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Large-angle scattering in positron-helium and positron-krypton collisions

D. R. Schultz, C. O. Reinhold, and R. E. Olson
Department of Physics and Laboratory for Atomic and Molecular Research, University of Missouri Ro—lla,

Rolla, Missouri 65401
(Received 7 June 1989)

We have calculated differential cross sections as a function of the projectile scattering angle for
positron-helium and positron-krypton collisions using the classical-trajectory Monte Carlo tech-
nique. These intermediate-velocity collisions have been simulated by various independent-electron
and n-electron models, using both screened Coulomb and quantum model potentials to approximate
the effects of electron-electron interactions. These several models all indicate that scattering of pos-
itrons to large angles in ionizing collisions persists to high impact velocities. In a previous work
[Phys. Rev. A 38, 1866 (1988)] we proposed that the recent experiments that have measured the to-
tal cross section for positroniurn formation could be affected by the loss of positron flux due to in-

complete confinement after large-angle scattering. Here, utilizing these newly calculated
differential-scattering cross sections, adjustments are computed that account for the difference be-
tween the experimental and theoretical behaviors of the positronium formation cross section. Fur-
ther, it is demonstrated that large-angle scattering in the elastic channel is important for one of the
experiments. We have also computed total cross sections for ionization and charge transfer for col-
lisions of protons with krypton. Good agreement is obtained in these cases with experimental mea-

surements.

I. INTRODUCTION

Recently there has been much interest, both experi-
mentally and theoretically, in matter-, antimatter-atom
collisions (see Refs. 1—4 and references therein). The goal
of these studies has primarily been to explore effects due
to the change of projectile mass and sign of charge. By
considering the family of singly charged particles, elec-
trons, positrons, protons, and antiprotons, one may vary
a single-collision parameter at a time, separating out the
mass and sign of the charge effects. Investigation of these
processes theoretically requires treatments that go
beyond simple first-order theories that often mask these
effects. As well, experimental investigations of these
effects have marked pioneering work in the harnessing of
antimatter projectiles for use in inelastic ion-atom col-
lisions.

The measurement of the total cross section for the for-
mation of positronium in positron-atom collisions has
provided an important point of comparison between
theory and experiment relevant to these matter-,
antimatter-atom studies. Fornari et al. , Diana et al. ,
and Fromme et al. have recently undertaken this task
for positron-helium collisions at intermediate velocities.
However, there exists a fundamental disagreement be-
tween theory and these experiments as to the high-
velocity behavior of the cross section. In a previous
work, Schultz and Olson proposed a resolution of this
disagreement based on the hypothesis that a certain por-
tion of positrons scattered at large angles might have
been unaccounted for in the experiments.

Here, we consider in detail our previous proposal to
resolve this discrepancy, performing more comprehensive
calculations of the ionization differential cross section as
a function of the scattering angle in positron-helium col-

lisions, and by relating these results to the quantities mea-
sured in each of the experiments. We extend this argu-
ment to consider other scattering channels which we be-
lieve might also contribute to the discrepancies. We con-
clude that the experimental measurements overestimate
the positronium formation cross section due to their par-
tial sampling of other scattering channels, both elastic
and inelastic. This effect is quite significant at relatively
high impact velocities since the ionization and elastic
cross sections are quite large as compared to that for
charge transfer. Thus, sampling even a small fraction of
these processes swamps the positronium formation cross
section which should have, according to theoretical cal-
culations, a very rapid decline with increasing collision
velocity.

The primary aim of our previous work was to elucidate
the collision dynaInics responsible for the enhancement of
the cross section for charge transfer in positron-helium
collisions relative to that for proton-helium collisions. To
see if this enhancement is also present for positron col-
lisions with many-electron targets, and to study a system
that has recently been investigated experimentally, we
also consider here positron- and proton-krypton col-
lisions. We find that, indeed, at large velocities positrons
are more likely to remove an electron from krypton than
are equivelocity protons. However, we find that the
enhancement is not as great as in helium in the velocity
regime considered and that due to subshell effects the in-
crease may not be monotonic. Unfortunately, we discov-
er that there is again a discrepancy between theory and
experiment. As in the case of positron-helium collisions,
we demonstrate that this discrepancy is due to the lack of
confinement in the experiment of some positrons scat-
tered to large angles.

To treat the positron-krypton many-electron system,
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we have implemented several different models that differ
in the level of approximation in which the electrons are
explicitly included in the calculation. Also, to verify our
previous calculation of the differential scattering cross
section for positron-helium collisions, we have utilized a
more realistic model potential to describe the
positron —target-core and active-electron —target-core in-
teractions. These treatments are described in Sec. II. In
Sec. III we present the results of our calculations of the
differential scattering cross section for ionizing collisions
of positrons with helium and our proposed adjustment of
the experimental data. Adjunct to this we include an Ap-
pendix which details our estimation of the experimental
confinement angles.

Similarly, in Sec. IV we then present ionization
differential cross sections for the scattering of positrons
from krypton and our proposed adjustment for the corre-
sponding experimental measurements of the total cross
section for positronium formation. In this section we
also include our calculation of the total cross section for
ionization and capture by protons so as to compare it
with other existing experimental measurements. Thus,
these proton collisions calculations serve as a benchmark
for our positron calculations, as in the case of our treat-
ment of helium. Our conclusions, concerning both sys-
tems, positron-helium and positron-krypton, are then
summarized in Sec. V.

Atomic units are assumed and used throughout as are
laboratory scattering angles.

II. THEORETICAL METHOD

where

A(r) = [(pig)(e ~"—1)+1] (2)

and where (N —1) is the total number of electrons in the
target atomic or ionic core of nuclear charge Z. The pa-
rameters g and g have been found by these authors by a
process of energy minimization in a modified Thomas-
Fermi statistical model for all atoms and positive ions
with 2~Z ~ 54. (For example, for He they find that
g=2.625 and /=1.770.) As may be easily deduced from
(1), the model potential has the correct behavior at both
small and large r. That is

itron, owing to its small mass, is easily deflected by the
target atom. Therefore, we have also implemented
CTMC calculations which explicitly include more than
one active electron to investigate the possibility of multi-
ple scattering. This allows us to test the validity of our
model potential results for the calculation of the
differential cross section. Also, since krypton is a much
more complex target than helium, we expect that subshell
effects, especially important in the capture channel,
should not be neglected at high impact velocities. For
this reason, we have also performed calculations includ-
ing all the shells of krypton.

The model potential that we employ for both the
projectile —target-core and electron —target-core interac-
tions has been developed by Garvey, Jackman, and
Green' and is given by

V(r) = —[(N —1)[1—Q(r)] —Z],1

r

For this study, we have utilized the classical trajectory
Monte Carlo (CTMC) technique, which has been de-
scribed fully by Abrines and Percival, Olson and
Salop, ' and others. Briefly, the CTMC technique is a
method in which a large ensemble of projectile-target
configurations is sampled in order to simulate the ion-
atom collision. It has been demonstrated to yield good
results for ionization and charge-transfer processes in the
intermediate collision velocity regime, ' ' a regime in
which perturbative approaches have not had as much
success. The basis of its ability to accurately model such
collisions rests on the fact that the projectile —active-
electron and active-electron —target-core interactions are
exactly taken into account.

Our previous calculation of the differential cross sec-
tion as a function of the scattering angle of the positron
in collisions with helium indicated that significant
scattering to large angles persisted to high impact veloci-
ties. These independent-electron model calculations were
performed using a screened Coulomb potential to
represent the active-electron —target-core and projectile-
target-core interactions. In this work we test the large-
angle scattering conclusion by utilizing a more detailed
potential. Furthermore, in considering positron-krypton
collisions, we expect that approximating these interac-
tions by a screened Coulomb potential would not be
sufficient and we have, therefore, used a model potential
for this system.

Additionally, we previously demonstrated that the pos-

(3)

and

[Z —(N —1)]
(4)

We test here whether or not the use of this potential,
rather than the screened Coulomb potential, will affect
the shape of the differential scattering cross sections. For
example, for positrons which penetrate to very small
values of r, the model potential presents the full nuclear
charge which could enhance the backward scattering.
Also, since the model potential has the correct asymptot-
ic value, the possibility that the wrong residual charge of
the target core presented by the screened Coulomb poten-
tial might influence the scattering angle would be re-
moved. Furthermore, we expect that for positron-
krypton collisions, where the potential changes rapidly
within the radius of the atom from an almost fully
screened value at its outer extent, to the full nuclear in-
teraction, 36/r at very small-r values, such a potential
would be the only reasonable method by which to treat
the scattering in a one active-electron formalism.

In order to simplify our references to these various
models we include in Table I a summary of the nomencla-
ture adopted in this work. Our use of the notation
"CTMC" comes from that used to describe the original
three-body, screened Coulomb formulation of Abrines
and Percival. An extension of this method to more than
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TABLE I. Nomenclature and brief characterization of the various models used in this work. The subsequent columns indicate (i)
the number of active electrons, (ii) the number of target shells considered, (iii) form of the projectile —target-core, active-
electron —target-core potential, and (iv) type of binding energy used, The total number of electrons considered is given by n.

Method

CTMCn

CTMCMn

nCTMC

nCTMCM

Number of active
electrons

Number of
shells

1 to all

1 to all

1 to all

1 to all

Interaction
potential

Screened
Coulomb

Model
potential
Screened
Coulomb
Model
potential

Binding energy
used

Hartree-Fock
by subshells
(Ref. 15)
Hartree-Fock
by subshells
Sequential (Ref. 16)
ionization potential
Hartree-Fock
by subshells

three bodies has been made by Olson' ' and has been
termed "nCTMC. " In this work we introduce the nota-
tion "CTMCn" to denote a method in which we include
n electrons through the independent-electron approxima-
tion rather than explicitly including them as in the
nCTMC. The most significant difference between these
models is that whereas the projectile is scattered by the n
active electrons during the collision in the nCTCM, it is
only scattered by one electron at a time in the CTMCn
method.

If instead of the screened Coulomb potential a model
potential is used, we refer to the calculations as
"CTMCMn" or "nCTMCM. " In addition, these models
employ binding energies which are assigned according to
the Hartree-Fock approximation' and the same interac-
tion potential for all electrons. In contrast, the nCTMC
makes use of the sequential ionization potentials derived
from experiment and, consequently, the screened
Coulomb potential experienced by each electron is
different. In summary, the notation used here is con-
sistent with that which has been used previously, the ad-
ditional characters being intended to clarify (i) the num-
ber of electrons explicitly included or treated using the
independent-electron model and (ii) which type of in-
teraction potential is employed.

The classical trajectory Monte Carlo method, in any of
the forms described above, consists of three steps: (1) ini-
tialization of the projectile-target configuration, (2) calcu-
lation of the classical trajectories, and (3) a final-state test
for reaction. In the first step the active electron is ran-
domly initialized in its orbit according to a microcanoni-
cal distribution. That is, its position and momentum are
specified so that on average they mimic the quantum-
mechanical position and momentum distributions. In or-
der to sample initial conditions from a microcanonical
distribution, we have used the method developed in a pre-
vious work which is valid for general interactions.
Also, to simulate a beam of uniform cross-sectional area,
the impact parameter is randomly selected so that its
square is uniformly distributed between zero and some
maximum impact parameter b,„. The maximum impact
parameter is chosen such that beyond this value the prob-
ability of the reaction under consideration is negligible.

N (b)

N(b)
(5)

where N (b) is the number of successful final-state tests
for channel a and N(b) is the total number of events in
all channels. The multielectron probabilities are then
found in terms of these one-electron probabilities using
the independent-electron approximation. That is, the
probability of capturing m electrons, ionizing n electrons,
and therefore leaving N-m-n in the target originally con-
taining N electrons is

In the second step, 6JV coupled ordinary differential
equations, representing the Hamilton equations of motion
for the A' bodies in the collision, are integrated numeri-
cally from some large initial projectile-target separation,
through the collision, and continuing to some large final
separation. After integration, the relative energies be-
tween the particles is found and what reaction, if any, has
occurred. Steps (l), (2), and (3) are then repeated until
the statistical error of the cross section for each channel
is sufficiently small.

Within the CTMCn or CTMCMn models, the cross
sections may be computed in two different ways. The
first method is to integrate the equations of motion for all
the independent electrons for a fixed impact parameter
and obtain the cross sections from the number of counts
in a particular channel. The second is to calculate the
multielectron transition probabilities by means of the
independent-electron approximation. ' ' For helium
this procedure is straightforward since the electrons are
within the same shell. For krypton, the process is more
complicated since the probabilities for each subshell must
be independently computed and combined. Therefore,
we have used the first technique when dealing with elec-
tron removal from all the shells of krypton, as described
below. When scattering from only the outer subshell of
krypton or from helium is considered, we have used the
second method, which we describe below. We note for
clarity that the two methods yield equivalent results.

The one-electron transition probability for some chan-
nel a is
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NXII&
m, n v

N —m

x P „(b)P,."(b)

(6)

do, X;(8)
(8)=~b

d 0 '" NMc2~ sinO 60 (13)

tends over all projectiles scattered into the angular range
(8 b, 8/—2, 8+68/2) having an impact parameter bj, .
Similarly, when the counts in a particular channel are ob-
tained directly we have

N N —n

g no
n=1m =0
N —

1

~10 ~1n
n=0

(10)

Also, we will be interested in the differential cross section
in ionizing collisions and since the final positions and mo-
menta are known, simply trigonometry yields and scatter-
ing angle 0 and the differential cross section is

g g [Po„(bk ) /P; (bk )]
(12)

where AQ=2vrsinOb, O and the summation over k ex-

where N is the number of electrons in the subshell
whose quantum numbers are collectively represented by
v; I and n are the numbers of electrons captured and
ionized from that subshell; and P„(b) and P;,(b) are the
one-electron probabilities for charge transfer and ioniza-
tion, respectively. We note that g X =X, g m, =m,
and g n„=n Th. e total cross section, in the impact-
parameter formulation, is then

cr „=2m.r P „(b)b db . (7)
0

When the number of counts in a channel is obtained
directly, the total cross section for a particular final chan-
nel a is simply

N
&a =&b max

MC

where N denotes the total number of counts in a partic-
ular channel e and NMC is the total number of Monte
Carlo trajectories.

Of course, in a many-electron target, quite a large
number of processes involving the capture of m electrons,
n-fold ionization, and excitation of the remaining N-m-n
electrons are possible with corresponding cross sections
for each process. However, in this study only relatively
few processes are considered. They are (i) single ioniza-
tion cr„, (ii) total ionization o.;, (iii) free-electron produc-
tion o, and (iv) single-electron transfer o,o. While the
definition of single ionization is straightforward and gen-
erally recognized, we define here the cross section for the
other processes so as to avoid confusion. In terms of the
cross sections for m-fold charge transfer and n-fold ion-
ization o. „,these cross sections are

N

X o'on ~

n =1

where N, (8) is the number of counts in the ionization
channel when the projectile is scattered into the angular
range (8—b, 8/2, 8+6,8/2).

As we have pointed out previously, since within the
CTMC formalism capture to any of the infinity of classi-
cally allowed states of the projectiles is possible, no
threshold for the capture channel exists. Therefore, the
cross section near the actual capture threshold must be
corrected by approximating the proper density of final
states. This is accomplished by multiplying the charge-
transfer cross sections by the ratio of the mean final pro-
jectile momentum to the initial projectile momentum
k&/k, -. We note that for heavy particles (e.g. , muons,
protons, ions), the ratio k&/k; is unity except at extreme-
ly small impact velocities. We note that, since the classi-
cal model correctly describes the density of final states for
the ionization (i.e., the continuum), no correction is
necessary for this channel. Thus, this factor is appropri-
ate only for charge-transfer collisions involving light par-
ticles, that is, for positron-atom collisions.

The factor kI /k; for positrons is given by
1/2

(F. —e, )
(14)

where

c =E —Ep, , (15)

O1O
k~

~10
1

where o. ,o is the cross section for the capture of one elec-
tron from the subshell with quantum numbers specified
by the index v. Corrections to the cross sections for total
ionization and free-electron production are negligible.

and where E is the impact energy, E is the binding ener-

gy of a target electron in the subshell whose quantum
numbers are collectively represented by the index v, and
Ep, is the binding energy of the ground state of positroni-
um. The subscript e in Eq. (14) emphasizes that k, and

k& are the initial and final momenta for the positron.
From expression (14) we clearly see that k&/k, rapidly
approaches the value one for incident energies greater
than c, . For example, for capture by a positron from
helium, the factor k&/k, differs significantly from one
only for impact velocities less than about 2 a.u. Similar-
ly, for capture from the outer subshell of krypton, it is
essentially one for impact velocities greater than about
1.2 a.u.

Therefore, taking into account these corrections to the
calculated charge-transfer cross sections, the single-
electron transfer cross section is, summed over subshells,
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We would like to note that the factor kf/k, was in-

correctly placed in the expression for the capture proba-
bility in our previous article instead of in the expression
for the cross sections.

Thus, we attempt to treat as fully as possible within the
classical-trajectory Monte Carlo formalism all the effects
which could modify our conclusions about the nature of
the wide-angle scattering of positrons in collisions with
helium and krypton. That is, we include in our study
treatments which (ij more accurately reproduce the po-
tential experienced by both the projectile and target elec-
trons, (iij simulate the subshell structure of krypton, and
(iii) possess explicit consideration of many active elec-
trons.

)0-15 J
I ~ ~ I

v= 2,00

III. RESULTS FOR HELIUM

Motivated by our previous observation that in
positron-helium collisions the positron may be deAected
to very large angles, even at high impact velocities, we
have attempted to verify this result using CTMCn,
CTMCMn, and nCTMCM models. To this end we have
calculated differential cross sections for positron impact
velocities from 2 to 4.5 a.u. , the velocity range in which
the theoretically calculated total cross sections for posi-
tronium formation differ largely from the experimental
measurements. With these new calculations we also at-
tempt to substantiate our hypothesis that the persistence
to large impact velocities of wide-angle scattering criti-
cally affects the measured cross sections for capture by
positrons and is responsible for the disagreement between
theory and experiment.

In Fig. 1 we display the results of our new CTMCn,
CTMCMn, and n CTMCM model calculations of the
differential cross section as a function of the scattering
angle of the positron in ionizing collisions. As inspection
of this figure indicates, unlike the scattering of protons by
helium which is extremely forwardly peaked, significant
positron scattering exists to even backward angles. Fur-
ther, we note the agreement between our screened
Coulomb, model potential, and two electron treatments.
This indicates that, at least for helium targets, the
screened Coulomb interaction coupled with an
independent-electron approximation is sufficient to treat
the scattering of positrons at intermediate velocities
within our CTMC formalism. Thus, these results indi-
cate that the wide-angle scattering of positrons is not sen-
sitively dependent on the precise small- and large-r be-
havior of the potential or multiple scattering by the two
target electrons.

To quantify more specifically what we mean by the fact
that the wide-angle scattering is "significant, " we note
that for a collision velocity of 3.83 a.u. the ionization
differential cross section integrated between 90 and 180'
is about 10% of the total cross section. Similarly at a ve-
locity of 4.47 a.u. the integrated differential cross section
is about 6% of the total. These percentages, while not
being negligible, are hardly the dominant contribution to
the total ionization cross section. However, when com-
pared with the charge-transfer cross sections, they are
indeed quite large. For example, at V=3.83 a.u. , the in-

10

1020 I

0
I I Z~ I/

60 120 0
I

60 120 1 80

Scattering angle (deg~

tegrated ionization differential cross section between 90
and 180' is approximately twice as large as the total cross
section for charge transfer that we find. And at a velocity
of 4.47 a.u. the ionization differential cross section in-
tegrated between these angles is three times larger than
the total cross section for positronium formation. Thus,
in relation to the capture cross sections, the ionization
cross sections at large angles is indeed very significant.

As we have shown there is a general agreement among
theories that the rate of decline of the positronium forma-
tion total cross section as a function of the impact energy
vary as E ' where 3 & a & 5, whereas the experiments by
Fromme et al. and Diana and co-workers ' indicate a
dependence of 1 &a &1.5. In each of the experiments, a
beam of positrons is passed through a target gas region
contained in a cylindrical chamber. The positrons which
form positronium are removed from the beam. However,
it is essential that those positrons suffering ionizing, ex-
citing, or elastic collisions are confined to the beam in or-
der to obtain the desired cross sections. To assure that
this confinement is obtained, both experiments utilize a
high axial magnetic guiding field. In addition, Diana and
co-workers use a pair of repeller electrodes to reAect back
into the beam those positrons which are scattered to
backward angles.

However, from the experimental parameters, such as
magnetic-field strength, beam and chamber radii, it may
be shown (see the Appendix) that there is a certain criti-
cal angle, which is a function of the impact velocity, for

FIG. 1. The differential cross section as a function of the pro-
jectile scattering angle for ionization in collisions of positrons
with helium at several velocities as indicated: CTMC2 (solid
curve), CTMCM2 (dashed curves), and 2CTMCM (dotted
curve).
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80;
f,~cr; =2~ sinOd 0

0
(l7)

where 49, is the confinement angle defined in the Appen-
dix and the range of integration represents the range of
angles for which confinement is not possible in the ap-
paratus. As may be clearly seen from Fig. 2(a) the calcu-
lated total loss of positrons o.

,o+f,~o, agrees well with
the measured cross section at the higher velocities where
the lack of confinement is significant.

At lower velocities the adjustment is negligible since

which these measures will not confine the scattered posi-
trons to the beam. Thus, a loss of flux of scattered posi-
trons appears in the ionization, excitation, and elastic
channels, introducing an underestimation of these pro-
cesses. Consequently, an overestimation of the positroni-
um formation cross section results, since it is deduced
from a knowledge of these cross sections.

Since the two experiments differ in detail, we will dis-
cuss each individually. Also, we note that while the cross
section for the sum of single charge transfer and transfer
ionization (positronium formation) o &o, is measured by
one of the experiments, single capture alone is measured
by the other. However, as the transfer-ionization cross
section is expected to be very small (about two orders of
magnitude smaller than single capture), we will use the
notation cr, o to denote the cross sections measured in
both experiments.

Fromme et al. determined the cross section for single
charge transfer by observing the difference between the
single ionization cross section and the cross section for
production of He+. The single-ionization cross section
o.„is deduced by counting in coincidence the detection of
an outgoing positron and a He+ ion, while the sum of
single ionization and single charge transfer o. + is found

He
from the rate of He+ detected. Thus, the single charge-
transfer cross section is the difference o. + —o„. In this

He

case, we see that the experiment attributes to positronium
formation of those positrons that are removed from the
beam. However, positrons scattered to angles beyond the
confinement angle after ionizing collisions will also be re-
rnoved from the beam. This loss of positrons decreases
the number of coincidences that determine o„and is
therefore also attributed to positronium formation.

Of course, this loss of flux influences not only the mea-
sured single charge-transfer cross section but also the ion-
ization cross section. We find that the loss of flux is al-
ways less than 20%%uo of the ionization total cross section
but is as large as ten times (at v=4.47 a.u. ) the single
charge-transfer cross section.

In order to demonstrate that this experiment measures
a combination of the single charge-transfer cross section
and some fraction fr of the ionization cross section, we
have calculated the cross section for the loss of flux of
positrons due to incomplete confinement and compared
this quantity with the experimental values of Fromme
et al. (The subscript "B" indicates here and below the
result for the parameters of the experiments by Fromme
et al. at Bielefeld. ) This comparison is presented in Fig.
2(a). The quantity f,zcr, is given by

)O16

10

10

l I

2 3 4
Velocity (a. u. )

FIG. 2. The total cross section for charge transfer in
positron-helium collisions. (a) Experimental measurements of
Fromme et al. (Ref. 7) (open squares), CTMC2 (solid curve),
and CTMC2 charge-transfer cross section plus the fraction not
confined of the ionization cross section (dashed curve). (b) Ex-
perimental measurements of Diana et al. (Ref. 6) (solid
squares), CTMC2 (solid curve), and CTMC2 charge-transfer
cross section plus the fractions not confined of the ionization
and elastic cross sections (dashed curve).

the wide-angle scattering constitutes only a tiny fraction
of the total positronium formation cross section. The
disagreement between our CTMC results and the experi-
ment at velocities less than about 2 a.u. arises due to the
fact that classically no threshold exists for capture and
must be approximated as described in Sec. II. Thus in
this velocity regime the CTMC model differs from the ex-
periment which we believe is not seriously affected by the
lack of confinement.

In the experiments of Diana and co-workers, the posi-
tronium formation cross section is estimated by observing
the attenuation of the incident positron beam. As we
have shown above, the cross section for the loss of flux
can include a portion of the ionization cross section due
to the lack of total confinement. In the experiment of
Fromme et al. the beam attenuation is measured in coin-
cidence with the production of He+ ions and, therefore,
loss of flux due to wide-angle scattering in elastic or exci-
tation collisions is discriminated against. Here, however,
since no coincidence measurement is made, these other
channels in which lack of confinement might occur will
also contribute to the measured loss of flux cross section.

Therefore, the contribution to the loss of flux cross sec-
tion due to large-angle scattering in some channel a for
this experiment is
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where the range of integration, from 0, to ~—0, is
chosen since the apparatus of Diana and co-workers in-
cludes repeller electrodes to deflect back into the beam
the positrons scattered to angles greater than ~—0, .
(The subscript "A" indicates the result for the parame-
ters of the experiments by Diana and co-workers at Ar-
lington. ) The positrons scattered within the range 0, to
~—0, are lost from the beam due to collisions with the
scattering chamber. The contribution to the loss of flux
due to large-angle scattering in ionizing collisions has
been evaluated using the present theoretical calculations.
Similarly, the contribution from elastic scattering has
been evaluated by numerical integration of the theoretical
differential cross sections of Gupta and Mathur. We
have also found that the contribution due to wide-angle
scattering in excitation is negligible (Madison and
Winters ) in the velocity range of consideration.

Thus, we display in Fig. 2(b) the results of this experi-
ment along with the estimated loss of flux cross section
cr,o+f,„o;+f,„cr,. As in the case of the experiment by
Fromme et ai. , this calculated loss of flux cross section
agrees with the experimental data points which have the
smallest quoted uncertainties. However, the data of Dia-
na and co-workers also indicate that within these uncer-
tainties, there should be some oscillations in the cross
section. These oscillations were not observed by Fromme
et ah. , and, to our knowledge, are not predicted by any
existing theoretical treatment.

IV. RESULTS FOR KRYPTON

Recently, Diana et al. have undertaken the measure-
ment of the positronium formation cross section in
positron-krypton collisions. Stimulated by these mea-
surements and our findings of comparisons of single-
electron removal processes in positron and proton impact
of hydrogen and helium, we have calculated ionization
and charge-transfer total cross sections for these projec-
tiles colliding with krypton. One of our goals has been to
extend this early work in which we compare the positron
and proton cross sections at equal impact velocities.
Consideration of the many-electron target krypton allows
us to test whether or not the effects we have found in
simpler gaseous targets are also present and determine if
any new effects arise. Another goal is to try to determine
if the same discrepancy between our calculations and the
experimental measurements exists, and if so, whether or
not they can be explained in a similar manner.

Furthermore, by calculating proton-krypton cross sec-
tions we have been able to benchmark our models. For
example, in Fig. 3 we present the total cross sections for
both single ionization and free-electron production in the
collision of protons with krypton. In this figure we
display the results of our CTMCMn models where we
have included either six electrons, representing the outer
subshell of krypton (CTMCM6) and where we have in-
cluded all subshells (CTMCM36). In the case of free-
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FIG. 3. The total cross sections for single ionization and for
free-electron production in collisions of protons and positrons
with krypton: experimental measurements of Rudd et ai. (Ref.
25) (solid circles), experimental measurements of Dubois (Ref.
26) (open triangles), CTMCM36 (solid curves), CTMCM6
(dashed curves), and experimental measurements for electron-
impact from Stephan et al. (Ref. 27) (open circles).

electron production, both models agree well with experi-
ment at lower velocities. At higher velocities the model
which includes all subshells yields a cross section which is
about 20% higher than the model with only the outer
subshell and is also in good agreement with experiment.
We note that for single ionization, the CTMCM6 model
agrees better with experiment than the CTMCM36 re-
sults, but this may well be accidental, since we believe
that it overestimates the single-ionization cross section.
The reason for this behavior is that it is less probable to
remove only one electron in the CTMCM36 model than
in the CTMCM6 model, which reflects the tendency for
multiple ionization to dominate single ionization in
many-electron atoms.

Also in this figure we present the total cross sections
for sing1e ionization and for free-electron production in
positron-krypton collisions, as calculated using both the
CTMCM6 and CTMCM36 models. For positron impact,
we see that the differences between these two models are
smaller than they are for proton impact. This reflects the
fact that due to their small mass, positrons do not possess
sufhcient energy to remove an inner-shell electron from
krypton at these intermediate collision velocities. There-
fore, noting this agreement between these two models, we
have calculated the ionization differential scattering cross
sections which we will discuss later using the CTMCM6
model. For comparison, we also present in this figure ex-
perimental data for free-electron production in collisions
of electrons with krypton. As has been already demon-
strated for helium targets, ' the ionization cross section
for positrons is quite similar in magnitude to that of elec-
trons in this velocity range. Figure 3 shows that a similar
conclusion is obtained for krypton.

We note for completeness that the models that we have
used do not contain any mechanism for final-state rear-
rangement. Specifically, if in the ionization process an
electron is removed from an inner she11, Auger relaxation
would result in the ejection of additional electrons. We
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FICs. 4. The total cross section for charge transfer in col-
lisions of proton and positrons with krypton: experimental
measurements of DuBois (Ref. 26) (open triangles), experimen-
tal measurements of Diana et al. (Ref. 8) (solid squares),
CTMCM36 (solid curves), CTMCM6 (dashed curves), 6
CTMCM (dot-dashed curve), and 4s and M-shell contributions
from the CTMCM36 (dotted curves).

estimate that in the impact-velocity range considered
here, inclusion of Auger events would not modify our
single-ionization cross section by more than 15%. Re-
garding free-electron production, DuBois and Manson
have argued that below a velocity of approximately 3 a.u.
the Auger contribution should be negligible. They fur-
ther argue that above about U=6 a.u. Auger relaxation
should dominate. Thus, we expect that in the velocity
range considered here, inclusion of final-state rearrange-
ment would increase the calculated free-electron produc-
tion cross section at large velocities.

In Fig. 4 we present the results of our calculation of
the total cross section for charge transfer in collisions of
both protons and positrons with krypton. For proton-
krypton collisions we have again used both the
CTMCM6 and CTMCM36 models. As the figure indi-
cates, at low velocities these models agree well with each
other and with experimental measurements. However, as
velocity is increased we note that capture from the inner
shells of krypton begins to become significant and there-
fore the model which treats all the electrons yields a
larger cross section. To illustrate this dependence we
have also included in the figure a curve representing the
M-shell contribution to the cross section. If this contri-
bution is added to the cross section predicted by the
CTMCM6 model, which includes only the outer shell,
one sees that this accounts for most of the difference be-
tween CTMCM6 and CTMCM36 results. We have ob-
served that our calculations agree well with the experi-
mental data of Horsdal-Pedersen and Larsen as to the
relative importance of the M shell to the total cross sec-
tion.

For both proton and positron impact of krypton at the
higher velocities considered here, we expect that our
CTMC treatments overestimate the charge-transfer cross
sections due to the fact that capture may proceed to clas-
sically allowed states which are too tightly bound. This
overestimation, which has been observed previously, does
not affect the conclusions that we draw, however, since

the integrated wide-angle ionization and elastic cross sec-
tions are much larger in magnitude than the charge-
transfer cross sections.

For positron impact, this figure indicates that most of
the difference between the CTMCM6 and CTMCM36 re-
sults may be attributed to the M-shell contribution. We
note that in this velocity range, the M-shell cross section
is generally much smaller for positrons than for protons
due to the positron's much smaller mass and energy, but
at the highest velocity considered here they become
roughly equal. At still higher energies, it is expected that
the cross section for positrons become larger than that
for protons.

In Fig. 4 we also present the capture cross section com-
puted using the 6CTMCM model in which six electrons
are explicitly included. For proton impact, the
6CTMCM and the CTMCM6 models are found to agree,
and therefore, we only present our calculations for in-
cident positrons. As may be seen in the figure, the expli-
cit inclusion of all six outer electrons significantly
changes the total cross section at small impact velocities
in comparison with the independent-electron approxima-
tion value. We find that a dynamical correlation between
the electrons exists despite the absence of interaction be-
tween them. This correlation between electrons takes
place through the coupling between the movement of the
electrons and the positron. Further, the increase in the
capture cross section is due to multiple-scattering events
in which the positron first interacts with one or more of
the six explicitly included electrons being deflected
and/or accelerated into such a trajectory that it readily
vector momentum matches with another of the electrons.
For heavy-ion impact this coupling does not significantly
affect the total cross section since the trajectory of the
projectile is almost unaffected.

In our previous work we have calculated the ratio of
the positron-ionization total cross section to that for pro-
tons, as well as the ratio for charge transfer. These ratios
have been explained in terms of a model of the differences
in the collision dynamics arising due to the differences in
projectile mass. In the systems considered before' '

(i.e., hydrogen and helium), the velocity range of 1 to 4.5

a.u. was sufhcient to allow us to draw some conclusions
as the asymptotic behavior of the capture ratio. Howev-
er, in krypton, since as velocity is incre-sed the influence
of the various subshells also increases in importance, this
limited velocity range is no longer sufficient to indicate
the large velocity behavior. In fact, the asymptotic be-
havior of this ratio should be given by the cross sections
from the K shell. As different subshells begin to play an
important role we also expect the ratio to display
inflections. That is, the velocities for which each subshell
becomes important for capture by protons or by posi-
trons is different due to the mass difference between these
two projectiles (see Fig. 4).

We may, however, conclude that positrons are more
likely to capture an electron from krypton than equivelo-
city protons at high intermediate velocities. Specifically,
at a velocity of 4.47 a.u. the positron charge-transfer
cross section is about 1.5 times as large as the corre-
sponding proton cross section. This ratio is much small-
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er than in hydrogen or helium where the same shells con-
tribute for both projectiles. If we consider only capture
from the outer shell of krypton, the ratio is approximate-
ly nine, clearly illustrating that the ratio is very sensitive
to the subshells accessible to the projectiles. In hydrogen
and helium, the greater ability of positrons to vector
momentum match with a target electron accounts for
their enhanced capture cross section relative to protons,
but in krypton, this ability is not as great an advantage.
That is, even though the positron may readily vector
momentum match, the proton may remove any one of a
larger number of electrons.

As to the ratio for ionization, these calculations indi-
cate that at high intermediate-collision velocities, posi-
trons and protons are equally likely to singly ionize kryp-
ton. However, the free-electron production cross sections
converge much more slowly as velocity is increased. For
example, at v=4.47 a.u. the proton cross section is a fac-
tor of 1.4 greater than that for positrons. At smaller ve-
locities, around the maximum of the cross sections, the
proton cross section is about twice as large as the posi-
tron cross section. This enhancement for free-electron
production by protons is due to the greater probability
that protons will remove more than one electron from
krypton. Equivelocity positrons, due to their smaller
mass and therefore energy, are less likely to do so.

In Fig. 4 we also include the recent experimental deter-
mination of the charge-transfer cross section in positron-
krypton collisions as measured by Diana and co-
workers. We see that, as in the case of positron-helium
collisions, the slope and magnitude of the experimental
cross sections at high intermediate velocities disagree
with our calculations. Below we illustrate how this
disagreement may be resolved in a manner similar to that
which we have used for the measurements in helium.
That is, by calculating the loss of flux of positrons due to
the lack of confinement of positrons scattered to large an-
gles after ionizing and elastic collisions.

To this purpose, we first display in Fig. 5 CTMCM6
calculations of the ionization differential cross section as
a function of the scattering angle for krypton. This figure
shows that conclusions similar to those for helium may
be drawn as to the degree of wide-angle scattering at
these relatively large velocities. Furthermore, at a veloci-
ty of 3.83 a.u. we include results of our 6CTMCM model
which, we note, agree well with the independent-electron
approximation results. We have also calculated total
cross sections using this six active-electron model
throughout the velocity range under consideration and
find that, in contrast to the cross sections for capture, the
ionization cross sections do not strongly depend on the
differences between the CTMCM6 and 6CTMCM mod-
els.

To demonstrate that we may account for the difference
between the measured cross section and our theoretical
cross section we proceed as in Sec. III and compute the
fraction of the positron flux which escapes confinement.
From Eq. (18) we compute this fraction for ionization
directly from our calculated differential cross sections.
We have estimated the elastic cross section for positron
impact from experimental measurements for electron im-
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FIG. 5. The differential cross section as a function of the pro-
jectile scattering angle for ionization in collisions of positrons
with krypton at several velocities as indicated: CTMCM6 (solid
curves) and 6CTMCM (dotted curve).

pact as, to our knowledge, no published measurements
of the elastic differential scattering cross sections for
positron-krypton collisions exist. Taking into considera-
tion theoretical calculations by Nahar and Wadehra ' of
the elastic differential cross sections in collisions of posi-
trons and electrons with argon, we expect that the magni-
tude of the elastic cross sections for electron or positron
impact on krypton should not differ too much when in-
tegrated over the angular range of 0, to n.—0, . In fact,
performing this integration of the elastic differential cross
section for electron and positron impact of argon of these
authors we find that they differ by less than a factor of 2
for velocities greater than 2.7 a.u. Also, we expect that
the differential cross section at large angles in the excita-
tion channel should be at least one order of magnitude
below the ionization and elastic differential cross sections.

Of course, the accuracy of the adjustments which we
calculate is limited by the accuracy of each of these es-
timations of the true differential cross sections. Even
though these adjustments do not represent absolute mag-
nitudes they do, however, indicate the degree of enhance-
ment of the measured cross sections over those which we
believe on the basis of this model would be obtained with
perfect large-angle scattering confinement.

Thus we demonstrate in Fig. 6 that the behavior of the
experimental measurements can be reproduced by includ-
ing the fractions of the ionization and elastic cross sec-
tions for those scattered positrons which escape
confinement. That is, we plot cr,o+f;„o;+f,„o, along
with the experimental data of Diana et aI. and a fit of
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FIG. 6. The total cross section for charge transfer in
positron-krypton collisions: experimental measurements of Di-
ana et al. (Ref. 8) (solid squares), fit of the best CTMC calcula-
tions (solid curve), CTMC charge-transfer cross section plus the
fraction not confined of the ionization cross section (dotted
curve), and CTMC charge-transfer cross section plus the frac-
tions not confined of the ionization and elastic cross sections
(dashed curve).

our best CTMC calculations of the charge-transfer cross
section. We have not performed calculations of f,„o,
for impact velocities smaller than 2.5 a.u. since, accord-
ing to Ref. 31, the total cross sections for positrons can-
not be estimated in terms of those for electrons.

V. CONCLUSIONS

Using a variety of different CTMC models we have cal-
culated the ionization differential scattering cross section
for positron-helium and positron-krypton collisions. We
have found that the cross section for the scattering of
positrons to large angles in ionizing collisions is on the
order of, or much greater than, the total cross section for
positronium formation. Using these models we have also
calculated the total cross section for single ionization,
free-electron production, and charge transfer in positron-
and proton-krypton collisions. Our results for protons
are in generally good agreement with experimental mea-
surements of these processes.

Our results have also indicated that in positron-helium
collisions at high intermediate velocities, the explicit in-
clusion of two active electrons does not significantly
influence the shape or magnitude of the calculated
differential cross sections, nor does the use of a model po-
tential, as compared to our independent-electron approxi-
mation, screened Coulomb interaction model. Similarly,
for positron-krypton scattering, the differential cross sec-
tion has been demonstrated to be relatively insensitive to
the explicit inclusion of all six outer subshell electrons, an
independent-electron model yielding reasonable results.

This insensitivity to the explicit inclusion of many ac-
tive electrons is also present in the total cross sections for
proton impact, due to the fact that the proton is nearly
undeflected. However, for low-velocity collisions of posi-
trons with krypton, the explicit treatment of the six outer
electrons increases the total cross section for charge
transfer due to a multiscattering mechanism in which one

or more of the electrons first deflects the positron into
such a trajectory that it may more easily vector momen-
tum match with another electron. On the other hand, it
is found that the explicit inclusion of the six outer elec-
trons does not influence the positron-ionization total
cross section.

Further, we find that the total cross sections for
positron- and proton-impact ionization of krypton con-
verge to the same value at high velocities for both single
ionization and free-electron production. In the case of
free-electron production, the convergence is slower as a
function of velocity than for single ionization. This
occurs since positrons, owing to their smaller mass, have
less energy available for multiple ionization than do
equivelocity protons. In the charge-transfer channel, we
find that positrons are more likely to capture an electron
from krypton than are protons at high velocity due to the
positron's greater ability to vector momentum match
with an orbital electron. The asymptotic value of the ra-
tio of the positron to proton charge-transfer cross section
is expected to generally increase but to experience
inflections due to the changing importance of the various
subshells of krypton.

Finally, we have demonstrated that by accounting for
the loss of flux in the recent experiments measuring posi-
tronium formation due to positrons that are scattered to
angles which allow them to escape confinement, the
disagreement between theory and experiment may be
resolved. We emphasize that even though the percentage
of the ionization (or ionization plus elastic) cross section
which is lost is very small, this contribution to the at-
tenuation of the positron beam is equal to or larger than
that due to positronium formation at high intermediate
velocities.
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APPENDIX: ESTIMATION OF THE EXPERIMENTAL
CONFINEMENT ANGLES

Here we determine the angular scattering regions to
which a positron may be deflected and still be confined
to the beam in the experiments by Fromme et al. and
Diana and co-workers. ' ' The reader is referred to the
descriptions of the details of the individual experimental
apparatuses given in the works of these groups. As the
experimental techniques used by the two groups are
different, we first analyze the confinement conditions in
Ref. 7 and then those in Refs. 5, 6, and 8.

Fromme et al. have used an axial magnetic field to
confine the positron beam to the forward direction as it
passes through the target gas region. Let us now consid-
er the motion of a positron after an ionizing collision
with a target gas atom in this situation. In such an event
the positron will be deflected to some laboratory angle 0
referred to the incident beam, the z axis, with some final
energy Ef. We decompose the final velocity of the posi-
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v,
~

=+2EI /m cos9,

v~=+2E&/m sin&,

(Al)

(A2)

where m denotes the positron mass.
In the presence of the magnetic field, the subsequent

motion of the positron will consist of a translation along
the z axis with constant velocity vll and a circular move-
ment about the B field with a radius given by the well-
known Larmor radius rL

mv~c
PL =

Iql&
' (A3)

where lql is the magnitude of the positron charge, c is the
speed of light, and B is the magnetic-field strength.

In order that the positron be confined to the beam after
such a collision, two conditions must be satisfied. First,
the positron must not be deflected to backward angles,
0 & 90, and second, the radius rL must be small enough
so that the positron does not collide with the wall of the
chamber. This second condition may be written as

rL &A(R, —Rb), (A4)

where R, is the radius of the scattering chamber and Rb
the radius of the beam and where A, represents a geome-
trical factor relevant to the details of the experimental ar-
rangement, or, making use of (A2) and (A3),

tron into its parallel and perpendicular components rela-
tive to the z axis, and therefore to the B field,

function of the incident velocity. The dotted curve indi-
cates the result of applying the expression (A8).

In addition to the magnetic field used by Fromme
et al. to confine the positrons to the beam, Diana and
co-workers have utilized a set of electrodes in order to
reflect back those positrons scattered into the backward
direction. Therefore, the only confinement condition for
these experiments is that the scattered positrons do not
collide with the walls of the chamber; i.e., condition (A4).
In other words, no restriction for the confinement is
found when K )E&. However, if K &E&, those positrons
scattered to angles in the range 0, & 0 & a —0, will be lost
from the beam.

In order to estimate the confinement angle 0, in the ex-
periment of Diana and co-workers, we simply form the
product (R, —Rb )8 and compare it to the same quantity
for the experiment of Fromme et al. From the articles
by these two groups we find that R„Rb, and B are, re-
spectively, 0.5 cm, 0.2 cm, and 300 G for the experiment
of Fromme et al. and 1.0 cm, 0.25 cm, and 100 G for the
experiment of Diana and co-workers, and the two prod-
ucts are then 75 and 70, respectively. Thus, we see that
even though the magnetic fields differ by a factor of 3,
this product of experimental parameters differs only by
about 7%.

In Fig. 7 we also present the confinement angle for the
experiment of Diana and co-workers (solid curve). The
constant K for this experiment is found by multiplying
the constant Kz by the ratio of the products obtained
above and yields K~ =73.7 eV. As this figure indicates,

rI =mc+2E&/m sin8/lqlB &A(R, Rb) . —(A5)

0 =
C

where we define the term K as

Therefore, positrons wi11 be irretrievably lost from the
beam if the deflection angle is greater than 90 or greater
than the angle given by solving (A5) for 0. Thus, the
confinement condition is 0 & 0„0,being the confinement
angle defined as follows:

90 for K ~E~
sin '[(K/E&)'~ ] for K &E/

(A6)

100

U 40—
Ei

&(R, —R, )lql&

&2m
(A7)

80—
The confinement angle is therefore determined by the

experimental parameters R„R&, and B. This form
agrees with the estimate of the confinement angle given
by Sinapius and Raith which is

90' for Eo ~100 eV
1/2

79 eV
sin for Eo) 100 eV

(A8)

e +He

1 2 3
Ve 1 ac i ty (a. u. )

where Eo is the impact energy, E, is the ionization poten-
tial of the target species, and the term Eo —E,- approxi-
mates the final energy of the positron. From (AS) we see
that for the experiment of Fromme et al. the constant
takes on the value of 79 eV. Thus we define Kz =79 eV.
In Fig. 7 we display the behavior of this critical angle as a

FIG. 7. The confinement angle as a function of positron im-
pact velocity: confinement angle for the apparatus of Diana
et al. in ionizing collisions (solid curves) and for elastic col-
lisions (dashed curves) and confinement angle for the apparatus
of Fromme et al. for ionizing collisions (dotted curve). E; indi-
cates the threshold energy for ionization of each target.



4958 D. R. SCHULTZ, C. O. REINHOLD, AND R. E. OLSON

the confinement angle as a function of incident velocity is
nearly the same in both the experiments.

Since Diana and co-workers have also performed mea-
surements of the positronium formation cross section in
positron-krypton collisions, we have also analyzed the
confinement angle for this case. This angle can be ob-
tained from expression (A6), using our CTMC calculation
of the mean final positron energy as a function of incident
velocity and the value deduced above for the constant

K~. The results of this calculation are displayed in Fig. 7
(solid curve).

As we indicate in the text above, loss of flux in
positron-krypton measurements may also come from
large-angle elastic scattering. Thus we also display in
Fig. 7 the confinement angle for this channel (dashed
curves). The critical angle can in this case be obtained by
replacing the final energy in ionizing collisions [i.e., the
denominator in expression (A8)], by the initial energy Eo.
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