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Abstract

We study the asymptotic behaviour of Markov chains (X, 17,) on Z4 x S, where Z is the non-negative
integers and S is a finite set. Neither coordinate is assumed to be Markov. We assume a moments bound on
the jumps of X, and that, roughly speaking, 7, is close to being Markov when X, is large. This departure
from much of the literature, which assumes that 7, is itself a Markov chain, enables us to probe precisely the
recurrence phase transitions by assuming asymptotically zero drift for X, given n,. We give a recurrence
classification in terms of increment moment parameters for X, and the stationary distribution for the large-
X limit of n,. In the null case we also provide a weak convergence result, which demonstrates a form
of asymptotic independence between X, (rescaled) and 5,. Our results can be seen as generalizations of
Lamperti’s results for non-homogeneous random walks on Z (the case where S is a singleton). Motivation
arises from modulated queues or processes with hidden variables where 7, tracks an internal state of the
system.
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1. Introduction

There are many applications that naturally give rise to Markov processes on a product state-
space X x S where S describes some operating regime or internal state of the system, which
influences the motion of the process in the primary space X. Important classes of examples
include, among others,

e modulated queues, in which S may contain operating states of the servers or other auxiliary
information such as the size of a retrial buffer, as arise in various applications such as those
described by Neuts in [26];

e regime-switching processes in mathematical finance or ecology, where S may contain market
or other environmental information;

e physical processes with internal degrees of freedom, where S may describe internal energy or
momentum states of a particle, such as adopted by Sinai as a tool for studying the Lorentz gas
(see e.g. [18]), or exemplified by the so-called correlated or persistent random walk.

In several of the key examples, the S-component of the process is ‘hidden’, and the main interest
is in the asymptotic behaviour of the X-component of the process.

In the most classical setting, the projection of the process onto S is itself Markovian. In this
case, the queueing models become Markov-modulated [26,10], while other examples fit into the
class of Markov random walks [14]. This case also includes processes that can be represented
as additive functionals of Markov chains [27]. Such models pose a variety of mathematical
questions, which have been studied rather deeply over several decades using various techniques
that take advantage of the additional Markov structure, and much is now known.

Much less is known when the process projected onto S is not Markovian: the main focus of
the present work is to replace the Markovian assumption by a weaker (asymptotic) condition
that provides sufficient structure. This relaxation is necessary to probe more intimately the
recurrence—transience phase transition for these models, since the natural setting (parallelling
the classical work of Lamperti) is to suppose that the law of the process is non-homogeneous
in X, in particular, the mean drift of the X-component of the process will be asymptotically
zero. This non-homogeneity precludes, in general, the S-component of the process from being
Markovian, but admits our weaker conditions.

To avoid technicalities, yet provide a setting rich enough to explore many interesting phenom-
ena, we take X to be the countable set Z := {0, 1, 2, ...} and take S to be finite. These models
are already of interest for numerous applications, and there is an existing literature devoted to
random walks on half strips (Z4+ x {0, 1, ..., m}) or strips (Z x {0, 1, ..., m}): see [9,24,7,8]
and references therein.

As an example consider the following queueing model. A queue is served by a single server
and experiences arrivals at rate ); the service rate is modulated via an internal state of the
server 7,, as well as the length of the queue X, (in discrete time, i.e., in terms of the jump
process). Allowing the service rate to depend on the queue length distinguishes this model from
the class of semi-Markov queues [26]. When (X, n,) = (x,i), x > 1, the service rate is
pi(x) = p (1 —2¢;/x), where ¢;, i € § are parameters of model with |c;| < 1/2. In the case
where ¢; = 0 for all i, the internal states of the server are indistinguishable and the model is
simply (the jump process of) an M /M /1 queue with arrival rate A and service rate p; the critical
case from the point of view of recurrence and transience is p = A, and so that is the most
interesting setting to perturb with non-zero c;. So we take p = A from now on. The specification
of the model is completed by stipulating that whenever an arrival (departure) occurs the internal
state of the server transitions according to the stochastic matrix (a;;) ((b;;)). In other words,
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giVen (th nn) = (-xvi)v X Z 13

1
x + 1, j) with probability ——a;;;
(Xn+1, Mg1) = 1— 2¢;
x — 1, j) with probability ——~—b;;.
( .]) p y 2(1 _ ;_,) )

Given (X, n,) = (0,1), (Xp41, net1) = (1, j) with probability a;;.

In general, (n,) is not itself a Markov chain, so this model falls outside the usual Markov-
modulated queue framework. However, for large queue lengths the probabilities of arrival and
departure are approximately equal, and so the 7, process should be well approximated by the
Markov chain on § with transition matrix M;; = (a;; + b;j)/2. Under the condition that the
matrix M be irreducible, our results determine conditions for transience and recurrence in terms
of the stationary distribution of the chain with transition matrix M and the constants c;.

2. Model and main results
We now describe precisely our model. Our state-space is the half-strip Z x S, where S is

finite and nonempty; for k € S, we call the subset Z_ x {k} a line. We consider an irreducible
Markov chain (X,,, n,) € Z+ x S, with transition probabilities

PUXnt1, ns1) = (0, ) | (Xny ) = (2, D] = p(x, 6, y, ), 2.1
and provide conditions for recurrence/transience of (X,), in a sense that we explain below.
Throughout we use the notation F,, := o (Xo, 19, - - ., Xn, nn) and Ry := [0, 00).

The process (X,) is typically not itself a Markov chain; under our standing assumptions,
however, it does inherit the recurrence/transience dichotomy from (X, n,), as the following
result shows.

Lemma 2.1. Exactly one of the following holds:

1) If (Xn, nn) is recurrent, then P[X,, = 0i.0.] = 1.
(i) If (Xn, nn) is transient, then P[X,, = 0i.0.] =0, and X, — o0 a.s.

In the former case, we call (X,) recurrent, and in the latter case, we call (X,) transient.

Similarly, a natural distinction between positive- and null-recurrence holds.

Lemma 2.2. There exists a (unique) measure v on Z such that

n—>o00 n

n—1
lim + Z Xy =x}=v(x), as., (2.2)
k=0

for any x € Z. Exactly one of the following holds:

G) If (Xn, nn) is null, then v(x) =0 forall x € Z.

(i) If (X,, nn) is positive-recurrent, then v(x) > 0 forall x € Z4 and )" v(x) = 1.

)CEZ+

If (Xy) is recurrent, then we say that it is null-recurrent or positive-recurrent according to which
of (1) or (ii) holds.

The proofs of Lemmas 2.1 and 2.2 are standard and are omitted.
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In the cases that we consider, we will assume that the displacement of the X-coordinate has
bounded p-moments for some p < oo:

(Bp) There exists a constant C,, < oo such that E[|X,, 11 — X,|? | F] < Cp, a.8. Vn.

In particular, (B ) for some p > 4 will suffice for all of our results, while for some of our results
p > 1is sufficient.
Define ¢, (i, j) = Z},€Z+ p(x,i,y,j). We also assume:

(Qoo) limy 00 gx (@, j) = q(i, j) exists for all i, j € S, and (¢(i, j)) is an irreducible stochastic
matrix.

Note that since Y jesdx (i, j) = 1, the limit in (Q) is necessarily stochastic; however the
irreducibility of (¢ (i, j)) does not follow from the irreducibility of (g« (i, j)) for all x € Z . For
some of our results, it is necessary to assume a stronger condition than (Qs,) that controls the
rate of convergence of ¢y (i, j), namely:

(Qjo) There exists 69 > 0 such that max; jes g (@, j) — q(, j)| = O(x"SO) as x — oo, and
(g (i, j)) is an irreducible stochastic matrix.
Given (Qs), we define (1) to be a Markov chain on S with transition probabilities given by

q(i, j). Since (n}) is irreducible and finite there exists a unique stationary distribution 7 on §
with w(j) > O for all j € S and satisfying 7 (j) = Ziesﬂ(i)‘Z(i’ 7).

Remark 2.3. A sufficient condition for (ng) is that there exists xo € Z such that

H) plx,i,y, j)=r(y —x.i,j)

for all x > xp, i.e., for all x large enough, the transition probabilities depend on x and y only
through y — x. Then, g, (i, j) = q(i, j) = Zzz—xo r(z,i, j) for all x > xg. The homogeneity
condition (H) plays an important role in much of the existing literature, but is too restrictive
for our purposes. We discuss (H) and some of its consequences, including the connection to the
theory of additive functionals of Markov chains, in Section 3.1. For now, we remark that if (H)
holds for all x > xq, then necessarily X,,+1 — X, is uniformly bounded below (by —xo).

We denote the moments of the displacements in the X-coordinate by
(e, i) = EBI(Xpr = X | Xy =x,m =i1= ) > (v =0 ple.i, y, )
jeS yez,
then w1 is well defined provided (B,) holds for some p > 1, while u is finite if (B ) holds for
some p > 2. Our results will apply to the following two cases:

(Mc) There exist d; € R such that foralli € S, as x — oo, ui(x,i) =d; +o(1);
(Mr) There exist ¢; € R and sl.2 € R, with at least one sl.2 nonzero, such that for alli € §, as

x — 00, wi(x,i) =ci/x + o(x~1) and ua(x,i) = si2 + o(1).
Since S is finite, the implicit constants in the x — oo error terms in these expressions (and simi-

lar ones later on) may be chosen uniformly over i. Just as above, some of our results will require
a stronger assumption than (My) that controls the error terms as a function of x, namely:

(MIJ‘r ) There exists §; > 0 such that, as x — o0,

i) =L+ 06T and e i) =57+ 0.

Next we state our main results. The first two are concerned with the classification of the pro-
cess as transient, null-recurrent, or positive-recurrent. Of these, first we consider the case where
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each line is associated with a drift that is asymptotically constant, and where at least one of these
constants is nonzero.

Theorem 2.4. Suppose that (B,) holds for some p > 1, and conditions (Mc) and (Qs) hold.
Then the following classification applies.

() If Y jesdim(i) > 0, then X,, is transient.

(i) If Y ;cgdim(i) <O, then X, is positive-recurrent.

In the special case of (Qeo) in Which g, = ¢ does not depend on x, Theorem 2.4 is contained
in Theorem 3.1.2 of Fayolle et al. [9], who imposed, in part, an assumption of a uniform lower
bound on X,,4+1 — X,,. In the generality of (Qs), part (ii) is contained in a paper of Falin [7], who
also stated a version of part (i) assuming that (H) holds for x large enough.

The next result deals with the case of drift conditions of Lamperti-type.

Theorem 2.5. Suppose that (B) holds for some p > 2, and conditions (Qx) and (M) hold.
The following sufficient conditions apply.

o If Y ics(2ci — sPHm (i) > 0, then X, is transient.
o If| Zies 2¢im(i)| < Zies sl.zrr(i), then X, is null-recurrent.
o If > icg(2ci + sl.z)n(i) < 0, then X, is positive-recurrent.

If, in addition, (QL,) and (MIJ‘r ) hold, then the following condition also applies (yielding an ex-
haustive classification):

o If | Zies 2¢im(i)| = Zies sl-zn(i), then X, is null-recurrent.

In the case where S is a singleton, Theorem 2.5 reduces essentially to results of Lamperti
[19,21], and so our result can be seen as a generalization of Lamperti’s.

Our final main result concerns the weak convergence of (X, 1,). The limit statement will
involve the distribution function Fy ¢ defined for parameters « > Oand 6 > 0 as the (normalized)
lower incomplete Gamma function,

y (a, x2/0) 1

M@ T
Note that, if Z ~ I'(«, 0) is a gamma random variable with shape parameter @ > 0 and scale
parameter 6 > 0, then IP[\/? < x] = F,¢(x). (In the special case with ¢ = 1/2 and § = 2,
Fy ¢ is the distribution of the square-root of a x> random variable with one degree of freedom,
i.e., the absolute value of a standard normal random variable.)

x2/6
Fuo(x) = / leidz, (x> 0). 2.3)
0

Theorem 2.6. Suppose that (B) holds for some p > 4, and conditions (Qx) and (ML) hold.
Suppose that the matrix q appearing in (Qso) is aperiodic. Suppose also that ;. ¢(2¢c; +
sl.z)rr(i) > 0. Then, forany k € S and x € R,

lim P [n™12X, < x, 1, = k] = 70 Fo o (),

n—>0o0
where
1 Yo cim(i)
ieS 2__ s
a=—-+—-5——, and 0=2 siw(@). 2.4)
27 3 st 2

ieS



3184 N. Georgiou, A.R. Wade / Stochastic Processes and their Applications 124 (2014) 3179-3205

Remarks 2.7. (i) Under the hypothesis of Theorem 2.6, Theorem 2.5 shows that the process
is null-recurrent or transient; Theorem 2.6 demonstrates a form of asymptotic independence
between X, (rescaled) and 7, (which converges to 7). By contrast, in the positive-recurrent
aperiodic case, P[X,, < x, n, = k] (with no scaling) possesses a limit, but that limit cannot
be identified without additional assumptions (and the limit distribution of 7, need not even
be ).

(ii) The case of Theorem 2.6 in which S is a singleton is essentially Lamperti’s weak
convergence result from [20].

(iii) If in addition (QX)) and (M]‘f) hold, then the boundary case ), ¢(2¢c; + s?)n(i) = 0is
null-recurrent, by Theorem 2.5. In this case the proof given in Section 5.2 can be modified
to show that n=1/2X,, — 0 in probability; this is consistent with the fact that the o — 0
limit of Fy g corresponds to a point mass at 0.

(iv) With some additional work, the arguments in Section 5.2 should yield the process version
of Theorem 2.6: in the sense of finite dimensional distributions, as n — o0,

<n_1/2xnta nnt)

where (2/ 0)!/2x, is a Bessel process with dimension 2« and w; is an S-valued white noise
process whose finite-dimensional marginals are sequences of i.i.d. 7-distributed variables.

— (x;, ,
reo.1] (X1, @) efo.1]

The remainder of the paper is organized as follows. In Section 3 we give some additional con-
text to the present work by describing how our setting generalizes the literature on additive func-
tionals of Markov chains, and by presenting some additional examples, including a variant of the
correlated random walk. Section 4 contains the bulk of our analysis, which proceeds via consider-
ing an embedded Markov chain. The proofs of the main theorems are then completed in Section 5.

To simplify the presentation in the rest of the paper, we often write Py ;[ -] for P[- | Xo = x,
no = i], corresponding to the law of the Markov chain with initial state (x, i) € Z4 x S; similarly
for (expectation) E, ;.

We finish this section with some general remarks. Our method of proof is different from other
approaches in the literature. Falin [7,8], while also making use of Foster—Lyapunov results, bases
his computations on a delicate algebraic calculation. Rogers [27] uses an embedded Markov
chain, as we do, but his analysis relies on the additive functional representation (see Section 3.1).
Our approach to the excursion estimates for the embedded process, via the Doob decomposition,
makes the emergence of the ‘pseudo-drift’ quantities particularly intuitive from a probabilistic
perspective: see the discussion around (3.3).

The case where S is infinite can give rise to completely different phenomena from the finite
setting, and we do not consider this here. Under suitable assumptions, however, such as uniform
versions of our asymptotic conditions (Qx), (Mc) or (ML), and sufficient moments for r and the
increments of X, the results of the present paper should extend to the infinite setting.

3. Examples and remarks on the literature
3.1. Homogeneity and additive functionals

As mentioned in Remark 2.3, condition (H) is assumed in much of the literature. A special
structure emerges when (H) is imposed for all x. Indeed, one then has that (n,,) itself is a Markov
chain, since

Plnpr = j | X ma) = (6,01 =Y r(y—x,i, ) =D r(z.i, ) =qG, j).  (B.D)

yeZ Z€Z
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A similar argument shows that (X, — X,,—1, n,) is a Markov chain on Z x S, with

PIXnt1 = X, ag1) = (2, ) | (X = X1, ) = (v, DI =72, 4, ).

Thenif ¢ : Z x S — Zis given by ¥ (z, i) = z, we may write

n—1
Xy = Xo+ ) ¥ Xer1 — Xe, 1)
k=0

which represents X,, as an additive functional of a Markov chain.

However, on state-space Z, x S, assuming that (H) holds for all x is very restrictive, and
implies that X, 1| — X,, > 0 a.s. (see Remark 2.3). So in the homogeneous setting, it makes sense
to instead take the state space to be Z x S so that (2.1) now holds with x and y in Z. Assuming
that (H) holds for all x € Z now yields the additive functional structure above, without imposing
additional restrictions on the magnitude of X, 11 — X,,.

In either case, we may note that

ElXpp1 = X | Xy ma) = (6, D1 = DY " 2r(z.d, j) = (i), (3.2)

z€Z je§

say, assuming that the mean increments are well defined; so there is a constant mean drift w1 (i)
foreachi € S.

Moreover, if 7 is the stationary distribution on S associated with the Markov chain (7,)
given by (3.1), then a calculation shows that the Markov chain (X,, — X,—1, n,) has stationary
distribution @ (z,i) on Z x § given by

w(z,i) =Y mk)r(z k. i).

keS

In this context, a result of Rogers [27] on additive functionals of Markov chains shows that
recurrence classification of (X,,) depends on the sign of

S wm@ i)=Y Y 2 alr@ ki)=Y xlku k). (3.3)

ieS zeZ i€S zeZ keS keS

There are many similar results in the literature for additive functionals of Markov chains in
more general spaces, and related results in ergodic theory concerning ‘co-cycles’ (see, e.g., [2]).
However, the methods adapted to this additive functional structure seem to depend crucially on
the homogeneity assumption (H).

The interpretation of the quantity of (3.3) is as a ‘pseudo-drift’ accumulated over i.i.d. ex-
cursions of the Markov chain: see Rogers [27]. We take this idea further, as the analogues of
these excursions in our setting are not i.i.d., due to the additional non-homogeneity. However,
our methods exploit the essential structure that remains.

3.2. Correlated random walk

In the one-dimensional correlated random walk, a particle performs a random walk on Z with
a short-term memory: the distribution of X+ depends not only on the current position X,,, but
also on the ‘direction of travel’ X,, — X,,_1. Formally, (X,, X,, — X,,—1) is a Markov chain on
Z x {—1, +1}. Supposing also that (H) holds for all x € Z, this is a special case of the framework
discussed in Section 3.1, with n, = X,, — X,,_1.
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One standard version of the model supposes that the nonzero transition probabilities are given
by p(x,i,x +j,j) =r(j,i,j) =q(, j), where

1

54‘,0,’ ifj=i
q(, j) =

e i

is the transition matrix of the Markov chain (7,), and p; € (—%, %) are fixed parameters. For this

random walk, the additive structure described in Section 3.1 is particularly simply expressed via
-1

Xn = Xo 4+ D320 Mk+1-

Corresponding to g is the stationary distribution 7 (i) = A/2D=pi

1—pi—p—i
by (3.2) are now w1 (i) = Zjes jq(i, j) = 2ip;. Then we see tll;at fhe ‘pseudo-drift’ (3.3) is zero
if and only if p; = p is the same for each i; the random walk is recurrent in exactly this case.

A positive p; corresponds to persistence of the walker in direction i (the walker has an ‘in-
ertia’); a negative p; corresponds to a walker who vacillates in direction 7, and has an increased
propensity to turn around.

Such models have a long history, and have been studied under different names by many dif-
ferent researchers: as ‘persistent random walks’ by Fiirth [11], ‘correlated random walks’ by
Gillis [12], ‘random walks with restricted reversals’ by Domb and Fisher [5], and, recently,
‘Newtonian random walks’ by Lenci [22]. Under appropriate rescaling, the model leads to the
telegrapher’s equation in the scaling limit, as discussed by Goldstein [13] and Kac [17]. There
has been a large amount of recent work on correlated random walk and related models; a small
selection is [1,28,3,15]. Motivation for studying these models arises from several sources, in-
cluding physical Brownian motion [11] and models for molecular configurations [4]. We refer
to [16] for some additional background and references.

As an application of our main results, consider the following variation on the one-dimensional
correlated random walk, intended to probe more precisely the recurrence—transience phase tran-
sition. This time we take the state-space to be Z x {—1, 41} to fit into the setting of Section 2.
We suppose that the nonzero transition probabilities are p(x, i, x + j, j) = gx (i, j), where

, and the mean drifts given

1 Ci —1-$ op . .
-+ —+0x ) ifj=i
.o )2 2x
qx(lv.])_ 1 C:
5——2;+0(x—1—5) ifj#i

for some constants § > 0 and ¢; € R. For ¢; > 0, the walk is persistent in direction i, and for
general ¢; the symmetry between the two directions present in the recurrent case is broken: how
does this affect the recurrence?

Under these assumptions, (Q1) holds with ¢ (i, j) = 1/2 for all i, j, so that 7 (i) = 1/2 for
i = =1. Also,

. L. ici 1
i, i) =" jaili, j)=—+0x"""?), and
n X
jes
walx, i) = § j%qeG, j)=1, forx>1,
Jjes

so that (M;") holds (with s? = 1 fori = =1). Applying Theorems 2.5 and 2.6 yields the following
result (where we write ¢ for ¢4 and c_ for c_1).
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Corollary 3.1. If ¢+ — c— < —1, then the walk is positive-recurrent. If c; — c_ > 1, then the
walk is transient. If |c4 — c_| < 1, then the walk is null-recurrent. Moreover, if cy —c_ > —1,
then

) _ . 1
lim Pln™'2X, <x, e =il = 5 Fler—e-t1/2200).

3.3. Modulated queue

To finish this section we return to the queueing model as presented in the introduction. Re-
call that the critical case from the point of view of recurrence and transience is when p = A,
and we are interested in the behaviour of the model under perturbations of the constants ¢; for
i € §. For this model we have g, (i, j) = (a;; + b;j)/2 + ox~Hso provided that the matrix
M;; = (aij + b;j)/2 is irreducible, condition (Qg‘o) holds. We see that

i (x i) = C; +0@™), and py(x.i) =1,

so that (M]J:) holds. Let = be the stationary distribution associated with transition matrix M,
and set ¢ = ), gc;m(i). Applying Theorems 2.5 and 2.6 yields the following result (cf.
Corollary 3.1).

Corollary 3.2. If ¢ < —1/2, then the Markov chain is positive-recurrent. If ¢ > 1/2, then the
Markov chain is transient. If |c| < 1/2, then the Markov chain is null-recurrent. Moreover, if
¢ > —1/2, then

. _ o
lim Pln~'2X, <x, n, =il = 5 Fera).200).

n—oo

4. Analysis via an embedded Markov chain
4.1. Overview

To analyse (X,,, ,) we look at an embedded process (Y},), which records the X-coordinate
of the chain when it returns to a given line. Formally, we label an arbitrary state O € S. Then set
70 = min{n € Zy : n, = 0}, and for m > 0 set 1,41 = min{n > 7, : N, = 0}, where we
adopt the usual convention that min ) = oo. To ease exposition, we introduce a ‘coffin’ state 9
and define the embedded process Y,, on Z U {9} by

v — X, ift, < oo,
L if 7, = oo.

We also introduce t = min{n > 0 : n, = 0} (so T = t1pl{no # 0} + t11{no = 0}).

For any n € Z4, given 1, < oo and X, = x, the strong Markov property for the time-
homogeneous Markov chain (X, 1,,) shows that (X+, 4, z,+m)m=>0 is independent of (X¢, no),
..., (Xq,, n7,) and is distributed as a copy of (X, 7m)m>0 given (Xo, no) = (x, 0). In particular,
on 7,41 < 090, the pair (X, |, Tu+1 — T,) depends on (Xo, 10), . . ., (X1, 117,) only through X, .
Hence Y, is a Markov chain and, given Y, = x, the random variable 7,41 — 7, has the same
distribution as t conditional on (X, ng) = (x, 0).

We refer to (X, M)z, <m<t,, as the nth excursion from the line 0. The basis for our analysis
of the embedded Markov chain (Y},) will be an analysis of a single excursion, depending on the
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starting position. A key component of this analysis is a coupling result, which we present in the
next subsection.

4.2. Coupling construction

Lemma 4.1. Suppose that condition (B ) holds for some p > 0 and condition (Q) holds. Then
there exists a Markov chain (X, n,, n;) on Zy x S x S such that

e (X, nn) is a Markov chain on Z x S with transition probabilities p(x,i,y, j);

o () is a Markov chain on S with transition probabilities q (i, j); and

e foralln € Zy and alli € S,

lim P[ () O =nj)

X—> 00
0<k<n

X():x,nozn(’;:i} =1 4.1)

Finally, suppose in addition that (QZ,) holds. Then there exists § > 0 such that, for any A < o0,
foralli € S, as x — oo,

1_1[»[ N w=np)

0<k<Alogx

Xo=x,10=n= i] =0(x7%. 4.2)

The statements of Lemma 4.1 will follow from a coupling argument. Essentially, Eq. (4.1)
is proved using a maximal coupling of 1, and n}; the condition (Q) that gx (i, j) has a limit
as x — oo means that we can control the probability of decoupling, provided that X, stays
sufficiently large, and it is this dependence on X,, that introduces a (minor) complication to an
otherwise standard argument. Eq. (4.2) is proved in a similar manner using the stronger condition
(Q) on gy (i, j); the full details of the proof can be found in the Appendix.

In the remainder of this subsection we explore some consequences of the coupling described
in Lemma 4.1. First we introduce additional notation in the context of the joint probability space
on which the coupled process (X, 7, n};) is constructed. We denote by t* the first return time
to 0 of the Markov chain (7},), namely

¥ :=min{n > 1 : 7, =0}.

Moreover, we write P, ; ; for the probability measure conditional on Xo = x,no =i, n; = J,
and [E, ; ; for the corresponding expectation.

Irreducibility of the time-homogeneous Markov chain (X, n,) and finiteness of S imply that
for any x, there exist m(x) < 0o and ¢(x) > O such that

Prilt <m(x)] > ¢(x) foralli. “4.3)

In the specific case that g, (i, j) is constant in x, the process (1,) is distributed exactly as the
finite irreducible Markov chain (},), so the functions m(x) and ¢(x) in (4.3) can be chosen to be
uniform over x. Our first consequence of the above coupling is that (4.3) can be strengthened to
such a uniform version under our weaker conditions: roughly speaking, assumption (Qx,) implies
that (n,) is sufficiently close to (;) when the X-coordinate of (X,,, ,) is sufficiently large, and
irreducibility does the rest.

Lemma 4.2. Suppose that condition (B ) holds for some p > 0 and condition (Qo) holds. Then
there exist m < oo and ¢ > 0 such that, for all i and all x,

Peilt <m]>o. 4.4)



N. Georgiou, A.R. Wade / Stochastic Processes and their Applications 124 (2014) 3179-3205 3189

In the proof of this result, and at several points later on, we consider the event

E, = m05135n{7711 = 772} (4.5)

Proof of Lemma 4.2. We work with the Markov chain (X,,, n,, ;) given in Lemma 4.1. Since
n* is a finite irreducible Markov chain, there exist m < oo and ¢ > O such that Py ; ;[t* < m] >
2¢ for all i and all x. Conditional on 7, and n; remaining coupled up to time m, we have T < m
if and only if t* < m; hence

Pyiilt <m]>PyiilEn N{t* <m}] = Pyiilt* <m]—Py,ilE]

But by Lemma 4.1, there exists xo such that P, ; ;[Ey,] < ¢ for all x > x¢ and hence (4.4) holds
for all i and all x > xg.

But also, since x9g < oo, for any m(x) and ¢(x) satisfying (4.3), we define moy =
max, <y, Mm(x) < oo and @p := miny<y, ¢(x) > 0 so that, for any x < xp,

Py ilt <mol = Py ilt <m(x)] > ¢(x) > ¢p, foralli.

So, redefining m and ¢ as necessary, (4.4) in fact holds for alli and all x. O
4.3. Excursion durations and occupation estimates

Next we give an exponential tail bound for the duration of excursions, uniform in the initial
location.

Lemma 4.3. Suppose that condition (B, ) holds for some p > 0 and condition (Qx) holds. Then
there exist constants ¢ > 0 and C < oo such that, for all x, n, and r,

Pltpyr —th > 7| Xq, =x] < Ce™ .

Proof. Recall that since t,4] — 7, conditional on ¥, = x has the same distribution as t
conditional on X = x, g = 0, it suffices to show that, for some constants C, ¢ > 0,

Py [t >r]<Ce ™, forallxandi. (4.6)

(We then get the claimed result for 7,41 — 7, by setting i = 0.) Recall that, by Lemma 4.2,
P, it < m] > ¢. Moreover, using the time-homogeneity of (X,, n,), for all x and i,

Pyilt <km+m |t >km]>mnPlt <km+m|1t>km, Xey =Y, Nkm = J1
y.J

=minP[r <m | Xo=y,n0=jl> o,
ysJ

for all positive integers k. But this implies that, for all positive integers k,
k
Pyt > kml = [[Prilt > jm |7 > (j — Dm] < (1 — ¢)*.
j=1
Finally, for general » € Z, there exists an integer k such that km <r < (k + 1)m, so
Peilt > r] <Pyt > km] < (1— @) < (1 —¢)"/" ! < Ce™,

for constants C, ¢ > 0 dependent only on ¢ and m, giving (4.6). O
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The next result shows that the mean occupation time of (X,,, 1,) on line i per excursion can
be approximated by the mean occupation time of (7)) in state i per excursion.

Lemma 4.4. Suppose that condition (B ) holds for some p > 0 and condition (Qx) holds. Then,
foranyi € S,

7—1 .
. N A())]
xlgl;o Ey0 kEZO e =i} = )

If, in addition, (QZ,) holds, then there exists § > 0 such that, for any i € S, as x — 00,

(i)
7(0)

=0@xY).

T—1
Exo ) M =i} —
k=0

Proof. Again we work with the Markov chain (X, n,, ;) whose existence is given in the
statement of Lemma 4.1. Fix i € S. For the duration of this proof, we write

™—1

—1
W=y 1{m=i), and W= 1{n=i).
k=0 k=0

Since (n;) is a Markov chain on S with transition probabilities ¢ (i, j), standard Markov chain
theory yields E, o0 o[W*] = 7 (i) /7 (0), for any x € Z . The statements of the lemma will follow
from suitable estimates for E, o o[|[W — W*|].
Again define E, by (4.5). Then, for any positive integer n,
Ev00[IW—W*] < Ero0[IW - W L(E){z v * <n}]
+Ex00[IW — WILEDL{z Vv * < n}]
+Ex00[IW — W l{zr vV * > n}]
< 0+nPxo0[Es] +Eroo[(rVTHT VT > n}].
Moreover,
Ex.0.0 [(‘L’ viHlrv* > n}] <Exooltl{t > n}1+Es 00 [r*l{r* > n}] . 4.7

Here, by Cauchy—Schwarz and the tail estimates in Lemma 4.3,

Eyo0ltl{t > n}] < (Ey 00[c*D"*(Py00lr > n])'/? < Ce™", (4.8)

for some constants C < oo and ¢ > 0, not depending on x, and similarly for the term involving
7*. For the first statement in the lemma, it suffices to show that

lim E.00[|W—W*|]=0. (4.9)
X—>00

Under assumption (Qeo), it follows from (4.8) and its analogue for t* that for any ¢ > 0 we
may choose n > ng sufficiently large so that the right-hand side of (4.7) is less than &, and then
Ex00llW — W*[] < nlPy 0,0lE, ]+ €. For fixed n, Px 9 o[E;;] — 0as x — oo by (4.1), so that
limsup,_, o, Ex0,0[|l W — W*|] < e. Since ¢ > 0 was arbitrary, (4.9) follows.

For the second statement in the lemma, under assumption (Qg‘o), we use a similar argument
but with n = n(x) = [Alogx]. As before,

Ex0,0llW = W*1 < n(x)Px 0,0l E; ()] + Ex00[(r vV Tz vV T* > n(x)}].
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For a sufficiently large choice of constant A, the exponential bound (4.8) shows that the right-
hand side of (4.7) decays as a power of x, for n = n(x). Finally, the term n(x)IP’x,o,o[Efl(x)] also
decays as a power of x, by (4.2), and so we see that E, o o[| W — W*|] decays as a power of x, as
required. O

4.4. Recurrence and transience relationships

In this subsection we demonstrate the equivalence of recurrence properties of the embedded
process (¥;) to those of the process (X;,).

From this point of the paper onwards, we will be increasingly concerned with multiple
excursions, and it is useful to introduce the notation og := 0 and, forn € Z_,

On+1 = Tn+1 — Tn

for the durations of the excursions. Recall the definition of Y,, from Section 4.1. Under our
conditions (cf. Lemma 4.3), g, < oo a.s. for each n. Hence Y, # da.s., and we can identify Y,
with X, for all n. For the remainder of the paper we employ this slight abuse of notation, and
assume that the state space of (¥},) is Z. The next result relates recurrence of (X,,) to recurrence
of (Y,).

Lemma 4.5. Suppose that condition (B, ) holds for some p > 0 and condition (Qo) holds. Then
the process (Yy) is an irreducible Markov chain (on Z. ). Moreover

(i) (Xy) is recurrent if and only if (Yy) is recurrent.
(i1) (Xy) is positive-recurrent if and only if (Yy) is positive-recurrent.

Proof. As explained in Section 4.1, the fact that (Y,,) is a Markov chain follows from the strong
Markov property for (X,,, n,,).

Irreducibility of (Y,) follows from the irreducibility of (X,,, n,), as follows. For any x,y €
Z , there exists a finite path in the state space Z x S from (x, 0) to (y, 0) that the chain (X}, n,)
has a positive probability of following. But then the (finite) subpath consisting of the points that
are on line 0 corresponds to a path in the state space Z. that (Y,) has a positive probability of
following.

Now, for statement (i), the fact that ¥,, = 0 exactly when X,, = 0 implies {¥,, = 0i.0.} if and
only if {(X,, n,) = (0,0) i.0.}, so (¥}) is recurrent if and only if (X,, n,) is recurrent. Using
Lemma 2.1, we have (Y;,) is recurrent if and only if (X},) is recurrent.

Finally, we verify (ii). Let

E=min{n>1:Y,=0}, and ¢ =min{n >1: (X, 1) = (0, 0)}.

Then (Y,,) is positive-recurrent if and only if E, 0§ < oo for some (hence all) x, while (X,, 17,)
is positive-recurrent if and only if E, o¢ < co. However, & and ¢ are related since, given no = 0,
it is the case that 7p = 0 and ¢ = ¢, i.e.,

E—1 o)
C = Z(Tk+1 = ZGk+11{k < g} (410)
k=0

k=0

In particular, (4.10) shows that { > &, a.s., so Ey o < oo implies that Ey o§ < oo. For the
implication in the other direction, take expectations in the final expression in (4.10) and use
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linearity of expectations and Fubini’s Theorem to get

o0
Ex0 =EBro ) Elownil{k <&} | Fr]
k=0

[o,0]
= ]EX,OZI{I( < E)E [ox41 | Fo ],
k=0

since {k < &} € F~,. But, by Lemma 4.3, E [0k | Fz, | is uniformly bounded by a constant, C,
say, so that

o0
Er0f < CEy o) 14k < £} = CE, oé.
k=0

Hence E, ¢ < oo if and only if Ey 9§ < oo. Finally, (ii) follows from Lemma 2.2, which gives
the equivalence of positive-recurrence for (X, ,) and (X,,). O

4.5. Increment moment estimates

So far, we have studied the excursions of (X,, n,) away from the line n, = 0 in terms
of the n-coordinate. The next stage is to study the behaviour, over an excursion, of the X-
coordinate. In particular, we estimate the moments of Y, — Y, with a view to later applying
a Lamperti condition to determine the recurrence/transience of (Y,). First, we need estimates on
the maximum deviation of X,, during a single excursion:

D, = max |X, — X, |; 4.11)

Tp<M=Ty41]
note that the distribution of D, given X, = x depends only on x and not on n.
Lemma 4.6. Suppose that condition (B ) holds for some p > 0 and condition (Qx) holds. Then,
forany q € (0, p),
supP[D, >d | X;, =x]=0(d™ %), and supE[D] | X, =x] < o0.
X X

Proof. We have
PD, >d | X, = x]

IA

Ployy1 2y | Xy, =x]1+P[Dy > d, 011 <y | Xg, = x]

Xrn = lea

IA

T <m=<t+y

Ce™@ +]P’|: max |[X, — X, |>d

foralld > 0 and y > 0, by Lemma 4.3. Here,

]P’|: max |X,, — Xy, | zd‘X,n =x:|

T <m=Tp+y

m—1
SIP’[ max Z|Xz+1—xz|zd‘xfn=x}

TW<m=tp+y -
—*tn
X, = x:|

IP[ U | -xu= ‘;’}

T <l=<Tp+y—1

d.,_
= pr(;) ",

IA
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which follows from the inequalities of Boole and Markov and the fact that
E[[X¢+1 — Xel? | Xq, = x]
=Y BlXep1 — Xel? | Xe=z,n = ilP[Xe =z, =i | X, =x] < Cp,

by assumption (B ). Then, taking y = d?=9/(+P) where ¢ € (0, p), we obtain P[D, > d |
Xy, =x] = 0(d™ 1), as claimed. The final claim follows from the fact that

o0 o0
E[DY | X,, = x] = ZP[D;;‘ >d| X, =x]< / P[D% > 1 | X,, = x]dr,
d=1 0

which is finite when « € (0, ¢), where g can be arbitrarily close to p. [

We are now in a position to calculate the moments of Y11 — Y,,. The first case to consider is
when, for each i, p(x, i) is asymptotically d;.

Lemma 4.7. Suppose that condition (B ) holds for some p > 1, and conditions (Qx) and (Mc)
hold. Then there exists ¢ > 0 such that

Sup E[| Y1 — Yo' | ¥, = x] < 0. (4.12)
X
Also, as x — 00,

E[Yys1 — Yy | Yo =x] = Zdﬂ'(z)+0(1) (4.13)
<0> ies

Proof. First, note that |Y, 1 — Y,| = |X¢,,, — Xq,| < [Dyl, as., where Dj, is given by (4.11).
Then the statement (4.12) follows from Lemma 4.6 with (B,,) for p > 1.
It remains to prove (4.13); by the time-homogeneity of (X, n,) and since ¥, = X, it
suffices to consider E, o[ X; — X¢]. The Doob decomposition for X, is
n—1
Xp— Xo =My + ) E[Xp1 — Xi | Xi, mil,
k=0

where M,, is a martingale with My = 0. Hence, by definition of u{(x, i),

n—1
Xp—Xo=M,+ Y (X, 7Ik)—Mn‘f‘ZZMl(Xk»l)l{’?k_l}-
k=0 ieS k=0

Since Et < oo, and E[|M,, 11 — M| | Fn] < 2E[|X4+1 — Xnl | Fn]l <2Cy, as., (by the p =1
case of (B)), the Optional Stopping Theorem gives EM; = My = 0. Therefore,

ExolX: — Xol =Y Exo {Z w1 (Xe, D1 = z}} (4.14)

ieS

Now, let D = maxo<k<; |Xx — Xol, and set Ay = {D < xV}, for some y € (0, 1). Note that,
conditional on Xg = x and ng9 = 0, the random variable D has the same distribution as the
random variable D, defined at (4.11) given X, = x, so by Lemma 4.6 we have

Py olAS] =Py o[D = x"]1= O(™"). (4.15)
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Now, given Xg = x and Ay, we have for all 0 < k < 7 that X; > x — x¥ > x/2, say,
for all x sufficiently large. Thus, by (Mc), for any 8 > 0, there exists xo < oo such that, given
Xo =x = xo,

max max |u1(Xg,i) —d;i|1(Ay) <60, as.

ieS 0<k=<t

Since max, ; [1(x, i)| < oo and max; |d;| < oo, it follows that there exists a constant C < 0o
such that, given X¢ = x > xy,

max max |ui(Xg, i) —d;i| <0+ C1(AY), as.
ieS 0<k<rt

Hence, given Xy = x > xo,

-1 -1
DX, Dl =i} = Y dil{me = i} < 6T + CTI(A),  as.
k=0 k=0

Here, by the Cauchy—Schwarz inequality,
Er o[t L(AD] < Baol?D 2 (ProlAD? = 07773,

using (4.15) and the fact that t has all moments, by Lemma 4.3. So, for any § > 0, we can choose
x1 < oo sufficiently large so that, given Xo = x > xy,

-1 T—1
Ex.0 [Z 1 (Xe, D1 = i}} —Evo [Z dil{n = i}}
k=0

max
! k=0

Together with Lemma 4.4 and (4.14) this yields (4.13). O

Lemma 4.8. Suppose that condition (B ) holds for some p > 2, and conditions (Qx) and (ML)
hold. Then there exists ¢ > 0 such that

SUp E[|Ypa1 — Yu?He | Yy = x] < o0. (4.16)
X
Also, as x — 00,
1 ¢ (i) ~1
ElYui1 =Yy | Yo =xl=——>" +o(x™hy; (4.17)
n(o)ieS *
E[(Yog1 — Yn)? | Yy = x] (0) Zs 7(i) + o(1). (4.18)
ieS

If, in addition ( Q;‘o )and ( Mi" ) hold, then there exists 5 > O such that

Bl — Yo | Yo = 2] = —— 37D L gm1-5), (4.19)
7(0) 75
E[(Yut1 = Ya)* | Yy = x] = (0) D sty + 00 (4.20)
ieS

Proof. First, since |Y,+1 — Y| < D,, with D, as defined at (4.11), and because Lemma 4.6
implies that sup, E[(D,)*te | X, = x] < 00, (4.16) follows.
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The proof of (4.17) and (4.18) using (Qx) and (My) and the proof of (4.19) and (4.20) using
(Qjo) and (Mir ) are essentially the same, the only difference being in the error terms associated
to each expression. We present the proof of (4.19) and (4.20); it should be clear how to adapt the
argument to prove (4.17) and (4.18).

We proceed as in the proof of Lemma 4.7. Indeed, we follow the reasoning from the second
paragraph of that proof through to Eq. (4.14), giving

ExolX: — Xo] = ZExO[ZMI(XkJ)l{’?k—l}}

ieS

and we let D = maxo<k<r |Xx — Xol, and set Ay = {D < x”} as before, but now we require
y € (1/2, 1). Note that, conditional on Xo = x and 19 = 0, the random variable D has the same
distribution as the random variable D,, defined at (4.11) given X, = x, so by Lemma 4.6 we
have that P, o[D > d] = O(d_p/) for some p’ > 2 since T has all moments and (B)) holds for
some p > 2.

Now, given Xo = x and A, we have | Xy — x| < D < x? for k < 7, so that, by (M]J:),

Ci

b“““”__«— |+ 0 =) = 0T + 0,

uniformly for 0 < k < 7. Therefore 1 (Xg, i)1(Ay) = (ci/x + O(x¥™2) + O(x~1701)1(A,),
which means that 11 (X, i) = ¢;/x + O(x¥™2) + O(x~17%1) + O (1)1(A®). So,

—1
Eyo [Z w1 (Xe, D1{ng = i}]
k=0

. T—1
= Exo [(% + 06"+ 06717 + 0(1(4Y)) 2 1o = i}} :

where the implicit constants are uniform in x and in i. By (Qg‘o) and the second statement in
Lemma 4.4, we have that

7—1
Ex.0 [Z Lk =i}} 0 4 oy, 4.21)
k=0 7(0)

for some 8’ > 0, so

ErolXr — Xol = Losam® o1 f o) + o
7T(O) ieS
+ O(DEy o[T1(A9)].

Here, by Holder’s inequality, for all 7, s > O with r~! 4+ 571 =1,
Ey o[t 1(AS)] < By olt DY (Py o[ASDS.

Since T has all moments, we can take s = p//2 > 1, so that E, o[t1(AS)] = O(x~%). Then,
since y € (1/2,1),8; > 0and & > 0 we have, for some §” > 0,

1 cim(i)
7(0) i3

ElYnt1 = Yo | Yo =x]= +ou1),
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To calculate the second moment of X; — Xo, we will make repeated use of the algebraic
identity a> — b = (a — b)* +2b(a — b) which will help to simplify the calculations that follow.
Taking the Doob decomposition for X2 5> We write

n—1

Xp— X5 =M, + Y EIX; — X | Xx, mi]
= My + Y (BIG1 = X007 | Xe el + 2XCEXer1 — Xi | Xe, 1)

= M, + (2 (Xes i) + 2 Xkt Xk, i)

—

n—

= M, + (s? 4 2¢; + O(X D1y = i),
ieS k=0

by (MiIr ), where M,, is a martingale satisfying My = 0. Moreover, given Xo = x,

[Manel < Xgpe = X3l +C7
= (Xnar — X0)* + 2Xo| Xpnr — Xol + Ct
< D?>+42xD + Cr,
where D = maxo<i<r |Xx — Xo| is as defined earlier, and C < oo is a constant. Thus, MjA;

is uniformly integrable (in n) and so by the Optional Stopping Theorem EM, = My = 0.
Therefore,

| !
ExolX? = X31 =Y (s} +2¢)Ex 0 [Z 1 = i}} +E.o [Z o(xk—‘sl)} ,

ieS k=0 k=0

As in the calculation of the first moment, we can bound the error term by bootstrapping on the
event A,: writing O(X;*") = 0(x~%1) + O(1)1(AS), we get

7—1
Ex.0 [Z 0(X,:“l)}
k=0

O(x™°) + O(DE, o[t1(A%)]

=0+ oY),

as above, and therefore, by (4.21),

ExolX? — X3l = ——= > (7 +2c)m()) + 0G) + 0 ™) + 0 (™).

(O) ies

Now we use X2 X2 (X — Xo)2 +2Xo(X; — Xp) to get

Ecol(Xe — X0)’1= —— Y s?n(@i) + 0™,
<0> ics

for some 8" > 0. Finally, taking § = min{8”, 8"’} yields (4.19) and (4.20), as required. [J
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5. Proofs of main results
5.1. Recurrence classification

To prove Theorems 2.4 and 2.5, we use the increment moment estimates from Section 4.5
together with some Foster—Lamperti conditions to classify the process (Y;,), and then deduce the
classification for (X;,) from the equivalence results in Section 4.4.

For Theorem 2.5, under Lamperti-type drift assumptions, we apply the following classification
result.

Lemma 5.1 (Lamperti). Let (Z,) be an irreducible time-homogeneous Markov chain on 7.
Suppose that there exists € > 0 such that

SupE[|Zy41 — Zu|* T | Zy = 2] < 00; (5.1)
Z

liminfE[| Zy41 — Zul? | Zy = 2] > 0. (5.2)
—> 00

Let ju(z) = E[(Zuy1 — Zo)* | Zy =2zl.

e If liminf, , c(2zu1(2) — w2(2)) > O, then Z,, is transient.
o If 2z11(2)| < ua(z) + O(z™%), for some 8 > 0, then Z, is null-recurrent.
o If limsup,_, ., (2z11(z) + n2(2)) < 0, then Z,, is positive-recurrent.

Lemma 5.1 is essentially due to Lamperti [19,21], although the form given here is taken from
Menshikov et al. [25, Theorem 3]. The conditions for recurrence and transience are contained
in Theorem 3.2 of [19], and the condition for positive-recurrence is contained in Theorem
2.1 of [21]. The condition for null-recurrence here is slightly sharper than Lamperti’s original
results [21].

Proof of Theorem 2.5. We apply Lemma 5.1 to classify Z, = Y,, and thus, by Lemma 4.5,
classify X,,. First, assuming (B ) for some p > 2, (Qx) and (ML), by Lemma 4.8 it is clear that
(5.1) and (5.2) hold for Z,, = Y,,. Furthermore,

liminf2xE[Y,4+1 — Y, | ¥, = x] = limsup 2xE[Y,,41 — Y, | ¥;, = x]
X—> 00

X—>00
= Z2c,7r(z)
7T(O) ieS
and
liminfE[|Y,.1 — Y, |2 | ¥, = x] = li E[|Y,s1 — Y, | =
minfE(| Y11 = Yal* | ¥u = x] = imsupE[|Y,41 = Yal* | % (0);s w(i).

By Lemma 5.1, ), ¢(2¢c; — s»)m(i) > O implies transience, while }";_¢(2¢; + s (i) < 0
implies positive-recurrence. When | Y, ¢ 2¢im (i) < ;g sl.zn(i), we have

lim (2xE[Yp+1 — Yn | Yo = x1| — E[|Yn4+1 — Yn|2 | Y, =x]) <0,

X—> 00

which means the middle condition of Lemma 5.1 holds for any § > 0, and therefore Y;, is null-
recurrent.
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Now suppose that (Q7) and (MIJ‘r ) also hold. Then, by Lemma 4.8, we have
2xE[Ypi1 — Yp | Yo = x1| — E[|Ypq1 — Yul* | ¥y = x]

= % ( D 2eim(i)| - Zs,?n(i)> +0(x7?)

ieS ieS
for some § > 0, which means that | )", _¢2¢;m(i)| = ;g sizrr(i) implies that (Y,) is null-
recurrent, completing the classification of (Y}) and therefore of (X,). O

For Theorem 2.4 we will apply the following condition.

Lemma 5.2. Let (Z,) be an irreducible time-homogeneous Markov chain on Z.. For (Z,) to be
transient, it is sufficient that there exists ¢ > 0 such that

SUpE[|Zpt1 — Zn|' ™ | Zy = 2] < 00, and
Z

lim inf]E[Zn-H —ZylZy=2]>0.
7—00

We omit the proof of Lemma 5.2, which is similar to the proof of Lemma 5.1 and relies
on demonstrating the existence of a suitable Lyapunov function with negative drift outside a
bounded set, using Taylor’s formula and some careful truncation.

Proof of Theorem 2.4. Consider the Markov chain (Y;,). Under the conditions of part (i) of the
theorem, Lemma 4.7 implies that the hypotheses of Lemma 5.2 hold for Z,, = Y;, so that (¥;) is
transient. Hence, by Lemma 4.5, (X,,) is also transient.

As mentioned after the statement, part (ii) was obtained by Falin [7]. Our results furnish a
different proof: Lemma 4.7 gives positive-recurrence for (Y,) by Foster’s criterion (e.g. Theorem
2.2.3 of [9]), so, by Lemma 4.5, (X,) is also positive-recurrent. [

5.2. Convergence in distribution

The first step in the proof of Theorem 2.6 is to apply a result of Lamperti [20] to obtain a
weak limit for the embedded Markov chain (V). Recall the distribution function Fy ¢ as defined
at (2.3).

Lemma 5.3. Suppose (X, n,) is a Markov chain satisfying (Bp) for some p > 4, (Quo)
and (My). Suppose that the matrix q appearing in (Qoso) is aperiodic. Suppose also that
D iesCei + sl.z)n(i) > 0. Define o and 0 as at (2.4). Then, for any x € R,

lim P[n7'2Y, < x] = Fus(vy/70).

n—oo
Proof. If (B,) holds for some p > 4, then a consequence of Lemma 4.6 is that
sup [|Y,,+1 —Y, Y, = x] < oo.
X

Now we apply Theorem 2.1 of [20] to the Markov chain (Y}), using the increment moment
estimates of Lemma 4.8 and noting the remark preceding the theorem in [20], to obtain

lim P [n_l/zYn < x] = Fu0/n(0)(x) = Fyg(xy/m(0)),

n—oo

where the final equality follows from (2.3). [
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Remark 5.4. If in addition (QZ,) and (M]‘f ) hold, then in the case ) ; ¢(2¢; + siz)n(i ) =0it
follows from Lemma 2.1 of [20] that n~!/2Y,, — 0 in probability; cf. Remark 2.7(iii).

The next goal is to deduce from the weak limit for Y, a weak limit for X,,. To do so, we need
(i) to control the value of the process (X,) between successive observations of the embedded
process, and (ii) to account for the change of time. First we address point (i). For eachn € Z,
let N(n) :== max{k : tx < n},sothat tyy) <n < TN@u)+1-

Lemma 5.5. Suppose that (X,, n,) satisfies (B,) for some p > 2 and (Qxo). Then, as n — oo,
n~ 121X, — Xey| = 0in probability.
Proof. Since o; > 1, we have that N(n) < n, a.s. Hence |X,, — XrN<n>| < maxk<, Dk, where

Dy, is as defined at (4.11). Thus it suffices to show that n=1/2 maxk<, Dy — 0 in probability. For
any y > 0, we have

max Dy < n? + max (Dkl{Dk > nV})
k<n k<n

A

n
n?’ + Z Dy1{Dy > n"}.
k=0

Since (B) holds for p > 2, Lemma 4.6 shows maxy IE[DZ] < oo for some g > 2, so
E[D(Dg > )] = E [ D{ D 1Dy > n?}] < n 74" VE[D]].

It follows that
n71/2E1213? Dy =n? =12 4 ou/D-rla=Dy,

which is o(1) provided we choose (as we may) ﬁ <y < % Thus n—1/2 maxg<, Dy — O1in
L', and hence in probability. [

Next we turn to point (ii) mentioned above. For our purposes, the following renewal-type
result will suffice.

Lemma 5.6. Suppose (X,, n,) is a Markov chain satisfying (Bp) for some p > 2, (Quo) and
(ML ). Suppose also that Zies(Zci + siz)n(i) > 0.
Then, as n — oo, n~'N(n) — m(0) in probability.

Proof. Under the conditions of the lemma, Theorem 2.5 shows that X,, (and hence Y;,) is null,
i.e., null-recurrent or transient. In particular, for any x > 0,

. 1 n—1
nlingoE[; gl{x,k < x}] =0. (5.3)

We use an extension of the coupling given in Lemma 4.1 to multiple excursions. We construct
on the same probability space (X, 1,) together with a sequence ('7/:,;1) of copies (for k € Z4)
of the Markov chain (n}) as follows. At each 1, k € Z, start (U;,n)nzo, an independent copy
of (1;)n>0, from 17,:’0 =1y =0 € S, coupled to (,),>7, as described in Lemma 4.1; denote by
oy, | the number of steps until n; , returns to 0.

Extending the notation E,, defined at (4.5), we write Ex ,, = No<¢<p{Ng4+¢ = n,‘:,g}, the event
that the coupling started at 73 succeeds for n steps.
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Now we use this coupling construction and the null property (5.3) to show that n~'7, —
7(0)~! in probability. For s > 0, denote x(x) := x1{x < s}. Note that

1 n—1 1 n—1
- E Xs (Ok+1) — — § Ok+1
n n

k=0 k=0

Here E[ox111{ok+1 > s}] < s’IIE[asz], say, so that, by Lemma 4.3,

1 n—1
<- de+11{0k+1 > s}.
=0

lim supE [ak+11{ak+1 > s}] =0.
§—> 00 k
A similar argument holds for ak* 1 Hence, for any ¢ > 0, there exists 5o < oo such that
1 n—1 1 n—1 1 n—1 1 n—1
(-t Tatn) - (1w 1 T o)
=0 =0 =0 =0

for all s > s0 and all n. On the event E ; (the coupling started at 7 succeeds for s steps) we
have x;(ok+1) = x5 (a,:H). Then, for any x > 0,

E <e, (5.4)

|Xs (k1) = Xs (0 41)| < SUEF OUX7, > x}+ s1{Xy < x).
Now

PLE; ;N {Xy > x}] < supPLE} | Xy =y, 0y, =15 ¢ = O]

y>x

supP[ES | Xo =y, no = ng =0l

y>x

So for fixed s > 5o, Lemma 4.1 shows we may choose x > x( large enough such that,

n—1

1
E— Y " s1(E{ )1{Xy, > x} <&,
=0 ’

for all n. Combining this with the null property (5.3), we obtain that, for fixed s > s,

n—1 n—1
ZXS(Gk+1) - ZXS(G]:+]) :| =e.
k=0 k=0

Thus with (5.4) we conclude that

1 n—1 1 n—1
limsupE|— ) opy1—— ) op

n—oo

1
limsupE| —
n— 00 n

< 2e¢.

Since ¢ > 0 was arbitrary, and o} ,p are i.i.d. random variables with mean n(O)’l, it follows that
n~'r, — 7(0)~! in probability.

The claimed result now follows by inverting the law of large numbers: for example,

UaO+em  _ 1 }
[((0)+en] ~ 70)+e]’

which tends to 0 as n — oo for any ¢ > 0; similarly in the other direction. [

P [n*IN(n) > 7 (0) + 8] <P [r((n(o)ﬂm < n] <P |:

In the proof of Theorem 2.6 we will use two facts about convergence in distribution that we
now recall (see e.g. [6, p. 73]). First, if sequences of random variables &, and ¢, are such that
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¢ — ¢ in distribution for some random variable ¢ and |§, — {,| — O in probability, then
&, — ¢ in distribution (this is Slutsky’s theorem). Second, if ¢, — ¢ in distribution and «;, - «
in probability, then «,, ¢, — «¢ in distribution.

Proof of Theorem 2.6. First, since n~!N () — 7(0) in probability (Lemma 5.6),

. N(n) . Xy X
lim P| =@ [ x| = lim P w < =F,9(x),
n—00 [./N(n) no- n—o00" | JN() ~ +/7(0) a.6(x)
by Lemma 5.3 and the fact that lim,,—, oo N (1) = 0o a.s. Together with Lemma 5.5 and Slutsky’s
theorem, this shows that

lim Pln~'2X, <x]= lim Pln~"?X;,, <x]= Fuox). (5.5)
n—oo

n—oo

Next we prove the joint convergence of (X, ,). Form € Zy,let R, ,, = n V2 Xy — Xal.
Then, by the p = 1 case of (B)), we have E[R; ] < Cmn~Y2 for some finite constant C.
Hence, for fixed m, as n — 0o, R, ,, — 01in L! and hence in probability.

Fix x € (0, 00). Then, for any ¢ € (0, x),

P~ '2Xx, > x, N, =kl < Pln X, > x — ¢, Nn =kl + PRy > €].
Here
}P’[n_lﬂXn,m >x—¢&, n, =k]
= Y PXym=YIPhy=k|Xpm =yl (5.6)
yin=12y>x—¢
Again we use the coupling of Lemma 4.1 and the notation E,, from (4.5). Note that
|Py.iilnm =kl — w (k)| < Py i[Eg]+ |Pyiilng, =kl — k).

Here, since (1) is an aperiodic, irreducible finite Markov chain with stationary distribution ,
Py iiln, = k] = Pln;, = k | nj = i] converges (uniformly over i and y) to 7 (k) as m — oo.
So, for any § > 0, we may choose m(y < oo such that, for all i and all y,

Py.il1me = k1 — (k)| < Py i ilEp,] + 6.
By Lemma 4.1, we may then choose yy < oo large enough so that, for all y > yo,

|P[me =k | Xo = y] — (k)| < 2.
Now taking 7 large enough so that (x — &)n!/?

Pln~"2X, > x, 0y = K1 < P[Rumg = 6]+ (k) + 28)Pln "2 X,y > x — &l.

> yp, it follows from (5.6) that

We now let n — oo and apply (5.5) to obtain
limsupPln~ "2 X, > x, n, = k] < (w(k) +28) (1 — Fup(x —e)).

n—oo

Since ¢ > 0 and § > 0 were arbitrary, and Fy g is continuous, it follows that

limsupIE”[nfl/zX,, >x, hp =k] < mwk) (1 - Fa,g(x)) , forall x € (0, 00).

n—o0

A similar argument in the other direction, starting from the inequality

HD[n_l/zxn >x, Ny =k] > ]P)[n_l/zxn—m >x+4e ny =kl — IP)[Rn,m > ¢]
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yields the complementary lim inf statement, so that

lim Pln~'"2X, > x, n, =kl = w(k) (1 — Fap(x)), forallx € (0,00). (5.7)

n—o00

The statement in the theorem now follows from the fact that, by (5.7),

lim Pln~™'2X, < x, gy =k = lim Pln, = k] = (k) (1 = Fap()).

n—oo

where lim, oo P[n, = k] = m(k) by taking x | 0in (5.7). O
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Appendix. Proof of coupling lemma

In this appendix we give the deferred technical proof of our coupling result, Lemma 4.1.

Proof of Lemma 4.1. As commented on earlier, the proof follows an almost standard coupling
argument. Indeed, since the first two statements of the lemma will be satisfied for any coupling of
(Xy, nn) and (n;) on a common probability space, in order to also prove (4.1)/(4.2) it makes sense
to use a maximal coupling of 7, and »};, which we will construct in a step-wise fashion. For us,
the condition that g, (7, j) has a limit as x — 0o means that the probability of decoupling at any
step will be small, provided that X,, stays sufficiently large. This introduces some complications
to the standard coupling arguments, as we will need to keep control of the variation of X,.
We construct the Markov chain (X, n,, n,;) by describing a single step:

o If n, # n;, then produce (X, 41, ny+1) from (X, n,) according to the transition probabilities
p(x.i,y, j),andproduce n; | from n;; independently according to the transition probabilities
q(i, J)-

e Otherwise, given n, = n; = i and X,, = x, we use a maximal coupling (see, for example,
Lindvall [23, pp. 18-20]) to produce (1,41, 7} ;) via

mln{qx(l7])9 q(ls k)} for.] =k9

(qx (i, J) = q i, )T (qG, k) — g2 (G, k)T

1Y 192G, 0 — g, 0]

les

Plnp+1 = Jj, 77;4.1 =k]=

for j # k.

Then, given 1,41 = j we produce X, 41 via

. p(x,i,y, )
PXu+1 =y | tht1 = jl = m

€2+

It is a simple matter to check that we have constructed a valid coupling of (X, ,) and n}.
Indeed, making use of the fact that

3 e 0 — g, 01 = > (g 0) — g ) + D (qli, &) — g (i, 0)*

LeS LeS leS
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and

0= (q:(i.0) —q(i. 0) = > (qx(i. &) — q(i. ) =Y (q(i. ) — g (i, ),
teS tesS teS
calculation shows that P[n,+1 = j | (Xn, 1) = (x, )] = gx (i, j) and Pln;, , = j [ n; =il =
q (i, j). Then we see that
p('x’ i’ y7 j)
> p(x,i,z, )

€24

PUXns1: nn1) = (0, ) | (Xu ) = (x, )] = qx (i, j) = p(x, i, y, j).

This verifies the coupling construction. Note that, with this coupling,

Plnass # mier | Xo = xm = = 11= 3 3 laeG, ) — G, )l (A1)
jes
It remains to prove (4.1) and (4.2). First in the case of (4.1), for which we assume (Q«), we give
the argument in detail; we will then indicate how to modify the argument to prove (4.2).
Given ¢ > 0 and n < 0o, choose x( so that max; ZjeS lgx (i, j)—q(, j)| < £ forall x > xo;
this is possible by assumption (Qx).
Let Ax = {Xx > x0}, and recall from (4.5) that Ex = No<¢<k{ne = n;}. Then,

PLEG 1 | Ex N Akl = Ples1 # ngoq | Ex N A
< max sup Plpkt1 # njyy | Xk = x, m = n; =il

L x>xo

so that, given Xo = x, no = nj = i,
e
PIE; 1 < PLEL, | Ex N Ad] + PLE] + PIAY] < Tt PLEF] + PLAR],

which in turn implies that
e n—1 e
¢ _ C]1 <« 2 .
PIE,] < 3 + kgzo PlAL] < 2 + nlP |:0<§(n<1:l1_1 X < x0:| .

To complete the proof we need to show that, for x sufficiently large,

IP’|: min Xy <xo|Xo=x,m=ny=1i|=< forall i. (A2)

0<k<n-—1

e
1~ 2n’

But

]P’|: min  X; < xo|Xo=x, no=1n5=1

0<k<n—1

§]P’x,,~|: max 1|Xk — Xo| >x—xoi|

0<k<n—

X —xo |

< Px,i[ U X — Xl >

0<k<n-—1 -

X — X0

Snmax]P’[le+1—Xk| > ‘szy, nkzj},
y.J
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so (A.2) will follow from

lim maxP[| X1 — Xi| > 7 | Xp=x,m =i] =0,

r—-00 x.,i

which in turn follows from condition (B,) with p > 0 and Markov’s inequality; indeed,

El|Xie1 — Xil? | Xe =x,p =i
max P[|Xgq1 — Xi| > r | Xg = x, g = i] < max [ X+ el” | X Ll
x,i x,i rp
S

_rp'

Therefore P[ES | Xo = x, 10 = n6 = i] < ¢ for all i and sufficiently large x, and since & was
arbitrary, this proves (4.1).

The proof of (4.2) is similar, now assuming (QZ%,). We set n = n(x) = [Alogx]. Now we
modify the definition of Ay to be Ay = {X; > x/2}. Then, (A.1) with (Q;) gives

PIEf, ] < PLEf] + P[A] + O(x ™),

from which we have

PIES )] < O(x™%/) + AlogxIP’[ min  Xi < x/2:| )

0<k<n(x)—1

The final probability in the last display we estimate in exactly the same way as in the previous
argument, replacing the previous xg by x /2 and the previous n by n(x), and we again find a term
that decays as a power of x. Thus we obtain (4.2). O
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