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Mie Scattering Computations for Moderately Large Spherical Particles1 

There are several books currently available which 
describe Mie scattering (1-5). While perusing these 
books, as well as periodicals, the general feeling is that 
with the aid of a digital computer any of the quantities 
of usual interest can be easily computed. The number of 
terms required for a solution to converge depends on the 
size parameter; that is, the number of terms, n, required 
to obtain a solution is slightly more than the size 
parameter, x. This size parameter depends directly 
upon the radius of the spherical par t i te :  

x = 2za/~ [13 

in which a is the radius of the particle and ;~ is the 
wavelength of the monochromatic electromagnetic 
radiation being coherently (or elastically) scattered. 
Thus, when the particle radius is many times larger 
than the wavelength, i.e., moderately large; 50 < x 
< 400, the number of terms, n, needed for solution can 
be quite large (60 < n < 450). 

The quantities of interest determined by the Mie 
scattering formulas consist of infinite series. With finite 
computer storage, evaluation of these quantities must 
be limited to some finite number of terms. In practice, 
the computations of such quantities is made by sum- 
ming successive terms until the next term alters the 
sum by some predetermined, arbitrarily small amount. 
This series truncation requirement may drastically 
effect the number of terms used (for a given size 
parameter). I t  is the purpose of this note to set forth 
in a little more detail the dependence of a given size 
parameter and the truncation requirement on the 
number of terms used as an accurate solution for 
moderately sized spherical scatterers. 

The basic computational problem in determining 
most of the quantities of interest using the Mie formulas 
is the evaluation of the a~ and b~, the so-called Mie 
coefficients. These quantifies are defined as 

[(A~(y)/m)+(n/x)~ Re { ~ ( x ) } -  Re {~'~-l(x)} 

a,,= {[A~(y) /m]+(n/x )}~(x) - f~_ i (x )  

b~ 
EmA~(y) + (n/x)] Re {~'~(x)} - Re {t~-t(x)} 

I]2] 

[33 
rmA.(y)+ (n/x) ]~.(x)--r._l(x) 

in which A,,(y) = ~,//¢,dY). 

1 Work presented was supported in part by a National 
Science Foundation grant NSF ENG 74 22107. 

The term "Re" implies the "real part" and 

Cn(y) = (~ry/2)~J~+~(y) 

f~(y) = (~ry/2)½[J~+½(y) + i(--I)~J_~_~(y)]. [4] 

In Eqs. [2], [3], and [4], J~ represents the Bessel 
function, and y = mx (m is the index of refraction and 
may be complex). In order to generate ~-~ (x), the follow- 
ing recurrence relations are used: 

2n -- 1 
~-~(x) = ~~_~(x) - ~'~_~(x) 

x 
t0(x) = sin x + i cos x 

~'-i (x) = cos x -- i sin x, [-53 

and for A ~ (y) 

Am(y)= _n_ + ( n  _ )-1 
Y ~ An-l(y) 

Ao(y) = cos y/sin y. E63 

By using Eqs. [-5-1 and [63, the values of a~ and b. can 
be determined directly without using unwieldy Bessel 
functions. These quantifies are the  basic parameters 
needed for the evaluation of the scattering and extinc- 
tion efficiencies :. 

Qoo~ = ( 2 / ~ )  ~ (2n + ] ) [ l~ , , I  ~ + Ib,,I ~] 
n ~ l  

Q~,,t = (2/x 2) ~ (2n + 1) Re (a. + b,,), ET-I 

The above equations were programmed for an IBM 
360 digital computer, using double precision. Excellent 
agreement between the results of this program and the 
data in (5-7) was obtained. 

The primary goal of the present study was to deter- 
mine the effect an impressed truncation requirement 
had oil the number of terms used as a convergent 
solution /or a given size parameter. Following the 
suggestion of Deirmendjian et al. (9), the number of 
terms used as a solution was determined by the 
condition 

I,,,,1 ~ + Ib,,I ~ _< c E83 
n 

in which C was varied from i0 -~ to 10 -15. Figures 1 a-c 
present a portion of the results of the study as a size 
parameter versus the number of terms. The three 
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FIG. 1. Size parameter, x, versus the number of terms for convergent solution, n, with C as a param- 
eter: solid line, C = 10-7; broken line, C = 10-i1; and dashed line, C = 10 -zS. (a) small size parameter 
region ( . . . )  represents the range of size parameters with the same number of terms for C = 10 -7, 
(ooo) represents size range for C = 10 -n, and (xxx) represents size range for C = 10-1K (b) intermediate 
size parameters region. (c) moderately large size parameters region. 

curves presented are for the cases of C = 10 -7, 10 -11, 
and 10-1K The complex index of refraction, m = n' - ik, 
was varied such that  1.1 < n '  < t.6 and 0 < k < 1.8. 
The curves are independent of the values of n '  and k 
that  were used but  do depend upon the size of the 
truncation requirement. 

When compiling the data, some errors were noted. 
For moderately sized values of the imaginary portion 
of the index of refraction, as the size parameter in- 
creased an instability developed in the computed 
efficiencies. In fact, at  some values of x, the efficiency 
for scatter is greater than the efficiency for extinction. 
These obviously incorrect results are due to the forward 
recursion errors in the procedure used. 

A closer investigation of this phenomenon yielded 
the results presented as Fig. 2. Values of x and k in the 
region below the curves yield acceptable solutions (i.e., 

I i L i , i , , i 

.~20 n': I.I --~ 
n'= 1.2 

X ~ 2 4 0 1 6 0  n'= 1.4 

80 
Qext > Qsca 
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FIG. 2. Size parameter, x, versus the imaginary 
portion of the index of refraction, k, with the real portion 
of the index of refraction, n, as parameter. 

no instabilities were noted), whereas values of x and k 
ill the region above the curves yield unacceptable 
solutions. The truncation requirement for these compu- 
tations was 10 -1~. Notice that  these curves depend on 
the real as well as the imaginary part  of the index of 
refraction. 
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