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Abstract— Unmanned aerial vehicles have become a
disruptive technology, which has experienced exponential
growth in several applications. The control of these vehicles
is a fairly wide area and the cascade PID controller is the
most used in practice. However, this latter structure doesn’t
ensure high performances in the presence of unmodelled
dynamics, uncertainties and external abrupt disturbances. To
that end, this work proposes a new method that consists of
a non-linear cascade configuration of the variable structure
control between first order sliding mode based on exponential
reaching law and modified super-twisting second order sliding
mode algorithm. The developed method is tested on simulation
on a quadrotor system, the results obtained demonstrate good
performance for trajectory tracking and as well as other
non-linear controller options, it is robust against unmodeled
dynamics and disturbances.

I. INTRODUCTION

Unmanned Aerial Vehicles (UAV) are systems present in
multiple applications related to agriculture such as control
and prevention of plant diseases, weeds identification, insect
pests and production estimates [1], photogrammetry since
UAVs allow fast, accurate and economical scanning of
a surface compared to terrestrial, satellite and manned
aerial methods [2], inspections of power lines replacing
traditional methods such as helicopters or cars, which are
often expensive, slow and potentially dangerous [3], load
transporting system for environments where geographical
conditions are unfavourable [4], [5], security such as remote
traffic monitoring and frontier patrols [6], and others [7].
These applications are developed in different operating
environments, with a variety of disturbances such as wind
and uncertainties that can cause instability.

Currently, there are multiple control algorithms that allow
the tracking and stabilization of UAVs, linear controllers such
as PID, pole placement or LQR [8] are powerful methods
to control systems, but if operating conditions modify the
dynamics of the system, the gains of each controller must
be changed for stabilization. non-linear control systems
are controllers that use the mathematical model of the
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system studied, within the classification of the controllers are
feedback linearization, backstepping, fuzzy logic controllers
and sliding mode.

Sliding Mode (SM) is a famous robust nonlinear
techniques and well-known for its effectiveness and
powerful properties that attract the community of automation
researcher [9]. Indeed, the three good features of
SM controller are: robustness against a large class
of uncertainties, development’s simplicity and finite-time
convergence. This method uses discontinuous input signals
that switch highly to force the system’s states to converge
in finite-time to the so-called switching function and then
to move throughout this surface towards the equilibrium
point. SM controller has been tested in simulation and in
real time on different nonlinear systems such as electric
drive machines [10], [11], highly coupled robot systems [12],
[13] and underactuated nonlinear systems as UAVs [14].
Nevertheless, its real-time application still restricted because
of the problem of the chattering phenomenon [15]. This
problem is considered as the major disadvantage of SM
controller since it can lead to very bad performances and
the wear of the system’s mechanical parts.

In literature, many researchers tried to solve this
problem [16]–[19]. The most attractive proposed solution
consists of an augmented SM that is known under the
name Second Order Sliding Mode (SOSM) [20]. Unlike the
classical SM, the SOSM control signals that fed into the
system are continuous [21], [22] since the the switching
signals act on the derivative of the control inputs. However,
its real-time implementation still limited due to the lack
of required informations (measurement of the first time
derivative of the selected switching function). This problem
has been solved by the proposition of the Super-Twisting
Algorithm (STA) [23]–[27].

In this paper, considering a quadrotor UAV that is a
non-linear underactuated system because its number of
degrees of freedom is greater than the number of independent
control inputs. The contribution of this work focuses on
the proposed sliding mode controller in cascade [28], with
an outer position control loop based on the exponential
reaching law (ERL) and an inner Attitude/Altitude control
loop based on Modified Super-Twisting Algorithm (Modified
STA). This cascade configuration is commonly seen in
practice with PIDs for pixhawk-based UAV control. The
original contribution is to make the inner control loop faster
than the outer control loop while ensuring robustness against



uncertainties, unmodelled dynamics and perturbations.
The present paper is divided into six sections as follows.

In the following section, the full position and attitude
mathematical models of the quadrotor UAV system. In
Section IV, the simplify position and attitude mathematical
models to use in the controller. In Section V the sliding mode
controller. In Section VI, numerical simulations of the UAV
studied to show the performance of the proposed controller
in the presence of perturbation and unknown dynamics. The
conclusion is in the last section.

II. MATHEMATICAL MODEL

The system consists of a UAV quadrotor (Fig. 1). The
complete mathematical model of the position and attitude is
detailed in (1) and (2), respectively [29].
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(
W Θ̇×R Ṗ
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where P = [X,Y, Z]T represents the vector inertial position
of an UAV (North, East and Down), Θ = [φ, θ, ψ]T

represents the vector of Euler angles, g is the gravity
constant, m denotes the mass of the vehicule, J =
diag(Jx, Jy, Jz) represents the inertia matrix, τ1 is the
sum of the vertical forces generated by each propeller,
τ = [τφ, τθ, τψ]T denotes the torque vector with its roll,
pitch and yaw components.

On the other hand, W ∈ R3×3 denotes the matrix of Euler
defined by:

W =

 1 0 −sθ
0 cφ cθ sφ
0 −sφ cθ cφ

 .

Fig. 1. Quadrotor UAV.

and R ∈ R3×3 denotes the matrix transformation to the body
frame given by:

RT =

 cθcψ sφsθcψ − cφsψ cφsθcψ + sφsψ
cθsψ sφsθsψ + cφcψ cφsθsψ − sφcψ
−sθ sφcθ cφcθ


with cx = cos(x) and sx = sin(x).

The control torque inputs are:
τ1
τφ
τθ
τψ

 =


−1 −1 −1 −1
l2 −l2 −l2 l2
l1 l1 −l1 −l1
−1 1 −1 1


︸ ︷︷ ︸

T
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f3
f4

 (3)

where f1, f2, f3 and f4 represent the thrust produced by the
four rotors, l1 and l2 are the lengths shown in Fig. 2.

In addtion, each force is computed using the inverse of
the above matrix equality as:

f1
f2
f3
f4

 = T−1


τ1
τφ
τθ
τψ

 . (4)

III. MATHEMATICAL MODEL FOR CONTROLLER

Since (1) and (2) are complex representations and difficult
to implement in-flight controllers, a simplified representation
of them was obtained as shown below:

Ẍ =
τ1
m

( sin(φ) sin(ψ) + cos(φ) sin(θ) cos(ψ) ) (5)

Ÿ =
τ1
m

( cos(φ) sin(θ) sin(ψ)− sin(φ) cos(ψ) ) (6)

Z̈ =
τ1
m

( cos(φ) cos(θ) ) + g (7)

φ̈ =
τφ
Jx

+
τθ
Jy

sin(φ) tan(θ) +
τψ
Jz

cos(φ) tan(θ) (8)

θ̈ =
τθ
Jy

cos(φ)− τψ
Jz

sin(φ) (9)

ψ̈ =
τθ
Jy

sin(φ) sec(θ) +
τψ
Jz

cos(φ) sec(θ). (10)

This set of equations are regrouped as follows:

χ̇1 = χ2,

χ̇2 = F(χ) + G(χ) u+ h.
(11)

Fig. 2. Force diagram of the Quadrotor UAV.
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Fig. 3. Block diagram of the closed-loop quadrotor UAV.

where χ1 = [X,Y, Z, φ, θ, ψ]T is the state variables
vector with and h ∈ R6 represents the uncertain vector
with unmodeled dynamics and/or perturbations. Based on
(5)-(10), the following equivalences are given:

F(χ) =
[

0 0 g 0 0 0
]T

G(χ) =


g11 g12 0 0 0 0
g21 g22 0 0 0 0
0 0 g33 0 0 0
0 0 0 g44 g45 g46
0 0 0 0 g55 g56
0 0 0 0 g65 g66


g11 =

τ̂1 cos(ψ)

m
g12 =

τ̂1 sin(ψ)

m

g21 =
τ̂1 sin(ψ)

m
g22 = − τ̂1 cos(ψ)

m

g33 =
cos(φ) cos(θ)

m
g44 =

1

Jx

g45 =
sin(φ) tan(θ)

Jy
g46 =

cos(φ) tan(θ)

Jz

g55 =
cos(φ)

Jy
g56 = − sin(θ)

Jz

g65 =
sin(φ) sec(θ)

Jy
g66 =

cos(φ) sec(θ)

Jz

u = [u1, u2]
T

u1 = [cos(φ) sin(θ), sin(φ)]

u2 = [τ1, τφ, τθ, τψ] .

In the control matrix G1(χ), τ̂1 represents the following
delayed vertical force:

τ̂1(t) = τ1(t− L),

where L is the time delay which is often selected to be the
sampling time.

IV. SLIDING MODE CONTROLLER

The proposed method consists of a cascade sliding mode
based on a Proportional-Derivative sliding surface. The inner
control loop uses Modified STA to control of attitude and
altitude of UAV, whereas the outer control loop uses SM

controller with ERL in the UAV position controller and
generates the reference signals for the inner control loop
Fig. 3. The developed controller will ensure the convergence
of the system’s state χ1 to the desired trajectory vector χ∗1 =
[X∗, Y ∗, Z∗, φ∗, θ∗, ψ∗]

T with φ∗ and θ∗ are computed as:[
φ∗

θ∗

]
= sin−1

([
u2

u1/ cos( sin−1(u2) )

])
.

The trajectory tracking error is represented by e = χ1 − χ∗1
and the sliding surface selected in this paper is:

S = ė+Kp e (12)

where Kp = diag(Kp1,Kp2, · · · ,Kp6) is a diagonal positive
definite matrix. Now, let us use (11) to compute the time
derivative of the selected linear switching function S as
follows:

Ṡ = ë+Kp ė

= χ̇2 − χ̈∗1 +Kp ė

= F(χ) + G(χ) u− χ̈∗1 +Kp ė.

(13)

The vector of cascade sliding mode controller, combined
sliding mode with ERL [30] and Modified STA [28] is:

Ṡ =



− K11

N(S1)
sign(S1)−K12 S1 + $̇1

− K21

N(S2)
sign(S2)−K22 S2 + $̇2

−K31 |S3|0.5 sign(S3)−K32 S3 + $̇3

−K41 |S4|0.5 sign(S4)−K42 S4 + $̇4

−K51 |S5|0.5 sign(S5)−K52 S5 + $̇5

−K61 |S6|0.5 sign(S6)−K62 S6 + $̇6


(14)

where N(Si) = δ0 + (1 − δ0) e−a |Si|p for i = 1, 2 with
0 < δ0 < 1 and a, p > 0 [31].

$̇ =


0
0

−K33 sign(S3)−K34 $3

−K43 sign(S4)−K44 $4

−K53 sign(S5)−K54 $5

−K63 sign(S6)−K64 $6

 (15)



with the sign function:

sign(Si) =

 1, if Si > 0,
0, if Si = 0,
−1, if Si < 0.

(16)

Hence, combining (13) and (14) gives the following control
law expression:

u =G−1(χ) (χ̈∗1 −Kp ė− F(χ))

+ G−1(χ)



− K11

N(S1)
sign(S1)−K12 S1 + $̇1

− K21

N(S2)
sign(S2)−K22 S2 + $̇2

−K31 |S3|0.5 sign(S3)−K32 S3 + $̇3

−K41 |S4|0.5 sign(S4)−K42 S4 + $̇4

−K51 |S5|0.5 sign(S5)−K52 S5 + $̇5

−K61 |S6|0.5 sign(S6)−K62 S6 + $̇6


(17)

The detailed stability analysis can be found in [28], [32].

V. SIMULATION RESULTS

In this section, Matlab/Simulink is the software used
to simulate the performance of the cascade sliding
mode controller. The simplified mathematical model allows
simulating conditions of unmodeled dynamics and we added
Gaussian noise on each state variable (Fig. 4).

The physical parameters are shown in the Table I.

TABLE I
QUADROTOR UAV’S PARAMETERS.

Parameters Value
Mass, m 4 Kg

Moment of inertia, Jx 0.111132 Kg.m2

Moment of inertia, Jy 0.13282 Kg.m2

Moment of inertia, Jz 0.249039 Kg.m2

Length, l1 0.2 m
Length, l2 0.2 m
Gravity, g 9.81 m.s−2

The gains for sliding surface are Kp=diag(1, 1, 1, 5, 5, 5)
and for cascade sliding mode controller are in Table II. All
these gains were found heuristically.

Fig. 4. Disturbances on each position and each Euler Angle of UAV.

The time delay between outer/inner controls loop is L =
0.006 s, while the sampling time for outer loop control is
10−2 s and for the inner control loop is 0.004 s.

TABLE II
SLIDING MODE CONTROLLER GAINS.

Gains Values Gains Values Gains Values
K11 0.1 K41 1.5 K61 1
K12 0.5 K42 7.5 K62 5
K21 0.1 K43 7.5 K63 5
K22 0.5 K44 7.5 K64 5
K31 2 K51 0.1 δ0 0.1
K32 2 K52 1 p 3
K33 2 K53 1 a 2
K34 2 K54 1

The simulation consists of tracking a square path with
different values of orientation angles (ψ). The tracking results
are in Fig. 5 and Fig. 6, along with the desired paths. The
Fig. 7 corresponds to the thrusts for the UAV generated by
the controller and the three-dimensional path is shown in
Fig. 8.

Fig. 5. Simulation results of position tracking.

Fig. 6. Simulation results of attitude tracking.



Fig. 7. Simulation results of control inputs.

Fig. 8. 3D position tracking.

In summary, it is observed that there are errors in
an average of 0.20 m for the transient and steady-state
conditions as depicted in Fig. 5. The reasons can be, on one
hand, due to the sub-optimal gains obtained heuristically,
and, on the other hand, due to the choice of the sliding
surface. Also, in Fig. 7, we can see that the chattering
effect is in a range of 2 N and its high switching
frequency is a known characteristic of the continuous sliding
mode controller. Note that the obtained results can be
improved by (i) adding an integral part in the sliding
surface which also will increase the complexity for the
determination of the gains, (ii) with better gain values
using optimization algorithms. Nevertheless, by analyzing
the tracking trajectory, the obtained results are satisfactory,
taking into account the curve of the desired trajectory (Fig. 5
and Fig. 6) and the uncertainties.

VI. CONCLUSIONS

In this work, a cascade sliding mode controller was
simulated with exponential reaching law in the outer control
loop and Modified STA in the inner control loop, under

noise conditions and unmodelled dynamics the controller
performs well and can be improved by optimizing the
controller’s gains. This choice belongs to the fact that the
inner control loop must be faster than the outer control
loop. This condition is satisfied since the modified STA
allows faster convergence and higher precision. The proposed
combination has been tested on simulations where the results
obtained showed good tracking performance even if the used
model was highly uncertain.
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