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OPTIMAL DESIGN RULES APPLIED TO THE DESIGN OF 
HIGH-SPEED MECHANISMS UNDER DEFLECTION AND 

STRESS CONSTRAINTS 

F. W. Liou and J. D. Liu 
Department of Mechanical and Aerospace Engineering and 

Engineering Mechanics 
University of Missouri, Rolla 

Rolla, Missouri 

ABSTRACT: 

Presented in this paper are two approaches for the 
design of flexible mechanisms under stress and deflec
tion constraints. Based on the optimality conditions 
derived in this paper, two procedures are developed to 
design the minimum weight of mechanisms subject to 
stress and deflection limitations. The first procedure 
is the improvement of Thornton's design process r 17 
), and the second procedure is based on the interpola
tion technique. Several design examples are also pre
sented to demonstrate these methods. 

INTRODUCTION: 

While most of the studies have been emphasized on 
the Kineto-Elasto-Dynamic analysis [ 1-15 ], only a 
small number of papers have been given to the synthe
sis part. Iman and Sandor [ 4, 7 ) investigated the 
synthesis Sandor [ 4, 7 ] investigated the synthesis 
problem under vibrational effects and treated it as a 
nonlinear under vibrational effects and treated it as 
a nonlinear programing problem. Khan and his co
workers [ 16, 17 ) used optimality criterion technique 
to develop recursion formula and pointed out that it 
was much superior to the non-linear programming tech
niques. Cleghorn et al. [ 18 ) presented a new proce
dure in which the finite difference method was used 
between cross-sectional diameter and maximum stress in 
each link to derive Jacobian matrix. Zhang and Gradin 
[ 19 ) improved Khan's and Cleghorn's recursion formu
las to develop optimum design procedure. Based on the 
general design rules [ 21 ], Liou and Liu [ 20) 
developed recursion formulas for flexible mechanism 
design and showed that they were very efficient. 

Among these research activities, most of the 
designs involved only single ( stress or deflection 
constraint. More practical design problems occur when 
both stress and deflection constraints are included. 
Thornton et al. [ 17 ) solved this problem using 
stress and displacement recursion formulas derived 
from optimality criterion techniques to negotiate 
between the two constraints. Zhang and Gradin [ 19 ) 
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changed both cross-sectional parameters and geometri
cal parameters by using kinematic refinement tech
nique. In each of the methods, the optimal solution is 
not easy to obtain by iteration due to the stability 
of the problem. In this paper, the optimality condi
tions including both stress and deflection constraints 
are derived. Based on these conditions, two design 
procedures are developed. 

OPTIMALITY CONDITIONS : 

A mechanism composed of N members is considered in 
this derivation. The design goal is to find the cross
sectional sizes of each member, characterized by the 
design variable Yi to minimized the total volume V : 

(1) 

subject to 

where 

i=l,2,3, ... ,N (2) 

j=l,2,3,, .. ,M (3) 

cross-sectional area in ith member 

length in ith member 

maximum absolute stress in the ith member 

specified allowable stress in the ith member 

maximum absolute displacement at the jth point 

specified allowable displacement at the jth 

point 
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N number of members 

M number of points with specified deflection 

Since variable Yi can be the cross-sectional area 
Ai, the diameter of a circular member, or the other 
similar quantity, the area Ai can be expressed as a 
function of the design variable Yi. 

(4) 

where C and b are constants. 

Considering the mechanism moves periodically, the 
allowable stress in the ith member can be written as 

where 

IPil is the maximum 
member during movement 

absolute 

(5) 

force in the ith 

Considering any member i which contains the 
deflection constraint at point j, from the general 
design rules, jxjl is proportional to l/Ai [ 20 ]. 
i.e., 

(6) 

where Di is a positive constant. 

After solving equations 
equations can be obtained. 

(1) to (6), the following 

N 
v - L c yib Li 

i-1 
(7) 

(8) 

(9) 

where V is the objective function, gi and gj are 
the constraints. From Kuhn-Tucker conditions, the fol
lowing equations can be defined 

(10) 

(11) 

a~ I Pd (12) - Uai = 0 
8>.i CYib 

a~ Di (13) - Xaj ~ 0 
B>.j CYib 

Because the stress constraint can be applied to 
every member of the mechanism under the strength con
sideration, and the deflection constraint can be 
applied to certain point(s), two optimality conditions 
can be discussed by solving equations (11) to (13). 

CONDITION 1 : 

If any member i does not include the deflection 
constraint ( i.e., only stress constraint gi is active 

in this member), then the deflection constraint can 
be ignored in equations (11) to (13). After solving 
equations (11) to (13), it is found that only when 
luil= C7ai is the optimality condition. 

CONDITION 2 : 

If any member i contains the deflection constraint 
at point j, then three cases can be discussed : 

<a> 
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If both gi and gj are active, the optimality 
condition is when both luil= uai and IXjl= Xaj· 

<b> 
If ~i is active but g 1 is inactive, then only 

when luil= uai is the optimalicy condition. 

<c> 
If g· is inactive but g 1 is active, then 

when lxjl= Xaj is the optimality condition. 
only 

These conditions can be used to determine whether 
the current design has reached the optimum or not. For 
example, if a design satisfies the stress constraint, 
( i.e. the maximum stress equals the allowable stress 
in each member of the mechanism), and if all of the 
deflections in the specified points are below the 
allowable deflections, then this case satisfies the 
optimality condition 2-b. The solution obtained under 
the stress constraint is the optimum solution. 

Based on the above discussion, the following 
design procedures can be developed for designing high
speed mechanisms. 

DESIGN PROCEDURE I : 

Thornton et al. [ 16, 17 ) developed a design 
procedure to include stress constraint with the recur
sion formula 

(14) 

where ~ is the relaxation factor which is equals 
to unity [ 16, 17 ]. 

The same formula can also be obtained from design 
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rule approach [ 20 ]. This formula can be used to cal
culate the cross-sectional area Ai which satisfies the 
stress constraint. Zhang and Gradin [ 19 ] reported 
that ~ can be replaced by a variable ~· to reduce the 
iteration time. 

log(Ai>v+l - log(Ai)v 

logluilv - logluilv+l 
(15) 

From the design rule approach [ 20 ], the rela
tionship between areas and deflections can be 
expressed as 

(16) 

where r is also a relaxation factor. 

Formula (16) is easier to resize the cross
sectional area corresponding to the deflection con
straint. The design procedure is suggested as follows 

1. Use formula (14) to determine a set of areas Ai 
which satisfy the stress constraint. 

2. Input the above Ai to analysis software to obtain 
the maximum absolute deflections IXil in those 
specified points. Locate those points whose !Xii 
are greater than the allowable deflections Xai· 
For convenience, these points (members) are called 
"group D". Those members in group D satisfy the 
optimality condition 2-c; i.e., only the deflec
tion constraint is active. 

3. Use formula (16) to resize those members in group 
D and formula (14) to determine the cross
sectional areas for all the members ( including 
those in group D ). Choose the one with larger 
area between those from formula (16) and those 
from formula (14) for the members in group D. ~· 
value in formula (14) is set between the range of 
0.01 and 1.0. r value in formula (16) is set 
between 0.001 to 0.4. At the begin of the iter
ation, a large value of r ( say 0.4 ) can be 
chosen for fast convergence. If the maximum stress 
in any member consequently increases twice in the 
successive iterations ( this means the iteration 
may diverge), then reducer by one half. 

4. If all of the members satisfy the optimality con
ditions then exit; Otherwise back to step 3 to 
continue. 

This design procedure can be used to design most 
of the flexible mechanism problems quite efficiently. 
However, in some cases, such as when the specified 
deflection are too small or when too many points 
belong to group D (say more than two points), this 
procedure can perform badly. Therefore, design proce
dure II is suggested to solve these problems. 

DESIGN PROCEDURE II : 

If considering the normal case that the lengths of 
the mechanism are much greater than its thicknesses, 
the axial stress can be neglected. Also assume that 
the mechanism is composed of symmetric cross-sectional 
areas and moves with constant velocity. From the gen
eral rules [ 21 ], both maximum stress lul and maximum 
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def~ection IXI in the same member are proportional to 
l/A (A is the cross-sectional area of the member ). 
Thus lul are proportional to lxl. For those members in 
~roup D (same as described in design procedure I ), 
lul should be reduced to allow lxl equals Xa to 
satisfy the optimality condition 2-C. The degree of 
reducing lul can be done by the interpolation 
technique. Referring to Figure 1, Data No.l and Data 
No.2 are used to obtain Data No.3, then a cubic inter
polation function is used to approximate the actual 
function, and the final point F can be obtained. The 
design procedure is described below : 

1. Same as step 1 in design procedure I. 

2. Same as step 2 in design procedure I to obtain 
group D. Each member in this group has an active 
deflection constraint. Also gather those members 
with active stress constraint as group S. From the 
optimality condition 2-b, the maximum stress luil 
in ~roup S should equal the allowable stress uai• 
and luil should be reduced to allow jxjl equal Xaj 
in group D. 

3. Compute the value of IXjl/Xaj for each point of 
group D, and call this relative value as ~ for 
convenience. Find the most critical member; i.e., 
the member with maximum~- Record luil and lxjl in 
the critical member. This will be the first set of 
data for numerical interpolation later, and then 
be expressed as luill and IXjll· 

4. Reduce the allowable stress uai in the critical 
member to some value (uai)l and keep uai in other 
members the same as before. Repeat the process 
based on the new allowable stresses (ua1>1 to 
obtain the second set of data luil2 and 1Xjl2· 
The choice of (uai>l depends on the difference 
between the allowable deflection Xaj and lxjll· If 
Xaj is quite close to lx1 11 • then \uai>l can be 
chosen near uai· Normally (uai>l can be chosen as 
half the value of uai· 

5. Interpolate the first and second sets of data 
luill• IXjll• luil2 and lxjl2 to calculate the 
approximate value of (uai> 2 for the desired Xaj· 
Use the same process as step 4 to obtain lui13 
and lxjl3· If 1Xjl3 is quite close to Xaj• then 
set uai equal (uai>2 and back to step 2 to 
continue the calculation; otherwise use three sets 
of data luill• lxjll• luil2• IXil2. luil3 and 
lx113 for interpolation to obtain \uai>3· This 
will be the appropriate stress value. 

6. After all of the lxjl in group Dare within the 
acceptable range ( say the relative error of both 
stress and deflection between the maximum value 
and the allowable value is smaller than 5 % ), 
then exit; Otherwise, update uai to equal (uai>3 
and back to step 2 to iterate again. 

In both of the design procedures, if only deflec
tion constraint is active in all of the members, then 
it can easily be solved by equation (16). This type of 
problem has been studied by Liou and Liu [ 20 ], where 
the value of r is a variable defined as 

r = 
log(Ai>v+l - log(Ai)v 

logjXilv - loglXilv+l 

From experience, r is within the range of 
1.0 and will ensure the convergence. 

(17) 

0.01 to 
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IX3 I - - - - - - - - - - - - - - - - - - -

Maximum Strna 

Figure 1 Numerical interpretation in the critical 

EXAMPLES : 

member for Design Procedure II ( Line A 
-linear interpolation function, Line B -ac
tual function ) 

(A) A four-bar mechanism is shown in Figure 2 with 
specifications as follows : 

Length of OA - 12.0 in ( 30.48 cm ) 
Length of AB - 38.0 in ( 96.52 cm ) 
Length of BC - 38.0 in ( 96.52 cm ) 
Length of OC - 48.0 in ( 121.92 cm ) 
Crank speed • 31.4 rad/sec ( counter-clockwise 
Modulus of elasticity - l.03x107 psi 

( 7.lx1010 N/m2 ) 
Mass density• 0.1 lbf/in3 ( 2678 Kg/m3 ) 
Cross-sectional shape - rectangular 
[ constant width equals 4 in ( 10 .16 cm ) , and 
design variable is the thickness of the individual 
link ] 
The allowable stress for each link - 5000 ~si 

( 3.447xlo7 N/m2 ) 

The allowable deflection at the mid-point of the 
coupler link - 0.08 in ( 0.2032 cm ) 

Both quasi-static and full dynamic methods are 
used for the design with design procedure I. The 
design results are shown in Table l, Only six iter
ations are needed for the full dynamic analysis and 
five iterations are needed for the quasi-static analy
sis. It is found that both the stress and deflection 
constraints can be satisfied. 

(B) Another four-bar mechanism is shown in Figure 3 
with specifications as follows : 

Length of OA - 12.0 in ( 30,48 cm j 
Length of AB - 36.0 in ( 91.44 cm ) 
Length of BC - 36.0 in ( 91.44 cm ) 
Length of OC - 48.0 in ( 121.92 cm ) 
Crank speed - 31.4 rad/sec ( counter-clockwise ) 
Modulus of elasticity - 1.03xlo7 psi 

( 7.lxlolO N/m2 ) 
Mass density= 0.1 lbf/in3 ( 2678 Kg/m3) 
Cross-sectional shape - rectangular 
[ constant width equals 4 in ( 10.16 cm ), and 
design variable is the thickness of the individual 
link l 

-11ectlon p-p' 

0 

B 

w a 4 ID (10.18 om,) 
l - variables 
• a speolftod pobatll 

Figure 2 Four-bar linkage and the specified point 
for deflection for Example 1 
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Method Unk 

Cnmk 

Ji'ul1 Vibration Coupler 

Follower 

Cnmk 

Quaal-BlaUc Coupler 

Follower 

Table 1 

-section p-p' 

0 

Designed Kaz. DefiecUon ID Hazlmum Stna 
Thlclmess Specllled Point 

(pd) (ID.) {ID.} 

1.718 -- 4987.17 

1.053 0.081 2883.87 

0.862 - 5001.66 

1.010 - 4998.11 

0.800 0.080 2014.37 

0.414 - 4999.97 

Designed results for Example 1 

B 

w • 4 ID (10.18 om,) 
t - 'flll'lablell 
• - epeoUfed pollatll 

Figure 3 Four-bar linkage and the specified point 
for deflection for Example 2 
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The allowable stress for each link - 5000 psi 
( 3.447xl07 N/m2 ) 

The allowable deflection at the mid-point of the 
follower link - 0.02 in ( 0.0508 cm ) 

This problem can not easily be solved by using 
design procedure I, although r value has been reduced 
quite close to zero. Design procedure II can be used 
to solve this problem. Both the full dynamic and the 
quasi-static methods are used for the design. The 
design history for full dynamic analysis is shown in 
Table 2 and quasi-static analysis is shown in Table 3. 
Twenty-six iterations are needed by using full dynamic 
method and sixteen iterations are needed for the qua
si-static method. It can be found that both the stress 
and deflection constraints are satisfied. 

Specified Designed Mme. Strea Itere.Uon llu:in Dlap. 
Step link Stress Thlclmesa 

(psi) Speolfled Point Number 
(psi) (In) (In) 

2 6000 1.116 4963.94 --
1 3 6000 0.664 4946.08 -- 8 

4 6000 0.679 4993.64 0.241 
2 6000 3.184 4986.28 --

2 3 6000 0.700 4838.09 -- 8 
4 415.0 9.216 403.29 0.009 
2 6000 2.688 4998.81 --

3 3 6000 0.878 4761.10 -- 8 
4 821.24 6.828 814.04 0.011 
2 6000 2.000 4917.62 --4 3 6000 0.702 4821.08 -- 8 
4 1167.62 2.810 1188.36 0.019 

Table 2 Design history for Example 2 by using full 
dynamic method 

Speolfted Designed Mme. stresa Mme.In Dlap. ltere.Uon 
Step link stress Thlolmesa 

(psi) Sp4:\ Point Number 
(psi) (In) 

2 6000 0.860 6160.76 --
1 3 6000 0.294 6000.00 -- 4 

4 6000 0.369 6000.00 0.388 
2 6000 1.893 6002.16 --

2 3 6000 0.302 6000.04 -- 6 
4 300.0 8.496 300.00 0.013 
2 6000 1.829 6043.07 --

3 3 6000 0.299 4999.89 -- 4 
4 401.88 4.736 401.88 0.016 

2 6000 1.311 6210.87 --4 3 5000 0.297 6000.76 -- 3 
4 816.20 3.024 816.48 0.020 

Table 3 : Design history for Example 2 by using qua
si-static method 

(C) The third mechanism is shown in Figure 4 with spe
cifications as follows 

Length of OA - 12.0 in ( 30.48 cm ) 
Length of AB 36.0 in ( 91.44 cm ) 
Length of BC 36.0 in ( 91.44 cm ) 
Length of OC 48.0 in ( 121.92 cm ) 
Crank speed 31.4 rad/sec ( counter-clockwise ) 
Modulus of elasticity - l.03xlo7 psi 

( 1.1x1olO N/m2 ) 

Mass density - 0.1 lbf/in3 2678 Kg/m3 ) 
Cross-sectional shape = rectangular 
[ constant width equals 4 in ( 10.16 cm ), and 
design variable is the thickness of the individual 
link ] 
The allowable stress for each link = 5000 psi 

( 3.447xlo7 N/m2 ) 
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The allowable deflections : 

crank link (at mid-point) : 0.1 in (0.254 cm) 
coupler link (at mid-point) : 0.1 in (0.254 cm) 
follower link (at mid-point) : 0.1 in (0.254 cm) 

Again, since this problem can not easily be solved 
by using design procedure I, design procedure II is 
suitable for this problem. Quasi-static method is used 
for the this example. The design history is shown in 
Table 4. Twenty iterations are needed to complete the 
design. The optimal design results are shown in Table 
5. 

-11eotlon p-p' 

0 

B 

... - 4 ID. (1G.18 am) 
t - 'VUlalt!a 
• - apeolfled patat. 

Figure 4 Four-bar linkage and the specified points 
for deflection for Example 3 

step Unk ~stresa DeslsD"fm.~ 
Kaz.ID. DJap. 

Iteratkm Ro. 
~Pam.t 

2 6000 0.860 0.028 
1 8 8000 Q.294 0.488 4 

4 8000 O.ll69 0.888 

2 8000 0.831 0.017 
2 3 2600 0.690 0.122 ' 4 6000 0.381 0.381 

2 5000 0.862 0.017 
s 8 2348.78 0.828 0.107 4 

4 6000 0.381 0.8111 

2 6000 0.964 0.016 
4 3 2348.78 0.828 0.107 4 

4 2600 0.728 0.094 

5 
2 llOOO 0.960 0.016 
3 2849.78 0.828 0.107 4 
4 26158.18 0.709 0.098 

Table 4 Design history for Example 3 

Deldped llaslmum Kaz. IHllplacement ID Tlltal Volume Unk 
Thl,i!\1- ~ Speolfl.ed Point (ID.8) (In) 

Crank 0.960 6024.80 0.016 

Coupler 0.828 2349.78 0.107 2311.13 

Follower 0.709 2668.18 0.098 

Table 5 Designed results for Example 3 
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(D) Another four-bar design problem is shown in Figure 
5 with specifications as : 

Length of OA - 12.0 in ( 30.48 cm ) 
Length of AB - 30.0 in ( 76.20 cm ) 
Length of BC - 36.0 in ( 91.44 cm ) 
Length of OC = 36.0 in ( 91.44 cm ) 
Crank speed - 31.4 rad/sec ( counter-clockwise 
Modulus of elasticity = l.03xlo7 psi 

( 7.lxiolO N/m2 
Mass density - 0.1 lbf/in3 ( 2678 Kg/m3 ) 
Cross-sectional shape - rectangular 

[ constant width equals 4 in ( 10.16 cm), and 
design variable is the thickness of the individual 
link ] 
The allowable stress for each link = 5000 psi 

( 3.447xl07N;m2 ) 
The allowable deflections : 
crank link (at end-point) : 0.01 in ( 0.0254 cm) 
coupler link (at mid-point) : 0.1 in (0.254 cm) 
follower link (at mid-point) : 0.1 in (0.254 cm) 

It can be found that only deflection constraint is 
active in this example. 'lfuen equations (16) and (17) 
are used, it takes only six iterations for either full 
dynamic or quasi-static model to complete the design. 
The design results are shown in Table 6. Both stress 
and deflection constraints can be satisfied. 

In each of the examples, the initial values of the 
cross-sectional areas Ai for iteration are equal to 
unity. 

CONCLUSION : 

The optimality conditions are derived in this 
paper when both stress and deflection constraints are 
considered. Two design procedures are also suggested. 
Procedure I is the improved Thornton's design proce
dure where the iterating equation (16) is much simpli
fied and the relaxation factor can be automatically 
updated. Equation (16) is very simple and is only 
valid for the mechanisms modeled with beam element, 
due to the basic assumption of these design rules. 

In design procedure II, without using complicated 
procedure to compromise stress and deflection con
straints, interpolation technique can easily be used 
to obtain the optimal design. In most of the cases, 
design procedure I can be used to solve the problem 
quite efficiently. Design procedure II consumes more 
CPU time yet more stable. Therefore, it can be used to 
solve those problems that can not be solved with 
design procedure I. 

An obvious extension of this work will be the 
development of the optimality conditions when stress, 
displacement, natural frequency, ... etc. constraints 
are all included. Some exquisite methods can be devel
oped to involve these optimality conditions. 
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-section p-p' 

0 

B 

... - 4 In (10.111 om) 
t - ftrlables 
• - llpooUled potn.la 

Figure 5 : Four-bar linkage and the specified points 
for deflection for Example 4 

Designed Mazo DefieoUon In Hulmum Strem 
Method Link Thlclmem Speoltled Point 

(pal) (In.) (In.} 

Crank 2.129 0.010 2388.71 

Full Vibration Coupler 0.818 0.099 3548.119 

FollOTer 0.878 0.099 3408.81 

Crank 1.893 0.010 2078.18 

Quul-atetlc Coupler 0.620 0.100 2808.Bli 

FollOTer 0.805 0.100 8081.711 

Table 6 Designed results for Example 4 
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