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Abstract—Sequential probability ratio tests for the shape parameter
of one or more nonhomogeneous Poisson processes, with power intensity
functions, are provided. The tests can be performed when the scale
parameter is an unknown nuisance parameter; the effective loss of not
knowing the scale parameter is one observation per process. The resulting
tests can be expressed in terms of the maximum likelihood estimators of
the shape parameters for the usual fixed sample procedure. A further ad-
vantage of the present approach is that the scale parameters for different
processes, in the multiple sample procedures, need not be equal. Approx-
imations for the operating characteristic function and the average sample
number are provided.

1. INTRODUCTION

Suppose T,, T,, T;, ... denote successive occurrence
times (e.g. failures) of some phenomenon. A very useful
model for phenomena whose intensity can change with
time is the non-homogeneous Poisson process (NHPP)
with intensity v(f) = (y/6)(¢/6)"~', which is often unwisely
called a Weibull process. Applications are discussed by
Crow [5] and Lee & Lee [10]. For example, T;, T, ... can
represent the failure times of a repairable system. The
parameter y reflects the degree and type of change taking
place in the system over time. ‘y > 1’ indicates the system is
wearing out or degrading and ‘y < 1’ indicates the system is
improving under the repair and maintenance program.

Recent work on the development of statistical pro-
cedures for the NHPP include papers by Bain &
Engelhardt [3, 7], Crow [6], Lee & Lee [10], and Finkel-
stein [8]. The main objective of this paper is to derive a se-
quential probability ratio test (SPRT) for the shape
parameter y with the scale parameter 6 an unknown
nuisance parameter. Point estimates and s-confidence in-
tervals for y, in the more familiar fixed sample framework,
are discussed by Bain [2, p 313].

It is also desirable, in some situations, to test
hypotheses about y. Suppose, for example, a repairable
system is under development. A developmental program
might consist of testing to identify deficiencies, a redesign

effort to correct the deficiencies, and further testing to
verify these corrections and identify new problem areas. It
would be advantageous to track the reliability growth of
the system, by means of the failure data collected during
development testing, so that the program could be revised,
if necessary, in order to attain the system reliability objec-
tives. An important part of this would involve testing
hypotheses about y in order to make decisions concerning
the effectiveness of the developmental program in improv-
ing the system. For example, rejection of the hypothesis
H,: y <1 would indicate that the program has not been ef-
fective.

Since the data often occur naturally in a sequential
fashion, it will be useful to have sequential procedures
available for this model. 1-sample and M-sample sequen-
tial tests are developed below for the parameter y, with 6
an unknown nuisance parameter.

Notation

NHPP nonhomogeneous Poisson process

SPRT sequential probability ratio test

ASN average sample number

w(f) (y/9)(¢/8)" !, the intensity function

Y, 0 shape and scale parameters

T; occurrence time i for a single process, i = 1, 2, ...
T, occurrence time j for process k,j = 1,2, ..., k =

1,2,... M
E{-y} s-expectation when y is true
QO(y)  operating characteristic (OC) function
a probability of a type I error
B probability of a type II error
x22(n — 1)) quantile p of the chi-square Cdf with 2(n —
1)

a, b

degrees-of-freedom
Wald’s approximate critical values, a = In[(1 —
B)/al, b =1n[B/(1 — a)]

2. SEQUENTIAL TESTS FOR y

It is well-known, in the area of hypothesis testing, that
a decision can often be reached with fewer observations re-
quired, using a SPRT, than is possible with an ordinary
fixed-sample test. The tests below are illustrated by exam-
ple in section 3 and derived in section 4.

2.1 I-Sample SPRT fory

A SPRT for the hypothesis Hy: y < y, against the alter-
native H,: y 2 y,, 0 <y, <y, < o, can be based on the
statistic

Y.=n/ Zl In(7./T)) 0y

0018-9529/82/0400-0079$00.75©1982 IEEE
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which is the usual (fixed sample) maximum likelihood
estimator of y.
For type I and type II errors of size a and f3, this test is:

1. accept H, if n/y, 2 [b + (n — 1) In(yo/y)l/ (o — 71,

2. reject Hoif n/y, <[a + (n — DIn(yo/y)l/ (o= v, Q)
and continue otherwise; when (using Wald’s approxima-

tions) b = In[/(1 — a)] and @ = In[(1 — B)/a].
The Wald approximation for the OC function is:

Q) = [eskn — 1]/[eanr — evmi], 3
where h(y) is the solution of ¢(k; y) = 1 with
$(h;y) = y(y:i/v0)"/ly + (v = yo)h). (C)]

The number of observations, N, required to make a
decision, using a SPRT, is a random variable. It is shown
in section 4 that the procedure defined by (2) will terminate
in a finite number of steps. Furthermore, using the Wald
approximation, the following formula for the average
sample number (ASN) is also derived:

E{N;y}=1 + [bQ(y) + a(1 — Q(y)))/D(y) (5)
D(y) =In(y:/v0) + (Yo — v1)/y. (6)
Evaluating (5) at y, and y,, and using (6), it follows that:

E{N; o} =1 + [(1 = o)In(/(1 — a))

+ aln((1 = f)/a)l/D(yo), )
E{N;y.} =1+ [BIn(B/(1 — a)) + (1 — P)
In((1 = )/ &)1/ DA(y,). ®

The sample number required for the corresponding op-
timum fixed sample test is the value of n which satisfies

Xt Qn — 1)/x2 Q2 = 1) = yi/vo. ®

2.2 M-Sample SPRT with Common y

Suppose that observations T, are becoming available
from M NHPP’s which have a common value of y but
possibly different values of 6. Define—

ng—1

;"k»kEnk/ ,§1 ln(Tnk,k/Tj,k) (10)
n*= k_zl (n. — 1), (11)
Z,.= El nk/?nk,k. (12)

The SPRT of H,: y < y, against H,: y > y, is:

1. accept H, if Z,. 2 [b + n* In(yo/y))/ (Yo — 1),

2. reject Hyif Z,. < [a + n* In(yo/y )1/ (Yo — y1), (13)

and continue otherwise. If the test continues, Z , can be
recomputed as soon as an additional observation is
available from any one of the NHPP’s.

2.3 2-Sample Test of Discrimination for y

Suppose pairs of observations (T, ,, T, ,) are considered
sequentially from two NHPP’s with parameters y,, i, k =
1, 2. The problem is to test Hy: y, — y, < —y, against H,:
Y1 — Y2 2 w, for some specified y, > 0 with risks not ex-
ceeding (e, f3).

Lety,, k = 1,2, be defined by (10) with n, = n, = n.
The SPRT in this case is:

1. accept H, if wol(n/y,,) — (n/y,)] < b,

2. reject Ho if wol(n/y,,) — (n/y,)] > a, (14)
and continue otherwise.
The approximate OC function and ASN of pairs are:

Oy1r y2) = [0/ — 1]/[etn-mr — gtn-nvug], (15)

E{N; Yis Yz} =1+ [a—-(a@a— b) Oy, vl

/I(y2 — yo)wo/Yoy1l- (16)

3. NUMERICAL EXAMPLES

The 1-sample and M-sample SPRT’s will be illustrated
by applying them to the following simulated life data from
M = 3 systems with true commony = 0.5and 6 = 2.778:

System 1: 4.3, 4.4,10.2, 23.5, 23.8, 26.4, 74.0, 77.1, 92.1,
197.2

System 2: 0.1, 5.6, 18.6, 19.5, 24.2,26.7, 45.1, 45.8, 75.7,
79.7, 98.6, 120.1, 161.8, 180.6, 190.8

System 3: 8.4, 32.5, 44.7, 48.4, 50.6, 73.6, 98.7, 112.2,
129.8, 136.0, 195.8

The data, which are found in Crow [5] and Bain [2], were
actually obtained using type I censoring at time 200 with a
fixed-sample plan, but for illustrative purposes we will
regard them as sequential data.

3.1 Application of the 1-Sample SPRT

Suppose it is desired, on the basis of data from system
1, to test Hy: y < 0.25 against H,: y 2 0.50 witha = 8 =
0.10. The sequential procedure as described by (2) would
accept Hyif n/y, > 8.80 + (n — 1)2.77, reject H, if n/y, <
—8.80 + (n — 1) 2.77, and continue otherwise. The deci-
sion would be to reject H, when failure #6, 26.4, is ob-
served since n/y, = 4.78 < 5.05 = —8.80 + (n — 1)2.77
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when n = 6. The ASNs can be approximated using (7) and
(8). Specifically, they are E{N; y,} = 6.73 and E{N; y,} =
10.10. Using (9) the optimum fixed sample test requires n
= 15 observations. Suppose it is desired to find the power
for y = 0.6. The OC can be approximated by (3). Since in
general, it is not possible to solve ¢(h; y) = 1 explicitly, the
solution must be found by numerical methods. A
reasonable approach is to compute both $(k; y) and Q(y) as
functions of 4 for a fixed y. In the present example, with y
= 0.6, $(h; y) = 1.00 for » = —1.62 and the correspond-
ing value of Q(y) is Q(0.6) = 0.03. The approximate power
of the test fory = 0.6is 1 — Q(0.6) = 0.97.

3.2 Application of the M-Sample SPRT

The same hypotheses can also be tested using the
M-sample test described in section 2.2. In fact, the same in-
terval would apply with n — 1 replaced by n* = 23,(n. —
1), and n/y, replaced by Z,, = 37, nk/f"k‘k. For the data
from the three systems, and a = f§ = 0.10, the decision
would be to reject H, when failure #11, 24.2, is observed
since Z,, = 11.69<13.36 = —8.80 + n*2.77 when n* = 8.
Although this procedure required more observed failures
than the 1-sample test, the duration of the test, prior to re-
jecting H,, was shorter. In particular, the duration based on
system 1 above was 26.4, while the duration based on all
three systems was 24.2. A given system will not contribute to
n* or Z . until at least two failures have been observed for
that system. This occurred in the present example since the
second failure from system 3 did not occur until after the
test was terminated. The computational formulas for n* and
Z . will take this into account if we follow the convention of
excluding any terms for which n, — 1<1.

3.3 Application of the 2-Sample Test of Discrimination

The sequential test of section 2.3 will be illustrated by
applying it to the results of fatigue failure tests conducted
by Butler & Rees [4] to determine the suitability of various
metals for aircraft construction. In one phase of the study,
titanium and steel specimens were tested for crack initia-
tion due to fatigue. Each specimen was subjected to
stresses in varying amounts and patterns similar to those
occurring in flight. These stress patterns were repeated un-
til a crack was detected, the number of load cycles (which
can be thought of as a laboratory measure of flight time)
until a crack detection was recorded, the crack was
repaired, the test was resumed until another crack was
detected, the total number of load cycles to this failure was
recorded, etc. Because of a possible threshold effect, the
measurement of time was started at the time of the initial
failure. The data which we shall consider are:

Test 1: 2356, 3498, 5038, 9501, 11500, 12000, 12000,
(titanium) 12000, 12000, 13000, 13000, 13500, 14000,.
17000, 17500, 17500, 18500, 20505, 20505
Test 2: 2452, 3750, 3788, 3788, 4000, 4000, 4350,
(steel) 4350, 4750, 5000, 5750, 5750, 5750, 6000,

6000, 6000, 6075, 6400, 6798, 7400, 7500

Suppose it is desired to test sequentially the hypothesis
H,: y, — y, € —1 against the alternative H,: y, — y, 2 1
with risks @ = f# = .01. The decision would be to accept H,
when pair #17, (18500, 6075), is observed since (n/y,,) —
(n/y,) = —4.915< —4.595 = b whenn = 17.

The ASN of pairs depends on the values y, and y, in-
dividually, and not just on their difference. For example, if
v: = landy, = 2, E{N; y,, y.} = 10.01 and if y, = 2 and
y2 = 3 E{N; v, y2} = 28.02 which follow from (16) with «
= f = .0l.

4. DERIVATIONS
4.1 Derivation of the 1-Sample SPRT

The joint pdf of the first » failure times from a NHPP
with intensity v(f) = (y/6)(t/6)" ' is:

Rt e ) = (L 111 0/8) expl (e8]

0<<...<t,< 00, am

Let

U,=In(T,/T,-),i=1,2,...,n. (18)
The U, , are distributed as order statistics for a sample of
size n — 1 from an exponential distribution. Specifically,
the joint pdf is:

n-1
Sy oy tty i) = (0 = Dy expl—y 2 u,),
0<u,,<...<u,_,,<oo, (19)

n-1 n—-1
> U, = 2 In(T,/T) = n/y.. (20)
i=1 =1
y. is the usual (fixed sample) maximum likelihood
estimator of y. The U,,’s correspond to a maximal in-
variant which eliminates the dependence on the scale
parameter, but which also reduces the size of the data set
fromnton — 1.

Thus a SPRT of H,: y =y, against H,:y =y,, or Hp: y <
Yo against H,: y 2 y,, 0 <y, <y, <, can be based on (19),
and the unknown nuisance parameter 6 has been eliminated
with an effective loss of only one observation. Let

A . = f(ul,n’ AR un—l,n; Yl)
f(ul.n’ A unfl,n; YO) n-1
= (v1/vo)"" exp[—(yi — o) ,=Z. u,l,

2D
Z, ., =1nk,..
The form of the SPRT is
i. accept H,if Z,_, < b,
ii. reject Hy if Z,-, 2 a,

iii. continue if b< Z,., < a. 22)
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Because of (20), it follows that the test (2) is equivalent to
(22).

The observations are not s-independent; however, as
discussed by Ghosh [9], the test can equivalently be ex-
pressed in terms of z; = {n A, and z, = {n(A;/A0), J > 1,
since

Jj=1

Note that:

n-2

z lji,n—l

=1

n-2

n-1

= =Zl U, + n-1InT,../T), (23)

It follows that:

= In(y,/yv0) + (vo — vy dn(T;.,/ T,

Jj=1, n—1. (24)

Transforming from (17) shows that the z;’s are fortuitously
i.i.d. with:

2y4n(T;,/T) = 2vlz; — dn(yy/vo)l/(vo — v1) ~ X*(2).
(25)

Thus the basic properties of the test can be stated easily in
terms of the z,’s following the notation in Ghosh [9].

It follows immediately that the SPRT is closed; that is,
it terminates with probability one, and that:

E{z;v} = In(y:/v0) + (vo = v/, (26)

o(h; v) = E{e*; v} = y(y1/vo)"/ly + (v — yo)hl.

It follows that the Wald approximation for the OC func-
tion is given by (3). The Wald approximation for the ASN
is then obtained from:

@7

(28)

Approximation (5) follows from (26) and (28).
If one were to consider a SPRT of y for the exponential
distribution with pdf:

) =ye-r, 0<x< oo,

then

z; =In(}/A-) = Ln(yi/vo) + (o — - n,
(29)

Yl)xjaj = ly ..

where 2y x; ~ x*(2). This is equivalent to (24) and (25) with
n — 1replaced by n and j £n(T;.,/ T;) replaced by x;. Thus
results for the exponential distribution can be applied

directly to the test considered here simply by replacing n
with n — 1, if they are stated in terms of the z; given by
(29). Results for the exponential distribution stated in
terms of the x; also apply under the transformation x;, = j
(T}, / T)).

Albert [1] has studied the exact properties of the SPRT
for the exponential parameter and these are reviewed by
Ghosh [9]. They provide exact expressions for the critical
values and exact bounds for E{N; y}, however the Wald
approximations are more convenient and should be ade-
quate for most applications.

Example [9, p. 157]. Suppose y, = 0.010, y, = 0.015, «
= B = 0.05. Then the Wald approximations give b =
—2.944, a = 2.944. From (2), accept H, if n/y, > 588.89
+ (n — 1)81.09, and reject H, if n/y. < —588.89 + (n —
1)81.09. From (7) and (8) E{N — 1; y,} = 28.03, and E{N
— 1; y,} = 36.73. The exact test is to accept H, if n/y, >
507.80 + (n — 1)81.09, reject H, if n/y, < —561.29 + (n
— 1)81.09, and 28.93 < E{N — 1; y,} < 29.06, 34.97 <
E{N — 1;v,} < 38.17. From (9) the optimum fixed sample
test requires n — 1 = 66.

4.2 Derivation of the M-Sample SPRT

Suppose that observations T/ are becoming available
from NHPPs which have a common value of y but possibly
different values of 6. Define:

T,),j=1,..n M.
Then the x;, represent n* =31, (n. — 1) s-independent ex-
ponential varrables with parameter y. In this case:

M nel

kzl E Xik = Er nk/Ynk,k’
and the SPRT of H,: y < y, against H,: y 2 y, is defined by
(13). Results such as (28) apply directly to determining
ASN, in the M-sample case, with N — 1 replaced by N*.

=jIn(T,,,,/ -Lk=1,..,

(30)

4.3 Derivation of the 2-Sample Test of Discrimination

Consider two NHPPs with parameters y, 0:, kK = 1, 2.
The problem is to test Ho: y, — v, < —wo against Hy:y, —
Y2 = wo for some specified y, > 0 with risks not exceeding
(a, B). It will be shown that such a test can be carried out
according to (14).

2-Sample tests of this type are considered by Ghosh [9,
p 240] for the more general Darmois-Koopman form:

Jix; vi) = Clyi)e” ™ gilx). (€2))

The problem is considered first for hypotheses of the form

H0 yi=vY,v2 =7y versus H:y, =y, y. = y withy <

. In the present application, pairs of observations (7, ,

. 2) are considered sequentially from two NHPPs. As in
section 4. 1 the transformation x;, = j 4n(T,, /T, ), Jj =

1,2, -Lk=12, relates the problem to a test of
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exponential parameters based on sequential samples of size
n — 1. In this case, the Darmois-Koopman form applies
with:

Cly) = B@y) =y, T(¥) = —x; gx) = 1if x>0,
and O otherwise.

Let w(ys, v2) = B(y)) — B(y2) = v1 — y2and wo = (v, v).
It follows that:

L= [T, ) = T ) wo = (6= X)) wo,
n-1 n-1

n-1
Z, = ,E A= (Z; X, le X, ;) Wo

= wol(n/v,) — (n/y,)].

The test defined by (14) also solves the more realistic
problem of testing Ho: w(yi, y2) = ¥i — y2 S — o against
Hi: w(y, v2) = vi — 72 2 Yo

Although the tests provided appear to correspond to
upper 1-sided alternatives, sequential tests of this type treat
H, and H, symmetrically. Consequently, the roles of H,
and H, can be interchanged provided the values of a and 8
are also interchanged.

(32)
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