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Abstract
We study the creation of knotted ultracoldmatter waves in Bose–Einstein condensates via coherent
two-photonRaman transitions with aΛ level configuration. The Raman transition allows an indirect
transfer of atoms from the internal state ∣ ña to the target state ∣ ñb via an excited state ∣ ñe , that would be
otherwise dipole-forbidden. This setup enables us to imprint three-dimensional knotted vortex lines
embedded in the probe field to the density in the target state.We elaborate on experimental feasibility
as well as on subsequent dynamics of thematter wave.

1. Introduction

Waves can exhibit wavefront dislocations or vortices, i.e. phase singularities of the complexwavefuntion, where
themodulus of thewave vanishes, and aroundwhich the phase of thewave changes by amultiple of 2π [1]. In [2],
it has been shown thatMaxwell’s equations in fact admit solutionswhere these lines of dislocation or vortex lines
are tied into knots embedded in lightfields. Here, the term ‘knot’ refers to an embedding of a circle S1 into a
three-sphere S3 [3]. Both theoretical [4] as well as experimental advances [5–8] in three-dimensional light
shaping allowed the experimental realization knotted vortex lines embedded in opticalfields. Apart fromoptics,
the study of knotted topological defect lines and their dynamics has fascinated scientists fromdiverse settings,
including classical fluid dynamics [9, 10], excitablemedia [11, 12], chiral nematic colloids [13] to
semiconductors [14, 15].

LordKelvin speculated in 1867 [16] that atoms can be described by vortex tubes in the aether. In fact, almost
two decades ago it was suggested that (nontrivial) knotsmight exist as stable solitons orHopfions in three-
dimensional field theories [17]. A Skyrmemodel served as an example for afield theory which admits stable
knot solitons [18]. In the context of spinor Bose–Einstein condensates (BECs) [19, 20], the existence of knots
with nonzeroHopf chargewas studied [21–23] and recently realized experimentally [24]. However, there is
work [25] that casts doubt on existence of stableHopfions in two-component Ginzburg–Landau type systems.
Contrasting these studies, numerical investigations on the robustness and center ofmassmotion of knotted
vortex lines embedded in a single component BEChave been undertaken [26, 27]. Such formations are typically
unstable, since there is no topological stabilizationmechanism and reconnections of vortex lines are allowed due
to the occurrence of the quantum stress tensor in the hydrodynamic formulation of theGross–Pitaevskii
equation.Nucleation [28] and reconnection of vortex lines [29–31] and vortex line bundles [32] and subsequent
emission of soundwaves [33] have been theoretically studied extensively.

In this paper, we followup on the idea formulated in [34], and discuss a general experimental scheme to
create a two-component BECwhich contains a knotted vortex line in one of its components.We suggest using a
lightfield containing a knotted vortex line as probefield of a Raman-pulse that drives a coherent two-photon
Raman transition of three-level atomswithΛ-level configuration (see figure 1(a)). Previously, similarmethods
have been used to create dark solitons and vortices [34–38] and have been experimentally realized using
microwave [39, 40] andmore recently optical coupling [41]. The pumpbeamwill be thementioned knotted
(stationary) light beam,whereas the control beam is a co-propagating planewave to remove fast oscillations in
the z-direction [34]. The large controllability of the pulse parameters (i.e. strength and duration of the

OPEN ACCESS

RECEIVED

2December 2015

REVISED

7March 2016

ACCEPTED FOR PUBLICATION

11May 2016

PUBLISHED

13 June 2016

Original content from this
workmay be used under
the terms of the Creative
CommonsAttribution 3.0
licence.

Any further distribution of
this workmustmaintain
attribution to the
author(s) and the title of
thework, journal citation
andDOI.

© 2016 IOPPublishing Ltd andDeutsche PhysikalischeGesellschaft

http://dx.doi.org/10.1088/1367-2630/18/6/063016
mailto:fabian.maucher@durham.ac.uk
http://dx.doi.org/10.1088/1367-2630/18/6/063016
http://crossmark.crossref.org/dialog/?doi=10.1088/1367-2630/18/6/063016&domain=pdf&date_stamp=2016-06-13
http://crossmark.crossref.org/dialog/?doi=10.1088/1367-2630/18/6/063016&domain=pdf&date_stamp=2016-06-13
http://creativecommons.org/licenses/by/3.0
http://creativecommons.org/licenses/by/3.0
http://creativecommons.org/licenses/by/3.0


Rabi-pulse) allows for a large controllability of the excitation. The dynamics of two-component BECs can be
monitored in real time via in situmeasurements without ballistic expansion [42]. Using numericalmethods, we
study excitation and subsequent dynamics of specific examples of knottedmatter waves for experimentally
feasible parameters.

This paper thus paves theway for experimentally accessingmany of the phenomena discussed only
theoretically in, e.g. [26, 27, 43], and if such systemwere realized experimentally, it would give controlled
experimental access to reconnection of vortex lines, subsequent emission of soundwaves and,more generally,
quantum turbulence.

2.Model

2.1. Equations ofmotion for light–matterwave coupling
Consider a three-level atom inΛ-configurationwith ground states ∣ ña and ∣ ñb , which are off-resonantly coupled
to an excited state ∣ ñe with detuningΔ and spatially dependent Rabi-frequencies ( )W ra and ( )W zb . Assuming
D W W,a b, the excited state can be adiabatically eliminated, and the dynamics of the condensate wave

function confined in a trap ( )V r can be described [34, 36] using equations (1) and (2)
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Figure 1(a) depicts the level scheme of three-level atoms inΛ-type configuration. The Rabi-frequencies Wk,
=k a b, relate to their corresponding electric fields via

( )


W =
Ed

, 4k
k

where the transition dipole element d has been introduced. As electric fields, we consider amonochromatic,
quasi-linearly polarized lightfieldwithwavevector k0. Then, its slowly varying envelope is defined by

( ) ( ) ( )( )
w m

= +w-E t
k

r r,
2

e c.c., 5k z t0 0

0

i 0 0

where c.c denotes the complex conjugate.Within the paraxial approximation, the slowly varying envelope  of
the beam is governed by

( ) ( ) ( ) ¶ = -^ ^ ^k z zr r2i , , , 6z0
2

where ( )=^ x yr , , and ^
2 denotes the transverse Laplacian.

Figure 1. (a) Schematic sketch of a Raman-type transitionwithΛ-configuration. The state ∣ ña is off-resonantly coupled to state ∣ ñb
with two-photon detuning δ. The knotted lightfield  proportional to ( )W ra off-resonantly couples state ∣ ña to ∣ ñe with detuningΔ.
The final state ∣ ñb then reflects the involved structure of the light field  associatedwith ( )W ra . (b) depicts an isosurface of the intensity
(purple) of the light-field  at a low isointensity value and a slice of its phase in the (x, y)-plane. Additional to the vortex lines in the
center of the beam, the usual diffraction cones become visible. (c) Illustration of the situation at t=0 for the parameters discussed in
section 3.2. The isodensity of the cigar-shapedwave function ya (yellow) is subject to the knotted light field (purple) fromfigure (b).
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Such a system can be realized by considering the two hyperfine ground states
∣ ∣ñ = = = - ña S F M, 2, 1F1 2 , ∣ ∣ñ = = = ñb S F M, 2, 1F1 2 of 87Rb, that are off-resonantly coupled to an
excited statemanifold. Then, the scattering lengths between the species akj are given by =a 5.5ba nm, and the
ratio aaa:aba:abb is given by 1.03:1:0.97 [44]. Themotivation for assuming cylindrical symmetry of the trapping
potential ( )V r is associatedwith the specific formof the paraxial wave equation equation (6).Whereas we use
different beams for trapping andRaman transition, the aspect ratio w wz for our otherwise independent cigar
shaped trap cannot be chosen arbitrarily. Instead, in order to accommodate the optical knot in the BEC (see
figure 1(c)), we have tomake sure that extent of the BEC in the z-direction is large enough. The aspect ratio of the
optical beam (and the optical knot) can be expressed using the ratio between the Rayleigh length s=z kr 0

2 and
thewidthσ of the lightfield in the ( )x y, -plane:

( )
s

s
s

s= =
z k

k . 7r 0
2

0

The basic idea towards imprinting knotted vortex lines into BECs is depicted infigure 1(a). Consider the case
where all atoms are initially in state ∣ ña [ ( )y = =t 0 0b ]. Then, assuming W Di and d » 0 the Rabi pulse
coherently transfers population from ∣ ña to ∣ ñb as illustrated in according to equations (1) and (2). The lightfield
is depicted infigure 1(b) and together with the density of ya infigure 1(c). The laser associatedwith Wb is chosen
to be a simple planewave, which coherently co-propagates with  , so that the fast variations~e k zi 0 in
equation (5) are canceledwhenever products *W Wa b as in equations (1) and (2), occur. The explanation as towhy
such a setup allows us to imprint the phase of the structured lightfield Wa onto the condensate is the following.
For short time and two-photon detuning d = 0, the small change dyb to yb is given by

( ) ( ) ( ) ( )
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Thus, wemay conclude that at least for small times, it should be possible to populate state ∣ ñb with a given phase
profile using our lightfield. Once the phase profile θhas been imprinted ( ∣ ∣ = qei ) onto the condensate, the
atomswill displaymotion according to  q=  mv [34]. To realize such a scenario, the intensity of the
involved laser beamsmust be sufficiently strong, such that the time-scales of the imprinting are small compared
to time-scales of the dynamics of the condensate.Wewill use numericalmethods and realistic experimental
parameters to extend this simple idea beyond the perturbative limit and study its subsequent dynamics.

2.2. Knotted lightfield
Laguerre–Gaussian (LG) functions LGl p, form a basis set for solutions for the paraxial wave equation
equation (6), and are given by the expression
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with = +r̂ x y2 2 2 and Lp
l being the associated Laguerre polynomials.

We seek a linear superposition of LG-modes, å a LGl p lp l p, , , that describe light-beams containing knotted
vortex lines. To this end, wewill review themethod proposed in [7], which usesMilnor polynomials [45] as an
ansatz for complex lightfields in the shape of torus knots to determine appropriate amplitudes alp, and rescale
for application to our setup.

The basic idea [7, 46] is to parametrize anN-strand braid as the roots of the polynomial

( ) [ ( )] ( )= -
=

-

p u u s h . 10
h
N n

j

N

j
,

0

1

Here, h denotes the height of the periodic braid andN denotes the number of strands or roots of ( )p uh in u. Let
us chooseN=2 and [46]

( ) ( ) ( ) ( ) ( )p= + = -s h h i h h h j n ncos sin , 2 2. 11j j j j

The projection of the braid onto the ( )=h 0 -plane leads to a circle. The parameter n represents the number of
braid crossings.Wewill consider the cases =n 2, 3 in the following. A small computation allows us tofind an
explicit expression for theMilnor polynomial ph in the variables u and ( ) ≕h vexp i ,

( )= -p u v . 12
h

n n2, 2

Wecannow imagine a cylinder containing the braid, and ‘glue’ top and bottom surfaces together to obtain a
knot. In fact, one can show [47] that any knot can be represented as a closure of a braid. An easyway to deform
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our cylinder into a torus and tomake it explicitly dependent on ( )¢ = ¢ ¢ ¢x y zr , , is towrite u and v as an inverse
stereographic projection from three-dimensional space to a unit three-sphere,  3 3, i.e.

( )=
¢ - + ¢

¢ +
u

r z

r

1 2i

1
, 13

2

2

( ) ( )=
¢ + ¢

¢ +
v

x y

r

2 i

1
. 14

2

Here, ¢ = ¢ + ¢ + ¢r x y z2 2 2 and the units ¢r are nondimensional. One can easily show that
∣ ∣ ∣ ∣ ( ) ( ) ( ) ( )+ = + + + =u v u u v v 12 2 2 2 2 2R I R I , and thus equation (14) indeed represents a parametriza-
tion of a three-sphere. Sincewe aim to describe an actual lightfield, i.e. a solution to the paraxial wave equation,
instead of considering theMilnor polynomial equation (12) ph as it is, it is reasonable to get rid of the
denominator in ph and to consider [7, 46]

( ) ( )( ) ( )x ¢ = - ¢ +u v rr 1 . 15a
n n2 2

For =n 2, 3, equation (15)describes aHopf link and a trefoil knot, respectively, which represent the simplest
nontrivial examples of a link and a knot, respectively. The latter twowill be used as exemplary fields in the
following.

In order to use equation (15) tofind appropriate coefficients al p, , let us rescale the lightfield equation (9) by
Rs to nondimensional units ( )¢ ¢ ¢x y z, , , such that

( )( )
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to equate the lightfield to our knot in the same dimensionless units. Effectively,Rs scales the abstract unit sphere
to have a transverse extent of approximatelyRswith respect to the laser beam.Hence, there are two length scales
of our system,Rs andσ, that are associatedwith the nodal lines of the knot and the transverse extent of the beam.
Aswewill see, the ratio s=w Rs will play a crucial role as an important degree of freedom, that allows us to
change thewidth of the beam relative to the positions of the nodal lines of the knot. Tofind appropriate
superpositions of LG-modes, it is sufficient to restrict considerations to the ( )x y, -plane only. Let us equate
equation (15)with a superposition of the above-mentioned rescaled version of equation (9):
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Comparing different powers in ¢̂r allows us to determine thefinite number of coefficients al p, uniquely, which
depend only on the real numberw.Whereas this ansatz can be used for some knots, there are counterexamples,
and there is no rigorous general proof as towhy and inwhich cases this ansatz leads to success. A large value ofw
ensures that the vortex lines are actually embedded in the beam, and not chopped off. Furthermore, forfinitew,
additional vortex lines in the shape of hairpins appear for larger z-values, which leads to the fact thatwmust be
chosen large enough.On the other hand, ifw is too large, the polynomial increase in the polynomials describing
the knots will not be attenuated quickly enough by theGaussian, and thus intensity variations become huge,
which is undesirable for our setup. It is possible [7] to further optimize these coefficients to separate vortices with
regions of larger intensity. Once appropriate coefficients al p, have been found, the lightfield can bewritten down
as superposition of LGmodes by rescaling back into physical units. For the sake of clarity, let us introduce an
auxiliary function f defined as ( ) ≔ ( )s s s

^ ^f r z z zr, LG ,r l p
z

,
, r . Then, wefind
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Here, the amplitudeA of the lightfield has been introduced, which gives the intensity of the beam the right value
in appropriate units. Note, that equation (21) is no longer dependent on the choice ofRs.

2.3. Rescaling
Let us rescale equations (1) and (2) by introducing spatial ¢r and time ¢t coordinates rescaled by oscillator length

 w=a m0 and trapping frequencyω, respectively
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Then, aftermultiplying equations (1) and (2) by wm a1 2
0 , equations (1) and (2) become
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wherewe left away the prime for our nondimensional time and space variables and introduced g w w=z z , and

k p= a N a4kj kj 0.We can express as k = a a2kj h0
2 2 using the healing length p=a a N a8h kj 0

3 . Since the aspect
ratio gz of the trapping frequencies is typically small, it ismore convenient for numerical studies to rescale the
elongated z-axis as follows:
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This rescaling finally yields our equations ofmotion:
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wherewe have dropped the primes for convenience. Furthermore, applying the same rescaling to the paraxial
wave equation [equation (6)], wefind the following expression in our rescaled units:

( ) ( ) ( ) ¶ = -^ ^ ^k z zr r2i , , . 30z0
2

Here, k0 has been redefined and stands for p g l=k a2 z0 0 . Then, the functions defined in equation (9) remain
solutions to equation (30) in the new coordinates, and using ourmodified k0, we can still write the Rayleigh
length as s=z kr 0

2, where zr ismeasured in units of ga z0 andσ in units of a0.
We have = ´ -m 1.44 10 25 kg for 87Rb, so that a trapping frequency of w p= ´2 10 Hz leads to an order

ofmagnitude of m=a 3.4 m0 for the typical transverse extent of the BEC. An order ofmagnitude estimate for
the off-diagonal coupling terms is given by

( ) ( ) ( ) ( ) ( )
* *

w
W W

D
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W W
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z zr r

8
0.016 s 2 10 2 10 31a b a b 2 6

for W » -1 10i MHz and W D = -0.01 0.1i . The required tight focusing of the beam leads to the fact that
we only needmoderate beampowers to achieve adequate Rabi-frequencies. In the following, we set the two-
photon detuning d = 0 to achieve optimal transfer.

Finally, we need tofind an estimate for the Rabi pulse duration td. To this end, consider the simple case,
where Wa and Wb describe driving by planewaves.We seek tofind the optimal time formaximal transfer of
atoms from ∣ ña to ∣ ñb . Given that the ‘off-diagonal’ terms in the coupled equations (28) and (29) aremuch larger
than the diagonals, we can approximate the populationNb in state ∣ ñb as

( )
*

w
~ -

W W
D

⎛
⎝⎜

⎞
⎠⎟N t1 cos

8
. 32b

a b2

This expression allows us tofind the optimal (nondimensional) time duration of the Rabi pulse td that leads to a
complete transfer of population

( )
*
p

w
=

W W D
t

2

8
. 33d

a b

On the other hand, this consideration does not apply to our case due to the spatial dependence of the Rabi
frequency ( )W ra . Due to spatial dependence of the intensity variations, we do not really have an optimal pulse
duration td, and our choice of td is a compromise between on one hand having sufficiently large transfer of atoms
to state ∣ ñb and on the other hand avoiding population being transferred back from state ∣ ñb to state ∣ ña in
positionswhere the intensity is large and thus the transfer dynamics is faster. Hence, we have to choose shorter
pulse durations thanwhat equation (33) suggests. Furthermore, due to the nodal lines in the pumpbeam, it is
never possible to use this arrangement for a total conversion of atomic population from ∣ ña to ∣ ñb .With these
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aspects kept inmind, wemay still use equation (33) as a rough estimate for the order ofmagnitude for our choice
of td.

3.Numerical investigation

In the previous section, we elaborated on how to inscribe complex knotted vortex lines intomatter waves.
Whereas the simple argument of equation (8) allows us to conclude that our setup shouldwork at least in the
perturbative regime for short time-scales and small amounts of atoms in state ∣ ñb , we cannot infer what happens
beyond this perturbative regime. In this section, we aim to numerically study excitation and decay of our highly
excited states intomore elementary unknots or vanishing of the latter by collision and annihilation of vortex
lines.Wewill do so by considering specific examples. However, these examples are by nomeans an exhaustive
treatment of the the huge potentialmanifold of realizations possible. To thoroughly understand the dynamics
remains an elusive goal, which goes beyond the scope of this paper.

3.1.Hopf-link
One of the simplest torus knots is the so-calledHopf-link, which corresponds to setting n=2 in equation (15)
and is depicted e.g. by the green isodensity surface infigure 2(b). Using themethod outlined in 2.2 and
equation (17), wefind the following superposition coefficients of LG polynomials for aHopf-link:

[( ) ( )
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D
= - + + - +
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A w w w w w

w t t

8
1 2 2 LG 2 4 LG 2 LG
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2 4
00

2 4
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4
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2
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To this end, let us consider the dynamics for k p= =a N a4 1887ab ab 0 , g = 0.125z .We set the two-photon
detuning to d = 0. This can be achieved by using typical parameters of 87Rbwith w p= ´2 10 Hz,
w p= 2.5z Hz,N=93 000, =a 5.5ab nm, l = 780 nm,which amounts to typical units of length scales of

m=a 3.4 m0 in the ( )x y, -plane and g m=a 27.2 mz0 in the z-direction. Thomas–Fermi like dynamics, where
the nonlinearity is large compared to the broadening due to the Laplacian, is preferable to ensure robustness of
the vortex cores and avoid the trivial broadening of the latter. For that reason, we have to choose a sufficiently
large value for kij. For the other aij, we assume the ratio aaa:aab:abb to be given by 1.03:1:0.97 [44].With respect to
our Rabi pulse, we chooseA=450, =w 1.5, s = 0.675 corresponding to m2.3 m, and a pulse duration of
=t 0.002d corresponding to m31.8 s.
We use the commonFourier split-stepmethod [48] and adaptive Runge–Kutta algorithm to fourth order for

the time-step for numerical computation. Parts of the codewerewritten using [49]. Tofind the appropriate state
( )y =t 0a , we used imaginary time-evolution (e.g. [50]). It is crucial to use a variable time-step, since the

dynamics during the time duration of the Rabi-pulse tdhas to be temporally fully resolved, and thus the time-
step has to bemuch smaller than tdwithin td. After >t td, the time-step can be chosenmuch larger, since it only
needs to resolve the characteristic time-scale of the BECdynamics.We used time-steps varying between
D = - ´- -t 10 5 108 4 and a spatial resolution ofD = -x 0.05 0.06with 2203 points.

Figures 2(a)–(d) depict an isodensity surface of the condensate wave function yb with small value, which
serves as an illustration of the knotted vortex core, and its phase profile in different ways, shortly after the
imprinting occurred.Here, the initial wave function ( )y =t 0a was computed as the ground state of the trap
and ( )y = =t 0 0b .

A basic qualitative anticipation of the dynamics can be found by projecting the knot orthogonally to the
beam- or z-axis and considering themomentum associatedwith the (unit-)areas, as elaborated in [51]. Consider

Figure 2. (a) Illustration of the phase of yb in the ( )x y, -plane after short time evolution. (b)Additional to the phase in the ( )x y, -plane
from figure (a), the green surface represents a low-value isodensity surface of ∣ ∣yb

2 around the vortex line imprinted on the BEC. (c)
Projection offigure (b) into the ( )x y, -plane and associated indices according to equation (35). Expected dynamics should thus be,
that the central regionmoves faster in the z-direction relative to its neighboring regions. (d) shows again the isosurface fromfigure (b),
however, the coloring of the isosurface illustrates the value of the phase at each position of the isosurface.
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the projection in the ( )x y, -plane, as shown infigure 2(c). The index Ij assigned to each of the areasRj enclosed by
the vortex lines γ can be found by evaluating the sum [51]

( ) ( )å
Ç

r= ´
r g

I e tsign , 35j z

which runs over all intersections of the chosen vector r with the projected vortex line γ for a given regionRj.
Here, r denotes an arbitrary vector pointing from the inside to the outside of the enclosed area and sign is the
usual sign-function taking the values sign(∗)=±1. Furthermore, the vector t is a tangent vector to the vortex
line curve (denoted as γ) at the point where r crosses γ. The direction of t is given by the orientation of the arcs,
which is determined by the phase (see figure 2(c)). The values assigned to the regions infigure 2(c) correspond to
the values computed by equation (35). The associatedmomenta of a regionRj can be found by [51]

∮( ) ( )w= rIp d , 36z j
R

j
2

j

where w denotes the vorticity.
What one can deduce from these arguments is amovement in the positive z-directionwith the central region

traveling fastest (figure 2(c)). Let us now look at the numerically computed dynamics. Snapshots of the latter are
shown infigure 3 (see also the supplementary data stacks.iop.org/njp/18/063016/mmedia). Clearly, there is an
overall center-of-massmassmotion towards the positive z-direction, as expected.However, reconnection of
vortex lines as well asfinite size effects of the condensate leading to sharp gradients in the density lead to a very
involved dynamics, whichwewere not able to predict or understand in simple terms. Surprisingly, the
formation decays into two unknots that propagate into the positive and negative y-direction, respectively.

3.2. Trefoil
In this sectionwewill study the dynamics of a trefoil imprinted on a BEC. The dynamics is generic, quite
different initial conditions lead to similar results, the basics of which can be understood in the simple terms
described before.

In this case, let =w 1.2. Instead of using the prefactors ( )a wl p, from equation (17), we use the optimized
prefactors given in [7, 46] of the LGmodes for the lightfield

( ) ( ) ( )
*

w
W W

D
= - + - - Q -A t t

8
1.51LG 5.06LG 7.23LG 2.03LG 3.97LG . 37a b

d00 10 20 30 03

To this end, let us use s = 0.78 corresponding to m2.65 m andA=700. Furthermore, let us choose k = 3753,
g = 0.05z . This can be realized using again w p= ´2 10 Hz, w p= 1z Hz, = ´N 1.85 105, =a 5.5ab nmand
l = 780 nm.With respect to our Rabi pulse, we use a pulse duration of =t 0.004d corresponding to m63.7 s.

Figure 4(a) illustrates the phase of yb and (b) its vortex core shortly after imprinting. Projecting onto the
( )x y, -plane and assigning values according to equation (35) leads tofigure 4(c). Again, we can expect that the
overall knot will propagate in the positive z-direction, and the central part carries the largestmomentum.
Figure 4(d) illustrates the expected reconnection dynamics according to the rules found in e.g. [29]. The arrows
indicate the direction of t, which is again determined by the phase. The inset (grey dashed box) illustrates how
the vortex lines should reconnect. If we apply this simple rule to all three crossings, we can expect that the green
vortex line evolves intowhat is depicted by the solid black line, i.e. a decay into two unkots.

Figure 3.Dynamics of the condensate wavefunction yb, whose vortex lines form aHopf-link. Both upper and lower row show the
dynamics in timesteps ofD =t 0.1 (corresponding toD =t 1.6 ms) starting from =t 0.05 (corresponding to =t 0.8ms). Both
rows use the same isosurface for ∣ ∣yb

2, however, in the lower rowwe cropped the box at a smaller value, so that the ‘boundary’ of the
condensate does not obfuscate the dynamics of the vortex lines. Additional to that, we used the phase to color the isosurface in the
lower row.We can see an overall drift the positive z-direction, which can be understood fromfigure 2. See also the supplementary data
stacks.iop.org/njp/18/063016/mmedia for the full propagation dynamics.

7

New J. Phys. 18 (2016) 063016 FMaucher et al

http://stacks.iop.org/njp/18/063016/mmedia
http://stacks.iop.org/njp/18/063016/mmedia


Let us now consider the dynamics, which is shown infigure 5 (see also the supplementary data stacks.iop.
org/njp/18/063016/mmedia for full dynamics).We see that the vortex lines of this specific trefoil knotfirst
reconnect (seefigure 5), and the central regions travels fastest into the positive z-direction according to our
expectationfigures 4(b) and (c). After that, the central region expels an unknot or vortex ringwhich decouples
from the rest of the knot, as shown infigure 5. The single unknot propagates to the positive z-direction faster
than the remaining part of the knot. Interestingly, our dynamics differs from the usual dynamics of a clear
breakup into two unknots as expected from (figure 4(c), solid black line) andwhat has been found in [26, 43].
Differences to previous observations are due tofinite size effects of the cloud, that in our case the knot has a large
aspect ratio, whichwith our rescaling basicallymeans that the dynamics in the z-direction ismuch slower,
smallness of the knot, andfinally that we actually consider two coupled fields (dynamics of ya not shown).

4. Conclusions

Recently there has been a growing interest in the dynamics of knotted vortex lines in BECs.However, thus far
there has been no actual proposal on how to excite suchmatter waves in a controlled fashion. In this work, we
have presented a setupwith physically realistic parameters to create such knotted vortex lines in ultracoldmatter
waves.We combined recent theoretical and experimental results from complex light shapingwhich allowed us
to create knotted vortex lines embedded in lightfields.We use the latter as a probe field for three-level atoms in a
Λ-type setup to inscribe the nodal lines to BECs. The setup is quite generic, and allows investigation of a large
variety of potential dynamics. Thefinite time span to populate state yb reduces production of soundwaves. The
finiteness of the condensate, the smallness of the knot as well as the reconnections of the vortex lines give rise to a
very involved dynamics. The velocity in the z-direction of the vortex knot should not be large. This velocity can
be controlled by the ratio between the trapping frequencies g w w=z z relative to the condensate. The probe
fieldwhich determines Wa should not be too spatially broad, otherwise the value of gz required to fully embed
the knotted vortex line becomes impractical.We have assumed that the lightfield can be treatedwithin the
paraxial approximation, althoughwe note that, in principle, this condition can be relaxed to nonparaxial

Figure 4. (a) Illustration of the phase of yb in the ( )x y, -plane after short time evolution. (b)Additional to the phase in the ( )x y, -plane
from figure (a), the green line represents a low-value isodensity surface of ∣ ∣yb

2 around the vortex line imprinted on the BEC. (c)
Projection offigure (b) into the ( )x y, -plane and associated indices. Since the indices reflect themomenta of the regions, we expect
that the central regionmoves faster in the z-direction relative to its neighboring regions. (d) shows the expected breakup of the green
vortex lines into the solid black lines. The black arrows illustrate the orientation, which is determined by the phase. The grey dashed
inset illustrates the expected product of collision and reconnection of the vortex lines according to, e.g. [29].

Figure 5.Dynamics of the condensate wavefunction yb, whose vortex lines form a trefoil knot. Both upper and lower row show the
same dynamics in timesteps ofD =t 0.1 (corresponding toD =t 0.8ms) starting from =t 0.05 (corresponding to =t 0.8 ms).
Both rows use the same isosurface for ∣ ∣yb

2, however, in the lower rowwe cropped the box at a smaller value, so that the ‘boundary’ of
the condensate does not obfuscate the dynamics of the vortex lines. Additional to that, we used the phase to color the isosurface in the
lower row.Upon evolution, vortex cores reconnect, which leads to a decay into a vortex ring being expelled from the central region,
which can be understood fromfigure 4). See also the supplementary data stacks.iop.org/njp/18/063016/mmedia for the full
propagation dynamics.
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knotted lightfields [52]. Due to the tight focusing of the optical beam, onlymoderate powers of the lightfields
that determine the Rabi-frequencies Wi are required. Thus, the setup shouldwork generically for a large range of
parameters.We have shown two illustrative examples of a trefoil knot and aHopf-link, and discussed the
dynamics using alreadywell-established techniques. The data presented in this paper is available online at [53].

Acknowledgments

Thisworkwas funded by the Leverhulme Trust Research ProgrammeGrant RP2013-K-009, SPOCK: Scientific
PropertiesOfComplexKnots.Wewould like to thank PMSutcliffe, J LHelm, TPBillam,D Sugic andMDennis
for stimulating discussions.

References

[1] Nye J F andBerryMV1974Dislocations inwave trains Proc. R. Soc.A 336 165
[2] IrvineWTMandBouwmeesterD 2008 Linked and knotted beams of lightNat. Phys. 4 716–20
[3] AdamsC 1994TheKnot Book (Providence, RI: AmericanMathematical Society)
[4] ShabtayG 2003Three-dimensional beam forming and Ewalds surfacesOpt. Commun. 226 33
[5] Leach J, DennisMR,Courtial J and PadgettM J 2005Vortex knots in lightNew J. Phys. 7 55
[6] WhyteG andCourtial J 2005 Experimental demonstration of holographic three-dimensional light shaping using aGerchberg–Saxton

algorithmNew J. Phys. 7 117
[7] DennisMR, King RP, Jack B,O’HolleranK andPadgettM J 2010 Isolated optical vortex knotsNat. Phys. 6 118
[8] Shanblatt E R andGrierDG2011 Extended and knotted optical traps in three dimensionsOpt. Express 19 5833
[9] MoffattHK 1969The degree of knottedness of tangled vortex lines J. of FluidMech. 35 117–29
[10] MoffattHK 1990The energy spectrumof knots and linksNature 347 367
[11] Sutcliffe PMandWinfree AT 2003 Stability of knots in excitablemedia Phys. Rev.E 68 016218
[12] Maucher F and Sutcliffe P 2016Untangling knots via reaction-diffusion dynamics of vortex stringsPhys. Rev. Lett. 116 178101
[13] TkalecU, RavnikM,Copar S, Zumer S andMusevic I 2011Reconfigurable knots and links in chiral nematic colloids Science 333 62–5
[14] Babaev E 2002Dual neutral variables and knot solitons in triplet superconductors Phys. Rev. Lett. 88 177002
[15] Babaev E 2009Non-Meissner electrodynamics and knotted solitons in two-component superconductors Phys. Rev.B 79 104506
[16] Thompson (LordKelvin)W1869On vortex atoms P. Roy. Soc. Edinb.A 6 94
[17] Faddeev L andNiemi A J 1997 Stable knot-like structures in classicalfield theoryNature 387 58–61
[18] Battye RA and Sutcliffe PM1998Knots as stable soliton solutions in a three-dimensional classicalfield theory Phys. Rev. Lett. 81

4798–801
[19] Tin-LunH1998 Spinor Bose condensates in optical trapsPhys. Rev. Lett. 81 742–5
[20] OhmiT andMachidaK 1998 Bose–Einstein condensationwith internal degrees of freedom in alkali atom gases J. Phys. Soc. Japan

67 1822
[21] Babaev E, Faddeev LD andNiemi A J 2002Hidden symmetry and knot solitons in a charged two-condensate Bose system Phys. Rev.B

65 100512
[22] Kawaguchi Y,NittaM andUedaM2008Knots in a spinor Bose–Einstein condensate Phys. Rev. Lett. 100 180403
[23] Kawaguchi Y,NittaM andUedaM2010Topological excitations in spinor Bose–Einstein condensates Prog. Theor. Phys. Suppl. 186 455
[24] HallD S, RayMW,Tiurev K, Ruokokoski E, Gheorghe AHandMóttónenM2016Tying quantumknotsNat. Phys. 12 478–83
[25] Speight JM2010 Supercurrent coupling in the Faddeev–Skyrmemodel J. Geom. Phys. 60 599
[26] PromentD,OnoratoMandBarenghi C F 2012Vortex knots in a Bose–Einstein condensate Phys. Rev.E 85 036306
[27] PromentD,OnoratoMandBarenghi C F 2014Torus quantumvortex knots in theGross–Pitaevskiimodel for Bose–Einstein

condensates J. Phys.: Conf. Ser. 544 012022
[28] Frisch T, PomeauY andRica S 1992Transition to dissipation in amodel of superflow Phys. Rev. Lett. 69 1644–7
[29] Koplik J and LevineH 1993Vortex reconnection in superfluid helium Phys. Rev. Lett. 71 1375–8
[30] BewleyGP, PaolettiM S, SreenivasanKR and LathropDP 2008Characterization of reconnecting vortices in superfluid helium Proc.

Natl Acad. Sci. 105 13707
[31] Zuccher S, CaliariM, Baggaley AWandBarenghi C F 2012Quantumvortex reconnections Phys. Fluids 24 125108
[32] Alamri S Z, YoudA J andBarenghi C F 2008Reconnection of superfluid vortex bundles Phys. Rev. Lett. 101 215302
[33] LeadbeaterM,Winiecki T, SamuelsDC, Barenghi C F andAdamsC S 2001 Sound emission due to superfluid vortex reconnections

Phys. Rev. Lett. 86 1410–3
[34] Ruostekoski J andDuttonZ 2005Engineering vortex rings and systems for controlled studies of vortex interactions in Bose–Einstein

condensatesPhys. Rev.A 72 063626
[35] MarzlinK-P, ZhangWandWright EM1997Vortex coupler for atomic Bose–Einstein condensatesPhys. Rev. Lett. 79 4728–31
[36] DumR,Cirac J I, LewensteinMandZoller P 1998Creation of dark solitons and vortices in Bose–Einstein condensates Phys. Rev. Lett.

80 2972–5
[37] DuttonZ andRuostekoski J 2004Transfer and storage of vortex states in light andmatter waves Phys. Rev. Lett. 93 193602
[38] AndersenMF, RyuC, Cladé P,NatarajanV, Vaziri A,HelmersonK and PhillipsWD2006Quantized rotation of atoms fromphotons

with orbital angularmomentum Phys. Rev. Lett. 97 170406
[39] MatthewsMR,Anderson B P,Haljan PC,Hall D S,HollandM J,Williams J E,WiemanCE andCornell E A 1999Watching a

superfluid untwist itself: recurrence of Rabi oscillations in a Bose–Einstein condensatePhys. Rev. Lett. 83 3358–61
[40] MatthewsMR,Anderson B P,Haljan PC,Hall D S,WiemanCE andCornell E A 1999Vortices in a Bose–Einstein condensate Phys.

Rev. Lett. 83 2498–501
[41] SchmiegelowCT, Schulz J, KaufmannH, Ruster T, Poschinger UG and Schmidt-Kaler F 2015 Excitation of an atomic transitionwith a

vortex laser (arXiv:1511.07206)
[42] AndersonB P,Haljan PC,WiemanCE andCornell E A 2000Vortex precession in Bose–Einstein condensates: observations withfilled

and empty coresPhys. Rev. Lett. 85 2857–60

9

New J. Phys. 18 (2016) 063016 FMaucher et al

http://dx.doi.org/10.1098/rspa.1974.0012
http://dx.doi.org/10.1038/nphys1056
http://dx.doi.org/10.1038/nphys1056
http://dx.doi.org/10.1038/nphys1056
http://dx.doi.org/10.1016/j.optcom.2003.07.056
http://dx.doi.org/10.1088/1367-2630/7/1/055
http://dx.doi.org/10.1088/1367-2630/7/1/117
http://dx.doi.org/10.1038/nphys1504
http://dx.doi.org/10.1364/OE.19.005833
http://dx.doi.org/10.1017/S0022112069000991
http://dx.doi.org/10.1017/S0022112069000991
http://dx.doi.org/10.1017/S0022112069000991
http://dx.doi.org/10.1038/347367a0
http://dx.doi.org/10.1103/PhysRevE.68.016218
http://dx.doi.org/10.1103/PhysRevLett.116.178101
http://dx.doi.org/10.1126/science.1205705
http://dx.doi.org/10.1126/science.1205705
http://dx.doi.org/10.1126/science.1205705
http://dx.doi.org/10.1103/PhysRevLett.88.177002
http://dx.doi.org/10.1103/PhysRevB.79.104506
http://dx.doi.org/10.1017/S0370164600045430
http://dx.doi.org/10.1038/387058a0
http://dx.doi.org/10.1038/387058a0
http://dx.doi.org/10.1038/387058a0
http://dx.doi.org/10.1103/PhysRevLett.81.4798
http://dx.doi.org/10.1103/PhysRevLett.81.4798
http://dx.doi.org/10.1103/PhysRevLett.81.4798
http://dx.doi.org/10.1103/PhysRevLett.81.4798
http://dx.doi.org/10.1103/PhysRevLett.81.742
http://dx.doi.org/10.1103/PhysRevLett.81.742
http://dx.doi.org/10.1103/PhysRevLett.81.742
http://dx.doi.org/10.1143/JPSJ.67.1822
http://dx.doi.org/10.1103/PhysRevB.65.100512
http://dx.doi.org/10.1103/PhysRevLett.100.180403
http://dx.doi.org/10.1143/PTPS.186.455
http://dx.doi.org/10.1038/nphys3624
http://dx.doi.org/10.1016/j.geomphys.2009.12.007
http://dx.doi.org/10.1103/PhysRevE.85.036306
http://dx.doi.org/10.1088/1742-6596/544/1/012022
http://dx.doi.org/10.1103/PhysRevLett.69.1644
http://dx.doi.org/10.1103/PhysRevLett.69.1644
http://dx.doi.org/10.1103/PhysRevLett.69.1644
http://dx.doi.org/10.1103/PhysRevLett.71.1375
http://dx.doi.org/10.1103/PhysRevLett.71.1375
http://dx.doi.org/10.1103/PhysRevLett.71.1375
http://dx.doi.org/10.1073/pnas.0806002105
http://dx.doi.org/10.1063/1.4772198
http://dx.doi.org/10.1103/PhysRevLett.101.215302
http://dx.doi.org/10.1103/PhysRevLett.86.1410
http://dx.doi.org/10.1103/PhysRevLett.86.1410
http://dx.doi.org/10.1103/PhysRevLett.86.1410
http://dx.doi.org/10.1103/PhysRevA.72.063626
http://dx.doi.org/10.1103/PhysRevLett.79.4728
http://dx.doi.org/10.1103/PhysRevLett.79.4728
http://dx.doi.org/10.1103/PhysRevLett.79.4728
http://dx.doi.org/10.1103/PhysRevLett.80.2972
http://dx.doi.org/10.1103/PhysRevLett.80.2972
http://dx.doi.org/10.1103/PhysRevLett.80.2972
http://dx.doi.org/10.1103/PhysRevLett.93.193602
http://dx.doi.org/10.1103/PhysRevLett.97.170406
http://dx.doi.org/10.1103/PhysRevLett.83.3358
http://dx.doi.org/10.1103/PhysRevLett.83.3358
http://dx.doi.org/10.1103/PhysRevLett.83.3358
http://dx.doi.org/10.1103/PhysRevLett.83.2498
http://dx.doi.org/10.1103/PhysRevLett.83.2498
http://dx.doi.org/10.1103/PhysRevLett.83.2498
http://arxiv.org/abs/1511.07206
http://dx.doi.org/10.1103/PhysRevLett.85.2857
http://dx.doi.org/10.1103/PhysRevLett.85.2857
http://dx.doi.org/10.1103/PhysRevLett.85.2857


[43] KlecknerD, Kauffman LHand IrvineWTM2016How superfluid vortex knots untieNat. Phys. (doi:10.1038/nphys3679)
[44] HallD S,MatthewsMR, Ensher J R,WiemanCE andCornell E A 1998Dynamics of component separation in a binarymixture of

Bose–Einstein condensatesPhys. Rev. Lett. 81 1539–42
[45] Milnor J 1969 Singular Points of ComplexHypersurfaces (Princeton, NJ: PrincetonUniversity Press)
[46] KingRP 2010Knotting of optical vortices PhDThesisUniversity of Southampton
[47] Alexander JW1923A lemma on systems of knotted curvesProc. Natl Acad. Sci. USA 3 93–5
[48] Kivshar Y S andAgrawal G 2003Optical Solitons: FromFibers to Photonic Crystals (SanDiego, CA: Academic)
[49] Dennis GR,Hope J J and JohnssonMT2013Xmds2: fast, scalable simulation of coupled stochastic partial differential equations

Comput. Phys. Commun. 184 201
[50] ChiofaloML, Succi S andTosiMP2000Ground state of trapped interacting Bose–Einstein condensates by an explicit imaginary-time

algorithm Phys. Rev.E 62 7438–44
[51] Ricca R L 2013 Impulse of vortex knots fromdiagramprojections Proc. IUTAM 7 21–8
[52] DennisMR,Götte J B, King RP,MorganMAandAlonsoMA2011 Paraxial and nonparaxial polynomial beams and the analytic

approach to propagationOpt. Lett. 36 4452–4
[53] Maucher F,Gardiner S A andHughes I G 2015 Excitation of knotted vortex lines inmatter waves: supporting data (http://collections.

durham.ac.uk/files/1n79h428d and http://dx.doi.org/10.15128/1n79h428d)

10

New J. Phys. 18 (2016) 063016 FMaucher et al

http://dx.doi.org/10.1038/nphys3679
http://dx.doi.org/10.1103/PhysRevLett.81.1539
http://dx.doi.org/10.1103/PhysRevLett.81.1539
http://dx.doi.org/10.1103/PhysRevLett.81.1539
http://dx.doi.org/10.1073/pnas.9.3.93
http://dx.doi.org/10.1073/pnas.9.3.93
http://dx.doi.org/10.1073/pnas.9.3.93
http://dx.doi.org/10.1016/j.cpc.2012.08.016
http://dx.doi.org/10.1103/PhysRevE.62.7438
http://dx.doi.org/10.1103/PhysRevE.62.7438
http://dx.doi.org/10.1103/PhysRevE.62.7438
http://dx.doi.org/10.1016/j.piutam.2013.03.004
http://dx.doi.org/10.1016/j.piutam.2013.03.004
http://dx.doi.org/10.1016/j.piutam.2013.03.004
http://dx.doi.org/10.1364/OL.36.004452
http://dx.doi.org/10.1364/OL.36.004452
http://dx.doi.org/10.1364/OL.36.004452
http://collections.durham.ac.uk/files/1n79h428d
http://collections.durham.ac.uk/files/1n79h428d
http://dx.doi.org/10.15128/1n79h428d

	1. Introduction
	2. Model
	2.1. Equations of motion for light-matter wave coupling
	2.2. Knotted light field
	2.3. Rescaling

	3. Numerical investigation
	3.1. Hopf-link
	3.2. Trefoil

	4. Conclusions
	Acknowledgments
	References



