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The Application of Impact 
Dampers to Continuous Systems 
A study has been made of the application of impact dampers to two types of continuous 
systems, a simply supported and a clamped beam. Experimental models were tested in 
the laboratory and computer programs were developed to calculate response by two sep­
arate approaches. Results from calculations agreed favorably with experimental tests. 
Curves presented show the response to be expected for values of significant system pa­
rameters and enable the user to apply impact dampers to these types of continuous sys­
tems. 

Introduction 

An impact damper consists of a mass particle constrained to 
move between the two ends of a rigid container. When attached to 
a vibrating mechanical system the collision of the particle with the 
container boundaries results in a reduction of the vibration ampli­
tude of the primary system through momentum transfer. An im­
pact damper attached to a single degree-of-freedom system is 
shown in Fig. 1. 

Grubin [l],1 Arnold [2], and Masri and Caughey [3] have investi­
gated the motion of the system shown in the figure. Masri [4] has 
also investigated the response of multi-degree-of-freedom systems 
with an impact damper and presented the exact solution for the 
steady state motion of the system. Recently Masri [5, 6] has ex­
tended his investigation to cover a class of uniform Bernoulli-Euler 
beams and plates of arbitrary shape. 

The objective of the present study is to investigate the motion of 
a continuous system under the action of an impact damper. Two 
types of uniform, continuous beams subjected to sinusoidal base 
excitation are considered for analysis. Solutions valid between the 
impacts were obtained analytically by two separate approaches. In 
the first approach the mass of the damper container attached to 
the beam is assumed to be negligible and the solution is obtained 
for a viscously damped, Bernoulli-Euler beam. The solution satis­
fying the initial conditions is determined in terms of the sum of an 
infinite series. 

In the second method, the uniform, continuous beam is replaced 
by a multi-degree-of-freedom discrete structure and the set of gov-

1 Numbers in brackets designate References at end of paper. 
Contributed by the Design Engineering Division and presented at the De­

sign Engineering Technical Conference, Washington, D.C., September 17-
19, 1975, of THE AMERICAN SOCIETY OF MECHANICAL ENGI­
NEERS. Manuscript received at ASME Headquarters June 4, 1975. Paper 
No. 75-DET-81. 

erning differential equations is solved exactly. The solution satis­
fies the initial conditions and defines the motion of the system 
from collision to collision. 

It proved advantageous to use the discrete mass model in the 
current problem and the solution for the Bernoulli-Euler beam 
was used to verify the former approach. With the discrete model, 
for example, the mass of the damper container was incorporated 
and although not included in this paper, more complicated struc­
tural members could be studied. 

Experiments were conducted with models of the two types of 
beams and damper units of three different weights with adjustable 
clearance. Base excitations used in various cases were different. 
These investigations produced system damping and the results 
were compared with analytical solutions. 

1 Continuous System Solution 
For the conventional, continuous beam system shown in Fig. 2, 

two types of damping were assumed. Internal damping was includ­
ed in the constitutive equation as 

cr = Ee •+ C l n t dt (1) 

while external damping was assumed proportional to the relative 
beam velocity. 

Based on equation (1), the bending moment has a second term 

Fig. 1 Single-degree-of-freedom system with an attached impact damper 
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( a ) F i xed beam 
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(b) Simply supported beam 

Fig. 2 A sketch of the continuous systems discussed In this report 

due to the internal damping. The equation is 

rB'W ddW M(x) = EI-j + / C l n t - 5 - . . . 
BX' 

From elementary considerations 

8'M d2W 

8 * W 

awr " g ^ - M * , f) -9-7? Cext 9^ • 

(2) 

(3) 

Combining equation (2) and equation (3) gives the differential 
equation of motion 

The beams treated herein are displacement excited with har­
monic motion and the loading function, p(x,t), is taken to be zero. 
The absolute and relative beam displacements are related through 

Wix, t) = Wrix, t) + h sin tot. 

Boundary conditions are 

WiO, t) - W(L, t) = h sin tot. 

As indicated in Fig. 2, two cases are considered in the paper, a 
beam clamped and another simply supported. For both, an impact 
damper was installed in the mid-position. 

The solution for each case can be expressed in terms of beam 
functions as 

00 

Wix, t) = E{exp (-j3nrt(A„ cos (u„„t) + B„ sin {uini)) 
n=l 

+ F„ sin (tot - *„)} U„(x) + h sin tot (4) 

where 
H„m2 „ f C e > t c o 2 

F»=
 ClV(w„2 - « 2 ) 2 T W W ' ^"5"" Pa + EC^ 

*•= tan"' {(^hrf- H"= f u"(x)dx 

m 

and 

„ 9 / i i i r : ~~o 

P„ = £„">„ . 

The constants, Kn, are the roots of 

cos (KL) cosh (KL) = 1 for fixed ends 

sin (KL) sinh (KL) = 0 for simply supported ends. 

The beam functions are 

T, 1 \ „u trr \ trs \ cos JK„L) - cosh (K„L) 
Un(x) = cosh Of^) - cos (/?„*) - s i n ( £ L ) _ s i t l h ( ^ • 

and 

(sinh (#•„*) - sin {Kjc)) for fixed ends 

U„(x) = sin (K„x) for simply supported ends. 

The orthogonality conditions 

JL U„{x)Um{x) = 0 for m * n 

— C t for m = n 

allow determination of the constants, C\, for the two end condi­
tions. These are 

and 

Cj = L for clamped boundaries 

Cl = L/2 for simply supported ends. 

Displacement amplitudes are determined by making use of initial 
conditions with the result 

and 

A„ = F„ sin *„ 

Equation (4) is valid f or 0 < £ < t\, where £1 is the time of the 
first collision between the damper and the container (which is rig-

•Nomenclature-

a = cross-sectional area 
Ao = stress amplitude without the impact 

damper 
Ad = stress amplitude with the impact 

damper 
Cext = coefficient of external damping 
tint = coefficient of internal damping 
E = modulus of elasticity 
h = amplitude of the base displacement 
I = cross-sectional area moment of inertia 
t = time coordinate 

W = absolute transverse beam displace­
ment 

Wr = beam displacement relative to the 
support 

x — distance along the beam 
v = velocity of a particle 
I = damping ratio 
& = Delta function 
p = mass density 
w = natural frequency in radians per sec­

ond 
S2 = frequency of the base excitation 

M = ratio of the particle mass to the equiva­
lent mass 

—,+ = subscript designating quantities be­
fore and after the collision 

• = derivative with respect to t 
[M] = diagonal mass matrix 
[K] = stiffness matrix 
[<£] = normalized modal matrix 
[ ] _ 1 = in verse of a matrix 
[ ]T = transpose of a matrix 
I ) = column matrix 
f- J = diagonal matrix 
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idly attached to the beam). The solution for subsequent periods 
between impacts is given by 

a 

Whc, t)=T, [exp {-$nt){A„t cos (ud„t) + B„+ s in ( w ^ ) } 

+ Fnsin (a(t + ti)-<H„)]U„{x) +hsina{t + t1) (5) 

Where t is reckoned from the time of collision and An+, Bn+ are 
constants which are determined from the initial conditions just 
after each impact. 
At the time of collision the beam displacement can be obtained ei­
ther from equation (4) as W-(x,ti) or from equation (5) as 
W+(x,0). By equating these two displacement expressions it is de­
termined that 

Am = exp(-/3„^) {A„ cos ( W ^ ) + B„ s in ( w ^ ) } 

For the collision it is assumed that the beam displacement re­
mains constant while the velocity of the beam and the damper 
change discontinuously and that the damper particle experiences 
no friction drag when traveling with constant velocity before and 
after the impact. Further, if the beam is assumed to have an im­
pact over the entire length with an impacting particle of mass m 
and velocity v, an incremental beam length must satisfy 

paW J&, 0)dx + v+mdx = paW.ix, t^dx + v.mdx 

during the impact. 
The conservation of momentum equation is obtained by inte­

grating above equation over the entire beam length with impact re­
stricted to occur only at a particular point, xa. Thus the momen­
tum equation becomes 

/ pa{wt(x,0) - W.{x, tjjdx- f (v.-vjmbbc-x^dx. 

(6) 

Using equations (4), (5), and (6) there is obtained a relation involv­
ing the unknowns, Bn+ and v+, as 

w h e r e 

and 

Bm =(v- v)Gn + 

., _ mUn{xd) 
'» (pC^wJ 

D„ (7) 

D„ = A „ A + exp (-j3n*j) cos ( w ^ X B , , ^ + A„/3„) 

+ exp(-j3„^) s in (iodntJ(A„udn ~ B„P„). 

By definition of the coefficient of restitution, e, between the 
particle and the beam 

WSxd, 0) - v, = -e(W.(xd, tt) - v.) 

which can be expressed as 

v,=TJU„{xd)udnBm + E2. (8) 

In the latter equation 

E2 = E Un(xd)E„ + a{l + e)h cos at{ - ev. 

w h e r e 

E„ ~ e{exp (-/3n^) cos (o>intx)(Bn<j>in - A„p„) 

- exp (-/3„^) s in ( w ^ i A ^ + B„/3„)} 

- A „ j 3 „ + 0 ( 1 + e)F„ cos (att - # „ ) . 

2N-2 

^ 2 N - 1 

(a) Rotation and translation coordinates 

< i ^ = K i ) = © = ^ > 
i -1 | - i ——J i 

(b) Lumped mass model 

Fig. 3 Finite element model for fixed and simply supported beams 

The solution of equation (7) and equation (8) for Bn+ results in 

w h e r e 

and 

Bm + G„T>ZiBi, = Rn 

zl = Ui(xd)udi 

(9) 

D„ 
E,G„ 

Equation (9) represents a system of k nonhomogeneous equa­
tions in k unknowns (Bn, n = 1, 2, 3 k), where only first k 
terms are utilized. The system of equations equation (9) can be 
solved to give solutions in the matrix form as 

u, 

"(I + GXZX) GtZ2 

G2Z, (l + qz2) 

LGkZl 

GxZk 

G2Zk 

(1 + GkZk)J [R 

(RI\ 

The beam displacement between collisions is then given by equa­
tion (5) with An+ and Bn+ determined as discussed above. 

The flexural stress at a point located on the surface of the beam 
is obtained by 

B*Wrb,t). d 
a = E 8*2 2 

where d is the thickness of the beam. 

2 F i n i t e E l e m e n t S o l u t i o n 
The governing differential equation of motion for a lumped 

mass model of a Bernoulli-Euler beam, as shown in Fig. 3, can be 
represented as 

Mj 0-

0! J" J ! - ! 
M 

+ -Kn\Knl 

L/f2 l 1-^22-
R-\o\ 

= !-°-
Jo 

Neglecting jfii{«MiY) for lower modes and with base excita­
tion, the equation of motion in displacement coordinates can be 
expressed as 

[M]{Yr} + [C] {Yr} + [S] {Yr} = {Mt} h& s in at (10) 

w h e r e 

{Yr} = {Y} - {1} h sin at (10a) 
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Fig. 4 Photograph of the beams and support IIxture Fig. 6 A photograph of the assembled IIxture-beam-damper un"

{Y} = [eI> ]rexp Hiwil)J{lsin WdilJ{Ai} + rCOs wditJ{Bi}}

+ [~h(Pi Sin:; - ~i 2
COS aOJ{F} + {l}h sin at (ll)

111 i + i

and [C] is a diagonal damping matrix obtained by a linear combi­
nation of mass and stiffness matrices.

Following the standard approach used in the theory of differen­
tial equations, the complete solution of equation (10) can be cast in
the form

The motion of the damper particle of mass m, and the mass at
the damper location including the container mass, must satisfy the
momentum equation during the impact. Therefore,

(13)

where t is time elapsed after the impact and A+ and Bi+ are con·
stants which are evaluated by using the initial conditions just after
the impact.

Since the displacements remain unchanged during the impact,
equating equation (11) and equation (l1a) at the time of collision
gives

(lOb)

[s] = [KII ] - [Kj2)[K22]"I[K21)'

{e} = -[K22 ]"I[K2I ]{Y}

where

Wdi=Wi~

Pi = W/ - a 2

where Yd-, v_ and Yd +, v+ are the system velocities before and
after the impact, respectively.

Again using e as the coefficient of restitution between the im­
pacting materials, momentum consideration gives

and

The array, [eI>], is the normalized modal matrix and lAd and IBd are
constants determined by the initial conditions.

If the impact damper is locatedat any of the node points and a
collision between the beam and the particle occurs at time t = tI,
then the solution after the impact can be established as

Yd. - v. = -e("Yd_- Vi.)'

Equation (13) and equation (14) can be solved to give

V _ {Yd- -+- v_111/md -+- e(jTd_- vJ}
• - (1 -+- 111/111d)

(14)

{Y} = [eI> ]rexp Hiwil)J{Lsin WditJ{AiJ -t- LCos WditJ{Bi.}}

-t- [~rPi sin au + t l) -+- Q i cos au -+- tl)J{F}
112 P i 2 -t- Qi 2

-+- {1} h sin a(t -+- t j ) (lla)

32

26

24

Bm h (\
acc1.~

Experimen t

Cont. Sol.

F. E. SO 1.

20

16

12

Beam wi th.out damper

'1 •. 0038

Beam wi th damper

m .. 44 grn.
S " .06 in .

. 96 .98 1.00 ,:02 1~04 1~06

nl141

Fig. 5 Photograph of the damper un"s used In the experimental phase Fig. 7 First mode frequency response of the simply supported beam
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/ E, • ,0055 

a \ Beam wi th damper 

\ / m = 44 gm. 
\ / S = .055 i n . 

/ A / *\ 

^ ^ ^ ^ , 
1.00 1.02 1 .04 1 .06 

Fig. 8 Third mode frequency response of the simply supported beam 
Fig. 9 First mode frequency response of the fixed beam 

and 

Yt.= 
{Yd. + v.m/md + e(Yd, — v.)} 

(1 + m/md) 
e(Yd 

Velocities of all the lumped masses except the one where damp­
er is located, are the same before and after the collision and are ob­
tained by differentiating equation (11) with respect to time at t = 
t\. Velocities of the lumped masses just after the impact thus be­
come 

{Y,.} 
Yi-

% • ! 

Y,. 

(15) 

Since the solution given by equation (11a) must satisfy the ini­
tial conditions as specified by equation (15) for velocities, the con­
stants, Ai+, are obtained as follows 

{Aj+} = f w r t J - ' f o S j i U - | [ * ] r [ M ] { M cos n^ - F i +} 

-±Ml(PiC0Sry+
Q

Qfna^m. d6) 
The complete solution for the displacement of the beam after 

the collision is obtained by evaluating equation (11a) with the new 
values of A,+ and B;+ determined from equation (16) and equation 
(12), respectively. The corresponding rotation at each node at the 
same time is computed by using equation (106). 

Forces and moments acting on an element can be determined 
from the relation 

ft \ 

fi+i f 

M, i 
M,J 

2EI 
~ P 

r 6 -6 

-6 6 

-31 31 

—31 31 

-31 

31 

2? 

t 

—3/—1 

31 

I2 

2Z2-J 

m 
)YM 

I9' 
e i + i 

Thus the bending stress on the surface of the beam at the ith 
node is 

M, d 
a < = - y - 2 

3 Numerical Computation 
In the previous two sections solutions have been derived which 

are valid during the time between collisions. In so doing, the time 
t i at which the first impact occurs is assumed to be known. The 
times of all impacts are actually determined by numerical compu­
tation of the equations established. 

Base 
accl. 

Experiment 

° Cont. sol. 

» F. E. Sol. 

Beam wi thou t damper 

5 , = .002 

.94 .96 .98 1.00 1.02 1.04 1.06 

Fig. 10 Third mode frequency response of the fixed beam 
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\ \ X/1 / 
\ \ \ A / 

\ \ V /3 / 

\ Y\ / / / 

\\ \ J // 

\l 

pfr 
\J 

1. S = .035 in . 

2. S = .060 in , 

3. S =• .085 i n . 

.98 1.00 1.02 1.04 

— - a/a. 

Fig. 11 First mode Isolation curves for the simply supported beam (17 g 
damper) 

1.00 1.02 1.04 

Fig. 13 First mode Isolation curves for the simply supported beam (73 g 
damper) 

If the beam displacement at the damper location is denoted by 
Ud(t), then 

Ud(t) = either the solution equation (5) evaluated at x = Xd or one 
of the solutions equation (11a) for the lumped mass with the 
damper mass. 

The particle displacement, Up(t), is measured from the initial ref­
erence position of the damper on the beam. Then, in order that the 
particle might come in contact with either of the container ends, 
Ud(t) and Up(t) must satisfy 

| Ud{t) - U„(t) | = S/2 

where S is the clearance. 

A measure of how close the system is to an impact is indicated 
by the difference of the quantities appearing on the left and the 
right hand sides of the above equation. Therefore, the roots of 

S/2 - | Ud(t) - Up(t) | = 0 

are the times of collisions and were determined by a standard ite­
ration technique. 

All computation were carried out with the coefficient of restitu­
tion between the damper and the beam, e = 0.8. 

4 Experimental Investigation 
The two solutions, continuous beam and discrete mass system, 

were used together with experimental tests to complete the inves-

1, S - .035 in . 

2, S = .060 in . 

3, S - .085 in . 

.98 1.00 1.02 1.04 

—>- n /u . 

1.2 

1 .0 
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0 . 0 

• 

" 

\ V \ , i 

\ \ \ /2 

/ 3 

BaBe 
acc l . 

i 

r 

i . 

2. 

3, 

XL21 
\J 

m » 17 gnu 

m a 44 gjn« 

m e 73 gm. 

S » .0225 in . 
{al l cases) 

Fig. 12 First mode Isolation curves for the simply supported beam (44 g 
damper) 

.98 1.00 1.02 1.04 

— riA., 

Fig. 14 Third mode Isolation curves for the simply supported beam 
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Fig. 15 First mode isolation curves for the fixed beam (17 g damper) 
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Fig. 17 First mode Isolation curves for the fixed beam (73 g damper) 

tigation. The finite element procedure was checked against the 
continuous system solution to insure sufficient numbers of discrete 
masses were included. This system was further compared with ex­
perimental results to obtain damping coefficients. 

The experimental phase was necessary to obtain information 
concerning the design and use of impact dampers applied to con­
tinuous systems. Tests were conducted on two types of steel 
beams. The beams were machined from % in. thick steel plate and 
were 1% in. wide by 25% in. long. Support fixtures were designed to 
permit positioning of these beams as either clamped or simply sup­
ported for the two different tests. A photograph of the beams and 
support fixture is shown in Pig. 4. The entire experimental work 
was conducted on a 3500 lb-force MB C25H vibration exciter. 

The damper unit consisted of a pair of hard steel collars at­
tached to the beam and an alloy steel nut and bolt assembly. A 
photograph of the damper unit is shown in Fig. 5. The bolt was fit­
ted into a hole drilled through the beam and was constrained to os­
cillate within a certain magnitude of clearance which was varied 
for each test. The impact damper in both models was located at 
the center of each beam. A photograph of the mounted unit is 
shown in Fig. 6. 

Strain and acceleration of both types of beams were recorded at 
x = 11.165 in. and x = 14.36 in., respectively, along the length. The 
strain amplitude was utilized for purposes of comparison. All 
values were well within the elastic range. 

id 
A o 

Fig. 16 First mode Isolation curves for the fixed beam (44 g damper) Fig. 18 Third mode Isolation curves for the fixed beam 
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5 D i s c u s s i o n of R e s u l t s 
Computer solutions were carried out using ten terms for the con­

tinuous system calculation and with eight segments in the finite el­
ement analysis. The results of these computations are compared 
with experimental findings in Figs. 7 and 8 for the simply support­
ed beam and Figs. 9 and 10 for the fixed beam. The effectiveness of 
the impact damper in reducing the stress is readily observed. 

Figs. 11 thru 18 show the results of an experimental parameter 
study which would be useful in applying impact dampers to these 
types of systems. In the figures the ordinate, Ad/Ao, is the ratio of 
the maximum amplitude of the system with an attached damper to 
that of the same system without a damper and is termed as isola­
tion factor. Again the effectiveness is easily seen for a range of 
parametric values. 

The amplitude response was observed to reduce to a minimum 
for a particular clearance and increase from the low as the clear­
ance was gradually increased. A heavier damper particle was more 
effective in reducing response in the primary mode. The effective­
ness measured as amplitude reduction was seen to be dependent 
on the base excitation. 

Although it has not been included in the paper, experimental re­
sults from this work also compares favorably with the reported 
data of Masri and Caughey [3]. To make the comparison the con­
tinuous systems used herein were reduced to an equivalent single 
degree-of-freedom system based on the first mode response. Good 
correlation was obtained with this analysis. 

6 C o n c l u s i o n s 
A seminumerical technique has been developed to describe the 

motion of sinusoidally excited, continuous systems with attached 
impact dampers. The two systems consisted of a simply supported 

and a clamped beam. Experimental verification of results was ob­
tained by using the two types of beams and three different damp­
ers. 

As a result of the study it has been found that: 

(a) The impact damper is very effective in reducing vibration 
amplitudes near the resonant frequencies. 

(b) The performance of the damper was observed to be depen­
dent on the magnitude of the base excitation attesting to the non­
linear character of this device. 

(c) Heavier damper particles produce more isolation near a reso­
nance. 

(d) For a damper of given mass, a particular clearance produced 
the most effective reduction in response. 

(e) Very good agreement was obtained between analytical and 
experimental results. 
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