THE REGULAR REPRESENTATIONS OF GLy OVER FINITE
LOCAL PRINCIPAL IDEAL RINGS

ALEXANDER STASINSKI AND SHAUN STEVENS

ABsTRACT. Let o be the ring of integers in a non-Archimedean local field with
finite residue field, p its maximal ideal, and r» > 2 an integer. An irreducible
representation of the finite group G, = GLy(o/p"), for an integer N > 2,
is called regular if its restriction to the principal congruence kernel K"~ 1 =
1+ p" 1 Mpy(o/p") consists of representations whose stabilisers modulo K1
are centralisers of regular elements in My (o/p).

The regular representations form the largest class of representations of G
which is currently amenable to explicit construction. Their study, motivated
by constructions of supercuspidal representations, goes back to Shintani, but
the general case remained open for a long time. In this paper we give an
explicit construction of all the regular representations of G,.

1. INTRODUCTION

Let F' be a non-Archimedean local field with ring of integers o, maximal ideal
p and finite residue field F, of characteristic p. The known explicit constructions
of complex supercuspidal representations of GLy (F') are closely related to con-
structions of representations of the maximal compact subgroup GLy(0). These
constructions go back to Shintani [19], Gérardin [7], Kutzko [13, 14], Shalika [18],
Howe [10], Carayol [4], culminating in the complete construction of supercuspidal
representations by Bushnell and Kutzko [2]. All of these constructions are based
on induction from compact mod centre subgroups of GLy (F'), and as any compact
subgroup is contained in a conjugate of GLy(0), these constructions can also be
seen as giving representations of GLy (0). This connection goes further, because it
has been shown that every supercuspidal representation determines a unique type
on GLy(0), and two supercuspidals determine the same type if and only if they
differ by twisting by an unramified character; see [1, Appendix]| and [17].

While the smooth representations of GLx (F') have been studied extensively, less
is known about the representations of GLy (0). The purpose of the current paper is
to give a construction of a large class of smooth complex representations of GLy (o)
called regular representations, which we now define. For any integer r > 1 write
0, for the finite local principal ideal ring o/p”. We will use p to denote also the
maximal ideal in o,. For any integer r > 2, let G,, = GLx(0,). Every smooth, or
equivalently, continuous, representation of GLx (o) factors through some group G,..
For any integer ¢ such that r >4 > 1, let G; = GLx(0;), let p,; : G, — G; be the
homomorphism induced by the canonical map o, — 0;, and let K* = Ker p,.; be the
i-th principal congruence kernel in G,.. Let g; = My (0;) denote the algebra of N x N
matrices over 0;. We then have K’ = 1+ p'g,. To any irreducible representation 7
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of G, we can associate an adjoint orbit (i.e., conjugation orbit, or similarity class) in
g1 = My (F,) = K", via Clifford’s theorem. The representation 7 is called regular
if the orbit consists of regular elements (i.e., the centraliser in GLy (F,;), where F,
is an algebraic closure of Fy, of any element in the orbit has minimal dimension N).
This is equivalent to the condition that the centraliser in G; of any element in the
orbit is abelian. The main reason for focussing on regular representations is that
their construction lends itself well to the methods of Clifford theory. In particular,
the regular representations form the largest family of representations which has so
far been constructed explicitly for all G,..

The study of regular representations of G, goes back to Shintani [19], and inde-
pendently and later, Hill [8], who constructed all the regular representations when r
is even. The general case where r is odd is much more difficult, requires new ideas,
and remained incomplete until the present paper. Assume now that r is odd. In [9]
Hill constructed all the cuspidal representations (i.e., the orbit has irreducible char-
acteristic polynomial), and in [8] he gave a construction of so-called split regular
representations (i.e., the orbit has all its eigenvalues in F,). However, it was noted
by Takase [23] that the results in [8] do not give all the split regular representations,
and in any case, there exist many non-split non-cuspidal regular representations.
While the present work was in preparation, Krakovski, Onn and Singla [12] gave a
construction of the regular representations of G, when the residue characteristic p
is not 2. In the present paper we complete the picture by giving a construction of
all the regular representations of GG,.. For a somewhat more detailed comparative
account of the development of constructions of representations of G, see [22].

In the present paper we give an explicit construction of all the regular represen-
tations of G, without any assumption on the residue characteristic of 0. Just like
the other constructions mentioned above, our approach is based on Clifford theory
and orbits. A distinguishing feature is that it is in some ways similar to the con-
struction of types on GLy(0) by Bushnell and Kutzko mentioned above. The latter
goes beyond regular representations but in a certain sense only deals with semisim-
ple elements, while we need to deal directly with, for instance, regular nilpotent
elements. Focussing on regular elements has several technical advantages, but al-
lowing non-semisimple elements brings new phenomena, such as the non-triviality
of the radical of the form on J! /H} (see Lemmas 4.4 and 4.5). Since several of
our lemmas hold also for non-regular elements (but with more difficult proofs), it
would be interesting to know if the construction could be pushed further to encom-
pass both the regular representations and the supercuspidal types on GLy(0) of
Bushnell and Kutzko.

Although there are many irreducible representations of GG, which are not regular,
the regular representations are generic in the sense that the regular elements in
My (F,) are dense. In particular, for GLa(0,) all the irreducible representations
are either regular or pull-backs from GLy(0,—1). Moreover, as noted by Lusztig, it
is likely that the higher level Deligne-Lusztig representations +R$ (6), for 0 regular
and in general position, constructed in [16] and [20] are regular in the case of
GLx(0,), and are therefore subsumed in the construction of the present paper.
That this is the case when r is even is proved in [5].

Organisation of the paper. In Section 2 we define parahoric subalgebras and
associated filtrations of subgroups of G, using flags of 0,-modules in g,. These are
finite versions of the subgroups associated to lattice chains in [2, Section 1]. The
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particular subalgebra 2., determined by the characteristic polynomial of a regular
element in g, plays a central role in our construction. In Section 3, we describe
characters of certain abelian groups defined earlier, and record well-known results
about the existence of “Heisenberg lifts”. In Section 4 we give the construction
of regular representations of GG,.. The reader who would like a quick overview of
the steps of the construction, illustrated by a diagram, may look at the discussion
preceding Lemma 4.1. Our main theorem summarises the consequences of the con-
struction for the description of representations and appears Theorem 4.10. Finally,
Section 5 collects a few concluding remarks.

Notation and conventions. If G is a finite group, we will write Irr(G) for the set
of isomorphism classes of complex irreducible representations of G. For convenience,
we will always consider an element m € Irr(G) as a representation, rather than
an equivalence class of representations, that is, we identify 7 € Irr(G) with any
representative in its isomorphism class. One can view Irr(G) as the set of irreducible
characters of G, but we prefer to consider representations. If G is abelian, we will
often refer to a one-dimensional representation of GG as a character. If H C G is a
subgroup and 7 is any representation of G we write 7|y for the restriction of 7 to
H. If, moreover, o is a representation of H, we will write Irr(G | o) for the subset
of Irr(G) consisting of representations which have o as an irreducible constituent
when restricted to H.

Depending on the context, we use the notation My (0,), g, or E, respectively,
to denote the algebra of N x N matrices over o,.. The notation E appears (only)
in Section 2 where the algebra is seen as the endomorphisms of 0¥, and g, appears
in the rest of the paper, where it plays the role of the o,.-points of the Lie algebra
of GLN.

We use w to denote a fixed choice of generator of p C o,.

We will make free use of some well known results from Clifford theory (see [21,
Section 2]).

Acknowledgement. The first author was supported by EPSRC grant EP /K024779/1.
The second author was supported by EPSRC grant EP/H00534X /1. We wish to
thank Uri Onn for alerting us to several typos in a previous version of this paper.

2. PARAHORIC SUBALGEBERAS AND FILTRATIONS OF SUBGROUPS

The main goal of this section is to attach to any element in My(FF,) a para-
horic subgroup of G, together with a natural filtration. These filtrations are finite
versions of the ones defined by lattice chains in [2, Section 1].

Let V be a free o,-module of rank N, and let V =V ®,, F, = V/pV (an N-
dimensional vector space over F,). Let p.1 : V — V denote the canonical map.
Let E = End,, (V) and E = Endi(V) 2 E ®,, F,. Let

V=VWWoVi>---DV.,=0
be a flag oio,«—godulgs with e Zl an integer, and such that V; is free for 0 < i <
e—1. Let V=VyDV;D-.- DV, =0 be the flag of F -vector spaces obtained by
setting V; = V; ®,, Fy = V;/pV;. We have rank,, V; = dimy, V; for 0 <i<e— 1.

Lemma 2.1. Let notation be as above. We then have inclusions of 0,.-modules

V=LoDLi D--DLeD DL =0,
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where Liy.; = pjp;i(vi) =pI(V;+pV), for0<i<e—1and0<j.

Proof. The only thing that requires proof is that all the inclusions are strict. If
0<i<e—1and0<j<r—1 then multiplication by p’ induces an isomorphism
Li/Lit1 = Litcj/Litejt1, while the map p,; induces an isomorphism L;/L; 1 =
V:/Vii1; in particular, Liyej/Litejt1 is non-zero. O

We put N; = rank, Vi, for i = 0,...,e, so that N = Nog > Ny > --- >
N, = 0. Since o, is a self-injective ring (cf. [15, 3.12]), a free submodule of a
free o,-module is a direct summand. Hence a basis for a free submodule of V'
can always be extended to a basis for V, and so there exists a basis {z1,...,zn}
for V such that {z1,...,2y,} is a basis for V;, for ¢ = 0,...,e. Then the image
{x1 +pV,...,xnx + pV} of this basis under the map V — V is a basis for V such
that {z; +pV,...,xn, +pV} is a basis for V;, and the o,-module Licj has basis
consisting of (the non-zero elements in)

(2.1) {@izy,...,@zn,, @My i1,..., 0 ey ),

for0<i<e—1land0<j.

We define the o,.-algebras
P={zeFE|aV,CVforal 0<i<e},
P={rcE|2V;CV,forall 0<i<e}

Algebras of this form are called parabolic subalgebras of E and E, respectively.
Similarly, we define the algebra

A={zxeFE|xzL; CL;forall0<i<er},

and an algebra of this form is called a parahoric subalgebra of E. The algebra P
has a (two-sided) ideal I given by

I={zeFE|2V;CVyyforall0<i<e—1},

and the analogous ideal I in P is defined in the obvious way. Similarly, the algebra
2 has an ideal B given by

PB={re€FE|aLl; C Ly foral0<i<er—1}

We have I¢ = I¢ = B¢ = 0, so the ideals are nilpotent. We remark that, since we
have the periodicity relation L;;.; = p’L;, we also have

A={zeFE|zL;, CL;forall0<i<e—1},
‘B:{er\xLigLi+1fora110§i§e—1}.

Using the basis {x1,...,7x} above to identify V with oY, whence E with My (o,.),
these algebras and ideals have convenient matrix pictures. For example, writing
the matrix of ¢ € E with respect to this basis as (a;x), we see that a € P if and
only if a;;, = 0 whenever there is an integer 0 < i < e — 1 such that j > N; > k.
Thus P is the algebra of block upper-triangular matrices, with block sizes N7 :=
Ne—y—Ne,...,N.:= Ny— Ny, while T is its ideal of strictly block upper-triangular
matrices. Similarly, the fact that (2.1) gives a basis for L; implies that 2 is the
algebra of block matrices which are block upper-triangular modulo p, with the same
block sizes, while 33 is its ideal of matrices which are strictly block upper-triangular
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modulo p. Writing M,,,x,(R) for the set of m x n matrices over a ring R (not
necessarily with identity), we have

Mg (or)  Mpgsng(or) oo My (0r)
o MN§><.N{(F')... - ' : ’
: My xn:(or)
My xng(P) - Mprxn: () Mn; (o)
Mp(p) Mg (05) cooeeeoeeee s My w2 (0r)
= MNéx:N{(p)
MN’flxN/(Ur)
Mgy (p) - My <z, (p) M, (p)

Since, with respect to the basis {x1 +pV,...,zx +pV} of V, the parabolic algebra
P also consists of block upper-triangular matrices with the same block-sizes, the
map pr1 : £ — E induces surjections P — P, I — I, and we get:

Lemma 2.2.
(i) A =p, {(P)=P+pE,
(ii) B =p,1(I)=1+pE.

We remark that Lemma 2.2 implies that /9 = P/I, which is semisimple, so
that B is the Jacobson radical of 2I.

Although we always have a surjection p,.1 : I™ — I™, in general g™ is not equal
to I"™ 4+ pE, for m > 2. However, we can use the matrix description of 3 above
to obtain a similar description of 8™, by multiplying elementary matrices with
respect to the basis {z1,...,2x}. Indeed, a straightforward induction shows that,
for m > 0, the ideal ™ consists of block matrices whose (i, j)-block has entries in
pl(mti=i)/el where [y] denotes the least integer greater than or equal to y.

Lemma 2.3. Form >0 and 0 <k <e(r—1)+1—m, we have:
(i) B"L; = Liym, for any i >0,

(ii) P ={x € E|xL; C Liym for allk <i<k+e—1},

(iii) P = {o € B | 23" CPrim).
Proof. Given the description of B above, it is straightforward to check that the
image of the basis (2.1) of L; under elementary matrices in B™ contains the ba-
sis (2.1) of L4, and (i) follows. Similarly, it is straightforward to check that the
matrix description of

{zxe€E|zL; CLiypforal0<i<e—1}
is the same as that for 8™ above. Now (i) follows since xL; C L;4,, if and only if
ZLite € Litetrm, whenever 0 < i < e(r — 1) — m. Finally, for (%), suppose = € E
is such that xq}k - ‘B’”m so that x‘,BkLi C Liykym, fori=0,...,e—1. But then
(i) implies ©L; 4 C Liqgym, for i =0,...,e — 1, and (%) implies x € P™. O

As an immediate corollary, we get:
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Corollary 2.4.

(i) p2A =Ap =P°,
(ii) P™ =P if and only if m > er.

Note also that we have Pe"=1 = p"=1 P and Pe—D+! = p™ 1. Let tr: E — o,
denote the trace map.

Lemma 2.5. Let « € E, and let m be an integer such that 0 < m < e(r—1)+ 1.
Then tr(P™x) = {0} if and only if x € pe(r—1)+1-m,

Proof. Note that one implication is clear, since ¢("~D+! C I so tr(e("—1+1) = 0.

We first prove the opposite implication for m = 0, so we assume that x €
E is such that tr(z) = {0}. It is easy to show (e.g. using elementary matrix
considerations) that the trace form E x E — o, given by («, ) — tr(af) is non-
degenerate. Similarly, it is also easy to show that for v € E, the condition tr(P~v) =
{0} implies that v € I. Hence, since pE C 2, the condition tr(z) = {0} implies
that € p"~!E. Furthermore, since P C 2, the condition tr(z) = {0} implies
that z € INp" 'E = p"~ 1T = Pe—D+1 a5 required.

Now suppose = € E is such that tr(™z) = {0}. Then tr(A(P"x)) = {0} so
the case m = 0 implies that Pz C P-4, Now Lemma 2.3, (i) implies that
x € Pelr—DH=m a5 required. O

Define the groups
U=U"=q%, U™ =1+9P™, form > 1.
The group U is called a parahoric subgroup of E*. We have a filtration
UDU'D--- DU ' DU = {1},

where the inclusions are strict thanks to Lemma 2.4, (i43). We also define U® = {1}
for i > er.

Since ‘B is a (two-sided) ideal in 2, each group U™ is normal in U. Moreover, if
1+2z€U™,and 1 +y € U™, then

(I+z)l+y)=1+z+y=1+y)(l+z) (mod Pmm),
so we have the commutator relation
[Um’ Un] g Um—&-n.

Thus in particular, the group U™ is abelian whenever m > er/2, that is, when
m > [§].
For every m > 1 we have an isomorphism

Um/Um-',-l :> mm/mm—&-l’ (1 + x)Um—i-l — mm+1’

and since pP™ C PmTe C P we have an action of o, /p = F, on P/ P+,
for each m > 0. This makes ™ /P! a finite dimensional vector space over the
finite field Iy, where the action of I is compatible with the group structure. Hence
P /P is an elementary abelian group.

By choosing a basis, we may identify V with oY, V with IF(]]V, E with My (o,), E
with My (F,), and E* with G,. These identifications will remain in force through-
out the rest of this paper. From now on, let 2. C g, be an orbit under the adjoint
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(conjugation) action of G,. Write 2 for the image of Q, in g;. We will associate
a certain parahoric subalgebra to €21, which will be denoted by 2,,. Let

h
[1#@)™ eyl

be the characteristic polynomial of Q; (i.e., the characteristic polynomial of any
element in €27), where the f;(x) are distinct and irreducible of degree d;, for i =
1,...,h. This determines a partition of N:

A= (d™, . d) = (dyydy, . ody, . dp i, d).

m1 times mp, times

We define 2,,, C g, to be the preimage of the standard parabolic subalgebra of g;
corresponding to A (i.e., the block upper-triangular subalgebra whose block sizes
are given by ), in the order given above). Moreover, we let 2y = g, = My (0,) be
the full matrix algebra. Let B, and Py be the corresponding Jacobson radicals
of Ay, and Ay, respectively. Then Py, is the pre-image under p;.; : g, — g1 of the
strict block-upper subalgebra of 2, and similarly By is the pre-image of 0, that
is, Bm = pg,- For * € {m, M} we have the corresponding groups

U, =02 =X, Ul=1+%, for i > 1,
and the filtrations
U, DU D DU ={1},
where e, = e(2,) is the number of blocks of the algebra 2. mod p. Note that
Uﬁ/[ = K" and ey = 1, while ey, = mq + - - - + my,.
By definition, we have 2y O 2, and the label m here stands for “minimal”,
while M stands for “maximal”. From the definitions, we have

h h

Un/Un, = [ [ GLa, (Fo))™, U /Prn = [ [ M (F)™,
=1 =1

Un/Uy = G /K =Gy, Ani /P = g1

Note that if €21 has irreducible characteristic polynomial, then 2, = 20y = g,-.
Given an element 3 € g, we will denote its image in g; by 3. Similarly, if
B € Q. NApy,, we will let 5, denote the image of § in 2,,/PB,. Note that by,
for example, the rational Jordan normal form, €, N2, is non-empty. Up to G-
conjugation we can also arrange the diagonal irreducible blocks of 3, and hence of

Bm in any order. In particular, we can find a § € Q, N2, such that

(2.2) Bm:ﬁé@"'@ﬁé@"'@ﬁﬁ@“'@ﬁgw
m1 times my, times

where each 3%, € My, (F,) has irreducible characteristic polynomial f;(z).

There are several equivalent characterisations of regular elements in g;. One of
the simplest is that an element in g; is regular if its centraliser in g; has dimension
N (as F,-vector space). One can also define regular elements in g, for r > ¢ >
1, as those elements whose centraliser in g; has o;-rank N. A result of Hill [8,
Theorem 3.6] implies that an element in g; is regular if and only if its image in g;
is regular.

Lemma 2.6. Let 5 € Q. NAy. If B is regular, then Cg, (8) C AX.
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Proof. If B is regular, we have C¢ . (8) = 0,[5]*, so 8 € Uy, implies that C¢ (8) C
Am, since 2y, is an algebra. O

Lemma 2.7. We have
|Cotyy i (Bu) | = ¢ = |C, (B).

Proof. The isomorphism 2y, /Py, = H?zl Mg, (Fy)™, induces an isomorphism

Omm/r'pm Bm H CM'i (]Fq) i’

s0 |Cy,, /o, (Bm)| = H?:l q%™i = ¢N. The second equality follows by definition of
regularity of 3. ([

Set I = [5], ' = | %], so that [ +1" = r. The relations 2y 2 A, D Py 2 Put
imply that for every i > 1, B, = p’g, is a two-sided ideal in . For 8 € Q, N A
and x € {m, M}, we can therefore define the following groups

C=Cq,.(B),
=(Cnuhus’,
= (CNUHUS"H
Note that Ji; = (CNKY) K" and H}; = (CNK')K!, and that both of these groups

are normalised by CK"', since C' normalises both K and K', and [K', K] C
K' C K. Moreover, we define the group

Jum = (CNULK!

We have the following diagram of subgroups, where the vertical and slanted lines
denote inclusions (we have only indicated the inclusions which are relevant to us
and repeat the definitions of the groups, for the reader’s convenience).

CKV

Jm,M

/ ‘ JmM = (cn Uél)Kl

" = (CnULUS",
‘ — (CNUL) U+
H, JM — (CNEYHKY,
\ Hy = (CNnKYK'.
Hyy
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We explain the non-trivial inclusions in the above diagram. We have B, O P,
and so U}, D K!. By Corollary 2.4, we get

Usr"* =14 p" P 21+ p" Py = K
thus H} D Hy;. Moreover,
U = 149" % € 1+ p 2y = K,

50 Jm M contains both J&l and Jl%/[ as subgroups.

The following lemma will be a crucial step in the construction of representa-
tions, and is the main reason why we work with the algebra 2, and its associated
subgroups.

Lemma 2.8. Suppose that ). consists of reqular elements. Then there exists a
B € Q. such that Jym @5 a Sylow p-subgroup of CK".

Proof. By the rational Jordan normal form, there is a 8 € €, N2A,,. Moreover, any
permutation of the diagonal blocks can be achieved by G,.-conjugation, so there is
a g€ Q.NAy, such that f, € A /P satisfies (2.2). Assume now that f is chosen
in this way. We have

_|CK /K| |c/(Cn K" |

| Tanl/IEY] T [(CNUL/(CAEY) T CNUL

[CKV : Jm,M]

Thus we need to show that C N U, is a Sylow p-subgroup in C. Since f3 is regular,
C' is abelian, and by Lemma 2.6 we have C C U,,, = 2%, so we have
C  CNUy
cCnUl  CnUL’

m

Then the isomorphism Uy, /UL = H?=1 GLg, (F,)™ induces an isomorphism

CNUm _ 1 .
relaYid :HCGLdi(]Fq)(ﬂm) .
m =1

Each !, has irreducible characteristic polynomial over F,, so Fy[3i]/F, is a field
extension of degree d;. Since CaL,, (Fq)(ﬂfn) = F,[B.]*, we conclude that p does

not divide the order of Cgr,, (Fq)(ﬁfn). Therefore, p does not divide the order of

%, 80 Jm, M is a Sylow p-subgroup of CK". O

We remark that the above lemma holds without the hypothesis that €2, consists
of regular elements, but the proof is slightly easier in the case of a regular orbit.
Note also that when §3 is as in the above lemma, Jy, v is in fact normal in CK",
since C' = C' N Uy normalises J, v when C'is abelian. Thus Jy, v is the unique

Sylow p-subgroup of CK . We will not need this fact.

3. CHARACTERS AND HEISENBERG LIFTS

Agin the introduction, F' denotes the fraction field of 0. Fix an additive character
Y : F' — C* which is trivial on o but not on p~! (i.e., ¥ has conductor o). For each
r > 1 we can view 1) as a character of the group F/p” whose kernel contains o,..
We will use ¢ and the trace form (z,y) — tr(zy) on g, to set up a duality between
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the groups Irr(K?) and g,_, for i > r/2. For 3 € My/(o,.), define a homomorphism
g : K" — C* by

(3.1) Ps(l+2) = (o " tr(Bi)),

where x € pig,., and B,i e My (o) denote arbitrary lifts of 5 and x, respectively.
The value ¥(w™" tr(ﬁi)) is independent of the choice of lifts, since v is trivial
on o. For this reason, we will abuse notation slightly from now on and write
Y(w " tr(Bz)) instead of ¢ (w " tr(42)). The map B ~— ths is a homomorphism
whose kernel is p"~’g,., thanks to the non-degeneracy of the trace form. Hence it
induces an isomorphism
g:/p" "9 — Iir(K°),
where we will usually identify g, /p" ‘g, with g,_;. For ¢ € G, we have

bapg—1(1+2) = P(w " tr(gBg~ ') = Y(w " tr(Bg'xg)) = Ya(l + g 'ag).
Let 2,33, and U™, m > 0 be the objects associated to an arbitrary flag of length e, as
in Section 2. Let n and m be two integers such that e(r—1)+1 >n >m >n/2 > 0.
Then U™ /U™ is abelian, and we have an isomorphism
BT/PT — U™ /U", x4+ P — (1 +2)U".
Each a € g, defines a character g, — C* via x — ¢(w™ " tr(ax)), and this defines
an isomorphism g, — Irr(g,). For any subgroup S of g,, define
St ={z e g [ P(@ " tr(xS)) = 1}.
Using the isomorphism g, — Irr(g,), we can identify S+ with the group of charac-
ters of g, which are trivial on §.
We generalise the definition of ¥3 to allow 3 to lie in an appropriate power of
9B. For any B € Per—D+1=" define a character Yg : U™ = C* by
V(1 +2) = (@™ " tr(Bz)).
Lemma 3.1. Lete(r—1)+1>n>m>n/2>0. Then
(i) For any integer i such that 0 <i <e(r —1)+ 1, we have

(mz)L — ;Be(r—l)—o—l—i.

(i1) The map [ +— g induces an isomorphism
me(rfl)Jrlfn/;pe(rfl)Jrlfm it II‘I"(Um/Un).

Proof. Let p, : 0 — o, be the canonical map. For any = € g, the set @™ "p, * (tr(B?))
is a fractional ideal of o, so by our choice of 1) we have

P(w " (@) = (@ oy H(tr(@P)) = 1
if and only if @™ "p,; (tr(aP?) C 0. Thus z € (P)* if and only if tr(2P*) = 0 in
0., so (i) follows from Lemma 2.5. Moreover, (i) together with the isomorphism
P /P = U™ /U™ implies (ii). O
Let G be a finite group and N a normal subgroup, such that G/N is an elemen-
tary abelian p-group. Then the group G/N has a structure of F,-vector space. Let

x be a one-dimensional representation of N which is stabilised by G. Define an
alternating bilinear form

hy: G/N x G/N — C*,  hy(aN,yN) = x([z,y]) = x(zyz""y ™).
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By bilinearity we simply mean that h,(zN,yzN) = h,(zN,yN)h,(zN, zN) for all
x,y,z € G, and similarly for linearity in the first variable. This follows from the
commutator relation [z,yz] = [z,y]Y[x, 2] and its analogue for the first variable.
Note that linearity with respect to scalar multiplication follows from this since for
7 € F, we have i(xN) = z™N, for any lift n € Z of fi.). An easy computation
shows that h, is well-defined, thanks to the stability of x under G. Define the
subspace
R, = {zN € G/N | hy(zN,yN) = 1for all y € G}.

This is the radical of the form h,, and we say that h, is non-degenerate if R, = 0.
We will make use of the following result (cf. [3, 8.3.3]):

Lemma 3.2. Assume that the form h, is non-degenerate. Then there exists a
unique 1, € Irr(G | x), and dimn, = [G : N]'/2.

Note that if x and x’ are two representations of N such that 7, = n,/, then by
Clifford’s theorem, the restriction 7, |n = 1,/|n is a multiple of x and of x’, so we
must have xy = x’.

We will encounter situations where the form %, is not non-degenerate. In these
cases we will apply the following generalisation, which is a corollary of the above
lemma:

Corollary 3.3. Let G, N and Ex be as above, and let R, be the inverse image
of Ry under the map G — G/N. Then x has an extension to R,, and for any
extension X of x, there exists a unique ny € Irr(G | X). Moreover,

dimng = [G: R, Y2

Proof. By definition, x([Ry,Ry]) =1, so R, /Ker x is abelian and thus y extends
to R,. Let x be an extension and € G. Then, for any r € R, we have [z,7] € N,
S0

X([z,r]) = x([z,r]) = 1.
Hence y(zrz~') = x(r), that is, x stabilises Y. Moreover, R, is normal in G since
for any z,y € G, r € R, we have
Lp=ly=1)

lxrx_lyx)i(r_l)

X([zra™ y]) = X([zra™" ) = xX(ara ™ yar™
=Xty
=X(Mx(r~) =1.

We thus have a well-defined form hy on G/R,, which is non-degenerate. The
remaining statements now follow immediately from Lemma 3.2. O

xmc_lymr_l) = )Z(x_ly_

In the situation of the above corollary, we call ny a Heisenberg lift of x.
We will apply the above results to the group .J! and its normal subgroup H},
for * € {m, M}. We have an isomorphism

Ue*l’
n Uf*l/) el +17
and this is a quotient of Uf*l//Uf*l/‘*‘1 =~ A, /B, (where 2, is the image of 2,
in g1, as in Section 2), with the latter isomorphism being induced by the map

1+ 7'z — z+P,. Since 2, /%P, is a product of additive groups of matrix rings
over [y, it is an elementary abelian p-group (where as before p = charF,), and

JY/H! =~
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in fact has a structure of F,-vector space. Thus J}/H!, being a quotient of an
elementary abelian group, is itself elementary abelian.

4. CONSTRUCTION OF REGULAR REPRESENTATIONS

For any z € g,, let x; denote the image of = in g;, for r > ¢ > 1. We also write &
for z1. Recall from the paragraph preceding Lemma 2.6 that a regular element in
g; can be defined by the property of having centraliser in g; of o;-rank N. A result
of Hill |8, Corollary 3.7| implies that if §8; € g; is regular, then Cq, (5;) = 0;[8:]*.
It follows that if /3 is regular, then C = Cg, (8) is abelian and the homomorphisms

pri:C — Cq,(B:)

are surjective for every r > i > 1.

Suppose that 7 is an irreducible representation of GG,.. By Clifford’s theorem,
the restriction of 7 to the abelian group K'! defines an orbit of characters 15, and
hence by the results of Section 3, an orbit of elements in g,./p"~'g, = gy under the
conjugacy action of G, (i.e., the adjoint action). We call = regular if this orbit in
gr consists of regular elements.

Fix an orbit @ C gp consisting of regular elements. We will construct all the
irreducible representations of G, with orbit ;. When r is even, the construction
is well known and amounts to taking any 3 + pllgr € Qp, extending 13 to CK"
and inducing to G,. To show that i3 extends to CK U is straightforward in this
case; see for example [8, Theorem 4.1].

From now on, assume that r > 3 is odd, so that I’ = [ — 1. We highlight the
hypotheses that will remain in force throughout this section:

(i) » > 31is odd,
(i) B € g, is regular,
(iii) B € Ay, and the image By € A /P = [[12, My, (F,)™ is

B =Pmn® B e apk,
N—_——— N—_———

m1 times my, times
where 3%, € My, (F,) have irreducible characteristic polynomial.
Before presenting the details of the construction, we give an informal overview.

Schematically, the construction is illustrated by the following diagrams (dotted
lines are extensions, dashed are Heisenberg lifts, and the solid one between 7, and
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7 is an induction):

v .
CK M
Jm,M n
/ S |

JL JY Thm v
Hl Gm i 3!
HY, O

‘ p

The diagram of representations on the right should be read from bottom to top.
We have seen in Lemma 2.8 that there exists a f € Q, such that J, v is a Sylow
p-subgroup of CKl/, and fix one such 3. We then show that the character ¢5 of K'
has an extension 0y to Hq; and that 6y extends further to 6, on H} . Next, we use
Corollary (3.3) to show that there exists a unique representation ny € Irr(J3; | ),
as well as a (non-unique) representation 7y, € Irr(JL | 6,,). Moreover, we compute
the dimensions of ny and 7. Then we show that 7 := Indj’{"“ Nm has the same
dimension as 7y, from which it follows that # is an extension of - We can then
apply a general lemma to conclude that 7y has an extension 7y to CK v, Finally,
we show that by choosing all possible extensions fy; of 1/g and all possible extensions
fim of my, we have constructed all the representations in Irr(CK v | ¥3), without
redundancy. Since CK' = Stabg, (13), a standard result from Clifford theory
then yields all the irreducible representations of G, with orbit €, by induction
from CK".

We now give the details and proofs of the construction. Some of the steps can
be carried out for the groups arising from the algebras 2(,,, and 2(y; simultaneously.
For this purpose, we will let 21 denote either %A, or Ay, and let B be the radical
in 2A, with e = e(2A). The associated subgroups will be denoted by U?, H!, J*.

Lemma 4.1. The character 15 has an extension Oy to Hy;. Moreover, O\ has an
extension 0, to HJ .

Proof. By Lemma 3.1 (ii), if we take
m=el +1, n=2m-—1=e(r—1)+1,
then the coset 8 + B¢ defines a character on U 1, trivial on U¢"~D+1 by the
same formula as the one defining vg. Since el = p!'A, we have a map
AP — g0/p" o,

which sends f +‘BEZ/ to B+ pl/gr (note that this is neither surjective nor injective).
Thus the different choices of lift of the latter coset give the different choices of
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extension of 13 to U e'+1 Our element B € A therefore gives rise to an extension
(which we still denote by 3) of 13 to Ue'+1, defined by

Yp(l+ ) = (w " tr(Br)), forz € Pt
We now show the existence of the extensions #y and 6. If ¢ € C N U! and
x € Pel' 1 then
[e,1+2] € c(1+z)cH(1 — x4 per—D+2)
=l4cect—az+ ‘138(7’*1”2.
Since we have
(4.1) Uer=U+1 C Ker g,
we obtain

Ya([e, 1+ z]) = (@ " tr(Blexe™ — x))) = Y(w " tr(cfzc™t — Br)) =1,
where we have used that ¢ commutes with 5.
Thus C' N U stabilises the character 15 on U1, and since C N U is abelian,
this implies that 15 extends to H' = (C N UM)U '+, O

Remark 4.2. The extension 0y can be written as a character 6y1)5, where 0y €
Irr(C N K1) is a character which agrees with ¢ on C'N K! and

Oothp(zk) := bo(2)Ys(k),
for z€ CNK' and k € K. We will use this later in the proof of Lemma 4.9. One

can write 6y, similarly, but we will not need that.

We fix arbitrary extensions y; and 6, as in the above lemma. For * € {m, M},
we will now construct the irreducible representations 7, of J! containing .. In
particular, we will show that there exists a unique representation ny of Ji; con-
taining 0y;. We will treat both cases simultaneously, denoting either 6, or 6y by 6.
We need to verify the hypotheses of Corollary 3.3. To this end, first note that 6 is
stabilised by J'. Indeed, it is enough to show that U<l stabilises 6. For z € ‘1381/,
ce (CNUY) and y € P+, we have

14z cl+y)] e @+a)e(l+y)(1 -+ a2+ RV A —y 4 oper—DF) !
Clc+zc—cx+ey)(l—y)ct + %6(7’71)+1
Cl4z—cxe b 4pelr=D+L
Hence, since 15 is trivial on U¢(""D+1 (see (4.1)) and ¢ commutes with 3, we have
O([1+z,c(1+y)]) = Ys([1 + 2, ¢(1 +y)]) = (@ " tr(cBaee™! - fr)) =1,

that is, 0 is stabilised by the element ¢(1+v), hence by all of J!. We saw at the end
of Section 3 that J!/H! is an elementary abelian p-group. Define the alternating
bilinear form

ho i JUH x JH — €, ho(eH',yH") = 0((w, y]) = va([z, y])-
Let Rg be the radical of the form hg, and let R denote the preimage of R under

the map J! — J1/H!. If we need to specify which parabolic subalgebra 21, we are
working with, we will write Rg ., Rg «, for * € {m, M}. For our purposes, we need
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to determine the dimension of the unique representation n € Irr(J! | 1), which by
Corollary 3.3 equals [J! : Rg]'/? = [J'/H' : Rg]"/2.
In order to determine the radical of the form hg, we need the following result:

Lemma 4.3. Let z,y € J' and write * = 21(1 + s) and y = 23(1 + t), where
21,20 €ECNUL and s,t € ‘13"‘”. Then

0z, y]) = p(1 + (st —ts)).
Proof. Note that for any si, s € B we have 25152 € 5152 + P+ and
21812289 € 21(51 +;Bel'+1)52 C 218180 + PEO—DHL C g1 gy 4 pelr—D+L,
Thus
[2,y] € 21(1 4 8)z(1 + 1) (1 — s + 82 + PETDFN) 2011 — ¢ 4 42 4 pelr—DF1) L
C (2120 + 21822) (1 +1)(1 — s 4 82) (27 Lag b — 27 M tzg b 4 27 122y t) 4 pelr—D+L
- (1 — zleszflzgl + zlzgtzflzgl —ts+ zlszfl + st
— zptzy L st — 12 — st + %) 4 perHFL
c1- zlzgszflzgl + zlzgtzflzgl + zlszfl - zﬁz;l + st —ts + ’Be(r_l)H.
Using the facts that z; and zo commute with S and that pelr=1+1 C Ker 0, we get
0([x,y]) = Va(1 + (—2120827 "oyt + zizatey P 2g 4 21827 L — zotzy b+ st — ts))
= Yg(1 + (st —ts)).
O

Note that the above lemma implies that the value of the form hg on the elements
x =2 (1+s)and y = 25(1 +t) does not depend on z;, 2o € C NU*. Consider the
map
p: U — U JU+t = 3,
where the isomorphism is given by (1 + @' z)U¢’+! — 2 + 9. Let 8 + P be the
image of 8 in /P under this map.

Lemma 4.4. We have
Rs=(CNUY) - p~ (Coyp(B+R))-
Proof. By definition, * € Rg if and only if §([z,y]) = 1 for all y € J'. Writing
z=2z(14s), y=2(1+1t) as in Lemma 4.3, we have
O0([z, y]) = ¥p(1 + (st —ts)) = (@ " trt(Bs — 55)),

so O([z,y]) = 1 for all y € J' is equivalent to ¢ (w " tr(P (Bs — s8))) = 1,
that is, s — s8 € (P)L = P+ (see Lemma 3.1). The latter is equivalent to
p(1+4s) € Coyqp(B+F) because if we write s = @ 59, we have p(1+s) = so-+ and
Bs—sB € P+ is then equivalent to Bsg—so3 € B, that is, so+P € Coyp(B+B).
Thus we have shown that = 21(1 + s) € Rg if and only if 1 + s € p=!(Cy (8 +

). 0
Lemma 4.5. With notation as above, the following holds:
. 1. — 2A/B
(1) [J': Rg] = W‘
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(ii) Suppose that A = An;. Then the form hg on Ji/Hy; is non-degenerate.
Thus, for every Oy, there exists a unique ny € Irr(J3; | Oa) and

dimny = gNN-D/2,
i1i) Suppose that A = 2A,,. Then, for every extension On, of 0y to R , there
B
exists a unique Ny, € Irr(JY | 0,) and

h
dim gy, = H qdimi(di_l)/Q_

Proof. By Lemma 4.4, we have

Jl/Rﬁ o Uel/ _ Uel’
(CNU)p~H(Cayp(B+R)  p~H(Coyp(B+P))
Uel'/Uel/-‘rl N Ql/m

P~ (Coyp(B+P))/U+E — Coyqp(B+P)

Next, suppose that 2 = Ay = g,. We then have A/P =gy and f+P = 5. By
Lemma 4.4, we need to show that p=!(Cy, (8)) € H', and this holds if and only if
the map

(4.2) Crv (B) — Cyg, (B)
induced by p, is surjective. To show the latter, first note that the map Cpv (8) —

Co(Br), 1+ 'z s 3y s easily seen to be an isomorphism. Now, Cy, (/) is an
0;-module so the map

Ca (B1) — Cy (B) = Cy, (B1)/pCly, (Br)

given by x — T = x + P is surjective. Hence the map (4.2) is surjective, so the
form hg is indeed non-degenerate on J3;/Hy;. By Lemma 3.2, there exists a unique
mu € Irr(J3 | Oum) and by (4) together with Lemma 2.7, its dimension is

. 1/2 _
dimny = [Ty : Rom)'/? = |1/Cy, (B)| /7 = ¢V V=72,

Finally, suppose that 2 = 2(,,,, and let 9m be an arbitrary extension of 0, to Rg.
By Corollary 3.3, there exists a unique 7, € Irr(J}, | 61,) and by (i) together with
Lemma 2.7, its dimension is

1/2

A /P
oty /9 (Bn)

2 1/2 h h
[T, g% 2 —dym,
- (l;N — Hq(d,,m,)/2Hq dim; /2
i=1 i=1

dimny, = [JL : Rgm]'/? =

dim;(d;—1)/

HE:—

O

Remark 4.6. In the proof of the second part of the above lemma we used the fact

that the map C eMu(ﬁ) — Gy /py (B) induced by p is surjective. We remark

that the correspondmg map C yemt! (B) — Ca,,, /p.. (Bm) is not surjective in general.
Consequently, 7, is not the only representation containing 6,,. This will not matter
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for us, since we will only need the existence of an 7,,,. However, the uniqueness of
nv expressed in the above lemma is crucial, because without it we would not be
able to deduce that the representation 7 defined below is an extension of 7.

Note also that a quicker proof of the non-degeneracy of hg in the second part of
the lemma is to observe that [J{; : Rgm] = [J3 : Hy)- In the above proof, we have
emphasised the surjectivity of (4.2).

We now prove a series of lemmas whose purpose is to show the existence of an
extension of ny to CK . Once this is achieved, the construction is easily completed.

Lemma 4.7. Let
Jm, M
n = Indjrln' Tm-
Then dimn = dim 7y, and thus n is an extension of ny.
Proof. We first need to determine the dimension of the induced representation
Given Lemma 4.5, we only need to compute the index [Jy M : Jp]. We claim that
CNKY C U Indeed, we have the relations

CNE" =14p"p [ (Cq,(B) S 1+ p" U,

where the inclusion follows from our assumption that 3 € 2, together with Lemma (2.6),
guaranteeing that p; 1(Cy, (61)) € 2, and so p;ll(Cgl (B1)) € p;i(ﬂm) =2An. We

now have

K K"
(CnENYUS" U

where the equality follows from the above claim. Furthermore, the map

T/ I =

KV _ / / B
el 01/, A +alp) U — 7+ Ay

(recall that 2, is the image of 2, in g;) is an isomorphism, and we have

h
_ qu/g Hq—dﬁmi/z_
i=1

2

= | _ q
|g1/9lm‘ o g2 /2 H?:l gimi/2

Thus, by Lemma 4.5, we have

h h
dim 7 = dim n,, - |91/ﬁm| - quimi(di—l)/zqm/g qud?mi/2
i=1 i=1

= qN(N_l)/2 = dim .

By construction, the representation 7 contains fy; on restriction to Hy;. Hence,
the representation 7| ;1 contains ¢y on restriction to H};. By Lemma 4.5 (ii) ny
is the unique representation of Ji; which contains fy;, so it follows that 1 contains
ny on restriction to Jy;. The equality of dimensions dimn = dimny then forces
17|Jh14 = 1M, so that 7 is an extension of 7. (]

Lemma 4.8. Let G be a finite group, N a normal p-subgroup of G, and P a Sylow
p-subgroup of G. Suppose that x € Irr(N) is stabilised by G and that x has an
extension to P. Then x has an extension to G.
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Proof. By [11, (11.31)], x will extend to G if it extends to every H C G such that
H/N is a Sylow subgroup of G/N. By assumption, x has an extension, say X, to
P, so if Q is any other Sylow p-subgroup of G, then Q = gPg~! for some g € G,
and so 9x is an extension of y to ), because 9x = x. Suppose now that P’ C G is
a subgroup such that P'/N is a Sylow p’-subgroup of G/N, for some prime p’ # p.
Then p does not divide the index [P’ : NJ, so by a theorem of Gallagher (see [6,
Theorem 6] or [11, (8.16)]) x extends to P’. Thus x extends to G. O

Lemma 4.9. We have CK" = Stab e (u)-

Proof. Recall that we saw in Section (2) that HyY; and Ji; are normal in CK".
Let ¢ € CKY. Since ny is the unique representation in Irr(J3 | Ou), we have
g € Stabg g (nu) if and only if g € Stabg g (6m), so we need to show that g
stabilises 0y;. To this end, write ¢ = zu with z € C, u € K", and z = z'v with
2 eCnNK', ve K' Then

grg~t =2 2([¢ 7 u)(uvu )27,

where z([2/~1, u](uou™1))z7! € K'. Write )1 = 0ptbs as in Remark 4.2. Then
Ona(gzg™") = 00()p(2([= ul (wvu™))271)
= 00(")¥s([2" ", u)va(v)
= (@)t ([, u)),

where the second equality follows since C'K I stabilizes 3. To show that Oy is
stabilized by g¢ it thus remains to show that ¥5([z’~!,u]) = 1. To this end, write
u=1+s, with s € pl/gr and observe that

[l =27 (14 5)2' (1 - s+ 5°) =271 (1 +5)2' — s,

where we have used that 2'~'sz’s = s%. Thus ¢s([2' "1, u]) = (" tr B(z "1sz’ —
s)) = Y(w " tr(2'~1(Bs)z’ — Bs)) = 1, as required. O

Theorem 4.10. Suppose that the orbit Qy consists of reqular elements and let
B € Q. NAy. Then, for any extension Oy of Vg, the representation ny has an
extension iy to CK!', where C = Cg, (8). Any representation in Trr(G,. | 1g) is
of the form

. G, A
7T(9M, 77M) = IndCKl’ Jive)

for some O\ and v, and if another representation (0}, M) € Irr(Gy | ¥g) is
isomorphic to m(Owm, M), then Oy = 0y and v = 1y

Proof. The first assertion follows from Lemma 4.8, using Lemma 2.8, Lemma 4.9
and Lemma 4.7.

Choose 8 € Q.. If G is a finite group with a normal subgroup N, such that G/N
is abelian and x € Irr(IV) has an extension to G, then any representation in Irr(G |
X) is an extension of x; see [11, (6.17)]. Thus, any representation in Irr(Hy; | 1) is
of the form 6y (i.e., an extension), any representation in Irr(Jy; | 6u) is isomorphic
to nu (by construction) and any representation in Irr(CKl/ | m) is of the form 7y
(i.e., an extension). Thus any representation in Irr(CK' | 43) is of the form .
By a standard result from Clifford theory of finite groups [11, (6.11)], this means
that any representation in Irr(G, | vg) is of the form w(On, fjm)-
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Suppose that m (6w, 7v) and 7(6y,, 7y;) are isomorphic. By [11, (6.11)] we must
have 7y =2 7jy;. Thus the corresponding representations ny and 3, are isomorphic,
and since these uniquely determine 6y and 6}, respectively, we must have 0y =
01- O

Note that even though 7 is an extension of ny to Jm v and 7y is an extension of
mv to CK l/, we do not know, and do not need to know, whether 7 is an extension
of 7.

5. CONCLUDING REMARKS

The obstruction to extending a representation in Trr(K' | 1) to CK" is given
by an element in the Schur multiplier H2(F,[3]*,C*). Takase conjectured that for
p = charF, large enough, this element is trivial; see [23, Conjecture 4.6.5]. Using
our main result, we deduce a strong form of Takase’s conjecture, valid for any prime
p (this is also proved, for p # 2, in [12]).

Corollary 5.1. Suppose B € g, is reqular. Every representation in Irr(Kl/ | ¥35)
extends to CK'', and hence Takase’s congecture |23, Conjecture 4.6.5] holds for F,
of arbitrary characteristic.

Proof. Let o € Irr(K" | ¢p). It is straightforward (cf. [8, Proposition 4.2]) that the
bilinear form hs on K' /K" defined by g has radical (Cq, (8) N KY)K'/K'. We
have

[(Ce. () N KK /K| = |Cq, (B)] = g
so that by Corollary 3.3, o has dimension ¢NN-1/2_ Let 5 € Irr(CK" | o) be a

constituent of Ind%/{l 0. By Theorem 4.10, any representation in Irr(CKl/ | ¥3),
so in particular &, is an extension of some representation in Irr(Ji; | ¥). Let
mu € Irr(Jy; | ¥5) be such that & is an extension of 7y. By Lemma 4.5 dimny =
gV(N=1/2 Thus, & is an irreducible representation of dimension ¢ ~=1/2 whose
restriction to K has a constituent o of the same dimension. Thus & is an extension
of o. O

In [21] the construction of split regular representations of GLz(0,) appealed
to Hill’s construction [8, Theorem 4.6]. Since Takase [23] has realised that this
construction does not produce all the split regular representations, one should view
the construction of the current paper as superseding that of [21], while at the same
time unifying the split regular case with the cuspidal.

In [12] the dimensions and multiplicities of the regular representations of GLy (0,)
were determined for p # 2. This can also be done using Theorem 4.10, and our con-
struction implies that the dimension and multiplicity formulas there remain valid
for p = 2.
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