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REDUCED ORDER MODELING METHODS FOR
TURRET - GUN SYSTEM

S. Vittal Rao
Department of Electrical Engineerng
University of Missour - Rolla
Rolla, MO 65401

Abstract

Reduced order modelling techniques are used
to design lower order robust controllers for a Turret-
Gun System. The balance-truncation, Routh
approximation, Litz's modal techniques are used to
derive reduced order models for a Turret-Gun System.
A crtical comparson of time and frequency response
characteristics between orginal and reduced order
models is made. The spillover problem associated
with a reduced order model is also investigated.

1. INTRODUCTION

One of the important problems in the control of a
Turret-Gun system is to approximate a high-order,
complex mathematical model of the system with a low-
order, simpler model. The resulting reduced order
models are useful for designing and implanting robust
controllers for a Turret-Gun System. This methodology
will provide simplicity of implementaton and reduction
in hardware requirements.

The Turret-Gun System contains nonlinear
elements, such as gear trains, servo valves, hydraulic
motors etc. In this system, the firing disturbances
excite the structural modes. Integrated Systems Inc.
(ISI) has developed a detailed nonlinear model and
identified varous parameters of -the model (1]. A linear
quadratic Gaussian with loop transfer recovery
(LQG/LTR) controller is designed for the gun system
using linearized models. We encountered the
convergence/numercal integration problems in the
simulation of this controller along with the non-linear
plant. It is also noticed that there is a large spread of
eigenvalues of the linear model [2]. For the
convergence of the control algorithms and their easy
implementation, controllers are designed using
reduced order models.

A large number of techniques are available in
the literature for derving reduced order models. In this
paper reduced order models for Turret-Gun Systems
are designed using balanced realization [3], Litz's
modal technique [4] and Routh Approximation [5,6]
methods. A crtical comparson of time and frequency
response characteristics between an original and
reduced order models is made. The choice of a
reduced order model is very significant for the validity
of reduced order robust controllers. The linear
quadratic Gaussian with loop transfer recovery
methodology is employed to design reduced order
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robust controllers. The discarded modes in the
orginal system representation can be excited by a
reduced order controller and may destabilize the
control system. This problem is known as spillover
problem and is eliminated in the proposed design
methodology.

2. DESCRIPTION AND STATE VARIABLE MODEL
OF THE TURRET-GUN SYSTEM

The Turret-Gun System consists of a 30 mm
chain gun driven by an electrical motor and is
capable of firng 600 rounds per minute. Weapon
pointing commands are generated by an integrated
helmet and display sight system using a fire control
computer.

The gun is mounted within a cradle using a
brass slide mechanism which allows for recoil
movement. Recoil adapters are mounted between the
recoiling mass of the gun and the cradle to absorb
some of the recoil force. The cradle and gun
assemblies are attached to a fork using two trunnion
pins. One trunnion pin has a resolver built into it. This
resolver provides the elevation pointing error to the
turret control box. The elevation axis positioning is
accomplished through the use of a servo valve
controlled, double acting hydraulic cylinder. The
piston has unequal cross-sectional areas to account
for gravitational effects. A delta hydraulic pressure
transducer provides rate feedback information to the
turret control box.

The fork assembly is held in place by the
Azimuth housing. The housing holds a rotary
hydraulic motor and a gearbox. The housing also
holds a train rate sensor which measures the angular
velocity of the Gun/Cradle/Fork unit, and a resolver
for measuring the angular position.The Azimuth
housing, fork, cradle and gun are attached to the
vehicle's hull.

A detailed nonlinear model of the Turret-Gun
System [11 was developed by Integrated Systems Inc.
(ISI). Preliminary testing has shown that very little
coupling exists between the elevation and azimuth
axes. Hence independent models were developed for
azimuth and elevation axes. The azimuth axis system
(Fig 1) consists of three physically identifiable
sections: (1) servovalve (2) hydraulic motor/gearbox
and (3) gun plant. A block diagram representation of
this system is shown in Fig. 2. A linear state varable
model of the Turret-Gun System is obtained by using
system build and analyzing system features of matrx x.

39

Authorized licensed use limited to: Missouri University of Science and Technology. Downloaded on August 02,2023 at 21:10:32 UTC from IEEE Xplore.  Restrictions apply. 



Let

x=Ax+Bu
y = Cx+Du
xb = Tx

where T is a linear transformation .matrix which
transforms the system representation into balance
realzation forn'.

ib = AbtXxb+Bbau (4)
Y= Cbaxb + DbalU * (5)

The Hankel singular values (oj) are determined by

C=4) Zi=1,2,...n ...(6)

where P and 0 are controllability and observability
grarmians.

The balanced realization Eq1is (4 and 5) are
partitoned as

X1= Allxl+Al2X2+Blu
*2 =A2X+ A2x22 +B2u
y = CXl+C2"2+Du

...(7)

...(8)
* -(9)

Fig 1. Schematic Diagram of Azimuth Axis System

The approximation employed is

X2(s) t-ArA2IXrs)-AmeB2lv s) nb.(10)

arid the redSCed order model is given by

where

Fig 2. Blok Diagram

3. REDUCED - ORDER MODEUNG TECHNIQUES

In this Section a bref review of various reduced
order modefing techniques is given.

(A) Balanced Realization Method:
Among the various model reduction

techniques, reduced order models derived using the
balancing-truncation [3] technique have many
advantages. This technique is based on
controllability and observability (location of actuators
and sensors) considerations of the plant. The
subsystem corresponding to dominant (non-dominant)
singular values of the balanced Grammians is termed
the strong (weak) subsystem. By approximating the
weak subsystem at co = 0, a reduced order model is
derved. Let the state varable representation of a
Turret-Gun be given by

rA=Axr+Bru
yr = Crxr+Dru

Ar = Aii1- A12A1A21
Br = Br-A12Aj&
Cr = C1 -C2A3A21
Dr=DI-C2AJB2

The reduced order models possess the
following properties [7] which are very useful in the
design of reduced order LQGILTR oontrollers.

(i) The reduced order models preserve stability,
controllability, observabiiity and minimality.

(ii) The steady state values of the original system
and reduced order model are identical.

(ii) Error bound of the reduced order model

n

[G(jo)-Gri)]1 < 2 ya
i-r+l

(iv) Reduced order models have good frequency
response match at low frequencies.

(B) Routh Approximation Method
The Routh Approximation method proposed by

Hutton and Fredland [5]. is based on the Routh
Stability criterion. This reduced order methodology
has the following properties.

(i) The reduced order model is guaranteed stable, if
the original system is stable.

40
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(ii) The sequence of Routh approximants converge
monotonically to the original system in terms of
the impulse response energy.

(iii) The method does not require any information
about the system eigenvaiues and eigenvectors.

Rao, et al [6] have developed a Routh
canonical realization in time domain for single input -
single output systems. This procedure eliminates the
reciprocal transformations used in the Hutton and
Friedland [5] proodures.

Consider a linear system represented in the
phase canonical forms

*=Ax+Bu
y =Cx

...(1 8)

...(19)

where x is an n-vector, u and y are scalar.
The Routh canoncial form is obtained by

considering a linear transformation

Z=Px ...(20)

and is given by

i=Fz+Gu
y=Ez

where F=PAPt1 G=PB, E=0C1

...(21)
...(22)
...(23)

The system matirces F and G can be written as

-Yi 0 -73 0 75 . 7vn
0 0 73 0 7s ... fn

F = -T1 -Y2 -T3 0 -Y5 -.. -n

-Yl1 -72 -T3 -Y4 -75 *.. -Tnj
G=[i 0 1 0 1 ... 1]T fornodd ...(24)

0 T2 0 74 ... 7n
-YT -72 0 -y4 *- -Yn
O 0 0 74 ... Tn

L-yi -72 -Y3 -Y4 .. -Ynj
G=[0 1 0 1 ... 11T forneven

an an-2 an-4
an-1 an-3 an0-
a2 a2 a2
aO a 4

.. a2 1
a*a 0

...(27)

The n are given by

2 nt-I
tr = 1 82 a9 'f2 = =a*@ Yn=

The transformation matrix P can be extracted from the
Routh table as

an-i 0
0 a
O0

0a>3
0

a2
0

1..1

1.

0 0 0 0 ... 1

for n odd ...(28)

For an even order n, the last column of P is replaced
by

[O 1 0 1 ... 0 ]T
The output matrix E can be evaluated using the
relaonship

E=CP-I ...(29)

A reduced order model is derived by discarcng zr+l .
mZn and is given by

where

(25)

where the values of yj are obtained from a Routh table
using the characteristic equation of the transfer
function C(sl-A)-1B.

Let the characterstic equation be

r = Arxr + Bru
* = Crxr

...(30)
...(31)

Ar=DFDT, Br=DG = EDT
and D=[l E

(C) Utz's Modal Method
The reduced order models derived on the basis

of modal techniques play a very important role in the
design of controllers for large scale systems. A large
number of modal techniques are available in the
literature [8]. Litz [4] has developed a reduced order
model based on a dominance measure and permits
larger reductions in size for the same accuracy. A
bref review of this method is given below:

Consider a linear system represented by

f(s) = sn + aisn-1+ a2sn-2 +... an =0 ...(26)

Then the Routh table can be constructed as

Let
*=Ax+Bu
x=Pz

... (32)

...(33)
where P is a transfornation matrix which transforms the
given system into Jordan canonical form
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z = Az+Gu

A dominance measure is introduced by Litz, to
determine dominant modes to be retaned, most
sensitive state variables and an appropriate order for
the reduced model. Eqluations (33) ar,d (Z'4) are
partitioned as shown below:

2] [Pi P22] Z2]

[iii [A 0] [Z2] [Gi]

~~~ZJ2 G2
...(36)

where zl and Z2 represent dominant and nondominant
states respecfively.

To derve a reduced order model, the following
approximation is introduced:

Z2- Ez1 ...(37)

From Equations (35,36 and 37)

the difference between original and reduced order
models.

Table I
Comparison ol Elganv lues

O _nal F_educed Order ModEJs(7th Order)
System Bal ed- Litzs Mo&al Routh Method

Truncatbn __

-1.713x 10-3 -1.713 x 10-3 -1.713 x 10-5 -1.713 x 1043

-5375 ±j52045 -5.375±j5045 -5375 ±j52O45 -5.375± j52045

-20265±j137.94 -20.31 ±j138.01 -20265±j137.94 -20.912±jl3821

-19.819±j94.8 *19.909±j294.8 -19.819 ±j294.8 -311.8±j541 .3

15732± j4550.7

-122.3±j6397S

Let
where
matrx.

XI= (P1+P12E)zl=FZ1 ...(38)
Z= AZ1+Gu

x,r = Fzl ..(39)
F = (PRI +P2E) is a linear transformation
The reduced order model is given by

*r = Arxr+ Bru ...(40)
whereAr = FAjF-1 and Br = FG1 ...(41)

The matrx E is determined opfimally through the use of
Lagrange multipliers to mnimize a weIhted integrl of
th square of the error between Z2 andz2. The matrix
E is given by

E = A72jS + (G2 - ST-1G¶XG;T-G1YlGT-1Aj ...(42)
where

(S],=- (G2oBi

(hj = -4,(G20q
4. DERIVATION OF REDUCED ORDER MODELS

FOR TURRET-GUN SYSTEM

A 12th order linear state variable model of the
Turret-Gun System is derved from a nonlinear system
by using analyzing systems features of
matrix x. The input and output variables are azimuth
current and train rate respectively. It is noticed that
there is a large spread in the eigenvalues of this
model. A 7th order reduced model is selcted on the
basis of eigenvalues and singular values. The
reduced order models are derved by using balance-
truncation, Litz's modal technique and Routh
approximation methods. The eigenvalues of the
original system and reduced order models are given in
Table 1. The frequency response plots of orginal and
reduced order models are given in Fig (3). There is an
excellent low frequency match between original and
reduced order models. Step response comparisons
were made between original and reduced order
models and are given in Fig (4). It is very hard to see
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5. DESIGN OF REDUCED ORDER CONTROLLERS

In order to minimize the computational and
implementation of LQG/LTR methodology, the reduced
order models are used for design of controllers. The
reduced order models derved by using balance-
truncation, Litz's modal and Routh Approximation
methods gave identical frequency responses in the
range of 0.01 to 1000 rad/sec. The reduced order
model derived by using the balance-truncation
method is used to design reduced order LQG/LTR
controllers.

Let K(s) and Kr(s) represent the transfer
functions of LQGILTR controllers designed using the
original 12th order system and 7th order reduced
model respectively. The singular value plots of the
target feedback loop and open loop transfer functions
G(s) K(s) and G(s)Kr(s) are shown in Fig (5). The
eigenvalues of the closed loop systems full and
reduced order controllers are given in Table 11. From
the eigenvalues of closed loop system, it is evident
that the spillover problem is not present in this system.

SE

GE

41

21

-2e

-46

.61 .1 1 18 189 1896 hISl

Freqercy (rtd/ge)

Fig. 5. Singular Value Plots

Table 11
Eigenvalue Comparisons of Closed Loop System

12th Order System 12th Order System
12th Order Controller 7th Order Controller

-54.056 -7.6669-13i177i±3377 -a4081 ±i2891
-21 .011 ± j138.87 -75.8±ji7.122
-21.487±j5.08 -16.8 j140.42
-94526 -15.721 ± j173.18
-15732±}550.7 i-4625±J307.78
-122 ±M97.9 -0.
-Q97 -30.9±j759.85
-2.999 ± j169.96 -152
-217.35±j172.77 -1579 ± j4550.6
-228 ±j4380 -1224 ±)37.8
IM5
-5984.6 ± j6310.4
-963.16± P854.0 _

Reduced order models are derved for a Turret-
Gun System by using balance-truncation, Routh
approximation and modal techniques. The
eigenvalues of reduced order models compared with
original system. The frequency responses of a
reduced order model and an original system are
identical in the low frequency range. The reduced
order LQG/LTR controller is designed using simplified
models. The comparison of eigenvalues and
simulation results indicate that the reduced order
design gave satisfactory results. The spillover
problems are not present in this closed loop system.
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