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Introduction

1.1 The forest

D-/M-branes in string/M-theory have a rich space of supersymmetric configurations. This

space is parameterized by a set of discrete parameters (abstractly, the number N of branes),



a set of continuous parameters (the moduli), which are vacuum expectation values of gauge-
invariant operators, and the field profiles that define the bulk (closed string) background
on which the brane propagates. The expectation values of the moduli may or may not
break the underlying gauge symmetry of the brane. For concreteness, we will focus on the
subspace of supersymmetric (bosonic) configurations that do not break the gauge symmetry
(in a standard system like the system of N D3 branes this would be the origin of the
Coulomb branch).

Tracing the properties of this space across N requires a detailed understanding of the
theory that resides on the brane. For D-branes in string theory a configuration of the brane
(supersymmetric or not) is determined by an exact solution of an open string (field) theory,
which, in general, is hard to obtain directly. The common approach to this problem is to
identify first an exact solution (a special point P in configuration space) and work in its
vicinity by setting up an effective field theory description of long-wavength deformations. P
is usually a point with enhanced symmetry where the full open string equations of motion
can be solved exactly. The general assumption in all practical applications of this strategy
is that solutions of the leading order effective field theory are approximate representations
of an exact configuration a finite distance away from P.

It is best known how to implement this stategy in the abelian case of a single D-brane
in string theory. In a standard derivation (see [1] for a review) P is a brane configuration
with a flat worldvolume and a constant gauge field strength F5. The resulting effective field
theory, which is the well-known abelian Dirac-Born-Infeld (DBI) theory, is determined from
a computation of the disk worldsheet partition function or a computation of an infinite set
of tree-level scattering amplitudes. The extension to curved backgrounds and the inclusion
of general couplings with the background fields is known. However, the understanding of
the non-abelian extension of this theory (N > 2) is more rudimentary (we refer the reader
to the review [2] and references therein).

Configurations that preserve some amount of supersymmetry are special and obey
additional conditions. These conditions are nicely packaged in a single projection equation

The=e¢, T2=1 (1.1)

that involves the spinorial supersymmetry transformation parameter e [3]. Ty is the matrix
that controls the k-symmetry transformations of the brane theory. The specifics of this
matrix depend on the profile of the brane and background fields. The solutions of this
equation involve (i) a set of first order differential constraints on the bosonic fields of the
brane effective theory, and (ii) a set of differential and algebraic constraints on e that
determine the amount of the preserved supersymmetry.

It is of interest to understand how these structures evolve as we increase the number
of branes N. Parts of the configuration space can often be traced from the one extreme
at N = 1 to the other at N — oo. For instance, configurations at finite IV that involve
only the abelian (diagonal U(1), center-of-mass) degrees of freedom are always solutions
of the same abelian effective DBI theory (up to overall constants). The N — oo regime is
particularly interesting, because it is the regime where configurations are described by clas-
sical solutions of the bulk supergravity theory. There are many instances in the literature



where a direct correspondence is observed between solutions of the abelian DBI theory and
brane solutions of the bulk supergravity equations of motion (a SUGRA/DBI correspon-
dence). An indicative list of examples includes [4-6]. Connections between k-symmetry
and calibrations in brane theory and supergravity are also relevant for this aspect (for
recent related work see [7]; for an instructive review see [8]). To the best of our knowledge,
there is currently no systematic general understanding of this correspondence and part of
the motivation of the present work is to provide one.

Such comparisons between the low-/N and large-N descriptions require a continuation
of the DBI philosophy to large-IN, namely the notion of a theory of long-wavelength defor-
mations of brane solutions in supergravity. In recent years it has been proposed [9, 10] that
such a theory can be set up within a scheme of matched asymptotic expansions (see [11]
for a detailed discussion of such expansions in the context of caged black holes). Once the
zeroth order solution is identified, the constant parameters that control it (e.g. charge den-
sities, rotation parameters, etc.) are promoted to slowly-varying fields of the worldvolume
coordinates and the gravity equations are solved perturbatively in a derivative expansion
scheme. In the process one discovers that the slowly-varying fields are degrees of freedom of
a gravity-induced effective worldvolume theory (coined blackfold theory [9]) that involves
a fluid on a dynamical hypersurface. The hypersurface acts in many ways as a holographic
screen; it is naturally located in a region far from the black hole horizon and the theory on
it is conjectured to control the perturbative solution in the bulk.

This approach can be employed in diverse contexts, e.g. zero or finite temperature,
neutral or charged branes, asymptotically flat or asymptotically non-flat backgrounds. For
finite-temperature AdS black branes the same process leads naturally to the fluid-gravity
correspondence [12], where one recovers an effective fluid on a surface with fixed geom-
etry. The latter is related holographically with the fluid description of a dual strongly
coupled quantum field theory. Until now the blackfold approach has been applied suc-
cessfully in gravity to provide evidence for new black holes solutions with exotic horizon
geometries [13-18], in the AdS/CFT correspondence [19, 20], in string/M-theory [21-28]. A
recent discussion about the relation of blackfolds, the fluid-gravity correspondence and the
membrane paradigm appeared in [29]. A different interesting direction has been pursued
in [30, 31].

For asymptotically flat neutral black brane solutions in Einstein gravity refs. [32, 33]
have shown that the leading order hydrodynamical equations of blackfold theory guarantee
the existence of a regular first order corrected solution of the Einstein equations. Regular-
ity refers here to the solution outside the black hole horizon. This result has been partially
extended to electrically charged black brane solutions of Einstein-Maxwell gravity in [34].
The generic brane configuration in theories with bulk gauge fields (e.g. in supergravity)
involves complex anisotropic fluids with multiple conserved higher-differential-form charge
currents. Such descriptions are ubiquitous in the discussion of brane bound states. The
elastic and fluid-dynamical properties of these systems are less understood. More im-
portantly, the derivation of the first order corrected supergravity solutions in these more
general cases remains a largely open problem.

Supersymmetric solutions provide a fruitful arena for this problem. As a first step in
this direction we consider the formulation of supersymmetric perturbations of brane bound



states within the blackfold expansion scheme. We propose a specific ansatz for the first
order deformation of the supergravity fields and demonstrate that a special part of the
supergravity Killing spinor equations gives rise to a projection equation that has the same
structure as the k-symmetry equation (1.1) of the non- gravitational abelian DBI theory.
This observation suggests a concrete gauge-gravity map between the degrees of freedom
of the DBI description and degrees of freedom derived directly from gravity. As a result,
this map adds a new element to the SUGRA/DBI correspondence and opens the road
to a deeper understanding of the nature and structure of the dynamical equations of the
blackfold effective theory.

As a final comment, we note that there is an old proposal (first applied to string theory
in [35]) that identifies the abelian part of the D-/M-brane degrees of freedom (transverse
scalars, gauge fields) in supergravity as collective coordinates associated to large gauge
transformations. Although this approach shares some qualitative similarities with the
blackfold description, the two are significantly different. For instance, the old approach
of [35] (for a review see [3]) identifies from supergravity worldvolume abelian gauge fields. In
contrast, we will see that the blackfold approach identifies naturally, with a particular non-
linear rewriting that we analyze in this paper, worldvolume abelian gauge field strengths.!
Moreover, the blackfold effective theory encodes in a rather straightforward manner the
full non-linear nature of the DBI action. This is hard to achieve with the techniques of [35].

1.2 The tree

For concreteness, in this paper we will investigate the above construction in the context
of a very specific brane configuration in the eleven-dimensional supergravity description of
M-theory. Following closely the logic of the string theory derivation of the DBI action [1]
we begin with the configuration of an M5 brane in the presence of a constant worldvolume
three-form flux. The specifics of this solution and the details of the abelian M5 brane theory
proposed in [37-39]are summarized in section 2. In section 3 we move to the supergravity
regime and recall the details of a corresponding exactly known supergravity solution that
represents a planar M2-M5 bound state. Both gauge theory and gravity solutions are 1/2-
BPS and the analysis of the Killing spinor equations in supergravity in this simple uniform
case reveals immediately a natural connection with the xk-symmetry equation of the abelian
M5 brane theory. Part of this connection is a specific map between the uniform three-form
flux of the abelian M5 brane theory and a parameter that controls the M2 brane charge in
the supergravity solution.

An ansatz for a general extremal long-wavelength deformation of the seed planar M2-
M5 solution in supergravity is proposed in section 4. The proposal extends the treatment of
neutral black branes in [32, 33] to a setting of an extremal two-charge black brane solution.

!For brane configurations in supergravity interpolating between the asymptotic Minkowski space and
a near-horizon AdS space, the abelian nature of the brane effective theory suggests that this theory is a
supersingleton field theory. This fact was recognized early on in [36]. The new element that we add to this
story is the proposal that this supersingleton field theory is blackfold theory. It would be interesting to
explore this connection further.



We summarize the basic assumptions and salient features of the approach and list the
relevant bosonic blackfold equations.

The insertion of this ansatz to the supergravity Killing spinor equations gives a lengthy
set of complicated equations. In sections 5, 6, which contain the main results of the paper,
we notice that there are drastic simplifications if we focus on a specific part of the equations,
and that this part has the same structure as the w-symmetry equations of the abelian
MS5 brane theory. Having considered a general inhomogeneous configuration of the brane
solution, the correspondence between the gravity-induced and gauge theory x-symmetry
conditions implies a specific map between the blackfold effective degrees of freedom (which
control the form of the supergravity solution) and the abelian M5 brane theory degrees of
freedom. This map is a central result of the paper.

We conclude with a summary of the most pressing open issues and an outlook of the
approach. Useful technical details are collected in two appendices.

2 Abelian M5 brane theory

The theory of a single M5 brane is a six-dimensional abelian theory of the tensor multiplet
with sixteen supersymmetries. The latter comprises of two complex Weyl spinors, a self-
dual two-form potential By, and five scalar fields. The dynamics of the long-wavelength
fluctuations of the brane is controlled by a non-linear effective action of these fields, which
is the M5 brane analog of the Dirac-Born-Infeld action for D-branes. Following [38] the
bosonic part of this action (in short PST action) reads?

Sms = —Tus / d°o <\/_ det(Yap + Hap) + i - det’YﬁabHachC>
1
+TM5/ <Cﬁ + 57‘[3 A 03> . (2.1)

Ths = W is the M5 brane tension. The scalar fields X* (of which only 5 are physical)
) tp

define the induced worldvolume metric
Yab = Jur0a X 0 X" (2.2)

where a,b,... are worldvolume indices and g, the background metric. The H3 field
strength is the gauge invariant 3-form

Hs = dBy — Cs . (2.3)

(5 is the background supergravity 3-form potential and C its Hodge dual. The self-duality
of the worldvolume 2-form potential is expressed nicely in the PST formulation with the
use of an auxiliary scalar field ¢ (usually referred to as a in the literature). The derivatives
of this field define the unit vector

Oa'p

V=0 0%

2See also [40] for a recent reformulation of the M5 brane action in a ‘3 + 3 split.

(2.4)

Vg =




which appears in (2.1). In (2.1) we are also using the definitions

N 1 1 )
VC, H abe — Eabcdldzdst1d2d3 ] (2'5)

3! y/—det~

Notice that the physical bosonic degrees of freedom of the tensor multiplet in six

Hy = H*

abc

dimensions are 8: 5 from the scalars and 3 from the self-dual 2-form. The PST action is
expressed in terms of X*, v,, H,,, which have in total 25 components.® In the supergravity
analysis below we will also encounter a 25-component set of bosonic fields arising directly
from the gravitational degrees of freedom.

The supersymmetric bosonic configurations of the M5 brane (which will be the main
focus of this paper) obey the projection equation

I'ie=¢ (2.6)

where € is a Majorana spinor in eleven-dimensions and I'; the M5 brane x-symmetry matrix

Vatb Vv _det7 VaHbc Fabc - €ay...asbV Va rero--as (27)
\/—det’y+H \/—det’H—H \/—det’H—H
We defined
a 1 abibacicad 717 r]
t* = ge 12e1ez Hb1b2H01C2Vd (2.8)

and I'* are curved worldvolume I'-matrices.

2.1 1/2-BPS planar solution with uniform #H-flux

Before ending this section we summarize the properties of a 1/2-BPS solution that will
soon play a protagonistic role in our discussion.

A simple solution of the PST equations of motion in flat space with trivial planar
worldvolume geometry has (in the temporal gauge)

“ = (1,0,0,0,0,0) (2.9)

and constant H-flux with non-vanishing components*

H
V1+ H?'

For this profile Hyo = H, the vector ¢ is vanishing and the k-symmetry matrix is

Horo = Hsss = H, H = constant . (2.10)

1
V1+ H? (

3X* has 11 components, v, as a unit worldvolume vector has 5, and flab has 15 — 6 = 9 because of

I'.,=- HFH + FHFL) (2.11)

anti-symmetry and the defining relation v* 1., = 0. Several gauge invariances operate on this system. For
example, one can use a symmetry that shifts the auxiliary field ¢ (and at the same time transforms the
2-form potential Bz) to fix the vector v, and obtain a non-manifest Lorentz invariant formulation of the
M5 brane effective theory [41].

4For a general parametrization of constant H-flux solutions see [42]. Such solutions give rise to a non-
commutative M5 brane theory and play a role in the general setup of OM theory [43].



where I'| = I'T'T2 and I'| = I'*T*I. Defining an angle @ such that®

1 H
cosf) = ——, sinf = —— (2.12)

V1+H?' 1+ H?

the k-symmetry equation (2.6) becomes
(14sinfL) +cosd T TL)e=0. (2.13)

This equation implies the reduction of the original thirty-two supersymmetries of the back-
ground by one half.

Since the H-flux induces M2 brane charge this solution is naturally interpreted as
a 1/2-BPS state of the M5 with M2 brane charge along the directions (012) uniformly
smeared along the transverse (345) plane inside the M5 brane worldvolume.

3 M5 branes in supergravity

We now turn to the opposite regime where an infinite number of overlapping M5 branes is
described by an extremal solution of the eleven-dimensional supergravity. In this section we
fix our notation and present the symmetric solution whose long-wavelength deformations
we will study later.

3.1 Supergravity conventions, equations of motion, Killing spinor equations

We shall use small Greek letters u, v, ... to denote the curved spacetime indices and hatted
small Greek letters [, 0, ... to denote tangent flat spacetime indices. Small latin letters
a,b, ... will be employed for spacetime directions parallel to the M5 brane worldvolume.
The components of the metric, vielbein and spin connection are denoted respectively as
G ez, wuﬂf’ . Hodge duals in the eleven-dimensional spacetime will be written using a *,
and Hodge duals on effective worldvolumes later using a *.

The bosonic part of the eleven-dimensional supergravity action is

1

1 1
Isugra = f%l /dllx V=g <R — MFM1M2M3M4FMM2M3#4> — 12’%1 /Cg ANFy N Fy (31)

where k11 is the eleven-dimensional Newton constant and Fy; = dC3 the four-form field
strength. The equations of motion for the metric and gauge field are

1 1

Ry — 12 <(F42)W - 129qu42> =0, (3.2)
1

d*F4—|—§F4/\F4 =0 (33)

where the shorthand notation F7 = Fj,, s s FF1H2P3H4 and (F2) uw = Fupy pops 71727 was

employed. In addition we have the Bianchi identity

dFy =0 . (3.4)

5In this definition 6 € [—g, g] With a parity transformation 6 extends over the full range [0, 27).



The supergravity multiplet also includes a single spin-3/2 field, the gravitino ). Bosonic
supersymmetric configurations with ¢ = 0 require the presence of a residual supersymme-
try expressed in terms of a Majorana spinor 7 that obeys the Killing spinor equation

1
@ (F#uluzugm o 8(5#V1FV2U3V4) Fu11/2u3u477 =0. (3'5)
We are using the standard notation where I'*” - denotes the antisymmetrized product of
I-matrices I'* = egfﬁ obeying the Clifford algebra {I'*, TV} = 2¢g+*.
It is known [44] that by using the Killing spinor equation (3.5) on the identity

1

Vun+

VipVun = ng/wwzFUlogn (3.6)
one can deduce the equation
1 2 1 2 “w
0= Rpu_ﬁ (F4)pu_ﬁ9qu4 I'*n
1
T <d* Fy+ S Fan F4> (T 719278 — 66,71 77273 ) )
T 010203
1

_@(dF4)0102030405 (Fp0102030405 —10 6p01:[‘0’20’30’40’5) n, (37)

which implies, for example, that the Einstein equations follow automatically from the
combination of the Killing spinor equations, the Bianchi identity and the equations of
motion of Fy. This observation will be useful in the next section.

3.2 Planar M2-M5 bound state solution

The starting point of our discussion in the next section is an exact solution of the super-
gravity equations (3.2)—(3.4) that describes a planar 1/2-BPS M2-M5 bound state [45] (see
also [46, 47])

ds* = (HD)73 [ — (d2®)? 1 (dzh)? + (da?)? + D((dx3)2 +(da)? 4 (dﬁ)?) (3.8)
+ H(dr2 + r%ﬁiﬂ , (3.9)
Fy = dC3 + D71 % dCq (3.10)
where

C3 = —sin® (H™' —1) da° Ada' Ada® +tan0 DH ™' da® Adz* Ada®,  (3.11)

Co = cosO D (H™' — 1) da® Ada' A da® Ada® Ada' A da®, (3.12)
3

Hzl—i—r—g, D' =cos® +sin?0H ' . (3.13)
T

The solution is parametrized by two constants, § and rg, that control the energy density
¢ and the M2 and M5 charge densities (Qa, Qs respectively)

o TG = Kl . (3.14)

rs Qo =—sinfQ@Q, Qs=cosf@Q, Q=

Quy = 872 /3 is the volume of the unit round 4-sphere.



The uniformly smeared M2-brane charge along the transverse (345) plane breaks the
isotropy of the M5 brane worldvolume plane (012345) in direct correspondence with the
breaking that was noted in the non-gravitational constant H-flux solution of a single M5
brane (2.9)-(2.10) in section 2.1.

3.3 The Killing spinor equations of the planar M2-M5 bound state

As warmup for the more complicated analysis that follows it is instructive to recall how
the profile (3.9)—(3.13) solves the Killing spinor equations (3.5).

The spacetime coordinates split naturally into the four groups: (2%, 2!, 22), (23, 2%, %),
r and (y',y?, 3>, 9*) for the transverse S*. Accordingly, we define the following antisym-
metric combinations of the flat space I'-matrices

I =T 1, =13 po=r9007" (3.15)
These combinations together with I'; obey the identity
Mrilels=1. (3.16)

For notational economy it is also convenient to define the functions

e =HD, e? = HD™ 2, el =r5H2D), (3.17)
fi=—sing (H'-1), fo=tan@ DH', fs=cosD(H'—1), (3.18)

which are all functions of the radial coordinate 7.
With these specifications the covariant derivatives of the spinor 7 are

1
Vun=0um+ ansn,un, w=0,1,2, (3.19)
1
Vun=0um+ anQ Luun, =345, (3.20)
~ 1
Vyin: Vyin-f— ﬁ(‘?”Rl“,,yin, 1=1,2,3,4, (3.21)

where V is the covariant derivative on the unit S*. In the background (3.9)(3.13) we take
n to be an r-dependent Killing spinor on S* [48], namely we require

~ C r
oun=0 (p=0,1,...,5), Vym:EeﬁFQFym, C=41. (3.22)

The Killing spinor equation (3.5) can now be recast into the form

1 1 3
— | —=T - T =0 3.23
Y+ g (5T 4 3HT) 0 (3.23
where

1 = F|+ F| + F (3.24)

2 = Ll 1 Qs .

1 s 1 @ 1 5 rR__4

F1|| = EGQ@fl FH’ FJ_ = EQQanFJ_, FQ = ET’ e 3D angFQ . (325)



Writing out each of the components of (3.23) we obtain four equations

1
<—12(?S+FJ_+FQ—2F|>77 =0, (3.26)

1
<—12¢Q +F|+Fo—2F|)n=0, (3.27)
orn—1T, (FH—FFJ_—QFQ)T] =0, (3.28)

C 1
—§€%FQT]+ (—H@R-i- F+F. - 2FQ> n=20. (3.29)

By adding equations (3.26), (3.27), (3.29), multiplying on the left by I',, and us-
ing (3.16) we obtain the projection equation

Lyrin=Cn. (3.30)

Since both values of C' = £1 are allowed this equation is not restrictive for . With a similar
manipulation of the linear combination (3.26) +2x(3.27) (or equivalently from 2x (3.26)
+ (3.27)) we obtain a second projection equation

(14 DFH "% sin0T) + D¥ cosOTYT 1 ) = 0. (3.31)
Finally, (3.28) combined with (3.29) and (3.30) provides the differential equation
1 -2
orm — ﬁ&, log (H D) n=0. (3.32)

The general solution of the system (3.31)—(3.32) is expressed in terms of a constant
spinor with sixteen independent components [45], verifying the 1/2-BPS nature of the
bound state.

3.4 Comparison with the PST k-symmetry equation

Immediate and intuitive information about the number of preserved supersymmetries is ob-
tained at the asymptotic infinity by analyzing the leading order form of the system (3.31)—
(3.32) in a 1/r-expansion around r = oo. At leading order the spinor 7 is constant,
n = no + O(r=3), equation (3.32) is trivial and the projection equation (3.31) becomes

(1+Sin9FH+COSQFHFJ_) o =0. (3.33)

The interesting, simple-minded observation is that this is the same as the k-symmetry
equation (2.13) of a single M5 brane with the gauge-gravity identification of fields (2.12).

The main purpose of the ensuing sections is to exhibit how a similar analysis at infinity
of more generic M5 brane configurations produces a supergravity-induced x-symmetry-type
equation and how this compares with the original x-symmetry equation of the abelian PST
theory.

~10 -



4 Ansatz for extremal M2-M5 deformations
After a general SO(1,5) rotation of the M5 brane worldvolume coordinates
o = M%ob, a=0,1,...,5, MeSO(1,5) (4.1)

the solution (3.9)—(3.13) takes the form

ds? = (e—ghab + e—%iab> do®do® + e~ 5 (r2dr? + d2), (4.2)

Cs = —sinf (H ' —1)wy—tand DH ' xgw3, Co=cosOD (H ' —1)ws. (4.3)

R
3

We used the SO(1,5) matrix elements M€ to define three unit orthonormal vectors u, v, w
with components

g = M° , vy =M, w,=M? . (4.4)

This identification implies the orthonormality conditions (indices are lowered and raised
with the six-dimensional Minkowski metric 7,p)

U = =1, 0" =waw® =1, uv® =0, ww*=0, voaw*=0. (4.5)

The tensors appearing in (4.2), (4.3) are expressed in terms of these vectors as follows

habp = —Uqty + VoV + WaWs ,  Lap = Nap — hap (4.6)
w3 =uNvAw, wg= \/—det77d0'0/\d0'1/\d0'2/\d0'3/\d0'4/\d0'5 .

The Hodge dual *g is taken with respect to the 6d metric 74p.

The appearance of the vectors u, v, w is a consequence of the breaking of the SO(1,5)
Lorentz symmetry induced by the presence of the smeared M2 brane charge. Accordingly,
the tensors hgp and ws are respectively a projector and a volume three-form along the M2
brane directions, and L ap is the orthogonal projector.

Our goal is to determine the general supersymmetric deformations of the solution (4.2),
(4.3) in a long-wavelength expansion scheme. In the spirit of the fluid-gravity correspon-
dence in AdS [12], or the general blackfold approach [9, 10], such a scheme arises es-
sentially by promoting the parameters that control the zeroth order solution to slowly
varying functions of the coordinates ¢® and appropriately correcting the form of the solu-
tion order-by-order in the expansion to satisfy the supergravity equations of motion. The
detailed construction of the perturbative solution requires the implementation of a techni-
cally complicated matched-asymptotic-expansion scheme where the supergravity equations
are solved independently order-by-order in a near-zone and a far-zone region and then
matched over a large intermediate region, called the overlap-zone (see [13] for a detailed
implementation of this scheme on black rings in neutral, pure Einstein gravity). In the
case at hand, deformations with a characteristic long-wavelength scale R > ry define a
near-zone that lies radially in the region r < R and a far-zone that lies in the region
r > rg. rg is the scale appearing in (3.13). The large overlap region lies at distances r
such that rgp < r < R.

- 11 -



4.1 Effective degrees of freedom

In this scheme the promoted parameters become naturally the degrees of freedom of an
effective six-dimensional worldvolume theory, which is thought to reside in the overlap
zone. For deformations of the solution (4.2), (4.3) these parameters are

TH? 07 u7 U? w7 X’LL * (4'8)

The scalars X* are degrees of freedom related to the breaking of the trasverse SO(5)
symmetry and parametrize the promotion of the worldvolume metric 7., to the general
induced metric

Yab = 90 0 X 0 X" . (4.9)

ny
g,(f,),) is the asymptotic value of the bulk metric; here g,(ﬁ,) = Nuw-

In total, this effective worldvolume description of the gravitational dynamics gives rise
to a formulation in terms of 25 degrees of freedom: 2 from (rp,#) that control the M2 and
MS5 charges, 3 x 6 — 3 x 2 = 12 from the unit orthonormal vectors u,v,w, and 11 from
the scalars X*. As we noted above (see paragraph after eq. (2.5)), the same number of
parameters appears in the abelian PST effective action (2.1) and k-symmetry matrix (2.7)
(including a vector built out of the auxiliary field ¢ of PST that enforces the self-duality
of the 2-form gauge field). Besides the transverse scalars that have an obviously common
origin in both the gauge and gravity descriptions, the rest of the degrees of freedom have
a dramatically different looking form on each side.

4.2 Near-zone supergravity deformation

We proceed to set up a specific ansatz for the first order deformation of the supergravity
fields. For the purposes of this paper, we will focus exclusively on the form of this ansatz in
the near-zone region. Our proposal is motivated by analogous deformations of black brane
solutions in pure Einstein gravity (see [13, 32, 33]). It will be shown to be non-trivially
consistent with known or expected properties.

Following [33] (suitably extended to include all the fields of eleven-dimensional super-
gravity) we propose the following first order deformation of the bosonic fields (4.2), (4.3)
(6 is a dummy variable that keeps track of the deformation order)

ds? = (e*%f}ab + e*giab) do®do® + e~ 3 (r~2dr® + d93) + 8 by () dztdz” + O(82),
(4.10)
Fy = dC3+ D7t % dCs + 6 G4 + O(8?) (4.11)

with
C3 = —sinf (H_1 — 1) ws —tan@ DH ' xgws, Cg = cosfD (H_1 — 1) wg - (4.12)

There are two new elements in these expressions, compared to the seed profile (4.2),
(4.3). First, we have promoted all the previously constant parameters (4.8) to o%-dependent
fields. The functions S, @, R are still defined in terms of H, D as in (3.17), (3.13), but they
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are now functions of both r and ¢ since rg = rg(0?), 8 = (c®). The vectors u,v,w are
also functions of 0% on an effective curved worldvolume with induced metric 74 (4.9). The
projectors hgp, L4 and the forms ws, wg are now

hay = —UaUp + VoV + Wawy, Lab = Yab — hap (4.13)
ws=uAvAw, we = \/—dety do® A dot A do? A do? A dot A dod
(4.14)

and the Hodge dual *¢ is taken with respect to the 6d induced metric 7gp.

The second modification includes the metric and 4-form corrections h,,, and G4. These
are of the same order, O(d), as the o-derivatives of log rg, cosf, u, v, w and the derivatives
of the velocities 0,X*. They need to be included in order to satisfy the supergravity
equations at first order.

As in ref. [33] the main strategy is to work locally around an arbitrary point on the
effective worldvolume. We assume that all the 0*-dependent fields are slowly-varying fields
of the worldvolume coordinates, we expand them in a derivative expansion and work linearly
in the perturbations. In this local linearization of the perturbations, the fluctuations split
naturally into two decoupled sets that can be analyzed independently.

The first set includes the intrinsic fluctuations, namely fluctuations that are neutral
under the ‘R-symmetry’ generators of the SO(5) that rotates the five-dimensional space
transverse to the brane. These are fluctuations of rg,0,u,v,w and the induced metric.
The metric fluctuations are subleading to the first order that we will be considering and
can be neglected.

The second set includes the extrinsic fluctuations. These are fluctuations of the trans-
verse scalars X, which, by definition, are charged under the transverse SO(5).

The resulting perturbed bosonic fields are then inserted into the supergravity equations
of motion (3.2)—(3.4) which are solved perturbatively to determine the deformed solution
in the near-zone region.

At the level of supersymmetry the above deformations induce a corresponding pertur-
bative expansion of the Killing spinor equations (3.5). At first order the Majorana spinor
7n is perturbed independently by the intrinsic and extrinsic fluctuations. One of the main
goals of this paper is to exhibit the details of this perturbation. The intrinsic perturbative
Killing spinor equations will be discussed in section 5 and the extrinsic ones in section 6.

4.3 Bosonic blackfold equations

The implementation of the above scheme on the bosonic supergravity equations (3.2)—
(3.4) produces a set of partial differential equations involving the effective degrees of free-
dom (4.8) and the field perturbations hy,, G4 in (4.10)—(4.11). A subset of these equations
are constraint equations; they do not involve second derivatives of the radial coordinate,
and do not involve the corrections h,,,G4. These equations can be analyzed most easily
in the asymptotic infinity of the overlap zone (R > r > rp), where they yield a set of
dynamical equations for the effective degrees of freedom (4.8) only, the so-called blackfold
equations.
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For the M2-M5 bound state in flat space the leading-order blackfold equations are® (a
supergravity derivation of these equations has been performed in [49])

DyT% =0, d(J5+%¢J3) =0, dJg=0, (4.15)
K, T =0 (4.16)

a

where 7% J3 and Jg are respectively the stress-energy tensor, M2 brane current, and M5
brane current of the effective worldvolume theory. K abp is the extrinsic curvature tensor for
the induced metric 4 (see [10] for detailed expressions) and D, the worldvolume covariant
derivative. All these quantities are functionals of the fields (4.8)

T% = Qr3 (s.in2 0 h® + cos? 0 vab) , (4.17)
4G

The first set of equations (4.15) comes from the analysis of the intrinsic fluctuations

Jy = —Q sin 013 ws J6:Qc059r%w6, Q= (4.18)

and the second (4.16) from the extrinsic. More specifically, the first equation in (4.15)
and equation (4.16) originate from the analysis of a particular combination of the metric
equations (3.2). Similarly, the conservation of the self-dual part of the current J3 in (4.15)
comes from a component of the gauge-field equation (3.3). The final equation in (4.15)
comes from the Bianchi identity (3.4).

We notice that the six-current conservation, dJg = 0, gives a simple constant of motion

cos @3, = constant . (4.19)

Hence, when inserted into the remaining equations we obtain

) 0.
D, (sm heb ¢ cos@’y“b) =0, (4.20)
cos ¢
sin® 0 h K, + cos? 04"° K,/ = 0, (4.21)
dtanf (ws +*sws)] =0 . (4.22)

This system of dynamical equations for the 25 effective worldvolume fields of the blackfold
expansion should be compared to the equations of motion of the PST action (2.1). Accu-
mulating evidence from explicit solutions of the DBI/PST theory and supergravity (e.g. the
Blon [21, 22] and self-dual string soliton solutions [23]) suggests that the extremal equa-
tions of the supergravity /blackfold theory are equivalent to the equations of the abelian
DBI/PST theory. The precise connection between the two, however, is not immediately
obvious at the level of the bosonic equations.

The generic configuration obeying (4.19)—(4.22) is extremal but not supersymmetric.
For example, it can be an extremal, time-independent configuration (see [25] for a sta-
tionary extremal configuration of the M2-M5-KKW system). In order to determine the

This set of equations has already appeared in [23, 25], where it was employed in the analysis of solutions
that describe configurations of M2 branes ending orthogonally on M5 branes. In [23, 25] the M2 brane
current conservation equation d(Js + *J3) = 0 was mistakenly reported as d x¢ J3 = 0. However, for the
solutions analyzed in [23, 25] the missing term dJs3 is automatically zero and does not affect the results.
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supersymmetric subset of solutions we need to analyze the supergravity Killing spinor
equations (3.5). Implementing the long-wavelength expansion of section 4.2 on the Killing
spinor equations we will soon derive the supergravity analog of the x-symmetry equa-
tion (2.6). Ultimately, this is expected to allow us to determine which of the extremal
blackfold configurations are supersymmetric and how many supersymmetries are preserved
by the full supergravity solution.

We note that according to the identity (3.7) the independent subset of dynamical equa-
tions for supersymmetric configurations are, e.g., the Killing spinor equations, the equations
of motion of the gauge field C5 and its Bianchi identity. The statement that appears to
emerge out of this identity in the effective blackfold theory is that the set {supergravity—
induced x-symmetry-like condition & charge current equations} implies the validity of the
complete set of the bosonic blackfold equations (4.15), (4.16). More specifically, since the
equations in the above parenthesis are the ‘constraint’ part of the independent subset of
supergravity equations, it is natural to anticipate that by satisfying them we guarrantee
also a solution of the full first order supergravity equations. Assuming this is correct, we
deduce via (3.7) that the Einstein equations are also satisfied. That would imply that the
corresponding extra constraint equations involving the effective stress-energy momentum
conservation are also satisfied.

5 Killing spinor equations: intrinsic deformations of M2-M5

The intrinsic perturbations are monopole deformations with respect to the transverse four-
sphere. We do not perturb the transverse scalars X, and working locally around a point
(call it ¢ = 0) in Riemann normal coordinates we can also take the induced metric to be
flat v45 = Map [33]. The expansion is organized by the number of worldvolume derivatives,
counted here by the power of the dummy variable §. Working up to O(d) we set

rr(0) = r(0) + 8 0%gry + O(62), 6(c) = 0(0) 4 6 070,60 + O(6%), (5.1)
uw(o) =1+ 0(8?%), u(o)=680%0u’, b=1,2,3,4,5, (5.2)
vl(o) = 1+ 0(8%), (o) =80%0°, b=0,2,3,4,5, (5.3)
w?(o) = 1+ 0(8%), w’(o) =680%u’, b=0,1,3,4,5. (5.4)

Three additional relations are satisfied by the first derivative corrections of the worldvolume
vectors u, v, w as a result of the orthonormality conditions

ua’Ua =0 = 8av0 = aaul, (5.5)
uw'w, =0 = J,wy = Oyus,

V2w, =0 = OJyw; = —04v2 . (5.7)

The corrections hy, and G4 are o-independent monopoles on the transverse sphere.
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These data fix the form of the first order perturbation of the bosonic fields (4.10), (4.11),
which we repeat here for convenience

ds® = (e_%flab + e_%iab> do®do® + e~ ('r_zd?“2 + in) + 6 hy, datdx” + (’)(62) , (5.8)
Fy = dC3+ D7t % dCs + 6 G4 + O(8?), (5.9)
C3 = —sin6 (H_l—l)wg—tanﬁDH_l*ng, CﬁzcosﬁD(H_l—l)wﬁ. (5.10)

Notice that these expressions contain implicit O(d) contributions that arise from the o-
expansion of the functions S, Q, R, b, Cs,Cg.

The supersymmetric subset of these deformations obeys the Killing spinor equa-
tions (3.5). For such configurations the Killing spinor 1, which at zeroth order is a function
of the radial coordinate r parametrized by the constants rg, @, is perturbed accordingly to

n(r,o,y") = no + 8 %9an(r,0,y") + 6 ((r,y") + O(8%) = x(r,0) ®E(Y') - (5.11)

We used the notation 19 = n(r,0,%") and ((r,y") is the fermionic analog of the corrections
huv, G4 that are needed to satisfy the full set of Killing spinor equations. £ is a Killing
spinor on the unit S* (3.22) with C' = +1.

A straightforward computation reveals that the O(d) Killing spinor equations split
into two groups. The first comes from the o-independent part

Oan + T g =0, (5.12)

O, ¢+ Tzmo + 114 ¢ = 0, (5.13)

(e + 0™ ) o + (c™ + ™) ¢ = 0, (5.14)

where m is an S* index. The form of the operators ﬁga),ﬁg, ... is summarized in ap-
pendix A.1 .

The second group comes from the o-linear piece of the Killing spinor equations

1) o + 115" = 0, (5.15)

87‘6a77 + H3,a o + H4 aan =0 ) (516)

(el + 1l ) no + (C1f™ + 1™ an = 0. (5.17)

The form of the operators Hg{%,ﬂg’), ... is summarized in appendix A.1 . In contrast to

the first group these equations do not involve the corrections h,, G4, and therefore have
the right features to play the Killing spinor counterpart of the bosonic constraint equations
that give rise to the blackfold equations.

5.1 k-symmetry condition for intrinsic perturbations

In section 3.3 we described how the analysis of the ¢ = 0,1,...,5 components of the su-
pergravity Killing spinor equation for the zeroth-order solution produces at the asymptotic
infinity a xk-symmetry-like projection equation (3.33) that can be mapped to the abelian
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PST k-symmetry equation (2.12), (2.13). For the perturbed system the analogous compo-
nents of the Killing spinor equation are (5.12), (5.15). We proceed to show how the o-linear
subset (5.15) produces a condition that will be mapped later to a perturbative version of
the abelian PST k-symmetry equation (2.6), (2.7). We have checked that the remaining
o-linear equations (5.16), (5.17) do not give rise to additional constraints on the Killing
spinor at leading order in the 1/r expansion that we are considering.

In what follows it will be convenient to establish the notation a) for worldvolume
indices in the range (0,1,2) and a, for indices in the range (3,4, 5).

Expanding the operators Hgb), Hglj()l around the asymptotic infinity in the overlap region
we find that the leading behavior is O(r~%). Specifically,

3
H;bu) _r (0)r T (1+sin20(0)+281n9(0)F\|

44
+5in0(0) cos H(0) T'; + cos 6(0) rfrﬂ) +OrT),  (5.18)
) — %ﬁf)rglm(l — 2sin? 0(0) — sin H(0) T
— 25in0(0) cos 9(0) Ty + cos A(0) rfrg) Loy, (5.19)
and
0 = 20T T
{8 ((1+sin®0)r};) 4+ 04 (cos O 1) Ty T + 20, (sinfrf;) T,
+ 0, (sinfcosOry) T + (1 + C cos 0(0)) ( —2+Ccos 9(0))7’%(0) X
X 22(56l ( auCLI‘OCi + 0, chl“l L4+ 8awcLF2”> }770
Loy, (5.20)
"y = F&,ﬂ’irhr X

{a ((1=2sin®0)ry;) + 4 (cosOry) I L — O (sinfrf) I,
— 28, (cosOsin0r3) T | + (1 + ccose(())) (1 _ 20 c0s9(0)>r§{(0) X
x Y oct (—&luﬂ 1020 4 90, THL + Ouuw,, I‘%L> }770
+0(;i7) : (5.21)

(b)

Significant simplifications to the final expressions of I}
use of the zeroth order equations (3.30), (3.33)

1o were possible with the repeated

DCimo=Cno, (1+Ccosf(0)+sinf(0)T))n=0-. (5.22)
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We notice that the explicit dependence on the index b and b, has disappeared in the

N .
quantities FbI\Hi('l‘) no, T+ Hg{%) no. Then, by taking, for example, the linear combination’

T, T x ((5.15) with b=1by)) + TIt x ((5.15) with b=b,)

(and isolating the leading O(r~%) terms) we discover the single independent condition from
these equations

Iy om0 + 2 9am =0 (5.23)
where
I, = 8(17“?}1 + 04 (COSGT%{) LT+ 04 (Sinﬂri’{) I
_ (1 + C cos 6(0))7’%(0) Z d5 - <—3auclfoé¢ 4 3achTiéL + aawqrﬁa) , (5.24)
Cl
I, = r3(0) (1 + sin 0(0)T') + cos H(O)FHFL) . (5.25)

Recall that IIs 79 = 0 is the zeroth order Killing spinor equation (3.33). A simple consis-
tency check of (5.23)—(5.25) is performed in appendix B.1. We have also checked that these
equations reproduce the expected 1/4-BPS supersymmetry of the self-dual string soliton
solution of ref. [23].

The last central observation is that (5.23) can be recast as a perturbative version of
the abelian PST k-symmetry equation (2.6), (2.7) with a specific mapping between gauge
and gravity variables. For starters, let us set

e(o) = fo)n(o) (5.26)

for the relation between the spinors appearing in equations (2.6) and (5.23). The relative,
generally o-dependent, factor f(o) will be fixed in a moment. Expanding around o = 0 we
then have locally

e(0) = f(0) 10 + 8 o (£(0) Duny + Duf 10) + O(8%) . (5.27)

Now consider an intrinsic fluctuation of the abelian PST k-symmetry matrix around
the zeroth order profile (2.9), (2.10). In this deformation the originally constant fields
Va, Hyp become slowly-varying along the worldvolume, but the transverse scalars are kept
constant and the worldvolume metric flat. Then, I';;, perturbs to

T.(0) =T4(0)+ 80T, + O(6?) (5.28)
where I';(0) is given by (2.11) and

Vbtc

—det(n+ H)

Tho =0T =0, e 4

H, 1
Yoted | rted g, — | L. (529
2\/—det(n+ H) —det(n+ H)

“We remind that the same combinations were considered at zeroth order.

+0,
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Notice that there is no I'| contribution in this expression. In addition, two possible con-
tributions to the last term from derivatives of the vector v cancel each other out.

Combining the expansions (5.27), (5.28), we find that the k-symmetry equation (2.6)
is, by definition, satisfied at zeroth order. At first order we obtain

(£(0) oo + (Tu(0) = 1) f )10 + £(0) (Tu(0) = 1) D = 0. (5.30)

We conclude that a map between the perturbative field theory Killing spinor equa-
tion (5.30) and the supergravity induced one (5.23) is possible if we can set®

Moo = (£(0) D+ (Ta(0) = 1) 8 )10, Tz = £(0) (Tu(0) = 1) - (5.31)

One of the first checks is the absence of " terms both in (5.23) and (5.30). Other terms,
e.g. terms proportional to the identity, also work properly. All potentially harmful terms
that can spoil the match (5.31) cancel out at the end of the computation. Equations (5.31)
can be satisfied by requiring the gauge-gravity map

Ouf = =04 (%) (5.32)
Oa ! = = 0q (cosb) , (5.33)

—det(n+ H)

1 abjc 7

Oa (—3!5 18 |va|Hb|C|> = 0, (tanf(0)) , (5.34)
sin 0(0) Ogve, + %ECLdeL OuHy g, = —sin6(0) dgue, (5.35)
duHae, = tan(0) dyve, (5.36)
OuHy., = —tanf(0) daw,, . (5.37)

We observe that there are some field components on both sides that do not appear
in this map, i.e. are not needed in order to match the s-symmetry conditions. On the
abelian PST side these fields are two of the b, components of 8, Hop .- On the supergrav-
ity /blackfold side the derivatives 8aub“ , a“UbH , 8awbH (of which only two are independent,
see (5.5)—(5.7)) do not appear. As we noted at the end of subsection 4.3, however, it is
anticipated that the full set of bosonic blackfold equations follows from the combination
of the Killing spinor equations and the charge current conservation equations. In general,
the ‘missing’ components will appear in these equations explicitly. Analogous statements
apply to the abelian PST side [3].

6 Killing spinor equations: extrinsic deformations of M2-M5

A similar analysis can be performed for extrinsic deformations of the planar M2-M5 solu-
tion. In this case the intrinsic variables —rg, 0 and the vectors u,v, w — remain unper-
turbed. The deformation activates the transverse scalars X and perturbs accordingly the

8Since 7o is a special spinor obeying the zeroth order Killing spinor equation, it is important in the first
equality to keep the action on it explicit. Then, by using the zeroth order equations we can manipulate the
form of the first order equations appropriately.
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induced worldvolume metric. As explained in detail in [33], it is convenient to work in a
local adapted coordinate system employing Fermi normal coordinates. This system assigns

coordinates (c¢,2%), (i = 6,...,10), to the point that lies a unit affine distance along the
0
02" i
around a locally flat worldvolume patch are induced by the extrinsic curvature tensor K’

geodesic with tangent orthogonally to the worldvolume at o Then, perturbations

along each of the transverse directions z’. The linear independence of these perturba-
tions for each ¢ implies that we can set all but one to zero and study them independently.
Accordingly, we introduce a director cosine

2 =rcos¢g (6.1)

for a fixed i and denote for convenience K,,' = Ky;,. Following [33] we can then bring the
first order dipole deformation of the metric (in the near-zone region) into the form

ds® = (efgilab + e 3 Tap — 268 Ko7 cos qb) do®do?
t+e 3 (r_erz + dp? + sin? (bdﬂ%) + 8 hy (1, @) datdz” + O(6?) . (6.2)

The projector hap is not perturbed. For convenience, in what follows we set h =
diag(—1,1,1,0,0,0). The orthogonal projector is Lap = Nab — hap. The functions S, Q, R
are not perturbed and are given by the zeroth order expressions (3.17).

For the perturbed 4-form field strength we propose the ansatz

Fy =dCs3 + D! %dCs + 6 G4(r, §) + O(6?) (6.3)
where again
C3=—sinf (H ' —1)ws —tan@ DH ' sgw3, Cg=cosdD(H ' =1)ws.  (6.4)

The form ws (4.14) is not perturbed, but wg (4.14) is perturbed in accordance with the

worldvolume metric deformation
Yab = Nap — 20 Kgp 7 COS P . (6.5)

Similarly, *¢ is perturbed according to (6.5).

Compared to the previous section of intrinsic perturbations, now the bosonic correc-
tions hy, and G4 are dipole perturbations in the transverse sphere.

For supersymmetric configurations the Killing spinor 7 receives a corresponding dipole
perturbation

77(7’7 o, 9, ﬁm) =m0 +dm
= 10+ 8 cos 6 (A1, 0™) + 7 Kap(0) €2, 9™) ) + O(6?)
=0+ x(r, ¢) @ P(I™) . (6.6)

9™ (m = 1,2,3) are coordinates on the unit S3. 7 is the zeroth order Killing spinor and
n1 its first order correction. In analogy to the previous discussion, we have separated the
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contributions to 71 into a piece £€%° induced directly by the extrinsic curvature, and a second
piece A needed to satisfy the full set of Killing spinor equations. A is also first order and
proportional to K, but does not vanish as 7 — 0. Since we break the transverse SO(5)
symmetry, but retain an SO(4) subset, we are now expressing the spinor correction 7; as
a tensor product with a unit S® Killing spinor 1, whose covariant derivative on S is by
definition

Vi) = grm@b, C==1. (6.7)

In this particular equation ', = eT';, where e/ is the vielbein in the unit S3. We note
that ng is instead an S* Killing spinor with an a priori independent sign C' (3.22).

Inserting this ansatz into the Killing spinor equations (3.5) we find the following set
of perturbative spinor equations

= o+ S5 = 0, (6.8)

Orm + Lzmo + Xam = 0, (6.9)

Opm +X5m0+Xem =0, (6.10)

(C =+ Eém))no + (C’ =™ + 2%’5”)7;1 =0. (6.11)

The more explicit form of the operators ¥; is summarized in appendix A.2. When we
implement on 77 the ansatz of the second line in (6.6) we find as in section 5 that the
equations split into two groups, which are required to hold independently. The first group
does not receive any contributions from terms linear in r K, but involves explicitly the
corrections h,, G4 and A. The second group depends linearly on r K,;, but not on the
corrections hy,,, G4, A. We proceed to analyze some of the implications of the second group.

6.1 x-symmetry condition for extrinsic perturbations

In direct analogy with the approach followed in section 5, we concentrate on the (r Ky)-
dependent part of the first set of perturbative Killing spinor equations (6.8). Expanding
(@) s(a)
17 %2

the operators X around the asymptotic infinity in the overlap region we find the

leading order equations
Kap (2" no + 257 €)= 0 (6.12)

where

3
3 .1
Ko, El{c(aH) no = Cosgzb% 5aaHFdHF7: [ — §sin00059F + ZK (SiHOCOSHFJ_ — COSQFHFL)

1 1
—sin 0K g (w3) gpe D20 — 3 sin 6 cos 0 nddea(*nm)dbCF“bC} no+ O(r~ %), (6.13)

3
. .1
Ko S0 g = cos ¢ L 53T, T {3 sinfcos 0T + 2K (~2sinfcos T —cos6T)T'1)
r

1 1
+§ sin nddea(Wg,)dch“bc + 1 sin f cos 0 nddea(*nwg)dbCFabc} no + (’)(r_ﬁ) , (6.14)

and
Eéc) =7rcos¢ Héc) . (6.15)
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ch) is the operator that appears already in equations (5.18), (5.19). In (6.13), (6.14) we
used the notation

~ 1 )
K= nabKab, I'= ggabcd1d2d3 (W3)816263 UdlelndQeQKd563 Fabc . (6.16)

Superficially, the leading order contributions to Kp. E;’C(a)no are order O(r). The total
cancellation of these dangerous contributions is due to the identity (see appendix B.2 for
an explicit derivation)

(Cosqbff - sinqbfq;) o =0 (6.17)

which follows essentially from the fact that 7y is an S* Killing spinor. Further impor-
tant cancellations occur at the next order O(r~3) because of (6.17) and the zeroth order
equation (3.33).

As in section 5.1 we consider the linear combination

2011 x ((6.12) with a = a)) + T:I% x ((6.12) with a =ay) .

Isolating the leading O(r~3) terms we arrive at a single (||, aL)-independent equation of

the form
K, (E‘fb 1o + Ty g“b) —0, (6.18)
with
1
K39 = —r3, <K cos T I'y + 2sin0nddea(w3)dbcrabC> , (6.19)
Iy = 7} (1+sinfL) +cosT 1) . (6.20)

We can now show that this equation is the same as the k-symmetry equation (2.6)
of the abelian PST theory perturbed around the constant-H flux solution (2.9), (2.10).
For extrinsic deformations (restricted to a specific transverse space direction ¢ for which
X; = X) the PST Killing spinor € perturbs to

€=+ 8 XK e® + 0(8%) = —r, (no S XK €% + 0(52)) (6.21)
where in the second equality we used the map
€0 =—r3no, €P=r}et. (6.22)

At the same time, the k-symmetry matrix T’y (2.7) perturbs to

[(X)=TO 1660, +.... (6.23)
The zeroth order term is T\ = — (sin@T) 4+ cos T ') (see (2.11), (2.12)). The first

order term 0Ty is induced by the metric perturbation

0Yab = Yab — Nab = —20 X Ky, (6.24)
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at fixed ‘intrinsic’ fields v,, Hy,. Using the profile of the zeroth order solution along with
the definitions (2.12), and the variation identities

1 1 1

0 - =3 = Y5y = cos X K |
—det(y+ H) \/—det(y + H)
v —det - 1
5 ) v My elehef T | = — 5 sin O™ X K gy (w3)ane D (6.25)
2\/—det(y+ H)
we obtain 1
5I‘H = —5 sin&nddea(w;»,)dchabc — COSGKPHFJ_ . (626)

Assembling all the elements, the k-symmetry equation (2.6) becomes
3 [ — <K cos T\ T + % sin 0 K4, (wg)dbcrabC) o
+ (1 +sin 0T + COSHFHFJ_) Kabﬁab} =0 (6.27)
reproducing the supergravity equations (6.18)—(6.20).

7 Open issues and outlook

In this paper, following the lore of the blackfold approach [9], we have addressed the
problem of long-wavelength supersymmetric deformations of M5 brane solutions in eleven-
dimensional supegravity. Initiating a study of the leading order perturbation of the super-
gravity Killing spinor equations, we have shown that part of these equations gives rise to
a perturbative k-symmetry-like condition for the blackfold effective worldvolume theory.
This equation exhibits the same structure as the k-symmetry equation of the abelian PST
theory of a single M5 brane. Requiring a match between the two we have obtained a non-
linear map between the fields of the PST theory and the supergravity-derived fields of the
blackfold effective theory.

It would be very interesting to obtain a more covariant form of this map extending the
local analysis of this paper and including the charge current conservation equations. This
map would have several consequences. First, it would suggest an intriguing rewriting of
the PST theory in a fluid-dynamical language. Could this lead to a fruitful reformulation
of the theory on M5 branes? Second, it would provide deeper insight into the blackfold
equations. New supersymmetric solutions can be envisioned by converting the second order
bosonic blackfold equations to first order ones. Third, on a more conceptual level, this map
would help elucidate a potential gauge-gravity equivalence for the full brane system in flat
space.

The other important open problem is the full solution of the first order perturbed
supergravity equations. For that purpose one has to consider the complete set of Killing
spinor equations in the near-zone, extend the analysis to the far-zone (r > rp) and finally
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perform the match in the overlap zone (rg < r < R). This would establish a concrete
relation between supersymmetric solutions of the leading order blackfold equations and
full first-order corrected regular supergravity solutions. We anticipate this is a one-to-one
relation [9]. Progress in this problem may entail an educated use of the underlying G-
structure [44] of the seed solution and its deformation. This prospect is currently under
investigation. The higher orders of the expansion scheme are also of interest. The more
constrained structures of supersymmetric solutions may lead in this context to a more
tractable setup compared to the general non-supersymmetric, finite temperature situation.

Finally, although here we focused on M-theory and eleven-dimensional supergravity,
it is natural to expect that analogous statements carry over to the brane solutions of
other higher-dimensional supergravities. Branes in the ten-dimensional type IIA/B (and
connections to the DBI theory) are an obvious context for future study.
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A Summary of perturbative Killing spinor equations

In this appendix we summarize the full set of intrinsic and extrinsic perturbations of the
Killing spinor equations (3.5). We present the raw structure of the equations omitting
details that are not used in the main text.

A.1 Intrinsic perturbations

The intrinsic deformation of the metric g,, and four-form flux Fy appears in egs. (5.8)—
(5.10). For the metric correction h,,, it is convenient to choose the gauge

=0 (A1)

where y® (i = 1,2,3,4) are coordinates of the transverse S%. Then, (5.8) takes the more
specific form

ds? = (agﬁab Yo Si,+0 hab) dodo® + 2 8 hyadrdo®

R

fr2e S dr? d e s (14 6 hq) dQ2 + 0(8%)
= dsg + 8ds? + O(8?%) . (A.2)
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Do not confuse the projector izab with the metric perturbation hy,. The components A,
hrq, hq are functions of the radial coordinate r only. When the functions S, @, R, ﬁab
are expanded in o-derivatives the total O(8) contribution is collected in the first order
correction ds?. Accordingly, the vielbein components el , and the components of the spin
connection wuﬁ’a are shifted to

el = (o)l + 8 (e1)l + 087, (A.3)
WP = POyl — e el + o seheg el ey,
_ (wﬂyp>0 + o <wjﬁ>1 +0O(8?) . (A4)
We remind that the covariant derivatives of spinors are
1 4 1/ b 1/ b
Vi=0u+ 0 Top = 0u+ 1 (€,7) Top+ 7 (07) Topd+0@ . (A5)

After the implementation of the o-expansion on the forms C3 and Cg in (5.9), (5.10),
the four-form flux Fj expands similarly to

Fy = (Fy)o + 6 (Fi)1 + 0(8%) . (A.6)
For the slash
E = FVlVZVSMFVlVngm (A?)
we obtain
F=F,+d81f, +0(6%) (A.8)
where
Fo = (Po)piravs TRmRsE(E, )0, (A.9)
F, = (730);11222'/:;’34 rifefsha(p 0 +4(731)le’;2213;/;14 rihelsiap, 00 . (AL10)

We used the shorthand notation

(Po) s fingisiia = (€0)y (€0) 7 (e0)z (e0)z) (A.11)
(P s, = (eo)s) (eo)in (eo)in (1) - (A.12)

These expressions, together with the expansion of the Killing spinor (5.11)
n=mn0+d8m +0(6%, (A.13)

are then inserted into the Killing spinor equations (3.5)

1
r = A4
Vi 555 (5T + 37T ) =0 (A14
to obtain a set of O(d) equations of the form
1 o + I3V 1 = 0, (A.15)
81071 +13no+1Iym =0, (A.16)
(el +1f™ Yo + (Cf™ + 1™ Yo = 0, (A.17)
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where m is an S* index and
1 .
m? = 1 <wa Vp>1 Lip

s (—; ((e)iTalfy + ()Tl ) + % (Foen)irs + 171<eo>grﬂ)> , (A.18)

@ _ LYo ooy po o L e 3 AT
150 = 5 (@ ") Top+ 355 ( 5 (€Tl + SHoleo)iTa ) - (A.19)
1 .
— = vp PN
M = 4 (wr )1FV”
1 j 3 j j
+ 555 (5 (€ Talt + (e0fTaly) + 5 (Fole)iTa + Fy(e0)iTs) ), (A:20)
1/ . 1 /01, 3 i
P vp o . _ 122 pR _ 122 N
H4 - 4 <w7‘ >OFVP + 288 ( Q(GO)TFMEO + QHO(GO)TF,U») ’ (A21)
(m) _ B0 w1 e i i
Iy = e —hq (eo)m + 60 O:.R (eo)m + (61)m I'aol'y,, (A.22)
™ = &5 (e0) ™ Tl (A.23)

my _ 1., P\
" = <0 R(0) (eo)i(e)in TsLn
1 N . . .
+< (07 R(0) (1)} + 0°0.0" R (eo)f + 0" R (e0)} ) Tal'meo)7

1 N .
— QaThQ (60):(60)% Ffrm

+%( — (co)mTinkfy = ()Tl + 3 (Foler )il + Fi(eo)inTin) ), (A.24)
1) = S0 R(0) (e0)](eo)i Tl + o ( — ()il By + 3Fo(eo)iTa) - (A25)

By further implementing the ansatz (5.11) for n; and collecting the o-linear part of
the operators 11,44,

Woga(o, 7, y") = Moaa(r,y") + 0 Mpaqa(r,y) (A.26)

we find trivially that the equations (A.15)-(A.17) split into the two independent
groups (5.12)—(5.14) and (5.15)—(5.17). In section 5.1 we focused on the o-linear part
of the Killing spinor equations (A.15).

A.2 Extrinsic perturbations

The analysis of the extrinsic perturbations proceeds in a similar fashion. The metric
deformation is now given by eq. (6.2). It is convenient to choose a gauge where

2
hyw (1, ¢)datdx” = cos ¢ (ﬁab(r) dodo® + e % (ﬁr(r)cj; + ha(r) (d¢2 + sin? gbdQ%)))

(A.27)
For further details about this choice we refer the reader to [33] and references therein. The
four-form flux F; and the Killing spinor 7 are perturbed as in (6.3), (6.6).
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A useful fact about covariant derivatives of spinors along the S3 directions is that they
can be written in terms of covariant derivatives on the unit S® as follows

Vi = vﬁ,fB)n - i@” (log (efg sin? ¢ (1 + 8 hq cos gb))) Tomm . (A.28)

Here m is an S® index. Since 7; is an S Killing spinor (6.7) we find

i1C R 1 r(1, 9
2sin¢€6rm6m + 563 (67‘ OrRT v, —I‘¢m> dm + O(6°) . (A.29)

The covariant derivative of 7, which is an S* Killing spinor, can be deduced using the
relation®”

1 4
Vi = Vim0 — 5 cot o Ty o (A.30)

Together with the defining relation of S* Killing spinors we obtain

Vgg)no =

N

R 1=
€6 (1 ~3 ) hg) <C’ I'gl’,, — cot qﬁF(Z)Pm) 7o - (A.31)

Repeating the steps of the previous subsection A.1 (appropriately adapted) we find
that the Killing spinor equations (A.14) take the form

E@ no + Eé‘” m =20, (
Orm +X3n0+2Xam =0, (
Jpm + Xsmo +Xem = 0, (A.34
(e +5 )+ (C20W +36)m =0 (

m is again an S® index. The general expression of the operators Ega), Ega), Y3, 24 is the

91’\(S4> d . S 4
P enotes a curved index I'-matrix in S=.
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same as in (A.18)—(A.21). The remaining operators are

S5 = (wfﬁ)l Tp + . <—1 ((eo)ﬁféffﬁ + (el)if(;)l?o)

4 288 \ 2
3 . R
5 (Eo(el)i% + 171(60)£F¢;>) ; (A.36)
1/ 5 1 /1 5 A
— vp o - - (z) ) 9 ¢ R
Yo = 1 <w¢ >0Fup+ 988 < 2(60)¢F¢170+ 2}70(60)¢F¢> , (A.37)
m 1 =r " 1~ "
E(m) — i EFA " N
S = 2amge mle0)m: (A.39)
(m) 1l r m 1- "
By = —566 cot gZ)FdA)Fm (e1)m — 5hQ(eO)m

10,10 (% sin? o) ((eneos + (eo)ilen)2) Ty

1 - o
— 100 (hacos @) (co)s(e0)n T,

Yo (—; (o)t + (er)fiaffy) + o (Fole)iTa + zyl@omrm)) (A.40)

1 r (1 5 1
= = 2¢° <6T5rR Ly — ng) Lin(eo)m + 5eg

Implementing the ansatz (6.6) and collecting separately the pieces that depend linearly
on r K, we find that egs. (A.32)—(A.35) split into two independent groups. In section 6.1
we focused on a specific part, (6.12), of the (r Ky)-linear group.

<;(60)mFmEO+2E0(€0)$Fm) : (A41)

B Useful identities
B.1 Consistency check of (5.23)
The pertubative Killing spinor equations (5.23) imply

1
Hy e = —1liano = <27‘3H2 - 1) IM1,am0 =0 (B.1)
H

where we multiplied simultaneously both sides by Ilz, used the identity
13 = 2r3 10y, (B.2)
and re-applied the equation (5.23). In this appendix we examine the validity of the consis-

tency equation (B.1).
For convenience let us write

14 =Qa+ Rq (B.3)
with
Qo = Our3y + Ou(sin HT%)PH + 0 (cos GT%)FHFL , (B.4)
Ry = —(1+ Ceost)r(0) 3 (—((‘)aucLFOEL + Qv Tler aaw%r%) . (B.5)
cr
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With a bit of algebra one can show that

1 C'sin6 0,0
I — 1) Qunp = ————T1 = B.
(27"3H 2 > o 2(1+ Ccosb) 210 =0 (B.6)

and

<ﬁ1—[2 - 1) Ra 770 = %Slng ZCL (_8buCJ_F08L + abUCJ_FiéL + awaJ_FQéJ‘> FHHQ T’O - O .
(B.7)
We conclude that the consistency equation (B.1) is satisfied automatically as it should.

B.2 An identity for Killing spinors on S*

In this appendix we prove the identity (6.17) that was employed in section 6.1. Following
section 3.3 we consider a spinor 7 in eleven dimensions whose four-sphere part is a Killing
spinor on the unit S*. By definition, the covariant derivatives of n on S* obeys the identity

C
Vin=5Taljn, C==1. (B.8)

I'q is the chirality operator on S* and I = egfj with eg the vielbein on the unit S*. In
addition, we require the identity (3.30), equivalently

Iilan=0Cn. (B.9)
In hyperspherical coordinates, where the metric of the unit four-sphere is
dQ3 = de? + sin® ¢ d03 (B.10)

n takes the form [48]
STl ~ ~
n=e?2 ¢n, such that 047 =0 . (B.11)

A convenient standard identity of I'-matrix exponentials reads

Combining (B.9) with the more explicit form (B.11) it is straightforward to show that

[cos (;b) I'; — sin (?) rqg] n=0. (B.13)

c
Applying this equation at angle 2¢ and using 1(2¢) = g2 ¢lal

required identity (6.17)

¢1(¢) we arrive easily at the

<COS¢Ff-—SiH¢Fé>n:O : (B.14)
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