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Radio Heronian Mean k-Graceful Labeling on
Degree Splitting of Graphs
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Abstract

A mapping g:V(G) = {k,k+1,..,k+ N —1} is aradio heronian mean k-labeling
9I+9O+/9()g O]

3 >
1 + D,for every s,t € V(G), where D is the diameter of G. The radio heronian mean k-
number of g, rrhmny(g), is the maximum number assigned to any vertex of G. The
radio heronian mean number of G, rhmn,(g), is the minimum value of rhmn,(g)
taken overall radio heronian mean labelings g of G. If rhmn,(g) = |[V(G)| + k-1,
we call such graphs as radio heronian mean k-graceful graphs. In this paper, we
investigate the radio heronian mean k-graceful labeling on degree splitting of graphs
such as comb graph P, ©K;, rooted tree graph RT,,, hurdle graph Hd, and twig
graph TW,,.

such that if for any two distinct vertices s and t of G, d(s,t) +

Keywords: Radio heronian mean labeling, k-graceful labeling, degree splitting
graphs, comb graph, rooted tree graph, hurdle graphand twig graph.

AMS Subject Classification 2020: 05C78:.

“Assistant professor, Department of Mathematics, Scott Christian College (Autonomous), Nagercoil.
Affiliated to Manonmaniam Sundaranar University, Tirunelveli-629152, Tamil Nadu,India.
e-mail:ksunithasam@gmail.com.

fResearch Scholar,Reg N0:19213112092009, Department of Mathematics, Scott Christian College
(Autonomous), Nagercoil.Affiliated to Manonmaniam Sundaranar University, Tirunelveli-629152, Tamil
Nadu,India.e-mail: vimalrani89@gmail.com, Corresponding author: K.Vimal Rani.

¥ Received on July 14, 2022. Accepted on October 15, 2022. Published on January 30, 2023. doi:
10.23755/rm.v45i0.975. ISSN: 1592-7415. elSSN: 2282-8214. ©The Authors. This paper is published
under the CC-BY license agreement.

32


mailto:vimalrani89@gmail.com

K.Sunitha and K.Vimal Rani

1. Introduction

Throughout this paper we consider the graphs are finite, simple, undirected and
connected. Let V (G) and E(G) respectively denote the vertex set and edge set of G.A
labeling of a graph Gis an assignment of integers to the vertices or edges or both subject
to certain conditions. Radio labeling or multilevel distance labeling is motivated by the
channel assignment problem for radio transmitters [5]. Ponraj et al [8] introduced the
notion of radio mean labeling of graphs and investigated radio number of some graphs.
The radio mean number of,rmn(G), is the lowest span taken overall radio mean
labelings of the graph G. The span of a labelling is the maximum integer that g maps to
a vertex of G. S. S. Sandya, et al [10] introduced heronian mean labeling of graphs. Y.
Lavanya et al [6], raised the ideas about radio mean graceful graphs. In this sequel, we
introduced radio heronian mean k-graceful labelling on degree splitting of graphs. For
standard terminology and notations, we follow Harary [4] and Gallian [3].

2. Preliminaries

Definition 2.1. [1] The distance d(s, t)from a vertex sto a vertex tin a connected graph
Gis the minimum length of the s - tpaths inG.

Definition 2.2. [1] The eccentricity e(t) of a vertex t in a connected graph Gis the
distance between tand a vertex farthest from tinG.

Definition 2.3. [1] The diameter Dis the greatest eccentricity among the vertices of G.

Definition 2.4. [8][9] A radio mean labeling of a connected graph G is a one-to-one
map g : V (G) — Nsuch that for any two distinct vertices sand tofG, d(s,t) +

[%] >14+D for every s,t € V (G), where Dis the diameter ofG. The radio
mean number of Gis denoted byrmn(G).

Definition 2.5. [10] A graph ¢ = (V,E) with pvertices and gedges is said to be a
heronian mean graph if it is possible to label the vertices s € Vwith distinct labels g(s)
from 1,2,..,q + 1 in such way that when each edge e = stis labelled with, g(e =

st) = [g(s)+g<t)+\/g<s)g<t)] (o) lg(s)+g(t)+\/g<s)g(t

. . )| then the edge labels are distinct. In
this case gis called a heronian mean labelling ofG.

Definition 2.6. [1] Let G = (V,E) beagraphwith V = S;U S, U...5; U T, where
each S;is a set of vertices having atleast two vertices and having the same degree
andT = V —US;. The degree splitting graph of Gdenoted by DS(G) is obtained from
Gby adding verticesw;, w,, ..., w;and joining w;to each vertex of S;(1 < i < t).

Definition 2.7. A radio heronian mean k —labeling of a connected graph G is a one to
one map g: V(G) »{k,k + 1,k + 2,...,k + N — 1} such that for any two
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distinct vertices sand tofG,d(s,t) + [g(s)+g(t);“g(s)g(t)| >1+D, for every s,t €

V (G) where Dis the diameter of G. The Radio heronian mean k-number of Gis denoted
byrhmny (g). Ifrhmn,(g) = |V (G)| + k — 1, we call such graphs as radio heronian
mean k-graceful graphs.

Definition 2.8. [1] The comb graph P, O K;is obtained by joining a single pendent
edge to each vertex of a pathB,.

Definition 2.9. [2] A tree in which one vertex is distinguished from all the other is
called a rooted tree and the vertex is called the root of the tree. A rooted tree with
nvertices is denoted by RT,, ,

Definition 2.10. [7] A graph obtained from a path P, by attaching a pendant edge to
every internal vertex of the path is called the hurdle graph with n — 2 hurdles and is
denoted by Hd,,.

Definition 2.11. [7] A twig graph TW,is obtained from a path P,by attaching exactly
two pendant edges to each internal vertices of the pathB,.

3. Main Results

Theorem 3.1. The degree splitting of comb graph DS(P, O K;) is radio heronian mean
k —graceful forn > 4 andk > 1.

Proof. Lets;,1 < i < n be the vertices of the pathKj. Join the pendent vertex t; to the
vertex s;of the pathP,,1 < i < n. The resultant graph isP, © K;. Introduce three new
vertices s,s’andt. Join s'to s;,spand st0s;,2 < i <n—1landttot,1 <i<n
respectively. The resulting graph isDS(P, © K;) whose edge set iSE(DS(P, © K;)) =
{{Si5i+1/1 <i<n- 1}U{Siti,tti/1 <i < n}U{SSi/Z <i < n—1}U
{s's1,s's,}} and diameter of DS(B, © K;) isD = 3.

Define a function g: V(DS(B, ©® Ky)) > {k,k + 1,...,k + N~ 1} by
gs)=kk = 1;

gs) =k + 1,k 1;

gty =k + 2,k 1;

gs)=n+k+i+2k=>211<i<n

gt) =k+i+2k=>11<1i<mn

Now we verify the radio heronian mean condition for g

Case a: Consider the pair (s, s")
2k +1+k(k+1)
3

g(s) +g(s) ++/g9(s)g(s)
3

=
=

d(s,s") + >3+ >4=14+D

Case b: Consider the pair (¢, s")
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t) +g(s") + t ! 2k +2+J(k+2)(k+1
d(ts) + g(®) 9(5)3 IOXICOl N \/(3 K+ D],
Case c: Consider the pair (s, t)
+ g(t) + t 2k+3+J(k+2)(k+1
ds,0) + 9(s)+g( )3 Vg(s)g(t) >34 \/(3 )( ) > 4
Case d: Consider the pair (s',s;), 1 <i<n
, 9(s) +g(s) ++/9(s)g(s)
d(s',s;) + 3
n+2k+i+2+Jkn+k+i+1)]
=1+ 3 >4
Case e: Consider the pair (s',t;), 1 <i<n
N+g(t) + Na(t; 2k+i+2+Jk(k+i+1
P COR 1)3 Vg(sNg( JFH i 3\/ G+i+D|_,
Case f: Consider the pair (s,s;), 1 <i<n
9(s) +9(s;) +9(s)g(s;)
d(s,s;) + 3
o1y n+2k+i+3+/(k+Dn+k+i+2) o4

3
Case g: Consider the pair (s, t;), 1 <i<n

d(s,t) + g(s) + g(ti)3+ g(s)g(ty) - 2k+i+3+ \/(l; +Dk+i+2)
=>4
Case h: Consider the pair (t,s;), 1 <i<n
d(t,sp) + [LL 960 3+ 9Dg(s)

n+2k+i+4+/k+2)(n+k+i+2)
3

=2+ =>4

Case i: Consider the pair (t,t;),1<i<n

9(t) +g(t) + \/gmg(tﬂ 14
- >

>4
Case j: Consider the pair (s;,s;), i # j,1<i<n

2k +i+4+J(k+2)(k+i+2)

(e, t;) + 3
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9 +9(s) + J9(s0g(s)

d(Si,Sj)+
3
2n+2k+i+j+4+ n+k+i+2)(n+k+j+2
S 14 j J(g )( it2)|_,
Case k: Consider the pair (t;,t;), i # j,1<i<n
[0+ 9(6) + Jo@a(®)]
d(ti,tj)+| 3 |
2k+i+j+4+J(k+i+2)(k+j+2
> 24 J x/(3 )(k+j+2) > 4
Case j: Consider the pair (s;,t;), 1<i<n
|90+ 9(6) + 9509 (s)|
d(Si,tj)+| 3 |
n+2k+i+j+4+/(n+k+i+2)(k+j+2
>14+ J V( )(k+j+2) > 4

3

Thus, the radio heronian mean condition is satisfied for all pairs of vertices. Hence gis a
valid radio heronian mean k-labeling ofDS(P, © K;)

Therefore, rhmn, (DS(P, © Ky)) = 2n+k+2,n = 4,k > 1.

Clearly |V (DS(P, © Ky))| = 2n+ 3.

Thus [V (DS(B,OK))| + k-1 =2n+k + 2,n = 4,k > 1.

Therefore, rhmn;, (DS(P, © K;)) =|V (DS(P, © K)))| +k—1.

Hence the degree splitting of comb graphDS(P, © K;) is radio heronian mean k-
graceful forn>4andk>1. m

Theorem 3.2. The degree splitting of rooted tree graph DS(RT, ) is radio heronian
mean k-graceful forn > 2and k > 1.

Proof. Let sbe the root of the tree and s;,1 < i < n be the vertices which are joined to
the vertex sof the tree. Let t;,1 < i < nbe the vertices which are joined to the
vertexs;,1 < i < n. Introduce two new vertices s'andt’. Join s'to s;j and t'to t;the
resultant graph is DS(RT,,) Whose edge set is E(DS(RT,,)) = {ss;, sit,s's;, t't;/
1 < i < n}and diameter of DS(RT,,,) isD = 3.

Define a function g : V (DS(RT,,)) - {kk + 1,....,k + N — 1} by

gs) =k + 2,k = 1;

gs)Y=k + 1,k = 1;

gs)=k+i+2,k=>11<i<n
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gsi)=k +i+ 2k =2 11%;

gt =kk =1

gt) =n+k+i+2k=>211<i<mn
Now we verify the radio heronian mean condition forg.
Case a: Consider the pair (s, s")

g(s) + g(s") +/g()g()]
3

2k +3+J(k+2)(k + 1)
3

d(s,s") + >2+ >4

=14+D
Case b: Consider the pair (s,s;), 1 <i <n

g(s) + g(s) +/9(®)g ()|
3

2k +i+4+J(k+2)(k+i+2)
3

d(s,s;) + >1+

=>4
Case c: Consider the pair (s, t")

(s t') + g(S)+g(t’)3-I-\/g(S)g(t') >34

2k+2+w/(k+2)(k)} oy
3 >

Case d: Consider the pair (s,t;), 1 <i<n

9(s) + g(t) + /g g@)]
3

d(S, ti) +

N n+2k+i+4+(k+2)(n+k+i+2)
3

=4

Casee
Consider the pair (s;,s;), i # j,1<i<n

9(s) +9(s5;) + J9(sDa(s)

3

d(si, S]) +

2k+i+j+4+Jk+i+2)(k+j+2

> 24 J VU +i+2)(k+j+2)
3

Case f: Consider the pair (¢;,t;), i #j,1<i<n

g(t) + g(tj) + /g(ti)g(tj)

3

> 4

d(t;, t) +

2n+2k+i+j+4+(n+k+i+2)(n+k+j+2)
3
Case g: Consider the pair (s;, t;), 1 <i,j<n

=2+

>4
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g(s) + g(tj) + /g(si)g(tj)
* 3

n+2k+i+j+4+J(k+i+2)(n+k+j+2)
3
Case h: Consider the pair (s;,t"),1 < i <n)

d(si, t])

=1+ =>4

9(s) + g(t") +/g(s)g(@)] 2k+i+2+Jk+i+2)(k
d(s;,t") + 96s) +4( )3 9(s)g(®) =2+ : \é( ! ) )‘ >4
Case i: Consider the pair (s',t;), 1 <i<n

, 9(s) +g(t) ++g9(s)g(t;)
d(S 'ti) + 3
- n+2k+1+3+\/(1:§+1)(n+k+l+2) -
Case j: Consider the pair (s',s;), 1 <i<n
, 9(s) +9(s) +/9(s)g(s;)
d(s',s;)) + 3
. 2k+1+3+J(l;+1)(k+z+2) -

Case k: Consider the pair (s', t")

g(s) + gt + w/g(s')g(t')‘ .. [Zk +1+Jk(k + 1)] 4
3 - 3 -

Case I: Consider the pair (s, t")

g(s) +gt) ++/g(s)g(t) 2k +2+J(k+2)(k+1)
3 3

Thus, the radio heronian mean condition is satisfied for all pairs of vertices. Hence gis a

valid radio heronian mean k-labeling of DS(RT,, ,,).

Therefore,rhmny (DS(RT,,)) = 2n + k + 2,n = 2,k > 1.

Clearly,|V (DS(RT,,))| = 2n + 3.

Thus, rhmny, (DS(RT,,,)) = |V (DS(RT, )| + k — 1.

Hence the degree splitting of rooted tree graph DS(RTn,n) is radio heronian

mean k — graceful for=>2,k > 1. m

d(s',t) +

d(s,t") +

>3+ |24

Theorem 3.3. The degree splitting of hurdle graph DS(Hd,,)is radio heronian mean k-
graceful forn>4 and k > 1.
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Proof. Lets;, 1 < i < nbe the vertices of the path B, by attaching a pendant edge to
each internal vertices s;of the pathP,, 2 < i < n — 1. The resultant graph isHd,,.
Introduce two new vertices sandt. Join stos;, 2< i< n — 1 andt tosq, sp, t;,2 < i <
n — 1. The resultant graph is DS(Hd,,) whose edge set isE(DS(Hd,)) = {{sisiﬂ, 1<
i < n-13U{sitiy, ttiq,55,2< i < n-1}u{tsy,ts,}}and diameter of DS
(Hdn) isD = 3. Define a function g : V (DS(Hd,)) - {k,k + 1,..,k + N - 1}by
gis)=kk =>1;

gt)=k + 1,k = 1;
gs)=n+k+i—-1k=>11<i<mn
gt) =k+i+1Lk=211<i<n-2;
Now we verify the radio heronian mean condition for g

Case a: Consider the pair (s, t)
g(s) +g(t) + \/g(s)g(t)l g [FRrH V(e + 1)
3 - 3

>4=1+D

d(s,t) +

Case b: Consider the pair (s,s;), 1 <i<n

g(s) +g(s) +/g9(s)g(s)
3

d(s,s;) +

n+2k+i—-1+Jk(n+k+i—-1
+ G ' )}24
3

Case c: Consider the pair (s,t;), 1 <i <n-—2

g(s)+g(t) +/9(s)g(t)
3

Case d: Consider the pair (¢,s;), 1 <i<n

g + g(s) + \/g(t)gm)‘
3

2k+i+1+Jk(k+i+1)
3

d(s, t;) + >2+ > 4

d(t, Si) +

n+2k+i+ k+1D)(n+k+i—-1
N J( 3 )( )‘24

Case e: Consider the pair (t,t;), 1 <i<n-—2

9(t) +g(t) + \/gmg(tﬂ 1
- >

>4
Case f: Consider the pair (s;,s;), i # j,1<i<n

9(s) +9(s;) + J9(sDa(s)

3

2k+i+2+J(k+Dk+i+1)

d(t, t;) + 3

d(Sl', S]) +
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3
Case g: Consider the pair (t;,t;), i # j,1<i<n—2

g(t) + g(tj) + /g(ti)g(tj)

3

. 2n+2/?c+i+j—2+\/(n+k+i—1)(n+k+j—1)‘>4

d(t, t) +

2k+i+j+2+Jk+i+Dk+j+1) -
3 >
Case h: Consider the pair (s;,t;), 1<i<nl1<i<n-—2

g(s) +g(t) + /g(si)g(tj)‘
3

n+2k+i+j+4+J(n+k+i+2)(k+j+2) -
3 >

Thus, the radio heronian mean condition is satisfied for all pairs of vertices. Hence g is
a valid radio heronian mean k-labeling of DS(Hd,,).

Therefore, rhmn, (DS(Hd,)) = 2n + k — 1,n = 4,k > 1. Clearly |V (DS(Hd,))|
=2n. Thus |V (DS(Hd,))|+k—1=2n+k—-1,n>4k>1.

Therefore, (rhmn, (DS(Hd,,)) = |V(DS(Hd,))| + k — 1. Hence the degree splitting of
hurdle graph DS(Hd,,) is radio heronian mean k-graceful forn > 4and k > 1m

=2+

d(Si, t]) +

=1+

Theorem 3.4. The degree splitting of twig graph DS (TW,) is radio heronian mean k-
graceful forn>4 and k > 1.

Proof. Let s;,1 < i < nbe the vertices of the path P,by attaching exactly two pendent
edges to each internal vertices s;of the path B,,2 < i < n — 1.The resultant graph is
TW,,. Introduce two new verticessand t. Join s t0 s;,;2<i<n-—1 and ¢t to
SuSwtiti,2 < i < n—2. the resultant graph is DS(TW,) whose edge set is
E(DS(TWn)) = {{Si'gi+1/1 <i<n-— 1} U {Siti—l'sit,i—lrtti—l' ttli_l,SSl'/Z <i<

n — 1}} and diameter of DS(TW;,)isD = 3.

Define a function g : V (DS(TWn)) - {k,k + 1,..,k + N - 1}by

gs) =kk = 1;

(t)—k+1k21;
gsp)=2n+k +i -3k =11 i < n
git) =k + i +1k211SLSn—2

gty =n+k+i—-1k=>211<i<n-2;
Now we verify the radio heronian mean condition for g
Case a: Consider the pair (s, t)
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2k+1+Jk(k+1)
3

d(s,t) + >4=14+D

9(s) +9(®) + \/g<s>g<t>} sy
3 >

Case b: Consider the pair (s,s;), 1 <i<n

g(s)+9g(s) +/g(s)g(sy)
3

d(s,s;) +
2n+2k+i—-3+Jk@n+k+i-3)]
+ > 4
3
Case c: Consider the pair (s,t;), 1 <i <n-—2
s)+g(t) ++/9(s)g(t; 2k +i+1+Jk(k+i+1
d(s,ti)+g() g(l)3 g()g(1)22+ . ( )24

Case d: Consider the pair (s,t';), 1 <i<n-—2

9(s) +g(t') + \/g<s>g<t'i>} .
. >

=4
Case e: Consider the pair (¢,s;), 1 <i<n

g + g(s) + \/gu)g(sﬂ
3

d(S, til) +

n+2k+i—1+w/k(k+i—1)‘
3

d(t, Si) +

N 2n+2k+i—-2+J(k+1)2n+k+i—3)
3
Case f: Consider the pair (t,t;), 1 <i<n— 2

9(t) +g(t) + \/g@g(ﬂ 1
- >

>4
Case g: Consider the pair (¢t,t';),1<i<n-2

g +g@y)+g®)g(t'y)
3

n+2k+i+Jk+Dn+k+i+1)
3
Case h: Consider the pair (s;,s;), i #j,1<i<n

>4

2k +i4+2+J(k+1Dk+i+1)
3

d(t, t;) +

d(t,t';) +

=1+ >4
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9 +9(s) + J9(s0g(s)

3

d(Si, S]) +

dn+2k+i+j—6+C2n+k+i—3)Q2n+k+j—23)

>
=1+ 3
=>4
Case i: Consider the pair (t;,t;), i # j,1<i<n—2
|90 +9(5) + J9(09(5)|
d(ti, tj) +| 3 |
. 2k+i+j+2+Jk+i+Dk+j+1) o4

3
Case j: Consider the pair (t';,t’;), i #j,1<i<n-—2

g’ ) +g(t;)+ /g(t’i)g(t")
4 ] - ]

oy 2n+2k+i+j—2+\/(n+k+i1)(n+k+j—1)}24

d(t';,t'y)

3
Case k: Consider the pair (s;,t;), 1<i<nl1<i<n-—2

9(s) +9(t) + J9(sg(t)

3

d(Sl', t]) +

- 2n+2k+i+j—-2+/Cn+k+i-3)(k+j+1)
- 3
Case |: Consider the pair (s;,t';), 1<i<n1<i<n-2

g(s)+g(t;)+ ,/g(si)g(t’j)

3

=4

d(Sl', tlj) +

14 3n+2k+t+]—4+\/(2n+k+l—3)(n+k+]—1)‘24
3
Case m: Consider the pair (t;,t';), 1 <i,j <n-—2
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gt +g(t;) + /g(ti)g(t’j)‘
3

n+2k+i+j+J(k+iDn+k+j—1) -
3 >

Thus, the radio heronian mean condition is satisfied for all pairs of vertices. Hence,gis a
valid radio heronian mean k-labeling of DS(TW,,).

Therefore,rhmn, (DS(TW,))) = 3n + k — 3,n = 4,k > 1.

Clearly, |V (DS(TWn))| = 3n — 2.

Thus, |V (DS(TW,)| + k —1=3n+k —3,n > 4k > 1.

Therefore,rhmn, (DS(TW,,))) = |V (DS(TW,))| + k — 1.

Hence the degree splitting of twig graph DS(TW,,) is radio heronian mean k-graceful
forn > 4,k > 1.

d(e;,t';) +

=1+

4. Conclusion

In this paper, we investigate degree splitting of comb graph, rooted tree graph, hurdle
graph and twig graph are radio heronian mean k- graceful. In future, we investigate
degree splitting on m-graceful labeling of graphs.
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