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Calculation of electron capture cross sections for collisions of 
Be2+ and B3+ on H 

A E Wetmore, H R Cole and R E Olson 
Physics Department, University of Missouri-Rolla, Rolla, Missouri 65401, USA 

Received 16 July 1985 

Abstract. Using the perturbed stationary state method, including electron translation 
factors, we have calculated electron capture cross sections for the helium-like ions Be2+ 
and B3+ incident on ground-state atomic hydrogen. The molecular structure calculation 
employs pseudo-potentials to represent the inactive K-shell electrons on  the incident ions. 
The calculated cross sections vary rapidly in the lo7 cms-' velocity range ( E -  
l keV amu-'). Our calculations show preferential transfer to the Be+(2s) and the B2+(2p) 
product states. The calculations for B3++H are in good agreement with experimental 
measurements of Crandall et al. In addition, the calculations indicate the importance of 
including rotational coupling to 211 states when determining state-to-state cross sections. 

1. Introduction 

We have studied the electron capture collision process, 

where the multiply charged ion is either Be2+ or B3+. These ions were chosen for this 
study because they are representative of the class of low atomic number systems which 
do not lend themselves to the application of scaling laws. One purpose of our 
calculations is to determine the product state (n, 1) cross sections for charge transfer 
in the velocity range of 10'-lo8 cm s-l ( E  = 50 eV amu-'-5 keV amu-'). 

These partially stripped ions have a helium-like core of two electrons. The cross 
sections for these low charge state ions are dependent on the details of the molecular 
structure, especially the avoided crossings between molecular states. The perturbed 
ctationary state (PSS) (Bates et a1 1953) method was used to calculate the cross sections. 
The PSS method treats the collision in a molecular framework where the interatomic 
distance changes with time. At each time during the collision the transitions between 
all of the molecular states are computed. The transition probabilities are functions of 
the electronic potential energies and the non-adiabatic coupling matrix elements 
between the various molecular levels. 

In our study we have treated the collision process as two ionic cores and a single 
valance electron. Gargaud et a1 (1981) and Kimura et a1 (1982) have shown that 
pseudo-potential methods can be used to compute accurate molecular wavefunctions 
and energies for similar systems. We have computed the wavefunctions and electronic 
potential energies at a large number of internuclear separations. These wavefunctions 
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1516 A E Wetmore, H R Cole and R E Olson 

and energies were then used to calculate, at the same internuclear separations, the 
radial and rotational coupling matrix elements needed by the PSS method. The scatter- 
ing equation was then integrated to obtain the probability of transitions to the various 
final states. 

2. Pseudo-potential 

We have used an 1-dependent Gaussian pseudo-potential of the form 

ad aq _-  4 
2(r2+ d2)’-2(r2+ d213 r 

V (  r, I) = al exp( -b$) - 

to model the effect of the core electrons. This type of potential has been described by 
Bardsley (1974), and simulates the Pauli exclusion by the core electrons and also 
includes the core polarisation. The dipole and quadrupole polarisabilities, ad and aq, 
were taken from Dalgarno (1962). The cut-off parameter, d, serves to limit the range 
of the dipole and quadrupole polarisation forces, which originate with the core 
electrons, to the region outside of the core. The cut-off parameter used was the 
Hartree-Fock expectation value for the 1s (core) electrons (Froese Fischer 1977). q 
is the net ionic charge that will be seen by the valence electron at large r. The adjustable 
parameters al and 6, were calculated such that the ionisation energies of the two 
lowest states exactly match the values from spectroscopic measurements (Moore 1949). 
In all cases the next several ionisation energies were accurately predicted (within 
1 meV). The pseudo-potential parameters used are given in table 1. 

The quadrupole polarisabilities which we used are the static polarisabilities, not 
the dynamic polarisabilities which have been used in other molecular structure calcula- 
tions (Pascale 1983, Peach 1982). Our choice is due to the lack of estimates of the 
dynamic polarisability for these systems which are accurate enough to improve upon 
the static polarisability (Dalgarno et aZ1968). As a test ofthe sensitivity of the molecular 
structure calculations to the value of the quadrupole polarisability we calculated the 
pseudo-potential parameters totally neglecting the quadrupole polarisability. Using 
these values in the molecular structure calculation, the electronic energies differed by 
less than 0.001 Hartree from the values obtained using the pseudo-potential parameters 
in table 1. These small differences, which are comparable with what would be obtained 

Table 1. Pseudo-potential parameters (in atomic units). 

Be2+ B3+ 

13.964 744 
-0.420 099 82 
-0.000 386 188 39 

2.683 0881 
1.630 5872 
0.117 082 36 
2.0 
0.385 
0.05 1 20 
0.015 32 

24.426 3 18 
-1.523 8484 
-0.769 744 79 

4.528 4976 
4.969 0687 
5.000 0000 
3.0 
0.326 
0.0194 
0.003 37 



Electron capture cross sections 1517 

using a dynamic polarisability, are not expected to alter the results of the scattering 
calculation significantly. 

3. Wavefunctions 

An optimised Slater-type orbital ( STO) basis set and standard variational methods were 
used to calculate the Born-Oppenheimer molecular wavefunctions, 4yo, and electronic 
potential energies, E,, as a function of the internuclear separation. The H basis set is 
exact through the n = 2 level and included a tight 2p function, 6 = 1.0, to improve the 
dipole polarisability of H. For the two ions, BeZ+ and B3+, the 2s functions were 
obtained from Clementi and Roetti (1974). The 2p functions were obtained by optimis- 
ing the wavefunctions to obtain the lowest energy for the 2p states. The n = 3 and 
n = 4 terms were simply determined using quantum defect theory. The STO basis sets 
used in the molecular structure calculations are shown in table 2. The molecular 
structure calculations reproduced the asymptotic energy levels to within 0.03 eV, except 
for the B2+(2s) level which differed from the spectroscopic level by 0.06 eV. 

Table 2. Slater-type orbital basis sets. 

1s 2.000 2s 6.489 
1.000 2.628 
0.500 1.184 

2s 0.500 0.627 
2p 1.000 2p 2.080 

0.500 1.033 
3s 0.713 
3p 0.623 
3d 0.670 

2s 7.936 
3.486 
1.722 
1.071 

2p 3.699 
1 .569 
1.015 

3s 1.071 
3p 1.015 
3d 1.001 
4s 0.789 
4p 0.758 

The electronic wavefunctions used in the scattering equation were described using 
electron translation factors ( ETF), retaining all terms to first order in the velocity. The 
form used was 

4 i ( r ,  t )  =C ai ( t )4Bo(r ,  R)Fi(r ,  R )  (3) 
I 

where Fi(r,  R )  is the electron translation factor (ETF) as described by Kimura and 
Thorson (1981). The Born-Oppenheimer molecular wavefunctions, 

+"O(r ,  R )  =c b j ( R )  S T O ( ~ )  (4) 
i 

were used in (3) to calculate the electronic wavefunctions, $i, which include the ETF. 

4. Scattering equations 

The time evolution of the system during the collision is governed by the scattering 
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equation, 

and 

Akn = (i m/ fi  ( Ek - En )( k l b f n  ( r, r l  ni (7 )  

are the coupling matrix elements. The coupling matrix elements can be separated into 
radial and rotational terms which describe the 2X-2X and 2X-211 transitions. 

The unmodified wavefunctions were used to calculate the radial, 

and rotational, 

coupling matrix elements as functions of the internuclear separation. In equztions (8) 
and (9) the second term is from the electron translation factors. 

The cross sections were calculated by integrating (5) along straight-line trajectories. 
Since the impact parameter and classical turning point, Ro, are related through 

b R,( 1 - V (  RO)/E)'" (10) 
only very small impact parameter collisions will be changed in the keV energy range 
by the use of curvilinear trajectories. The integration was carried out for a range of 
impact parameters, b, to obtain the probability, pk(  b ) ,  of a transition to the kth state. 
Integrating P k ( b )  from 0 to b,,, yields the kth cross section. The total cross sections 
were then obtained by summing the partial cross sections. 

5. Be2++ H -+ Be" + H" 

Figure 1 shows the electronic potential energy curves for BeH2+. These were calculated 
using the Slater-type orbital basis set given in table 2. The most important feature is 
the avoided crossing between the Bef(2s) and H(1s) states which occurs at an inter- 
nuclear separation of 6.75 au. This avoided crossing is shown in greater detail in figure 
2. The avoided crossing leads to most of the depopulation of the H( Is) incident channel. 

The trajeclories of small impact parameter collisions allow rotational coupling at 
m a l l  internuclear separations to populate the Bet(2p) *II exit channel. At low energies 
this is an important mechanism for excitation to the Be+(2p) state and, although the 
total cross section is small, most of the Be+(2p) cross section is in the Be+(2p) 'II state. 
This is also the class of collisions that will have the largest errors from using the 
straight-line trajectory approximation. 

The coupling matrix elements for the dominant processes are shown in figures 3 
and 4. In figure 3 the radial (a/dR) coupling matrix elements between the Be+(2s) 
and H( 1s)  channels which peak near the internuclear separation of 7 au and the coupling 
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0 3 6 9 12 15 
R I aui  

Figure 1. Electronic potential energies for BeHZf. Full curves are ’E states, broken curves 
are 2rI states. 1, Be+(2s)+H+; 2, Be2++H(ls) ;  3, Be+(2p)+H+; 4, Be+(3s)+H+; 5 ,  
Be+(3p) + H+; 6 ,  Be+(3d) + HC; 7 ,  Be+(2p) + H+, 8, Be+(3p) + H+; 9, Be+(3d) + H+. 

-0.60 
3.5 4.5 5 .5  6.5 7 . 5  0.5 

Rlau)  

Figure 2. The avoided crossing in the BeH2+ potential energy curves at 6.75 au internuclear 
separation. The identification of the states i s  the same as in figure 1. 



1520 A E Wetmore, H R Cole and R E Olson 

1.0 

0.5 

- 0.5 

-1.0 

Figure 3. The important radial coupling matrix elements for BeH2+. 

Figure 4. The important rotational coupling matrix elements for BeHZ+. 
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between the Be'(n = 3)  channels with peaks near the internuclear separation of 5 au 
are shown. Figure 4 shows the rotational coupling between the H( 1s) and Be'(2p) 'II 
states. Because the coupling is limited to small internuclear separations only collisions 
at small impact parameters will be affected by this process. 

At low energies the 2p211 cross section accounts for approximately 15% of the 
total, with the remaining 85% going predominantly into the Be+(2s) 22 state. As the 
energy increases the number of states which have significant population increases, 
until at the highest energies the Bet(2s) 2X state accounts for only about 35% of the 
total cross section. Figure 5 shows the total, 2s and 2p charge transfer cross sections. 
In addition the cross sections calculated in 1954 by Bates and Moiseiwitsch using the 
Landau-Zener approximation, and the two-state calculation of Bates et a1 (1964) are 
shown. These two calculations were for the B2+ + H + Be'(2s) + H+ reaction. The peak 
in our cross section is 25 x cm2, approximately the same magnitude as the two-state 
calculation of Bates et a1 (1964). Our peak position differs considerably from the 
earlier work. 

6. B3++H+B2++H+ 

The electronic potential energy curves for the BH3+ system are shown in figure 6. 
These were calculated using the Slater-type orbital basis set given in table 2. Unlike 
the case with the Be2++H system the avoided crossings between the H(1s) initial 

E I keV omu-') 

' I 5 2 0  ~~ + 

U I b  

' O r  
I 

A A + + +  I 
x x x  x x x  1 1 x x  A x x  X 

A 

x g x x x  x 

0- 
1.0 10.0 

Ve loc i ty  ( io7 cm 5- l )  

Figure 5. The calculated cross section for: ., BeZ++H+ Be++H+; +, BeZ++H+ 
Be+(2s) + H; x,  Be2++ H +  Be+(2p) + H+. Also shown are the results of the Landau-Zener 
calculation of Bates and Moiseiwitsch (1954) (A)  and the two-state calculation of Bates 
et a1 (1964) (X) for the Be2+ + H + Be+(2s) + H+ reaction. 
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-1.5- 
0 3 6 9 12 15 18 

R h u i  
Figure 6. Electronic potential energies for BH3+. Full curves are ’X states, broken curves 
are’nstates. 1,B2+(2s)+H+; 2, B2+(2p)+H+;3 ,B3++H( l s ) ;4 ,  BZ+(3s)+H*; 5,B2+(3p)+ 
H+; 6 ,  B2+(3d) + H+; 7, B2+(2p) + H+; 8, B2+(3p) + H+; 9, B2+(3d) + H+. 

channel and the B2+(n = 2) channels are found at small (4.0 au) internuclear separ- 
ations. Because only small impact parameter collisions will pass through this region, 
the cross section to n = 2 states will be smaller than in the BeH2+ case. 

Several of the radial matrix elements for BH3+ are shown in figure 7 .  The coupling 
between the incident H(1s) state and the B2+(2p) state occurs near an internuclear 
separation 4 au. The radial coupling at the avoided crossing between the B2+(2p) and 
H(ls)  states is weaker than in the Be+(2s)-H(ls) case. The strong coupling at 1.25 au 
is between the H( 1s) and B2+(3s) states. The coupling between the B2+(3p) and B2+(3d) 
states takes place at an internuclear separation of 4.4 au. 

Figure 8 shows the most important rotational coupling matrix elements. There is 
strong rotational coupling between the H(1s) and the B2+(2p) 21T state. In addition, 
the rotational coupling from the H( 1s) to B2+(3p) 2 J l  state is shown as well as coupling 
within the final states of the B2+(n = 3) manifold. 

Figure 9 displays the total calculated cross section. At the lowest energies, E G 
220 eV, 90% of the charge transfer is to the B2+(n = 3) states and 10% to the B2+(2p) 
state. At 550eV the B2+(2p) cross section accounts for 5 5 %  of the total with 45% 
going into the n = 3  manifold. From 1000 to 5000eV the cross section remains 
partitioned between the 2p state, with 70% of the cross section, and the n = 3 states, 
with 30% of the cross section. At 7000 eV and above the 2s state begins to increase 
to around 10% of the total cross section at the expense of the 2p state. The n = 3 
manifold continues to contribute about 30% of the cross section. Our calculations of 
the total cross section agree quite well with both the experimental results of Crandall 
et a1 (1979) and the earlier eight-state close coupling calculation of Olson et a1 (1978) 
which used ab initio potential energy curves but did not include electron translation 
factors. 
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R ( a u )  

Figure 7. Important radial coupling matrix elements for BH3+. The (213) and (312) matrix 
elements are shown at five times actual size. 

-1.5- 
2 4 6 

R (nu) 

Figure 8. Rotational coupling matrix elements for BH3+. 
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E ikeV amu-’) 
G I  1 0  10.0 

2 0  1 1 1 1 1  I I I 1 1 1 1 1 (  I 1 1  1 1 1 1 1 1  - - 
- 

- - 
1 5 -  - 

- 
- - - 

n 

5 -  - 
e 
c 1 0 -  
P -  - 

- - - - 
- - 
Y L 

a. w -  

w w -  
0 L 

- 
- 

U -  - 
- 
- 
- 
- 
- 

I I I I I I l l  
1 0  10.0 

Veloc i ty  i10’cm S - ’ I  

Figure 9. The total cross section for B 3 + + H + B 2 + + H +  change transfer (W).  Also shown 
are the experimental  ita of Crandall et al (1979) (+) and the calculation of Olson et a1 
(1978) (A). 

7. Conclusions 

Standard pseudo-potential and molecular structure techniques were used to calculate 
the Born-Oppenheimer eigenfunctions and energy levels for the Be2++ H and B3++ H 
systems. These molecular representations were utilised in a calculation of the coupling 
coefficients for the perturbed stationary state method. The cross sections obtained from 
the PSS method show that state to state cross sections are highly dependent on both 
the collision energy and the collision partners. Also, our results show that including 
rotational coupling to ’II states is extremely important. Good agreement with experi- 
ment is realised for the (BH)3+ system. 
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