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Properties of Microwave Cavities Containing Magnetic Resonant
Samples*

Kathy A. Rages’ and Robert E. Sawyer!
Physics Department, University of Missouri—Rolla, Rolla, Missouri 65401

Edward B. Hale

Physics Department and Materials Research Center, University of Missouri—Rolla, Rolla, Missouri 65401
(Received 27 November 1972; and in final form, 23 March 1973)

Properties of TEg;, cylindrical, microwave cavities containing cylindrical samples of various radii and
dielectric constants are calculated. The properties considered are the resonant frequency, quality factor
(Q), relevant magnetic filling factor for spin transitions (n), and a signal sensitivity factor (Qn) for a
lossless sample. Sample sizes range from zero radius to full cavity radius with some experimental data on
less than full length samples. The choice of dielectric constants ranges from one to sixteen. The data are
presented in dimensionless form since they will be of use to other ESR experimentalists. It is shown that
use of large samples is undesirable even if they are lossless. Furthermore, elongated cavities (D /L ratios
less than one) are to be preferred over shortened cavities.

INTRODUCTION

Measurements are often made to determine the spin
magnetic resonance parameters of a dielectric sample
inside a microwave cavity. In these measurements, the
cavity is placed in a large, homogeneous dc magnetic
field, Ho, and microwave excitation is introduced into the
cavity. The component of the microwave magnetic field
perpendicular to Hy induces the spin transitions of interest.
The cavity is used to enhance the detection of these tran-
sitions. This is accomplished by choosing the microwave
frequency, w, to be a tuned, resonant frequency of the
cavity with sample and by arranging the cavity and
sample configuration to yield a large Qn factor, where Q is
the quality factor and 5 is the relevant magnetic filling
factor for the sample in the cavity. (The signal sensitivity
is proportional to the Qn product.!) The purpose of this
paper is to examine these three parameters (w, Q, and 1)
for very common cavity and sample configurations.

The configuration considered is shown in Fig. 1. The
cylindrical sample of radius Ry, length L, and dielectric
constant «; is surrounded by a medium of dielectric con-
stant, ks, and is coaxial with a metal cavity of radius Rs
and length L. The field Hy is applied in the r—¢ plane.
For the TE resonant mode the microwave field, H,, is
maximum at r=0 and is the major perpendicular field
component. This mode is used in many of the available
commercial cavities by such manufacturers as Varian,
JEOLCO, Bruker Scientific, and Ventron.

Our calculations have been performed in such a manner
that they should be reasonably valid or easily adapted
to many of the commercial TEoy cylindrical cavities. The
calculations are for a fixed cavity size (i.e., constant L
and R,), which is vacuum or air filled outside the sample

Re

F16. 1. Sample and cavity configuration. The cy-
lindrical cavity inner dimensions are radius Rz and
length L. The full length sample is a cylinder of
radius R; and dielectric constant ;.

—r—
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(i.e., xo=1). The sample size and dielectric constant (i.e.,
R, and k) are treated as variables. The sample is assumed
lossless, which is certainly not unrealistic for small R; since
the only nonzero microwave electric field component is zero
along the z-axis. In addition, the sample is assumed to be
linear, isotropic, and nonferromagnetic. In general, the
relevant properties w, Q, and  are normalized or referenced
to the empty (R1=0) cavity values, which are subscripted
with a zero. This dimensionless form of normalization
was used because the results apply to a rather wide range
of sample and cavity configurations. In addition, a wide
range of sample dielectric constant (k=1 to 16) was chosen
so that ESR investigators working with gases, alkali
halides, oxides, semiconductors at low temperatures, or
other samples having reasonably small loss would find
the results useful.

A previous publication? considered small lossy samples
in a TE¢; mode cavity. In the present paper perturbation
methods are not used, small and large samples with a wide
range of dielectric constants are treated, and emphasis is
on graphical results, which we believe other investigators
can analyze to fit their needs.

I. BASIC DEFINITIONS AND FORMULATIONS
A. Fields and Boundary Conditions

The microwave fields at frequency w in a TE.,, mode
with m=0 and configuration as in Fig. 1 are, in mks units,
B,=A1J o(vrr) sin(pmz/L)e "t
B,= (pr/v1L)A1J o/ (vyr) cos(pmz/L)e ! (1)
Ey= (iw/y1)A1J o (yar) sin(pmz/L)e

inside the sample, and

B,=[AsJo(yar)+ B2No(ver) ] sin(pmz/L)e~ !

B.= (pr/v2L)[A2J o/ (vor)+ BN/ (var) ] cos(pmz/L)ei* (2)
Ey= (iw/v2)[A2J o (yar)+ BN (vor) ] sin(pwz/L)e !
outside the sample, and E,=E,=By=0 everywhere? In

the above, Jo and N, are the zero-order Bessel functions

and
viE=kieouu®— (pr2/L?), for i=1, or 2. 3)
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The constant 4, is determined by the excitation field.
The constants to be determined from the boundary con-
ditions are then 4,, B,, and the frequency w.

The boundary conditions required that Etas and Buormal
are zero at the cavity surfaces. These conditions at the
cavity top and bottom determine the sine and cosine
dependence as given in Egs. (1) and (2). At R,, the E,;
equation yields

Az](], (’)/2R2)+]§2N01 (72R2)= 0 (4)

The continuity of Eian, Hian, Bnormal, and Dygrmar at the
R; interface yield

(/v AT (viR) = (1/v2)[ AT (v2R1)+ B2No/ (v2R1) ] (5)

and
AT o(v1R1)= A 2] o(y2R1)+ BN o(y2Ry). (6)

B. Resonant Frequencies

The latter three boundary conditions [ Egs. (4)-(6)] can
be used to determine w if they are regarded as three
homogeneous equations in the variables A1, A, and B..
For nontrivial solutions, the vanishing determinant re-
quirement yields

(yo/v)J o (viR1) Jo' (v2R1) N (v2Ry)
Jo(viRy) Jo(v2R1)  No(y2R1) | =0. (7)
0 Jo (vaRs) N (v:Ry)

F(w)=

The solutions to this equation are determined to about
five or six significant figures using Newton’s method in
our computer program. The various roots w=wy, are the
possible TE,, resonance frequencies.

C. Quality Factor

If losses in the sample are neglected, the quality factor is
f "%V
2Jv,

Q_ ’
é
/ H*S
Se

where 8(xw™?) is the classical skin depth of the metal
wall material. Calculations yield

Ro Ry
2[(p2r2/L2)/ dr rR,(r)—{—/ dr rR’,(r):|

Q= 22 y (9)
5|:R2Rz(R2)+ &/L) (p*/12) / dr rR,(r):l

(8

where
R.(n)=Q/yA[AJTd (v, if r<R,

or (10)
R (r)=(1/vA)[ AT (yar)+ BN (yar) P2, if r> Ry

and
R.(n)=[AJo(vr) ],
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Fic. 2. Normalized resonant frequency shifts for various samples.
The frequency shift for k=16, and D/L=2 is also shown for com-

parison. Lowering D/L to } results in points which are essentially
the same as those for D/L=1.

or (11)
Rz(f)E[A2]0(727)+32N0(727‘)]2, lf r_>_R1.

The first term in the denominator is the side wall con-
tribution and the second term is the top and bottom
contribution. All radial integrals have been computed by
Simpson’s method.

D. Filling Factor

The relevant magnetic filling factor is*

/ H?sin% dV
v
— (13)

B
/ m*dv
Ve
where 8 is the angle between H, and the microwave field
H(r). The numerator integral is over the excitation (i.e.,

perpendicular) component of the microwave field as re-
quired. Calculations yield

Ry Ry
I: / dr rR.(r)+ % (p*x2/L?) / dr rR,(r):I
7= - . (13)
Ry Ry
I:/ dr rR,(n)+ (p21r2/L2)/ dr rR,(r)]

II. THEORETICAL RESULTS

A. Calculations

The results of the resonant frequency calculations are
shown in Fig. 2. The results depend on cavity not through
the value of D or L but only via the D/L ratio as might
be expected from geometrical scaling arguments. For most
of the calculations a D/L ratio of one was chosen, since
many commercial cavities have this D/L wvalue. The
results for Ri/R;=0 and Ry/R,=1 are independent of the

92:6¥%:LL €20C 8unr /g
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F16. 3. Normalized quality
factors for various samples in
a cavity with D/L=1.

01 23456178 910
R, 7R,

D/L ratio. The influence of the D/L ratio is shown for
a k=16 sample. The values for Ri=R, agree with the
well-known result that?

x1(fD)?= (cxor/m)*+ (cp/2)*(D/L), (14)

where ¢ is the velocity of light and x¢;=3.83 is the first
root of the first derivative of the zeroth order Bessel func-
tion. Thus the R;/Ry=1 results scale as (x1)?.

Figure 3 shows the quality factor dependence on R;
and 1. The Q peaks at a value greater than one in all
samples with a Q enhancement exceeding five for a ma-
terial with a dielectric constant of about sixteen. Thus if
a high Q cavity is desired for use as a reference cavity
or for some other reason, it is clearly advantageous to
partially fill it with a high dielectric lossless sample. Note
that Q/Qo becomes less than one at large R; values be-
cause the skin depth depends on the resonant frequency
[see Eq. (8)]. As in Fig. 2 the curves shown are for
D/L=1 and depend only on the choice of this ratio.
Figure 4 shows the influence of the D/L ratio for x=16.
Note the enhanced Q values for elongated (D/L<1)
cavities. The results were calculated at a fixed frequency
9.5 GHz, rather than fixed D for reasons discussed in
Sec. II B.

The magnetic filling factor is shown in Fig. 5. The
filling factor has a value of 0.928 for all x when Ri=R,.
(The value is less than one because the components of
the microwave magnetic field parallel to the dc magnetic
field do not contribute to transitions between different
spin states.) This filled cavity value can also be obtained
directly from Eq. (13) without the use of a computer.

Fi1G. 4. Effect on Q caused
by varying D/L for k=16
samples. As D/L increases
the maximum Q enhance-
r ment decreases, as does the
value of R;/R, at which
this maximum occurs. The
y-axis is normalized to the
optimum empty cavity Qo
L value which occurs when
D/L=1. The results show
the advantage of elongated
- (D/L<1) cavities. The re-
sults are for a constant fre-
quency as discussed in the
text.

CONSTANT W
5.0 K=i6

D/L=1/2

o/L=1

Q /Qp/L=1)
(2]
°

N
)

o

[o] T L v T ™Y
0 0.1 0203 04 050607 08 09 .0
R/R,
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1.0
o _Kel6 9284
T hi

8] [ Kag o D r

74 / S Iadye1+-3 F
. 1 e
4 1K F1c. 5. Magnetic filling fac-
S K perturbed fiald) tors for various samples. For
4 i 1 samples with a high dielectric
al ! constant, large » values occur
. i r for rather small R, values.
2 }i L
H
o

0.1 .234567839]I.0

R/R,

The curves shown are for D/L=1 and depend only on
this ratio. Figure 6 shows the influence of the D/L ratio
for k=16 samples at a fixed frequency of 9.5 GHz. Note
the enhanced n values for elongated cavities.

In Fig. 7 the Qn product factor is shown. This factor
is proportional to the sensitivity of the spectrometer for
a lossless sample.r For a material with a fixed dielectric
constant, there is an optimum sample size corresponding
to the radius at the peak in the appropriate x curve.
A larger size sample would yield a smaller signal.

The Qn product factor dependence on D/L is shown in
Fig. 8 for a k=16 sample. The results are for a fixed reso-
nant frequency and show the important signal enhancement
obtainable with elongated cavities.

B. Analysis

The peaks in the various sensitivity curves (Fig. 7) are
of prime importance for optimum cavity design. They are
produced by the corresponding peaks in the quality factor
curves (Fig. 3), but are more pronounced because of the
filling factor results (Fig. 5). The peaks in the quality
factor curves occur because the appropriate solutions to
Maxwell’s equations tend to concentrate the fields in the
sample rather than outside it. Thus the fields over most
of the cavity walls are reduced which reduces the losses
in the cavity walls. This reduces the denominator of
Eq. (8) and causes an enhancement in Q.

It often occurs that the sample radius is chosen such
that the empty cavity resonant frequency is not greatly
perturbed. Figure 2 shows that this corresponds to
Ry/R;50.15. But, it is clear from Fig. 7 that a sensitivity
enhancement of from one to two orders of magnitude can
be obtained by simply doubling the sample radius so that

o-hwbho BNDOD
.

D/L=1/2
{ D/Lal 3 Fi1c. 6. Effect on 5 caused
by varying D/L for x=16
samples. The effects on the
peak in 5 are similar to those
on the maximum Q enhance-
ments. The results show the
advantages of elongated cavi-
I ties. Note that the filled
l cavity » increases with de-
K=16 creasing D/L due to the rela-
[ tive increase in H, over H,.

D/L=2—

n

012345678910
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5.0 A—t
4.04 K=16 i
[N
F16. 7. Product factors ] Kel2)
for various samples in o 39 ]
a D/L=1 cavity. This oo i
product factor is impor- 20 | k=8 |
tant for signal detection IF
sensitivity in magnetic A
resonance experiments. 1.04 1 L
i A K2 =
154 d]
[o]

0123452678910
R,/Rs

Ri/R; is about one-quarter or one-third. However, further
doubling of the sample radius such that Ri/R,>% results
in loss of sensitivity and this range of Ri/R, values should
be avoided.

The Qn product factor dependence on D/L is shown in
Fig. 8. This dependence is most strongly influenced by
the quality factor results (Fig. 4), with the filling factor
results (Fig. 6) constructively reinforcing the Q results
for most samples. This reinforcement is not accidental
since an improvement in sample filling implies a larger
energy storage and a reduction in microwave field strength
on the cavity surface, i.e., an increased numerator and
decreased denominator in Eq. (8). For an empty cavity,
calculations® show that the optimum Q occurs when
D/L=1. When the cavity contains a sample, the present
calculations clearly show that a D/L=1 cavity is not an
optimum design for the sensitivity factor, the cavity Q,
or the sample filling factor. The real importance of these
results is that a shortened (D/L>1) cavity is to be avoided;
an elongated cavity normally yields a small sensitivity
enhancement. Qualitatively, this can be understood by
noting that the sample expands the effective electrical
radial dimension of the cavity. Thus the diameter of the
cavity must be reduced to maintain the optimum electrical
D/ L ratio.

Of practical importance is how to use our results to
design cavities for ESR experiments. The following method
is suggested. Use Fig. 7 to estimate the Ri/R, ratio for
optimum sensitivity for the « of the sample, e.g., for k=16,
Ri/R,=~1. Using this result, estimate the {w—awo)/w, ratio
from Fig. 2. Since w is experimentally restricted to a rather
small range by the spectrometer and klystron frequency,

6.0
CONSTANT W
5.0. K=16
Fi6. 8. Product factors for L
various D/L ratios for a 4.0+ D/L=1/2 r
k=16 sample. Sensitivity T
increases  with decreasing 3 . | o/Lsl
D/L ratios. Normalization o™
and frequency conditions as  ~_
in Fig. 4. The results show & 2.0{
the advantage of elongated D/Le2
cavities over shortened cav-
ities. 1.0 1
) —————————|
0 01 02 0.3 04 05 06 07 08 09 10

R/R,
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.10

aKeI5 Stycast (HI-K)
+K=9 Stycast (Hi-K)
.09 OK=6 Stycast(Resin)
XK=4.!Boron Nitride

OK=2.5 Polystyrene
OKs=2.l Tetlon

0~

074
o6
.05

93
044

.03 4

021

4 +
.0l ?
X

O 4 T T T T
(o] .05 10 8 20 25 30 35

F1c. 9. Experimental normalized frequency shifts for various sam-
ples in a D=5L=4.07 cm cavity. Experimental data points shown
by symbols. Solid lines are calculated results from the appropriate
solution to Eq. (7).

the above estimate made using Fig. 2, determines wo. The
diameter of the cavity can then be approximated by the
elongated, empty cavity result of Eq. (14). Namely,

D= (269601/0)0), (15)

where the approximation of a small D/L ratio has been
made. The sample radius is now determined since Ri/R,
and D are known. Finally, L is chosen to be larger than D
so that a near optimum Qn factor results (see Fig. 8).
Since Fig. 8, or Fig. 4, will normally be used after a choice
of w is made, results presented in these figures are for
constant frequency. Results presented in Figs. 3 or 7 are
not at constant frequency since they will normally not be
used with such a constraint. Note, however, that for any
chosen point of the curves in these figures, the frequency
can also be chosen to have any value allowable for the
TEop: mode. (The results presented in Fig. 5 are inde-
pendent of frequency.)

From a practical point of view, an elongated cavity is
usually desirable since a reduced D permits use of a smaller
magnet gap and/or greater flexibility in Dewar design.

P
.9 1 u/ L
8 4 9/6 °
Fic. 10. Experimental 71 J ° -
resonant frequency shifts 64 S
for samples of less than 3|3 5 /A
full length. Results are 3|7 7 xO o
normalized to the fre- 3|3 .44 R uﬁ:g',' 35',;.'{ 59
quency shifts of the cor- 34 / xKe9 D/Lel
responding full length ’ ° aK9 D/L=159
samples. 21
1
[o]

01 234567 8.9 10
LsL
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Often L will be limited either by the sample sizes available
or by the magnet, which must not inhomogeneously
broaden the ESR lines.

There are several reasons why the above design method
may not always be the one used. For example, a small
sample may require a design method based on a pre-
determined R; value, or D may be experimentally limited
by Dewar size or machining limitations, or a lossy sample
may change the Qp optimum value from that shown in
Fig. 7. (In this latter case, the effects of small, lossy
samples can be approximated with the results of Haniotis
and Gunthard? and should be combined with the present
results to obtain a true Q and Qn product. Hyde?® has also
considered effects due to lossy samples.) But even in all
these cases, the data presented here should still be usable
for optimum design.

III. EXPERIMENTAL RESULTS

Experimental verification of the resonance frequency
shifts have been obtained. The cavity used was made
from copper and had a D=L=4.07 cm. Samples used were
made from Teflon (x=2.1), polystyrene (x=2.5), boron
nitride (x=4.1), and several kinds of Stycast.® Measure-
ments were made over the tuning range of a Varian model
X-13 reflex kystron.

The experimental results obtained are shown in Fig. 9
by the various symbols. The solid curves are the theo-
retical predictions. Agreement is verified to within experi-
mental uncertainties. In fact, the dielectric constant for
a material can be reasonably estimated by plotting data
points on the figure. For example, originally we believed
that boron nitride had k=35 (see Ref. 7). However, when
the data were plotted it appeared that x=4. A more
detailed literature search determined that x=4.1 (see
Ref. 8). Our data also seem to indicate that our self-
cured samples made from Stycast 36 DK resin have a
nearer seven rather than the suggested manufacturer’s
value of six.? In addition to the results plotted in Fig. 9,
data points in good agreement with theory were also
obtained for Teflon samples out to Ri/R,=0.8.

Experiments with samples less than full length have also
been performed. Figure 10 shows the effect on the reso-
nance frequency caused by a sample of length L’ in a cavity
of length L. Data were taken for two different dielectric

Rev. Sci. Instrum., Vol. 44, No. 7, July, 1973

materials in two different X-band cavities. The frequency
shifts were normalized to the full length sample shifted
values so that generalized results could be shown on the
same graph. In Fig. 10 the solid line is not a theoretical
curve; it is merely an approximate best fit to the experi-
mental points. It is probable that there are slight dif-
ferences in the actual relationships between length and
resonance frequency for the cases shown. However, these
differences are within the experimental error limits.

The influence of less than full length samples on Q and 4
should be mentioned. Although no quantitative results
were obtained, it seems reasonable for (L—L')/L<% that
Q should not greatly decrease and might even increase
since the microwave fields will be weaker near the end
walls. A decrease in 5 is expected because of less filling,
but it would seem that this decrease would be small since
most of the contribution to the sample filling integral
occurs near the center of the cavity.
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