some optimal control problems the attainability and
approximability questions remain in the focus of attention. In particular, similar
questions were raised in [17] where the author studies the attainability issue for
optimal control problem in coefficients for degenerate variational inequality of
monotone type in the class of H-admissible solutions. In [2]| the authors prove
the existence of W-solutions to the optimal control problem and provide way for
their approximation. In [18,19] the author investigates the attainability issue for
optimal control problem for degenerate linear elliptic and parabolic inequalities
respectively.

Here we concentrate on the solvability of optimal control problem in coeffi-
cients for degenerate parabolic inequality in the so-called class of H-admissible
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solutions. Moreover, we are interested about attainability of H-optimal solutions
to degene-rate problems via optimal solutions of non-degenerate problems.

2. Preliminaries and Notations

Let Q be a bounded open subset of RV (N > 2) with Lipschitz boundary. For
any subset F C 2 we denote by |F| its N-dimentional Lebesgue measure L(E).
The space I/VO1 () is the closure of C§°(€2) in the classical Sobolev space W11 (Q).
Let p be a real number such that 2 < p < oo and let ¢ be its conjugate, namely
p~ '+ ¢ ! = 1. We say that a weight function p = p(x) is degenerate in RV if

p(z) >0 ae. in RY and p+ p~ /=Y ¢ Ll (RY), (2.1)

and the sum p 4 p~ /=1 does not belong to L>(), in general. For a given
Q € RY we associate to this function the weighted Sobolev space W = W (£, pdxr)
which is a set of functions y € I/VO1 1(Q) for which the norm

N » 1/p
lyll, = (/Q (|yrp+,o2 ) dw) (2.2)
i=1
is finite.

Together with W let us consider the space H = H (€, pdx) which is the closure
of C§°(Q) in W.

Note that the spaces W and H are reflexive Banach spaces with respect to
the norm || - ||, due to the estimate

1/p p/(p—1)
[ 1sld < ( / p|Vy£dx) ( oo da:) < Cllyll
Q Q Q

where ||, = (Z]kvzl ‘77k|p) v is a Holder norm of order p in RV. It is clear that
HCW.

Since the smooth functions are in general not dense in the weight Sobolev
space W, it follows that H # W; that is, for a “typical” degenerate weight p
the identity W = H is not always valid (for the corresponding examples we refer
to [3,5]). However, if p is a non-degenerate weight function, that is, p is bounded
between two positive constants, then it is easy to verify that W = H = VVO1 P(Q).
We recall that the dual space of H is H* = W—1=2/(=1(Q, p=1/ =D dz) (for
more details see [6]).

dy
8901-

Remark 2.1. Assume that there exists a value v € (%, —i—oo) N [ﬁ, —i—oo) such

that p=” € L'(Q). Then the following result takes place (see [6]): relation (2.1)

implies that
N » 1/p
liylllpe = [/ 5 pdx]
Qi1

ox

Jy
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is a norm of the space H equivalent to (2.2) and the embedding
H — LP(Q)

is compact and dense.

Parabolic Variational Inequalities. Following Lions [20], let us cite some well-
known results concerning solvability and solution uniqueness for non-degenerate
non-linear parabolic variational inequalities which will be useful in the sequel.

Let V be reflexive Banach space and H be Hilbert space and

YV CHCV. (2.3)
Let us consider such operator A that:

— A is an infinitesimal generating operator of a semigroup (2.4)
s — G(s) in V,H,V*, which is a compressive semigroup in #. '
Let us consider a non-linear operator A such that

A:V — V" is a pseudomonotone operator, i.e.

it is bounded and if y; — y weakly in V),
Y,y € K and km (A(yr), y& — y)y < 0 then (2.5)
—00

lim (A(yk), yx — v)v = (A(y),y —v)y Vv €V,

k—oo

and

A is a coercive operator :
there exists such element vy € K that (2.6)
(A(v),v — vo)y
[olly

— o0 as |jv]| — oo,

where
KC is a convex closed set in V. (2.7)

Using operators, spaces and sets discussed above, and taking A = %7 we can
consider the following problem for variational parabolic inequalities in its “weak”

statement (see for details [20]): find u € K such that
(Avyv = by + (A, = by 2 {0~ uy o
Yo € K, v € V*, v(0) =0, '

where f € V*.
Let us consider some “consistency conditions” for A and K: Vv € K there
exists some ‘“regularizing” sequence v; which satisfies the following conditions:
(IS K, ’U;- eV, ’Uj(O) =0,
v; = vinV, j — oo, (2.9)

lim (Av;,v; — v)y < 0.
j—00
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Theorem 2.1. [20, Theorem 9.1] If for convezr set K and semigroup G(s) we
have
G(s)K C K Vs >0,

then (2.9) takes place.

Theorem 2.2. [20, Theorem 9.2] Let conditions (2.3), (2.4), (2.5), (2.6) with
vo € K such that v, € V, v9(0) = 0, and (2.9) are fulfilled. Then Vf € V* there
exists the solution w € K for the variational evolution inequality (2.8).

Theorem 2.3. [20, Theorem 9.4] Let conditions of Theorem 2.2 are fulfilled.
Let us assume that Yu,v € K :

(A(u) — A(v),u —v)y <0=u=no. (2.10)
Then the inequality (2.8) admits a unique solution.

Smoothing. Throughout the paper € denotes a small parameter which varies
within a strictly decreasing sequence of positive numbers converging to 0. When
we write € > 0, we consider only the elements of this sequence, while writing
€ > 0, we also consider its limit ¢ = 0.

Definition 2.1. We say that a weight function p with properties (2.1) is approxi-
mated by non-degenerate weight functions {p®}.>¢ on € if:

p°(z) >0 ae. in Q, p°+ (p°) 71 € L®(Q), Ve > 0, (2.11)
P = p, (p°)V ) 5 p7 V=Y iy L1(Q) as e — 0. (2.12)
Remark 2.2. The family {p°}.>0 satisfying properties (2.11)-(2.12) is called the

non-degenerate perturbation of the weight function p.

Examples of such perturbations can be constructed using the classical smoo-
thing. For instance, let ) be some positive compactly supported function such
that Q@ € L®(RY), [on Q(z)dz = 1, and Q(z) = Q(—x). Then, for a given
weight function p € L} (RY), we can take p° = (p)., where

loc

1 T —z

P = [ @ ( ) poydi= [ Qeple+ende.  (213)
9 RN g RN

In this case, we say that the perturbation {p® = (p)c }e>0 of the original degenerate

weight function p is constructed by the “direct” smoothing scheme.

Lemma 2.1. [12] If p,p /=D € L} (RN) then the “direct” smoothing {p° =
(p)e te>0 possesses properties (2.11)-(2.12).

Radon measures and convergence in variable spaces. By a nonnegative Radon
measure on () we mean a nonnegative Borel measure which is finite on every
compact subset of 2. The space of all nonnegative Radon measures on 2 will
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be denoted by M (). If y is a nonnegative Radon measure on 2, we will use
L™(Q,du), 1 < r < oo, to denote the usual Lebesque space with respect to the
measure p with the corresponding norm || f||zr(q, au) = (fQ |f(x)|" dﬂ) T

Let {ue}tes0, p# be Radon measure such that p. —* pin M (Q) : that is,

lim [ pdu. = / odp Yo € CRY), (2.14)
Q Q

e—0

where C§° (R™) is the space of all compactly supported continuous functions. A
typical example of such measures is du. = p°(z)dz, du = p(x)dx, where 0 <
p° — pin L'(Q). Let us recall the definition and main properties of convergence
in the variable LP-space.

1. A sequence {v. € LP(), dug)} is called bounded if

e—0

hm/ |ve|P dpe < +00.
Q

2. A bounded sequence {v. € LP(,dpu.)} converges weakly to v € LP(Q,du)
if im0 [ vepdpe = [ovedp for any ¢ € C§°(Q) and we write v. — v in
129, dpe).

3. The strong convergence v. — v in LP(§),du.) means that v € LP(Q,du)
and

lim [ veze dpe = / vzdp as ze — z in LI(Q, dpue). (2.15)
e=0 Jo Q
The following convergence properties in variable spaces hold:
(a) Compactness criterium: if a sequence is bounded in LP(€2, dpu.), then this
sequence is compact with respect to the weak convergence.
(b) Property of lower semicontinuity: if v — v in LP(£, dpu.), then

lim [ |vel|P dpe > / P dp. (2.16)
e—=0JQ Q

(c) Criterium of strong convergence: v, — v if and only if v. — v in LP(£2, du.)

and
lim/ |ve|P dpte :/vpdu. (2.17)
e—0 Q (e}

Concluding this section, we recall some well-known results concerning the
convergence in the variable space LP(, dpu.).

Lemma 2.2. If {p°}.>0 is a non-degenerate perturbation of the weight function
p(x) >0, then: (A1) (p°)~t — p~ 1 in LI(Q, pfdx). (As) [ve — v in LP(, dpu.)]
= [v. = v in LY(Q)]. (A3) If a sequence {v. € LP(Q, p°dx)}eso is bounded, then
the weak convergence v. — v in LP (), p°dx) is equivalent to the weak convergence
pve — pvin LY Q). (Ay) If a € L®(Q) and v. — v in LP(Q, p°dx), then
ave — av in LP(Q, p°dx).
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Variable Sobolev Spaces. Let p(z) be a degenerate weight function and let
{p°}e>0 be a non-degenerate perturbation of the function p in the sense of Defini-
tion 2.1. We denote by H (2, p°dx) the closure of C§°(€2) with respect to the norm
|| - || p=- Since for every e the function p° is non-degenerate, the space H (£, p°dx)
coincides with the classical Sobolev space I/VO1 P(Q).

Definition 2.2. We say that a sequence {y. € H(Q, p°dz)}->0 converges weakly
to an element y € W as ¢ — 0, if the following hold: (i) This sequence is bounded.
(ii) ye — y in LP(Q). (iii) Vy. — Vy in LP(Q, p°dz)V.

Theorem 2.4. [12] Let p* = (p): be a direct smoothing of a degenerate weight p €
LE (RN) and let y° € H(Q, pfdx), y° — y in LP(Q), Vy — v in LP(Q, pdx)V.

loc

Then y € H and v = Vy.

Functional spaces. For some interval S and some Banach space {X, | - ||x}
we can consider the set of all measurable by Bochner functions u € (S — X)
LP(S;X), 1 <p < oo for which [ [lu(s)|[Pds < oc.

Theorem 2.5. [21, Theorem 1.11] The set LP(S;X), 1 < p < oo which forms a
linear space with natural linear operations becames a Banach space with norm

lull osi, = ( / Hu(s)l!”ds) " (2.13)

Remark 2.3. Taking into account the definition of LP(S;X), Theorem 2.5 and
properties of Bochner’s integral (see [21]), the properties of the given section are
valid for LP(S; X) as well as for X.

Compensated Compactness Lemma in Variable Lebesque and Sobolev spaces.
Let {p°}c>0 be a non-degenerate perturbation of a weight function p.

In order to discuss the attainability of H-optimal solutions we use the following
result, which we can obtain applying similar suggestions to [12,22].

Lemma 2.3. Let {p°}c>0 be a non-degenerate perturbation of a weight function
p(x) > 0. Suppose that sequences { fe}e>0 and {ge}e>0 are such that:

(i) 86%5 - cjiv(pgfe) =0 in the sense of distributions in  x [0,T];

(i3) fo — f in L9(0,T; LY(Q, p°dx)N) as e — 0;

(iii) ge is bounded in L°°(0,T; L?(R)) and g- — g in LP(0,T; H(Q, p°dzx)) as
e —=0.

2N
Ifp > N1z then

T T
] £ . = — _’.
lim /0 /Q F - Vgepp® dudt /O /Q F-Voopdardr, o10)
Vi € C°(Q x [0, T]).




8 N. V. Kasimova, O.P. Kupenko, I. M. Tsyganivska

3. Setting of the Optimal Control Problem

The OCP, we consider in this paper, is to minimize the descrepancy between
a given distribution zp € LP(0,7; LP(f2)) and the solution y of the degenerate
variational inequality by choosing an appropriate matrix U € L% (Q;RN*N),
namely we deal with the following minimization problem:

T
I(U,y) = /0 /Q\y(t,x) — z9(t, x)|P dxdt — inf, (3.1)
Ue MM (Q),yek, (3.2)

W v =y rorw) + (= div (U(@)p(@)[(Vy)’?Vy) v — >LP(OTW)
+ (|ly[Py, 0 - Y)e.rw) = (v =y reorw)  (3.3)

vek, o eL0,T;LYN)), v(0,z)=0,

where f € L1(0,T; L4(S2)) is a fixed element, Mﬁ’B(Q) C L®(Q; RN*N) is a class
of admissible controls, L C LP(0,T; W) is a closed convex subset and

[772] = diag{|m |72, [n2/"7%, .. Inw P72} Vi € RY.

Let a and 3 be constants such that 0 < o < 8 < +00. We define M;’B(Q) as
a set of all symmetric matrices U(x) = {a;;(z)}1<ij<n in L®(Q;RY*N) such
that the following conditions of growth, monotonicity, and strong coercivity are
fulfilled:

la;j(x)] < Bae inQVi,je{l,...,N}, (3.4)

(U(x) (1¢P%)¢ - [n”‘z]n) = N)py = 0ae inQV,neRY,  (35)

(U@ ) pr = Z a;;(2)|GP2¢¢ > af¢p ae. in Q. (3.6)

i,j=1

Remark 3.1. Tt is easy to see that M, B (Q) is a nonempty subset of the space
L®(Q; RV*N) and its typical representatives are diagonal matrices of the form
U(z) = diag{oi(z),02(z),...,0n(z)}, where a < §;(z) < S ae. in Q Vi €
{1,...,N}.

For every fixed control U € My » (©) let us define a non-linear operator A :
LP(0,T;H) — L0, T; H*) in the following way:

<%J
i,j=1

Oy
Ox;j

+/ /|y\p2yv dxdt. (3.7)
0o Jo

(A(Y), v) Lr0,1:m) //E

P=2 9y \ 9
9y v
895]) a%pdmdt
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Definition 3.1. We say that a matrix U = [a,;] is an admissible control to
degenerate problem (3.2)-(3.3) if U € U,q, where the set Uy is defined as follows

Uga = {U = [@1,...,dn] € MFP(Q)|| div(pd;)| < v, ae. in Q,Vi =1, N}.
(3.8)
Here v = (y1,...,7n) € RY is a strictly positive vector.

Definition 3.2. Let K be the convex closed subset of H, 0 € K, K = {v|v €
LP(0,T;H),v(t) € K a.e.} be the convex closed subset of LP(0,T; H). We say
that a function y = y(U, f) € K is an H-solution to degenerate variational in-
equality (3.2)-(3.3), if

<U/a v = y>LP(O,T;H) + <A(y)7 U= y>LP(O,T;H) > <f7 U= y>LP(O,T;H)

C e B (3.9)
velk, v eLi0,T;LI(Q)), wv(0,z)=0.

Definition 3.3. We say that the set Zp is the set of admissible pairs to the
optimal control problem (3.1)-(3.3), (3.8) if

Eg ={(U,y) € Uyy x LP(0,T; H)|y € K, (U,y) are related by (3.9)}.

Remark 3.2. We can inroduce a W-solution and the set =y by the similar way.

Hence for given control object described by relations (3.2)-(3.3) with both
fixed control constraints (U € U,q) and fixed cost functional (3.1), we have two
different statements of the original optimal control problem, namely

inf  I(U, and inf (U, .
<(U7y)€EW ( y)> <(U,y)eEH ( y)>

As a matter of fact, there is no comparison between these problems, in general.
Indeed, having assumed that W # H for a given degenerate weight function p > 0,
we can come to the effect which is usually called the Lavrentieff phenomenon. It
means that for some U € Uy and f € L9(0,T; L9(2)) an H-solution yg (U, f) to
problem (3.2)-(3.3) does not coincide with its W-solution yy (U, f). In this paper
we deal with H-solutions to problem (3.2)-(3.3).

Definition 3.4. We say that a pair (Up,yo) € L=(Q;RYN*N) x LP(0,T; H) is an
H-optimal solution to problem (3.1)-(3.3), (3.8) if (Uy, yo) € Zg and I(Up,yo) =
inf(y ez, LU, y).-

Definition 3.5. We say that a sequence {(Ug,yr) € Ex }ren is bounded if
2u§[HUkHLoo(Q;RNxN) + Yl Lo o.10r ) + VRl Lr 0,750 (2, pda) V)]
€

is finite.
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4. Existence of H-Optimal Solutions

In this section we show that considered optimal control problem (3.1)-(3.3) for
degenerate parabolic variational inequality with monotone operator is regular in
the class of H-admissible solutions. Imposing additional control constrains (3.8)
and using the special version of compensated compactness lemma (Lemma 2.3) we
prove that the set of H-admissible solutions for problem (3.2)-(3.3) is sequentially
closed. And using the direct method of Calculus of Variations we prove the
existence of H-optimal solutions for considered problem.

Theorem 4.1. For every control U € Mﬁ"ﬂ(Q) and every f € L9(0,T; L1(Q))
there exists a unique H-solution to degenerate parabolic variational inequality

(3.2)-(3.3).

Proof. Let U € My B (©) be a fixed matrix. Let us consider the following elliptic
operator Ay : H — H*:

(4, Z/@J

3,0=1

p—2 o

Y

. > 5 pdar—i—/ ly[P~2yv da.
j

xj

Then taking into account (3.6) from [12, Lemma 1] we have the next coercivity
property for operator Ai:

(A1(y), y)rr = min{e, 1}{|y[[7. (4.1)

Hence from (3.7) and (2.18) we have that

(AW), ) oo, s = min{o, YT o 7. (4.2)

T
where ”yHLP(QT;H) = fo ||y’|gdt'
Let us fix an element vy € K such that vj € L(0,T; L)), v9(0,2) = 0

and show the coercivity property (2.6). For all y € K we consider the following
pairing, by estimate (4.2), we have:

(A(y),y — vo) Lr(0,r;#r) = min{a, 1}Hy||’£p(0’T;H) — [{A(y), vo) oo,y (4-3)
From [12, Lemma 1] and (3.4) it follows that
(A1 (y), v0) ] < max{ 8, 1} [lwolrlylf -
Further from (3.7) and (2.18) we obtain similar estimate:
[(A(y), v0) oo, | < max{ 8, 1Yol oo,z 191 o0 1.0y (4.4)

Combining (4.3) and (4.4) we have the coercivity condition (2.6).
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Taking into account the estimate (3.5) and the strict monotonicity of the term
|y[P~2y we obtain:

(A(y) — A(v),y — V) 1o(0,1:H) = 2072 ||y — || Lr(o,m;r(2)) > 0 (4.5)

Vy # v a.e. in Q = Q x (0,7). Thus we have the strict monotonicity of operator
A.

From the semicontinuity property of operator A; (see [12]) we obtain the
similar property for operator A. Taking into account (3.4) and the definition of
operator A we obtain the boundedness property for A. Hence, from the strict
monotonicity, boundedness and semicontinuity we obtain that A is a pseudo-
monotone operator (see for details |20, Proposition 2.5]).

If we consider V = LP(0,T; H), H = L*(0,T; L*(Q)), V* = LI(0,T; H*) we
obtain condition (2.3), for A = % the condition (2.4) is valid, for operator A
properties (2.5) and (2.6) take place. Note that for considered set K we have that
0 € K, thus we have that G(s)K C K Vs > 0 (see [20]) and from Theorem 2.1 we
have conditions (2.9).

Hence, for problem (3.2)-(3.3) all conditions of Theorems 2.2 and 2.3 hold
true. Therefore for every control U & M;"B(Q) and every f € L1(0,T; LY(f2)) the
considered problem has a unique solution. O

Let us study the topological properties of the set of H-admisible solutions
Eg C L®(Q;RY*N) x LP(0,T; H). Let 7 be the topology on L>®(Q; RN*N) x
LP(0,T; H) which we define as the product of the weak-* topology of the space
L®(Q; RV*N) and the weak topology of LP(0,T; H). In order to discuss further
results we suggest that the following assumption is fulfilled:

Hypothesis A. Let for a sequence {uy, },>1 that is weakly convergent in LP(0,T; H)
we additionally have that u, € L>(0,T; L*(9)) for all n € N.

Theorem 4.2. Let p(z) > 0 be a degenerate weight function, let Hypothesis A
hold true and let Hypothesis 2 from [12] hold true for X = L4(2). Then for every
f € L0, T; LY(R)) the set Eg is sequentially T-closed.

Proof. Let {(Ug, yx) }reny C Eg be any T-convergent sequence of admissible pairs
to the problem (3.1)-(3.3), (3.8) (in view of Theorem 4.1 such choice is always
possible). Let (Uy,yo) be its 7-limit. Our aim is to prove that (U, yo) € Zp.
Since {Uy, = [d1k, - - -, ANk]}ken C Ugg, it follows that | div(pdi)| < 7, a.e. in
QVi=1,...,N and Vk € N. Let us show that Uy € Uyq.
Indeed, passing to the limit as k — oo in the relations

Q Q
—%-/ ® §/<p div(pc_iik)dxgvi/ pdr, Vi=1,...,N,Vp >0,
Q Q Q

we may suppose that | div(pa?)| <; a.e. in Q Vi€ {1,..., N} and
div(pdy) — div(pd)) in LY(Q)  as k — oo. (4.6)
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Thus Uy — Up = [@?, ..., a%] weakly-+ in L (Q;RY*N) and Uy € Upg.
It remains to show that the pair (Up, yo) satisfies variational inequality (3.9).
Since each of the pairs (Ug, yx) is admissible to the OCP (3.1)-(3.3), (3.8), we
have

W' v =y oo + (— div(Uep(@)[(Vyr)? Vi)
Yk P Yk, v — Yk) oo, 15)

> (f,v— yk)LP(O,T;H)- (4.7)

Since Uy, — Uy weakly-* in L= (Q; RY*N) and 3, — yo weakly in LP(0,7T; H) as
k — o0, one gets

div(pdg,) — div(pa?) in LY(Q),Vi=1,...,N,
Yk — Yo strongly in LP(0,T'; LP(€2))(see |22, Proposition 4.1]),
Vi — Vo in LP(0,T; LP(Q, pdz)N),

[y P2 yr — |yolP~2yo in LI(0, T; LI(Q)) within a subsequence,
{Ur[(Vyg)P™ ]Vyk}keN is bounded in L4(0, T; LI(Q, pdx) ™).
Then Uy[(Vyr)P 2V := & — € in LI(0, T; L9(Q, pdz)N) within a subsequence.
Similarly to [12, Theorem 5] we obtain that function — div(p&k) + |yeP2yx €
L9(0,T; L9(2)) having that Hypothesis 1 from [12] holds true if we set V =
H, X = L1(Q) and f,v" € L10,T;L1(Q)) Vk € N, and, obviously, div(p;) €
L9(0,T; L9(2)) Vk € N. Further, the relation

/OT/QdiV(pgk)Sdedt:—/T/&-Vgopdxdt
- / /5 Vp dudt = / /dlv o) dudi

means that div(p&;) — div(p€) weakly in L9(0,T; L9(2)) implying {&}pen is
bounded in X', where

X = {f € LU0, T; L, pdx)"™)| div(pf) € LI(0,T; LU(Q))},
that is
v g . g 1
klinolo(HgkH%’I(O,T;L‘I(Q,pdx)l\’) + ” dlv(pgk)H%q(QT;Lq(Q))) /4 < +00.

Therefore, as a result, passing to the limit in (4.7) as k — oo, we obtain

(0,0 = yo) ooy + (— div(p€) + [yolP %0, v — Yo) Lo (0.7 1)
> <f7 Gl y0>LP(O7T;H)> Vv € ’Ca v’ € Lq(oa Ta LQ(Q))’ U(O7 l’) =0. (48)
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It remains to prove that £ = Up[(Vyo)P~2] V.
To do this we apply the similar suggestions to [12, Theorem 5| and [22]| and
by initial assumptions (see (3.5)), we have

T
/0 /Q(Uk([(vi/k)p_ﬂv.yk —[27732) - (Vyp — D)ppdzdt >0 (4.9)

for a fixed element 7 of RY.

Let us show that the sequence {div(pUy[(2)P~2]2) }ren is weakly convergent in
L%(0,T; L4(£2)). Taking into account the definition of the elements div(pUy[2P~2]7)
for all k € N (see [12]) and boundedness of {div(pUx[(Vyr)?~2]Vyr)}ren in
L9(0,T; LI(2)) we get

div(pUk ([(Vye)P Vi — [2772]2))

— div(p€) — div(pUp[2P2)2) in L4(0,T;L9(Q)). (4.10)
Combining the property (4.10), and the fact that
Ux[2~%)Z = Up[2"~?]Z in L7(0, T; (L9(R2, pdx))™)

it is easy to see that all suppositions of Lemma 2.3 for the sequences {p® =
(p)}eso are fulfilled having put in the statement of this lemma ¢ = k, f =
Up([(Vyr)P2]Vyr — [2P72])2) and g. = yi for all k € N. Hence, we get

T
| [z 22- (v - Dppdudi =0, vie RV
0 Q
for all positive p € C5°(2 x [0,T]). After localization, we have

p(E = Uo[277212) - (Vyo — 2) 2 0 (4.11)

Taking into account conditions (3.4)—-(3.6) and suggestions from [22]| we have that
the identity & = A(Uy, Vo) = Uo(z)[(Vyo)?~2]Vyo holds true a.e. in Q x (0, 7).
Thus, the above inequality takes the form

(0,0 = y) oo, + (— div(pUo[(Vyo)P Vo) + |yol” Yo, v — Yo) e (0.7
> (f,v = Y0) Lr (0,1 H (0, pdz)) TV € K,v' € L0, T; LY(Q)),v(0,z) = 0.

Thus 7-limit pair (Up, yo) is admissible to the problem (3.1)-(3.3), (3.8), hence,
(Uo,v0) € En- O

Theorem 4.3. Let p(x) be a degenerate weight function. Then the set of H-
optimal solutions to the problem (3.1)-(3.3), (3.8) is non-empty for every f €
L0, T; L1(Q)).



14 N. V. Kasimova, O. P. Kupenko, I. M. Tsyganivska

Proof. First of all we note that in virtue of Theorem 4.1 for the given function f €
L9(0,T; L9(€2)) and every admissible control U € U,q there exists an H-solution
y=y(U, f) € LP(0,T; LP(R2)) to the problem (3.2)-(3.3). Let {(Uk, yx) € Ex }ren
be an H-minimizing sequence to the problem (3.1)-(3.3), (3.8), that is,

lim I(Ug,yx) = inf I(U,y) < +oo.

k—o0 (Uy)EEH
Hence, taking into account the Definition 3.1 of U,y and Definition 3.5, we may
suppose that within a subsequence, there exists (U*,y*) € L>®(Q;RN*N) x
LP(0,T; H), such that Uy — U* weakly-* in L= (Q; RV*N) g — y* in LP(0,T; H).
Since Ep is sequentially 7-closed, the pair (U*,y*) is H-admissible to the prob-
lem (3.1)-(3.3), (3.8). In view of lower T-semicontinuity of the cost functional we
obtain that I[(U*,y*) < lim,_, . I(Ug,yx) = infyye=, [(U,y). Hence, (U*,y")
is an H-optimal pair. ]

5. Attainability of H-Optimal Solutions

In this section we propose an appropriate non-degenerate perturbation for
the original degenerate OCP (3.1)-(3.3), (3.8) and show that H-optimal solutions
of (3.1)-(3.3), (3.8) can be attained by optimal solutions of perturbed problems.
In view of results obtained in the previous section we assume that the set of
H-optimal solutions to the considered problem is non-empty.

Let p be a degenerate weight function with properties (2.1), and let {p°}.~0
be a non-degenerate perturbation of p in the sense of Definition 2.1.

Definition 5.1. We say that a bounded sequence
{(Uz,ye) € Y = L (Q; RN 5 LP(0,T; H(, p°dx)) }eso

w-converges to (U,y) € L®(;RY*N) x LP(0,T; W) in the variable space Y as
e — 0, if U. — U weakly-+ in L®(QRV*N) . — y in LP(0,T; LP(Q)) and
Vy. — Vy in LP(0,T; LP (S, p°dx)N)

Similarly to |17, Definition 8] we consider the next concept.

Definition 5.2. We say that a minimization problem

< inf  I(U, y)> (5.1)

(va)EEH

is a weak variational limit (or variational w-limit) of the sequence

{<( inf IE(UE,yE)> 182 eY, e> 0} ) (5.2)

UE:yE)GEa

with respect to w-convergence in the variable space Y, if the following conditions
are satisfied:
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(1) if {ex} is a subsequence of {€} such that ¢ — 0 as k — oo, and a sequence
{(Uk,yr) € E¢, }e>0 — w-converges to a pair (U, y), then

(U,y) €En: I(U,y) < kliim I, (Uk, yr); (5.3)
—00

(2) for every pair (U, y) € Ex and any value § > 0 there exists a realizing sequence
{(U:,9:) € Y}eso such that

(U€7ys) S uz—: Ve > 0 (Usays) ﬂ> U 3:/ (5'4)

1
SR P ( ly— ynpdt) (5.5)
I(U,y) > l1mI (U, 9:) — 6. (5.6)

Similarly to |23] we can assume that Definition 5.2 is motivated by the follow-
ing property of variational w-limits.

Theorem 5.1. Assume that (5.1) is a weak variational limit of the sequence
(5.2), and the constrained minimization problem (5.1) has a solution. Suppose
{(U9,40) € E}eso is a sequence of optimal pairs to (5.2). Then there evists a
pair (U°,4°) € 2y such that (U2, y0) w-converges to (U°,y°), and
inf I(Uy) =I1U%y°) =lim inf I(U.vy.).
iz, W) =IO =l e Uere)
Remark 5.1. Let us recall that sequential K-upper and K-lower limits of a sequence
of sets { Ey }ren are defined as follows, respectively:

Ky —lmE, ={yc X :30(k) = o00,3yp = y,Vk EN:y € Eq(ky}s
K,—lmE, ={ye X : 3y, —y, 3k >k € N:y, € E}.
The sequence {E}j}ren sequentially converges in the sense of Kuratovski to the
set E (shortly, Ks-converges), if E = K; — lim B}, = K, — lim E,.

Let us consider the sequence {K}.~o of non-empty closed and convex subsets,
which sequentially converges to the set I in the sense of Kuratovski as ¢ — 0
with respect to weak topology of the space LP(0, T H(S2, p°dx)) and the sequence
{Kc}eso ~of non-empty closed and convex subsets, which sequentially converges to
the set £ = {v € LP(0,T;H)|v' € L1(0,T;L1()),v(0,2) = 0} in the sense of
Kuratovski as € — 0 with respect to the topology 77:

ve — v in LP(0,T; H(S, p°dz)), vl — v" in LI(0,T; LY()),v-(0,2) = 0.

Let Hypothesis 2 from [17] hold true for X = L%(Q) and V = H(Q, p°dzx) Ve > 0.
Taking into account Theorem 5.1, we consider the following collection of perturbed
OCPs in coefficients for non-degenerate parabolic variational inequalities:

Minimize{ (U,y) = / / (@) — 2 )\pdmdt} (5.7)

UeU:,ye K., (5.8)
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<Ulv Ol y>LP(0,T;H(Q,p5dI))
+ <_ dlv(pEU[(vy)p_Q]vy) + ’y‘p_va Ol y)LP(O,T;H(Q,pEdI))
> <f,’U - y>LP(O,T;H(Q7p5d1‘)) Yo € K, (59)

ca={U=[a,....an] € M7 (Q)
|d1V(pEC_I:,L)| S Yi, a.e. in Q, Vl — 1, . _’N}’ (510)

where the elements zg € LP(0,T; LP(Q)), f € L1(0,T;L9(Q)) and v = (71, .., N)
€ RY are the same as for the original problem (3.1)-(3.3), (3.8). For every ¢ > 0
we define Z; as a set of all admissible pairs to the problem (5.7)-(5.10), namely
(U,y) € = if and only if the pair (U,y) satisfies (5.8)-(5.10).

Note that each of perturbed OCPs (5.7)-(5.10) is solvable provided {p®}.~0 is
a non-degenerate perturbation of p > 0 (see [20]).

Lemma 5.1. Let {p® = (p)c}es0 be a “direct” smoothing of a degenerate weight
function p(x) > 0. Let {(Us,y:) € Zc}eso be a sequence of admissible pairs to
the problem (5.7)-(5.10) and let Hypothesis A hold true for weakly convergent
sequences in LP(0,T; H(Q, p°dx)). Then there exists a pair (U*,y*) and a subse-
quence

{(Uakvyak)}keN C {(Uaaya) € Ea}a>0
such that (Ug,, e, ) w-converges to (U*,y*) as k — oo and (U*,y*) € Ep.

Proof. Let us consider the variational inequality

(Ué7 Ve — ya>LP(O,T;H(Q,p5dm))
+ (= div(p U [(Vye )P IV Ye), Ve — Ye) 1o (0,71 (Q,pe dr))
+ (YelP 2 Ye, ve = Ye) Lo (0, (9 pod)
> (f, 0= — Ye) o0 H (@ peda))» T0e € Koo (5.11)
As follows from (5.10) that the sequence {U.}.~¢ is bounded in L (£; RVXN),
Let us prove the boundedness of {ye}.~¢ in the space LP(0,T; H (S, p°dx)) by

contradiction. Namely, suppose that ||ye || rr0,7;m(0,p2dz)) — 00, € — 0. Then on
the one hand

(= div(pEUs[(vZ/s)p_z]vae) + |y€|p—2y5’ Ve — ys)LP(O,T;H(Q,pEdz))
< <*Uéa Ve — y€>LP(0,T;H(Q,p5dm)) +(fyve — ye>LP(o,T;H(Q,psdz))
< (lvellLago,rsnacy) + 1 fllpao,riza@) ) ve = velloo,rm@,peday)s  (5:12)
Y. € I@E and Ve > 0.

On the other hand, for arbitrary fixed element v € K let us consider the
sequence {v. € K.}c>0 such that v. — v in 7i-topology (such sequence always



Optimal Control Problem for Degenerate Parabolic Variation Inequality 17

exists provided K = K, —1im K.) and then, using the estimate (see Theorem 4.1)

(AU ),y = ) ooz = minfes LHwIZ, o o
— {8, Lol 0. 10ty sy © € ZPO, T H),

we obtain the following relations:

(= div(p°Ue[(Vye)P I VYe) + |yelP2ye, ve — Ye) Lp (0,5 H (Q,p¢ dx))
|y — Us||LP(0,T;H(Q,p€dx))

. max{B,1}|vell Lp 0,7 H (2, p da))
(mln{a, 1} — TocT e —
> || || YellLP(0,T;H (Q,pE dx))
Ye LP OT H(Q psdx)) (1 HUEHLP(O,T:H(Q,/)de)))

HyEHLP(O,T;H(Sl,pEdz))

— o0 as e — 0,

since the sequence {v:}.>o is bounded in LP(0,T; H(2, pdx)). The obtained
contradiction with (5.12) implies that {y}->0 is bounded in LP(0,T'; H (2, p°dzx)).

Hence, there exists a subsequence {ej} of the sequence {¢} converging to 0
and elements U* € M;"ﬁ(Q), y* € LP(0,T; LP(Q)), ¥ € LP(0,T; LP(, pdx)N) and
€ e L0, T; L4(9, pdz)N) such that

U, — U*  weakly-+ in L(Q; RN*V),
Yer —y" in LP(0,T;LP(Q)),
Vye, =0 in LP(0,T; LP(pfrda)N),
U [(Vye, )P Vye, = &, — € in LY(0,T; LY(Q*dz)"). (5.13)

By Theorem 2.4, taking into account properties of the Bochner integral and
definitions of equivalent functions (see [21, Definition 1.6]), we have that y* €
LP(0,T; H) and ¥ = Vy* and moreover, we have y* € K.
Following arguments of the proof of [17, Lemma 11| we obtain that U* € U,gq.
In what follows, we consider the relation (5.11) for (U, ,y.,) and pass to
the limit in it as k — oo using the property of the strong convergence and the
following relations:

Y [P 2ye, — |y*|P~2y* in L9(0, T; L9(Q)) within a subsequence, (5.14)

(= diV(Pskgsk)» y€k>LP(0,T;H(Q,pEkda:)) — (= diV(Pg)a y*>Lp(0,T;H)- (5.15)
The latter is valid in view of Lemma 2.3 and boundedness of the sequence {f_;k} C
X (Q, p*dx), which we can obtain by the similar manner as in Theorem 4.2 for

X(Q, pda) = {f € LI(0,T5 L(Q, p*da)™)| div(p™ f) € L9(0, T LY(Q))},

with the norm

1/q

||ﬂ|X(Q,p5kdx - (HfHLq(()TLq Q,p%kdz)N + H le( )H%q(QT;Lq(Q)))
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Let us prove relation (5.14). We have that y., — y* in LP(0,T; LP(Q?)), Vy., —
Vy*in LP(0,T; LP(S, p°+dz)™V) and from [22, Proposition 4.1] we obtain that there
exists an element § such that y., — ¢ strongly in L'(0, T; L*(2)). However, it is
easy to see that y., — y* in L1(0,T; L'(2)). Hence, y* = 7 a.e. on (0,T) x (.
It means that up to a subsequence y., — y* a.e. in (0,7) x Q and together
with boundedness of {|ye, [P"?ye, }ken in L9(0,T; LY(Q)) we have |y, [P ?y., —
|ly*[P~2y* in L9(0,T; L9(£2)) (within a subsequence).
Since vz, — v’ in L9(0,T; L9(S2)) we can obtain that

<vék,vak = Yeu ) LP (0,15 H (Qup%k dar)) — (', v — Y*)Lr(o,1;H) @S k — 00. (5.16)

Therefore, as a result of limit passage in (5.11), taking into account (5.14),
(5.15) and (5.16), we obtain

(W', v =y poo.15m) + (= div(p€),v — y*) Lo o,rm) + (ly* P2y, V) Lp(0,T;H)
- klgroloqysk ’p_zyak ) y€k>Lp(07T;H(97PEk dz))

> (f,v =y oo, Yo € K. (5.17)

In order to prove the lemma, it is left to show that £ = U*[(Vy*)P~2]Vy*. However
it can be done in a similar manner as we did it proving Theorem 4.2.
Now, let us show that

lim (|ye, ‘p_2y5k ) y€k>L1’(0,T;H(Q,pEkda:))

k—oo
T T
= lim/ /\yek]pda;dt:/ /|y*|pdmdt.
k=oo Jo Ja 0 Jo

On the one hand, in view of property of lower semicontinuity, weak convergence
Ye, — y* in LP(0,T; LP(Q2)) as k — oo, implies that:

T T
/ /\y*!pdwdté hm/ /\ygk]pda:dt.
0 Q k—oo0 JO Q

On the other hand, from (5.17), taking into account the representation of the
vector-function &, we obtain:

T
Jin [ e dodt < f = @i @p@I09 Y E19G) = L0 =5 o)

+<|y*|p_23/*av>Lp(o7T;H), Yo € K.

Having put in the last inequality v = y*, we get

T T
lim/ /]y€k|pd:cdt§/ /\y*]pdxdt.
k—ooJo Ja 0 Jo
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Hence, summing up, the chain of inequalities

T T
/ /Iy*lpdl‘dtﬁ hm/ /|y€k|pdﬂcdt
o Ja k—ooJo JQ

T T
< hm/ /!y€k|pdxdt</ /\y*[pda:dt
k=00 Jo Jo 0o Jo
turns into equality

T T
lim/ /|y€k\pda:dt:/ /]y*|pd:vdt
k=oo Jo Ja 0o Ja

which implies, in view of criterium of strong convergence that y., — y* strongly
in LP(0,T; LP(Q2)) as k — oo.
Therefore, variational inequality (5.17) can be represented in the form

(0,0 = y*) oo,y + (= div(U* () p(2) (V)P 2] Vy)
+ Yy Py v — Y ) pro,imy = (f0 = Y ) peorim), Y0 € K. (5.18)

Thus, w-limit pair (U*, y*) is admissible to the problem (3.1)-(3.3), (3.8), hence,
(U*, y*) €=g. O

Theorem 5.2. Let {p° = (p)e}e>0 be a “direct” smoothing of a degenerate weight
function p(x) > 0. Then the minimization problem (3.1)-(3.3), (3.8) is a weak
variational limit of the sequence (5.7)-(5.10) as ¢ — 0 with respect to the w-
convergencs in the variable space Y.

Proof. As an evident consequence of the previous lemma and the lower semi-
continuity property of the cost functional (5.7) with respect to w-convergence in
variable space Y, we have the following conclusion: if {ex} be a subsequence of
indices {e} such that e, — 0 as k — oo and {(Ug, yx) € E¢, }ken is a sequence of
admissible solutions to corresponding perturbed problems (5.7)-(5.10) such that
(Uk,yr) — (U, y) with respect to w-convergence, then properties (5.3) are valid.
To discuss properties (5.4)-(5.6) similarly to suggestions from [17] and [19]
we can obtain that for an admissible pair (U,y) € Zp there exists a realizing

sequence { (U, J:) € Y}eso such that

(Ue,§je) € Be Ve >0, U. — U % —weakly in L>®(Q; RV*N);
div(pfa;e) — div(pd;) in LI(0,T; LY(Q)) Vi e {1,...,N},
e — y strongly in LP(0,T; LP(2)), Vy. — Vy in LP(0, T; LP(Q; p°dz)™).

From these suggestions the equality I(U,y) = lim._,o I.(Us, §) follows.
Taking into account Definition 5.2 and previous suggestions of this proof we

obtain the statement of the theorem. O



20

10.

11.

12.

13.

14.

15.

16.

17.

18.

N. V. Kasimova, O. P. Kupenko, I. M. Tsyganivska

References

P.I. Kocur, G. LEUGERING, Optimal L1 -control in coefficients for Dirichlet el-
liptic problems: H-optimal solutions, Z. Anal. Anwend., 31 (1) (2012), 31-53.

P.I. Kocut, G. LEUGERING, Optimal L1 -control in coefficients for Dirichlet ellip-
tic problems: W-optimal solutions, J. Optim. Theory Appl., 150 (2011), 205-232.
G. BurTazzo, G. DAL MASO, A. GARRONI, A. MALUSA, On the relaxed formu-
lation of some shape optimization problems, Adv. Math. Sci. Appl., 1 (7) (1997),
1-24.

J.-L. LioNs, Optimal Control of Systems Governed by Partial Differential Equa-
tions, Springer Verlag, New York, 1971.

F. Murat F, CompacitBse par compensation, Ann. Sc. Norm. Sup. Pisa, 5 (1978),
489-507.

G. Burazzo, P.I. Kocur, Weak optimal controls in coefficients for linear elliptic
problems, Revista Matematica Complutense, 24 (2011), 83-94.

F. MURAT, Un contre-exemple pour le probleme du controle dans les coefficients.
C. R. Acad. Sci. Paris, Ser. A-B, 273 (1971), AT08-AT711.

V.YE. KApusTJAN, O.P. KoGuUT, Solenoidal controls in coefficients of nonlinear
elliptic boundary value problems, Computer Mathematics, 12 (2010), 138-143.
O.P. KUPENKO, R. MANZO, Approzimation of an optimal control problem in coef-
ficient for variational inequality with anisotropic p-Laplacian, Nonlinear Differential
Equations and Applications, 23 (2016)

O.P. KurPeENKO, R. MANzO, On Optimal Controls in Coefficients for Ill-Posed
NonLinear Elliptic Dirichlet Boundary Value Problems, DCDS, Series B, 23(4)
(2018), 1363-1393.

P. Kocut, R. MaANzO, A. PUTCHENKO, On approximate solutions to the Neu-
mann elliptic boundary value problem with non-linearity of exponential type, Bound-
ary Value Problems, 208 (2016)

O.P. KUPENKO, Optimal Control Problems in Coefficients for Degenerate Varia-
tional inequalities of Monotone Type. 1. Existence of Optimal Solutions, Journal of
Computational and Applied Mathematics, 106 (2011), 88—104.

N. ZADOIANCHUK, O. KUPENKO, On Solvability for One Class of Optimal Control
Problems for Degenerate Elliptic Variation Inequalities, Journal of Computational
and Applied Mathematics, 114 (4) (2013), 10-23.

N.V. ZADOIANCHUK, Optimal Control Problem for Degenerate Parabolic Variation
Inequality: Solvability Theorem, Journal of Computational and Applied Mathemat-
ics 1(115) (2014), 10-23

N.V. ZADOYANCHUK, On the Existence of Strong Solutions for a Degenerate
Parabolic Inequality with Mized Boundary Conditions, Journal of Mathematical
Sciences 217 (2016), 441-455.

N.V. KasimMova, Solvability Issue for Optimal Control Problem in Coefficients for
Degenerate Parabolic Variational Inequality, Part of the Understanding Complex
Systems book series (UCS). Contemporary Approaches and Methods in Funda-
mental Mathematics and Mechanics (2021), 457473

O.P. KUPENKO, Optimal control problems in coefficients for degenerate variational
inequalities of monotone type. II. Attainability problem, J. Comput. Appl. Math.,
1 (107) (2012), 15-34.

N. Kasimova, Optimal Control Problem for Some Degenerate Variation Inequality:
Attainability Problem, Journal of Optimization, Differential Equations and Their
Applications, 26 (2) (2018), 37-54. doi:10.15421,/141809



19.

20.

21.

22.

23.

Optimal Control Problem for Degenerate Parabolic Variation Inequality 21

N. KasimMova, Attainability Issue for the Optimal Control Problem in Coefficients
for a Degenerate Parabolic Variational Inequality, Journal of Mathematical Sci-
ences, 258 (2021), 636—654.

J.-L. LioNs Some methods of Solving Non-Linear Boundary Value Problems,
Dunod-Gauthier-Villars, Paris, 1969.

H. GAJEWSKI, K. GROGER, K. ZACHARIAS Nichtlineare Operatorgleichungen und
Operatordifferentialgleichungen, Academie-Varlar, Berlin, 1974.

V.V. Zuaikov, S.E. PASTUKHOVA, Lemmas on Compensated Compactness in Ellip-
tic and Parabolic Equations, Proceedings of the Steklov Institute of Mathematics,
270 (2010), 104-131.

C. D’Aricg, U. DE Maio, P.I. KoGuTt, Suboptimal boundary control for ellip-
tic equations in critically perforated domains, Ann. Inst. H. Poincare’ Anal. Non
Line’aire, 25 (2008), 1073-1101.

Received 01.05.2023



