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Liapunov methods are used to give conditions ensuring that solutions of infinite
delay equations are uniformly bounded and uniformly ultimately bounded with
respect to unbounded (C,) initial function spaces; and the connection to proving
existence of periodic solutions is examined. Several examples illustrate the applica-
tion of these results, especially to integrodifferential equations.  © 1992 Academic

Press, Inc.

1. INTRODUCTION

It is known that for a functional differential equation with infinite delay
which is sufficiently well posed in a certain phase space, existence of a
periodic solution follows directly if solutions are uniformly bounded
and uniformly ultimately bounded with respect to this phase space. The
purpose of this paper is to develop conditions ensuring such boundedness
properties for solutions of general infinite delay equations and techniques
for applying these in the specific case of integrodifferential equations.
Liapunov methods are used throughout.

In order to construct a phase space, let C=%([—h, 0], R"), where
O<h< oo, and let G=G"u {go}, where go(r)=1 for re(—o0,0] and
G’={geb((—x,0], [1,0)): g(0)=1, g decreasing, g(r)—> o as
r— —oo}. For a given geG, define the phase space C,=(C, |-|,), where
(@], =sup,<olld(s)l/g(s)) < 0. Cy=(C, |-lI) is the space of bounded
continuous functions with the sup norm, [i¢{l =sup _, <, <o |#(s)], and for
h=00, Co=Cy.

DerFiniTION 1.1, For g, g°¢ G, g<g® if g(s)<g°(s) for s<0 and
limy ., [sup,<o(g(s)/g°(s—N))]=0.
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Remark 1.2. Note that g, < g for all ge G°, and that for g, G°, there
exists geG® with g<g, i=1,2, for instance, g=(min(g,, g,))"2
Moreover, for exponentially growing g, e.g., g(r)=¢ ', we can have g < g.

We consider the functional differential equation
x'(1)=Fl(z, x,), (DE)

where x(s)=x(t+s5), ~h<s<0and Fe¥(Rx C,, R") for a given geG.
Certain properties of solutions, such as existence, are needed for the
theorems to follow. For the infinite delay case, the question of what condi-
tions on the phase space and F ensure such properties is a complicated one
and the reader is referred to [8, 10] for a discussion. Therefore, for brevity,
only continuity is asked of F and the necessary properties of solutions are
hypothesized explicitly in the theorems and then verified for examples to
follow.

DeriNrrion 1.3, Solutions of (DE)

(i) exist if for each (#y,4)e RxC,, there is an >0 and a con-
tinuous function x: [t,— A, t,+a) - R", denoted by x(z, ¢,, ¢) or x(¢t,, @),
such that x(¢) satisfies (DE) on [¢,, t,+ o) and x, = ¢,

(ii) are continuable if bounded if for each (1o, §)e Rx C,, x(t,, §)
is defined on [1,, ©) wunless there exists f > 1, such that
liml“’B- lx(t, to, ¢)| = OO,

(iii) are unique if for each (o, #) e Rx C, and a >0, x(¢) and y(¢) are
solutions of (DE) on [1,, 1, +a) with x, =y, = ¢ implies x(t) = y(¢),

(iv) are continuous in ¢ if for each (zy, $)e Rx C, and ¢, §>0, there
exists a 6 >0 such that [y e C,, |#—~yi, <] implies |x,, 4(to, ) —
X+ pllo, W)z <& for any x(14, @), x(2y, ) defined on [y, to+ B

(v) If solutions satisfy (i}-(iv) for some ge G, then (DE) is g-well
posed.

Since Liapunov methods are used throughout, we defined a Liapunov
functional and its derivative along a solution of (DE).

DEerFINITION 1.4. A Liapunov functional is a continuous scalar functional
V:Rx C, — [0, o), which for each (1, ¢) e Rx C, has a derivative along a
solution x(t, ¢) defined by

— 1
Vit ¢)=lim, _ov 2 {VU+h X004t 9)) = VI8, )}
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Such a derivative is an upper right Dini derivative and discussion of its
properties and conditions necessary to ensure its existence are found in
[6,11], respectively. Here, differentiability will be hypothesized for
theorems and verified for examples.

Let # = {W:R* - R*: W piecewise continuous, non-decreasing} and
N={ne%(R, R*): there exist a, L >0 such that [/ n(s)ds >« for re R},
where o and L are said to belong fo n.

2. BOUNDEDNESS AND EXISTENCE OF PERIODIC SOLUTIONS

The boundedness properties to be studied here are:

DerFiNITION 2.1, Solutions of (DE) are uniformly bounded in C (g-UB)
if for each B, >0, there is 2 B, > 0 such that

(1o, $)eRxC,  with |¢|,<B,
implies
Ix(t, ty, $)l < B,  for t=1,.
DeriNiTION 2.2, Solutions of (DE) are uniformly ultimately bounded in

C,(g-UUB) if there is a B>0 and for each B;>0, there is a T>0 such
that

(to, 9)eRxC, with  [¢], < B,
implies

{x(t, ty, §) < B for 121+ T

In case g = g, or h < o0, we simply say UB and UUB.

The following theorem, which may be found in [1, 2], demonstrates the
strong connection between such boundedness properties and existence of
periodic solutions for (DE).

THEOREM 2.3. Suppose there is a g€ G° such that (DE) is g-well posed,
F is completely continuous in Rx C, and F(t+w, ¢)=F(t, ¢) for some
w > 0. If, in addition, solutions of (DE) are g-UB, UUB, then there is a
periodic solution with period .
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Therefore, under reasonable conditions on infinite delay FDEs, estab-
lishing g-UB, UUB is tantamount to establishing existence of a periodic
solution.

Useful criteria exist for UB, UUB in ODEs [2, 11], however, as Hale
notes [7, p. 139], analogous results are scarce for FDEs, particularly the
infinite delay case. Some typical FDE results can be found in [2, 3, 7] for
the finite delay case and [2, 5] for the infinite delay. Here, we will develop
an idea introduced by Yoshizawa [ 11, p. 202] for finite delay:

THEOREM 2.4. Suppose that h < oo and there exist a Liapunov functional
V, functions W.e W and a constant U >0 such that in R x C,

(i) WiI(0)) < V(1, ¢) < Wo(I9(0)]) + W(lidll),
(i1) V'(t, 9) <0 whenever |4(0)) > U,
(iii) W (r)— Wi(r)—> o as r = 0.
Then solutions of (DE) are UB.

Thus, boundedness properties of solutions can follow from 2.4(i), (ii) if
W, dominates W, on a neighborhood of infinity, a result which is also
suggested for the = oo case in C, by the conditions for UB, UUB given
in [5]. Using this idea, we will extend Theorem 2.4 to g-UB and g-UUB.

3. BOUNDEDNESS RESULTS

THEOREM 3.1. Suppose that for some g° € G, solutions of (DE) satisfy
1.3(i), (ii) and there exist a Liapunov functional V, functions W,e #', ne N,
and constants U, ry, B>0, M =0 such that in Rx C,.

(i) Wi(1g(0)) < V(t, )< Will(0)]) + Wi(14l )
(i) V'(t, gy< —n(1) Ws(|14(0))) + M,
(iil) W, (r)> o0 as r— oo and § = aWy(U)— ML >0, where a, L
belong to 1,
(ivy Wi(ry>B+ ML+ W (U)+ Ws(r) for r=r,.
Then, whenever & >0, solutions of (DE) are g-UB for any ge G with g < g°,
and whenever § >0, solutions of (DE) are g-UUB for any g G with g < g°.

Remark 32. W (r)— W,{r)—> oo as r— oo suffices for 3.1(iv), and if
Ws(r) is unbounded, we can always choose U so that 6 >0.

Remark 3.3. When g°=g,, the UUB conclusion of the theorem is
vacuous, but when g°e G°, it asserts that solutions are g-UB, UUB for
some ge G° since by Remark 1.2, there is a ge G° with g < g°. Moreover,
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—r

if g° is exponentially growing, for instance, g°(r)=e"", solutions are

£°-UB, UUB since g° < g°.
For the finite delay case, we obtain the following result.

of

Cannrtany 2 A Carnnaco that h <« oo splutions {
VURULLAKIT  J.M7. DUPPUST il 115 YU, dviiiiUnie Uy |y

DE) tisfv 1.3(1)
j 3 o)) [N AR R O 2

(ii) in Cy, and there exist a Liapunov functional V, functions W.e W', ne N
and constants U, rq, >0, M =0 such that in Rx C,
(1) W,(16(0))) < V(1, §) < Wi(18(0)]) + Willlgl),
(i) V'(1, $)< —n(r) Ws(lg(0))) + M,
(iii) W,(r)—> o0 as r—o and 6 S aW(U)— ML>0, where a, L
belong to n,
(iv) W(r)>B+ML+ W (U)+ Wilr) for r=r,.

Then, solutions of (DE) are UB whenever 6 >0 and UUB whenever 6 > 0.

Proof. The proof of Theorem 3.1 suffices if we replace (4) by
W,(B,)+ W,(B,)~ N,6<0, N,>h and note that (5) is always satisfied
when A< 0. |

In applications, we often encounter a ¥’ which can be shown to be
negative definite for sufficiently large |¢#(0)], but cannot be shown to satisfy
(i) of Theorem 3.1. For such cases, the following corollaries are useful.

COROLLARY 3.5. Suppose that for some g° € G, solutions of (DE) satisfy
1.3(i), (ii} and there exist a Liapunov functional V, functions W,e W and
constants U, ry, >0, M, 620 such that in Rx C,

1) Wi(160)) < V(1 ¢) < WH(16(0)]) + Willgl,-),
iy V'(t,9)< M, and V'(t, §) < —0 whenever |¢(0)| = U,
(iii) Wy(r)—> o0 as r— oo,
(iv) Wr)> B+ W (U)+ W,(r) for r=v,.
Then, the conclusions of Theorem 3.1 hold.

Proof. With the choices n(t)=1, a=L=p/2M, Wr)={6+ M for
rzU, 0 for 0<r< U}, all conditions of Theorem 3.1 are satisfied. |}

COROLLARY 3.6. Suppose that h< oo, solutions of (DE) satisfy 1.3(i),
(ii) in C,, and there exist a Liapunov functional V, functions W.e W and
constants U, ro, B>0, M, 6 20 such that in Rx C,

(1) Wilg0)) < V(1, ) < WH(19(0)) + Willigl).
(i) V1, )< M, and V'(1, ) < —3 whenever |$(0)| = U,
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(i) W,(r)— o0 as r— oo,
(iv) W (r)>B+ Wy (U)+ W,(r) for r=r,.
Then, the conclusions of Corollary 3.4 hold.

Proof of Theorem 3.1. For the uniform boundedness, let § =0 and fix
ge G with g< g°. Since C, < C,-, |4, <|dl,, 3.1(i) yields

V(t, ) < Wal16(0)) + Wi(14,)- (1)

Let B, >0 be given, B, > U, B, >r,. Define P, = W,(B,) + W,(B,) and fix
toe R and ¢ e C, with |¢|, < B,. Denote x(, ty, #) by x(¢) and ¥{(¢, x,) by
V(t). Suppose there is a 1, > £, with

V(t,)=P,+ML+1 and V(s)<W(,) forall sel[to,t;). (2)

Since V'< M by 3.1(ii) and V(¢,) < P, by (1), it must be that ¢, >, + L.
Suppose that |x(s)| > U for all se[¢,—L,¢,].

By 3.1(ii), (iii), we have [!! _, V'(s)ds< —Ws(U) [!'_, n(s)ds+ML<
—aWy(U)+ ML= —-6<0, and V(¢,)<V(t,— L), a contradiction of (2).
Thus, there exists sqe[t; — L, t,] with |x(s0)] € U; moreover, V(1)<
V(so) + ML. Suppose that |x,|, > B,. Since sup, ., _q(|x(so +5)|/g(s)) =
sup, <o(|x(to +5)l/g(to — S0 +5)) < sup,<ollx(to+9)l/8(s)) = ¢l < By,
then Ixso‘g = supto~so<sso(|x(s0+s)l/g(s)) 3 Supto~so<s$0 |X(SO+S)| =
SUP << [¥(s) and |x |, < |x(s,)| for some s, € [#y, 5,]. Using (1) and
(2), Willx(s)l) < V(s;) < V(1y) < V(so) + ML < ML + W(1x(so)!)
+ Willxg,l,) < ML + W,(U) + W; (|x(s,)]), which by 3.1(iv) implies
[Xglg < 1X(s) < rg < By, a contradiction. So, it must be that (x|, < B, and
V(t) S V(sg)+ ML ML+ W,(U)+ W,(B,)< P, + ML, a contradiction
of (2). Then, there is no ¢ as in (2). Moreover, V{t,) < P;, so combining
these gives that W, (|x(¢)|)<V(t)<P,+ML+1 for any r>1¢, Using
3.1(iii), let B, >0 be such that W,(r)> P, + ML+ 1 for r>B,. For this
B, >0, which depends only on B, we have |x(¢)] <B, for 1>t,. Then
solutions are g-UB.

Note from 1.3(ii) that for any g< g° and (¢,, ) e Rx C,, the solution
x(t5, @) exists on [y, co) since it remains bounded.

For the uniform ultimate boundedness, let 6 >0, g°c G° and fix geG
with g < g°. Let By> 0 be given. Solutions are g-UB, so there is a B,>0
(B, > B;) for which [#,eR, ¢ C,, |9, < B;] implies that |x(s, 7o, §)| < B,
for all s > 1, and thus that for any 1> 1,, x|, = max{sup,,_ (|x(t+ )/
£(5), SUP,_ <, <ollx(t +5)|/g(s))} = max{sup, <o(lx(to+5)I/g(s + 1o~ 1)),
SuPtossst(lx(s)'/g(S‘_t))} < max{lx,olg, supmsssr(Bz/g(S—t))} sB2-
Then from (1),

[teR, ¢eC,, |4l < B;] implies V(t)< Wy(B,)+ W3(B,) for t21,. (3)
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Choose N,eN to satisfy

W2(32)+ W3(B2)"‘N15<0, Sllp g( ) < ro
s<08 (S'Nl)
Tﬁz—<’01 and W,(B,) + W3(B,) - N, <0, (4)
g°(—Ny)

which is possible since g°eG® and g< g°. Fix 1,eR and geC, with
|6l < By and let Po= W,(U)+ Wi(ry).

LEMMA. [If there is a t =ty + N, L+ N, for which V(t)> Py+ ML, then
there is a t,e[t— N,L— N,, t] for which V(t,)> V(t)+ B.

Proof of Lemma. Suppose that {x(s}{ > U for all se [r— N, L, t]. Then
I;-NlL Vis)ds< *Ws(U)I;—NlL’?(S)dS + MN\L < -WU)Na +
MN,L = —NJ,and by (3)and (4), V(1)< V(t—N,L) — N0 < W,(B,)
+ Wi(B,) — N6 < 0, a contradiction. Thus, there is an se [t — N, L, t]
with |x(s)] <U. Let 5, be the largest such, so that for some
j€{0, ..., N,~1} we have sqe [t—(j+ 1)L, t—jL] and |x(s)| = U for all
se[t—jL t]. Then (i V'(s)ds = [, 7Vi(s)ds + [/, V'(s)ds <
M[t—jL—s,] — WS(U fi_jn(s)ds + jLM < ML — j5 < ML, and
by the hypothesis on ¢, W2(U) + Wirg)+ ML < V(1) € V(sp) + ML
< Wollx(so)l) + Willxylee) + ML, which implies that |x,|,. > r,. Then
since t,— s, < —N, and (4) imply that

|x( So+S)| =max{ IX(SO+S)|’ lX(SS+S)I}
s N s<r0 50 g (S) tn—sg<s< — Ny g (S)
t
= max {su _xlto ¥ ) su —O~]X~(s—)l——}
s<08 (to—so+5) n<s<so--N 8 (s—s59)
B
< max {Su |P(s)! 2 }
s<08(s—N;) g°(—=N,)
smax{ 0B3gs) B, }<r0,
(s—N,) g°(—N,)
we must have that
[x(s0 +5)
[Xglge= sup —>—~—=< su x(s)].
o8 *N‘ggso g (S) soAlessso‘ ( )l

Thus, there exists ¢, such that

Helso— NSl and  fxgfe < Ix(#)l. (5)
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Note that F(t;)< V(t)+f implies that W (|x(z))|)<V(t)< V() + <
Viso) + ML + B < Wi(Ix(so)l) + Willxgles) + ML + B < B + ML
+ Wy(U) + Wi(]x(2,)]), which by 3.1(iv) and (5) implies that |x, |- <
|x(#;)] <ry, a contradiction. Then, ¥V(t;)>V(t)+p and moreover,
tielt—NL-N,,t] |}

To finish the proof of the theorem, suppose there is a ¢ with
121+ N[N, L+N,] and V(t)> P+ ML. 6)

Invoking the lemma N, times gives a ty,>1, with V(ty,)> Po+ ML+
N,f, which implies by (3) and (4) that Po+ML<V(ty,)—N,B<
Wo(B,)+ W,(B,)— N,8 <0, a contradiction. Then there is no ¢ as in (6),
and with T'= N,(N;L+ N,), we have that W,(|x(¢)|) < V(1)< Py + ML for
t=2t,+7T. Let B>0 be such that W (r)>P,+ ML for r>=B. Then,
|x(2)| < B for t = t, + T. By the construction, B is independent of Bs, t,, ¢,
and T depends only on B;. Thus, solutions are g-UUB. |}

4. APPLICATIONS

In order to use Theorem 3.1 together with Theorem 2.3 to prove exist-
ence of periodic solutions, we must find some ge G° for which (DE) and
its solutions satisfy all the conditions there. Since, in applications, no g
would be specified by the functional form of the FDE given, the required
C, space must somehow be produced. Using the following lemma, which
extends a result in [4], we will illustrate how this can be done for a class
of integrodifferential equations.

LEMMA 4.1. Let We¥(R*, R*) be increasing and unbounded and for
Q=(t,5): —0<s<t< o, let Ce¥(Q, R") satisfy sup,|", C(t,5)ds=
J< oo. Then

(i) for each £ >0, there exists g€ G° such that

supj C(t, s) Wigls — 1)) ds < W(1)J +e,
if and only if
(i) limg_ , [sup, [ "7 C(z,5)ds]=0.

Proof. (<) Fix ¢>0. Find y>0 with e 7" <¢/W(1)J and using (ii),
define a sequence {r;}° such that r,=0, r,>0 for j>0, r, > 00 as j— o,
and sup, {7 C(1,s)ds<J/(e'*?)j!, j=1,2,... Define g* by g*(r)=
W' LW(1)[1+7)/] for re(—r; 1,71, j=0,1,... We can construct a
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geG® with g(r)<g*(r) for r<0, and for this g, sup, |’ C(t5)
W(gls—0))ds < 7 osup, §i27  Cle,s) WD + vy} ds < W) J +

YE WM +y) /e TN < W()J +e.
(=) see [9]. 1
Let # = {Ce4(2, R"):sup, [, Clt, s) ds=J <0, lim;, , [sup, [T
C(1,5)ds]=0}, where J is said to belong to C, and let X" be the nxn
matrices C(¢, s) with [Cle .

Remark 4.2. 2, for instance, contains any continuous, non-negative
kernel which satisfies C(t+w,s+w)=C(t,s) for some w>0 and is
L'(—o0,0] in 5 uniformly for te{ —w, 0]; in particular, any continuous
L'[0, o) convolution kernel has |C| e .

Let #,={We%R* R"): increasing, unbounded, Wi(ab)<
W(a) W(b)}, P={pe%(R,R"): IM>03|p(1)i <M for 1e R}, where in
the examples to follow, M will denote the bound of an element of P,
0={qeb(R", R"): there exists Wew#; with |g(x)|<W(|x])}, and
H=%,(RxR", R"), where %, denotes the continuous functions locally
Lipschitz in x. P, and H,, denote the elements which are periodic in ¢ with
period @ and £, denotes elements with C(1 + w, s + )= C({, s).

Then consider the following integrodifferential system

X (1) = h(t, (1)) + j e 5) glx(s)) ds + plo), (DEY

where he H, Ce A", qe Q, and pe P.

LEMMA 4.3. There is a g,€G° for which solutions of (DE) satisfy
L.3(1)~(iil) and F(t, @) is completely continuous in Rx C, . Moreover, if
heH,, peP,, Ce X" and solutions are g,-UB, UUB for some g, G°,
then there is an w-periodic solution.

Proof. The first statement is proved in [9]. For geG° with g<g,
i=1,2, (DE)is g-well posed [9], and Theorem 2.3 applies. |}

The following examples illustrate the use of the above results.

ExaMpPLE 4.4. Consider the scalar equation

X (1) = —x"(z)+j' C(t, ) x™(s) ds + pl1), (DEY

where [Cle X, peP, (sgnx)x">0 for x#0, m=1 and n=2. Let
D(t, s)= fj‘ |C(u, s)| du and suppose that De X", sup, D(¢, t)=J, < o0, and
J,, J; belong to D, |C|, respectively..If, in addition, either m < (n+ 1)/2 or

409 163 2-16
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{m=(n+1)/2, Jy;<2, J,<2/(n+1)}, then solutions of (DE)' are g-UB,
UUB for some ge G°. Moreover, if |[C|e X, pe P, then (DE)’ has an
w-periodic solution.

Proof. For g 0<¢< 1, define the Liapunov functional

2 0 ©
Vit §) === 18(0)"* + fﬂ f \Cu, s+ 1)) |(5)|>" du dbs.

Using Lemma 4.1, find g°e G° such that ' _ D(t,s)[g°(s— )" ds<
J,+¢,, where g is to be specified later. Then, {° _ [*|C(u, s+1)|
(¢(s)|*" duds = ", D(t,5)|¢(s —1)|*" ds < sup,, [|g(s—1)|/g°(s— )]*"
{0 D(t,5)[g°(s— 1)1 ds < (Jo+¢,)|827, and

2

2
P [B(0)" "< V(1 ¢) A [B0)"**+ (Jo +e1) 415" (7)

In the notation of Corollary 3.5, W, (r)=(2/(n+¢))r**® and W;(r)=
(J, +¢,) r*™. Differentiating along solutions yields

Vi x)< 2@ 2 ics))

x {30Ix()?" + [x(e)) "+~ 2] ) ds
+2M | x()|" T 4+ D¢, 1) |x(2)| >

[ 1ct sty as,

and
V(1)< =2|x(1)|2 1 4 T, |x(2)] 22
F2M (D" I x(0)P (8)

For the m < (n+1)/2 case, take ¢, =1 and ¢>0 with 2m —n<e< 1. Then
n+¢e>2m and

Wi(r)— Ws(r) - co. 9)

Since the negative term in (8) is of highest power, there exist §, U, M’ >0
such that

Vi g)s M and Vit g)< -0 whenever |¢(0)| > U. (10)

For the m=(n+1)/2 case, take ¢e=1 and ¢,:0<e¢,<2/(n+1)—J,.
A calculation shows that (9) and (10) still hold. Then by (7), (9), (10),
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and Lemma 4.3, the conditions of Corollary 3.5 are satisfied and solutions
are g-UB, UUB for some ge G°. The existence of an w-periodic solution
when pe P, |C| e X, now follows from Lemma 4.3. |

ExampLE 4.5. The conclusions of Example 4.4 can be shown to hold
also for the linear n =m =1 case using

V(z,¢)=|¢(0)|+j° jwl(:(u,sw)\ |6(s)| ds du,  where  J,,J,<l.

—oc vt
ExampLE 4.6. Consider the pair of scalar equations

x'(t)=x(t)[a— bx(t) — cy(t) ] + p,(1)
(DEY

=30 ~d+[ o fixsn ds |+ o

This is the Lotka—Volterra predator—prey model and is of current interest
in mathematical biology. It is known that with the conditions below, solu-
tions starting in the positive quadrant remain there. Therefore, to confine
our attention to the region of physical interest, we consider only those
initial functions in C, which map into the positive quadrant in R> Suppose
that Ce ¥, and the p,e P, are positive valued. Define D(r, s) as in Exam-
ple4.4 and suppose Dedf’, J, belongs to D, sup,D(s,1)=J, < o,
a,b,c,d>0,

1 . e
~—a+[1+9]M“=‘—5<0, ﬁ‘!S

3 7 J,, and —b+BC-‘—ir—y<0.

If, in addition, either

few,, f(r)y<r, f Lipschitz and ln(fl(:;r}-»oc as r—oo, (1)
d . [a
or fry=In(1+r) and J2<;mm<5,1), (12)

then solutions of (DE)’ are g-UB, UUB for some ge G°, and there is an
w-periodic solution which is not identically constant if the p; are not.

Proof. For the system z' = F(t, z,), where z = (x, y), differentiating the
Liapunov functional

Vit %, y)=In(x + 1) +§ln(y+ 1 +§j' f |Cu, s)| f(x(s)) du ds

- Yt
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along solutions yields V'(t, x, y) < (x/(x + 1))[a — yx — ¢y + B] -
(ay/(y + 1)) + M(1 + a/d), and with U = max{2, 2(2a + B)/min(y, c)}
M =a+ B+ M[1+a/d],

Vi, ¢)< M’ and Vi, ¢)< =0 for |4(0) > U.

In case (11) holds, find g° € G° such that sup, {*  D(1,5) f(g°(s— 1)) ds <
f(1)J,+ 1. Then, proceeding as in the last example yields

min (g 1) In(1 + 1$(0)))

< #10,8)<(145) 11+ BN + 51 55+ 1) 761,

and for W,(r)=min((a/d), 1) In(1 +r), W,(r)= (a/d)[ f(1) T, + 1] f(r), we
have W,(r)— W;(r)— oo as r » . In case (12) holds, let g° € G° be such
that
sup j D(1, s) In(1 + g°(s— 1)) ds < (In 2) J, + 1.
Then
(@d) [ DU, 5) f(x(s)) ds

art 1+ z(s)|
sc—i-l‘_w D(l, S) In [m] ds
+SI' D(t, s)In(1 + g°(s — 1)) ds

L+iz(n) o a
O ps)yds+2[J,In2+1
suptn| om0 [1 DGy dss GEIm2 1)

<A nm2+ 11+ 25,0 + 12.0,0),
d d
and
. a
min (2, 1)ln(1 + |19(0)])

< V(t,¢)<<1+§)ln(1+l¢(0)l)+g[121n2+1]

a
+¢_1J2 In(1 + |4],-),
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so that Wy(r) = (I + a/d)In(l + r) + (¢/d)[JoIn2 + 1] and
W\ (r)— Wsy(r)= [min(a/d, 1) — (a/d) J,]r - o as r—co. Then in both
cases, the conditions of Corollary 3.5 are satisfied and Lemma 4.3 gives an
w-periodic solution which, by inspection is not constant if the p, are
not. |

ExaMmPLE 4.7. Consider the scalar equation

x'(H)y= —a(t) x(t)+ b(t) x(t ~r(1)) + p(1), (DE)Y

where peP, ac€4(R,R*Y), be¥4(R,R), re€' (R, R*), 0<r(t)<t and
r(t)—> oo as t— 0. Suppose that there is a de%'(R,R*) such that
[& d(s)ds=L, <o and for te R, |b(1)] <d(1), d'(1) <0,

B0 5 (=P ) <O and  al) -5 D pinyen
1

Then solutions of (DE) are g-UB, UUB for some ge G°.

Proof. Since de L'[0, 00), then d(t —s)e A and there is a g° € G° with
sup,j’hw d(t—5) g°(s—1t)ds<3L,/2. For the Liapunov functional
V(t, ¢)=16(0) + (1/2L,) {° ,,, d(—s5)|4(s)| ds, we have |$(0)| < V(1,4)<
I#(0)] + 3141, and W,(r)— Wi(r)=14%r— o0 as r - co. Along solutions

d 1
Vit x,)< -[a(t) ~§(£l] Ix(e) + [lb(t)l —5 =) d(r(l))J-
1 1

Jx(t —r(O) + (1/2L) §;_ ,, d'(t =) |x(s)| ds+ M, so that V'(1,¢)<
—n(t){¢(0)] + M. Then Theorem 3.1 applies. 1

ExampLE 4.8. Consider the scalar finite delay equation
X(t)= —a(t) x(t) + b, (1) jh bo(s) x(s) ds
+by(t) x(t — k) + p(2), (DEY
where h< 0, ac4(R,R™"), be‘é’(R, R}, pe P. Suppose that
a0y = 16501 [ b,V a5~ o) € n(n) e N,

sup {1by(1)| — byt —h)|} <O
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and

S“P{ f 1b2(u)| du f’+hlb1(s)l ds +j’ [by(s) dsr =y <1.
! t—h t—h (—h

Then solutions' of (DE)’ are UB, UUB. If in addition a, b, p are
w-periodic, then there is an w-periodic solution.

Proof. For the Liapunov functional

M $) =100+ [ [ 1ol 0116+ 1= )1 1800 dds

[ tosts+ 0 160s) ds,
—h

we have [#(0)[ < V(s ¢)<|4(0) + 74, so that W (r)— Ws(r)=(1—7)
r— oo as r — oo. Moreover,

V(e )< s [t = 01 | by(o) s 1o
+ Llbs(0)] = Ibs(a = )T Lt =) + M,

so that V'(¢, ) < —n(t)|#(0)| + M. Then, Corollary 3.4 applies. The exist-
ence of the periodic solution follows from observing that for finite delay,
Theorem 2.3 also applies in case the initial function space is Cy [2]. |}

Remark 4.9. The following are concrete instances of Examples 4.4, 4.7,
4.8, respectively:

2
X(1) = —x3(z)+2j 1+t(s) 15 ds+cos ¢ (13)
a3 sin ¢ .
x'(1)= —2x(t)+———2(1 T x(2/2) +sin ¢, (14)

x'(t)= —%x(t)+i—f:_l |sin 5] x(s) ds+%x(z—— 1)+ sin ¢ (15)

Then, (13), (14) have solutions g-UB, UUB, for some geG° (15) has
solutions UB, UUB, and (13) and (15) have 2z-periodic solutions.
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