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ABSTRACT: The moduli space of instantons on C? for any simple gauge group is studied
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simple group G, the Hilbert series of such an instanton moduli space is computed from
the Coulomb branch of the quiver given by the over-extended Dynkin diagram of G. The
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the Lagrangian description for non-simply laced Dynkin diagrams is not currently known,
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numbers are reported and discussed in detail.
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1 Introduction

Instantons were first introduced as Euclidean finite action solutions of the self-dual pure

Yang-Mills equations [1, 2]. The space of such solutions, graded by an integer number

k, the Pontryagin number (or charge) of the instanton, is known as the moduli space of

instantons. An algebraic prescription to construct instanton solutions for classical gauge
groups SU(N), SO(N), USp(2N) on R* was developed by Atiyah, Drinfeld, Hitchin and



Manin in [3]. With the advent of D-branes as dynamical objects, the ADHM construction
was given geometric light by means of a brane realization [4, 5]: Dp-branes inside D(p+4)-
branes are codimension 4 objects, which dissolve into instantons for the worldvolume gauge
fields of the D(p + 4)-branes. For the gauge theory living on the Dp-brane, which has 8
supercharges, the Higgs branch of the moduli space therefore corresponds to the moduli
space of instantons of the D(p + 4) gauge group.

In order to compute moduli spaces of instantons for classical gauge groups, one avenue
is thus analyzing the Higgs branch of the ADHM quiver gauge theory. This is done by
considering the constraints given by the F' and D terms in the supersymmetric gauge theory
and modding out by the gauge group. The Higgs branch for theories with 8 supercharges is
classically exact [6] and therefore identical when formulated in dimensions between 3 and 6.
Another avenue for computing moduli spaces of instantons, where no such simplification is
available, is through the Coulomb branch of certain 3d gauge theories with 8 supercharges
and gauge group G whose details we specify below. These two routes, via the Higgs branch
and the Coulomb branch, are independent of each other, though calculating exact quantities
on both sides can furnish a test of mirror symmetry and relate one to the other [7]. In
this paper we will exclusively study theories whose Coulomb branch is the moduli space of
instantons, without resorting to mirror symmetry.

The stringy realization of moduli spaces of instantons through brane constructions has
led to new insights. Indeed the ADHM construction exists only for classical gauge groups
and, until recently, the instanton partition functions for exceptional gauge groups were only
possible by means of superconformal indices [8-10] of theories obtained by wrapping M 5-
branes on punctured Riemann surfaces [11] as in [12] for Eg 7 g instantons, by extrapolating
the blow-up equations of [13, 14] as in [15], or by utilizing the generating function of
holomorphic functions on the moduli space as in [16-18]. In this paper we explore the
latter generating function, known as Hilbert series and shortened by HS, which counts
gauge invariant chiral operators in a supersymmetric gauge theory [19]. We focus on
supersymmetric gauge theories with 8 supercharges whose moduli spaces include moduli
spaces of instantons.

Mathematically, the HS is a character of the global symmetry group of the ring of
holomorphic functions on the moduli space of the supersymmetric gauge theory. It provides
useful exact information about the moduli space: from the HS we can extract the group
theoretic properties of the generators of the moduli space and of the relations between
them. Salient features of the theories, such as the enhancement of global symmetries, are
also neatly exposed by this treatment. For moduli spaces of k pure Yang-Mills instantons,
the Hilbert series is also the five-dimensional (or K-theoretic) k instanton partition function
of [13, 14, 17, 20, 21].

In [18] the Hilbert series for instantons of charge k = 2 were approached from the Higgs
branch point of view, the calculations being a generalization of [16] with an increased level
of difficulty. Here we attack the problem from the Coulomb branch perspective in the
wake of the new developments of [22], where a simple formula for the Hilbert series of
the Coulomb branch of d = 3 N = 4 good or ugly [23] superconformal field theories was
introduced. The methods introduced in [22] have already given fruitful results [24, 25].



Here we continue to exploit the techniques to analyze the moduli spaces of higher k G-
instantons, where G is any simple Lie group. Our results include instantons for gauge
groups whose Dynkin diagrams are non-simply laced, which have escaped the Coulomb
construction so far.

The Coulomb branch of three-dimensional theories with 8 supercharges receives quan-
tum corrections and it is precisely this which begets the non-trivial structure of the space.
As we will review in section 3, the chiral operators which parametrize the Coulomb branch
are gauge invariant combinations of supersymmetric 't Hooft monopole operators V;,, [26]
labeled by a magnetic charge m, which break the gauge group G to a subgroup H,, by
the adjoint Higgs mechanism, and of the classical complex scalar fields ¢, in the adjoint
representation of the residual gauge group H,,. The HS of the Coulomb branch counts
gauge invariant either bare (i.e. built out of V,,, only) or dressed (i.e. built out of V,,, and
¢m) supersymmetric monopole operators according to their quantum numbers, namely the
topological charges J and the R-charge under the U(1)c Cartan subgroup of the SU(2)¢
R-symmetry which acts on the Coulomb branch.

Since we want to study moduli spaces of instantons we must make precise which
theories, whose Coulomb branch we will investigate, are of interest to us. We extend
the correspondence between the Coulomb branch of ADE quivers [27, 28] and the moduli
space of ADE instantons, first pointed out for one instanton in [7] and then generalized to
higher instanton number in [29, 30]. We claim that the moduli spaces of instantons for any
simple gauge group can be obtained as the Coulomb branch of quivers constructed using
the over-extension of the Dynkin diagrams for the associated finite Lie algebras. Whilst
this has already been expounded using Hilbert series in [22, 25] for ADE quivers, here we
complete the treatment by generalizing the previous formula to non-simply laced quivers.
The crucial formula that prescribes how to deal with multiple laces is (3.3).

Some remarks are in order on the relation of Coulomb branch Hilbert series to super-
conformal indices. It was recently realized [31] that the Coulomb branch Hilbert series of
d =3 N =4 “good” or “ugly” theories with a Lagrangian description [22] is also cap-
tured by a limit of the superconformal index of the theory. (The derivation of this limit
in [31] is for a U(NN) gauge group, but it can be easily generalized to any gauge group and
matter content.)

Some of the theories of our interest in this paper — those associated to the ADE quivers
— have a Lagrangian description, and the standard formula [32-35] for the superconformal
index can be written down. Involving an infinite sum over magnetic charges of integrals
over the gauge group, this formula is not of simple evaluation and to our knowledge it has
not been computed for the over-extended ADE quivers. Our focus here is on the moduli
spaces of instantons, which arise as Coulomb branches of such quiver gauge theories. So
we are interested in computing the Hilbert series of the Coulomb branch rather than the
whole superconformal index, which also receives contributions from chiral operators in the
hypermultiplet moduli space as well as non-chiral operators. In contrast to the standard
formula for the superconformal index, the monopole formula of [22] for the Coulomb branch
Hilbert series does not involve integrals and can be more easily evaluated.



On the other hand, the theories whose Coulomb branches are moduli spaces of in-
stantons of non-simply laced gauge groups have no known Lagrangian description and the
standard formula for the superconformal index is not even available. Our proposal for deal-
ing with multiple laces in the monopole formula is a natural generalization of the formula
obtained in [22] for Lagrangian theories. It allows us to study in a uniform way the moduli
spaces of instantons of all simple Lie groups. It is at present unclear how to extend this to
the full superconformal index.

The plan for the rest of this paper is as follows. Section 2 is a brief summary of a
particular type of brane construction that realizes instanton moduli spaces in string theory
both from the Higgs branch and the Coulomb branch point of view. From the brane
picture we are able to motivate the quiver theories that we use to compute the Hilbert
series of moduli spaces of instantons. In section 3 we review the monopole formula for the
Hilbert series of Coulomb branches and we show how to modify the expression to account
for generalized quivers built from non-simply laced Dynkin diagrams. In section 4 we
provide a step-by-step calculation for the moduli space of & Go instantons and give the
explicit result for the Hilbert series associated to the moduli space of 3 GG instantons. In
sections 5, 6, 7 we display formulae for the Hilbert series of SO(2N + 1), USp(2/N) and Fy
instantons. In section 8 we sketch some of the group theoretic features of the moduli space
of instantons as an algebraic variety, providing the transformation laws of the generators
and the first relations. In section 9 we present our conclusions.

2 Brane realization of instantons

In this section we summarize various brane constructions for moduli spaces of instantons
of classical gauge groups [4, 5, 36-39]. String dualities which realize mirror symmetry
relate the Higgs branch and the Coulomb branch brane picture. However we stress that the
Coulomb branch construction that will be used later on does not require mirror symmetry.
The mathematically oriented reader can skip this section altogether.

An instanton is a solitonic object of codimension 4. Dp-branes inside D(p+ 4)-branes,
with or without O(p + 4)-planes, provide a realization of instantons for classical gauge
groups. To realize the kind of three-dimensional theory that we are interested in, we
consider D2-branes in the background of D6-branes. The D6-branes provide the gauge
group whilst k& D2-branes, when lying on top of the D6-branes, give rise to instanton
configurations of charge k on C2. The classical gauge group on the worldvolume of the
D6-branes depends on which type of orientifold O6-plane is added to the construction. In
particular N parallel D6-branes provide a U(N) low energy effective theory, as sketched in
table 1. With the addition of k& D2-branes, the system living on the latter becomes that of
a quiver theory with gauge group U(k) and SU(N) flavor symmetry, since the U(1) factor
inside U(N) is gauged.

In order to realize SO(2N + 1) instantons we construct a background with N parallel
D6-branes on top of an orientifold plane 06~. The orientifold allows for strings to end
on it, thus reproducing the By root system. The quiver for such a construction is given
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Table 1. Brane constructions and quiver diagrams whose Higgs branch correspond to k G-

instantons on C2.
coincident D6 branes and orientifold planes. In the pictures the D6 branes are separated from each
other and the orientifold for clarity. Note that there exist constructions of the moduli space of
E-instantons in terms of Mb5-branes on a sphere with punctures. However it is unknown how to

To describe the moduli space of instantons, all D2 branes are dissolved on

realize such moduli spaces as perturbative open string backgrounds.




by a gauge group USp(2k) with matter in the antisymmetric representation and 2N + 1
fundamental half-hypermultiplets with flavor symmetry SO(2N + 1).!

For USp(2N)-instantons, the brane construction involves N D6-branes on top of an
06 or 06+ plane. k half D2-branes in such a background give rise to a quiver gauge theory
with O(k) gauge group, matter in the symmetric representation and 2N fundamental half-
hypermultiplets with flavor symmetry USp(2N).

Lastly, in presence of &k D2-branes, N D6-branes and an orientifold O6~, the Dy
root system is realized, allowing for a quiver with USp(2k) gauge symmetry, matter in
the antisymmetric representation and 2N fundamental half-hypermultiplets with flavor
symmetry SO(2N).

The Higgs branch of these theories is achieved when the D2-branes are inside the D6-
branes; the Coulomb branch is realized when the D2-branes are away from the D6-branes.
Thus it is the Higgs branch of these quiver gauge theories that reproduces the moduli space
of G-instantons, where G is the flavor symmetry group of the quiver. We show the brane
constructions and the corresponding quivers in table 1.

For exceptional groups we do not have a perturbative open string description on the
Higgs branch. However progress can be made appealing to mirror symmetry and gener-
alizing the lessons learned for classical groups. We can implement this symmetry on the
previous constructions by performing T-duality to Type IIB, and then S-duality to real-
ize mirror symmetry. Under T-duality along a direction transverse to the D2-branes and
parallel to the D6-branes, the D2-brane becomes a D3-brane on S' and the D6-brane
becomes a D5-brane.? After S-duality, the D3-brane is unchanged whilst the D5-brane
turns into a INS5-brane. In the absence of orientifolds, i.e. for the case of G = Ay_1 in
table 3, the application of these dualities results in a necklace quiver gauge theory with N
U(k) gauge nodes.

Moreover, and crucially, since mirror symmetry exchanges Higgs branches with
Coulomb branches, it is now the Coulomb branch of this new dual theory which corre-
sponds to the moduli space of instantons.

The action of mirror symmetry on the four orientifold planes we considered is illustrated
in table 2. Note in particular that T-duality results in a restriction to an interval defined
by two separated O5 planes and that S-duality turns an O5 into an ON orientifold.

The effect of mirror symmetry, through action on branes and orientifolds, on the brane
constructions in table 1 is summarized in table 3. For example consider the brane realization
on the Higgs branch of one Cy instanton (i.e with k¥ = 1 D2-branes). The O6* background
is turned into an interval bounded by ON™T on the left and an ON™ on the right. The N
parallel N S5-branes lie within this interval.

'We have glossed over a subtlety: the 06~ plane requires the presence of a Romans mass. This D8-brane
charge translates into a Chern-Simons coupling in the parity anomalous gauge theory on D2-branes, which
reduces supersymmetry and lifts the Coulomb branch. The moduli space of By instantons is the subvariety
of the total moduli space of vacua of the supersymmetric Chern-Simons theory with vanishing expectation
values for monopole operators.

2More precisely, we view C? = R? as an “Ay” hyperKahler space, namely a circle fibration over R? with
a fixed point, and perform T-duality along the fiber. The fixed point of the circle action is dualized to an
N S5-brane. We will return to this point in the following.



Orientifold | T-duality S-duality
06 05~ & 05~ | ON~ & ON
06+ O5% & 05T | ON* & ON*+
06~ 05~ & 05~ | ON~ & ON—
06+ O5% & O5t | ON* & ON*

Table 2. The effect of T- and S-dualities on orientifold planes.

NS5

ONT™ ONT
N — 1 intervals

Figure 1. Brane construction for the Cn affine Dynkin diagram with the attached U(1) node.
Each type of brane is indicated in the diagram. Here there is one D3-brane per interval. The
red and black segments indicate D3-branes in correspondence with the simple roots of the B-type
algebra, which is dual to the C-type algebra associated with ONT. The blue dot in the leftmost
interval indicates the D5-brane corresponding to the over-extended U(1) node.

As befits a magnetically charged object, the D3-brane is to be viewed as a root of
the Langlands dual algebra, here By. When stretching onto the ON™, the D3-brane
reproduces a short root: it ends on the ONT. Finally, one balances the number of D3-
branes stretching between neighboring NS5, in this case one. The result is sketched in
figure 1.

After engineering the dual brane construction, we can associate to it a quiver. The
rank of each node in the quiver is read off from the number of D-branes: since we have one
D3-brane between each neighboring NS5, the gauge groups are all U(1).

To account for the different length of the last root on the left and on the right, we
use the double lace notation of Dynkin diagrams. In the next section we will specify how
to deal with multiple laces. The quiver we end up with is the Dynkin diagram of the
untwisted affine algebra C](\}), with the dual Coxeter labels (or Kac labels/comarks) a;,
i=0,...,7 =1k(Q), providing the rank of the gauge groups. For instanton number k the
ranks of the unitary gauge groups are given by ka,' .

In a completely analogous fashion to this example, the quivers that we analyze for the
moduli space of G-instantons are precisely the Dynkin diagrams for the untwisted affine
algebras of G type, with the crucial addition of an extra node, the nature of which we

explain below.?

3We have chosen to use the untwisted affine Dynkin diagrams associated to electric objects, rather than
the Langlands dual Dynkin diagrams associated to magnetic objects, which are obtained by reversing the
arrows. The prescription that we will provide for the HS of instanton moduli spaces from the Coulomb
branch can be phrased equally well in terms of dual diagrams.



Over-extended node. The quiver gauge theories constructed from the affine Dynkin
diagrams are not sufficient to obtain the moduli spaces of instantons. In particular, for k >
1 instanton number, the parametrization of the instanton solution on C? mixes nontrivially
with the parametrization of the instanton in the gauge group G.

For k = 1, i.e. a single D3 brane stretching on a circle, the fugacity associated with
C? factorizes:

1
1—tx)(l—ta!

gtz u) = ( )ﬁl,g(t, u) . (2.1)
Here u are the fugacities associated to G,* x is the fugacity associated to SU(2) rotations
of C2, and t the fugacity for the highest weight of the SU(2) R-symmetry. After factoring
out the center of mass degree of freedom, we are left with the Hilbert series g1 ¢ of the
reduced moduli space of 1 G-instanton, which does not depend on zx.

For k > 1 one can similarly extract the center of mass mode,

1
1—tx)(1—ta™t

grc(t, v, u) = ( )ﬁk,a(t,fﬂ,’u% (2.2)
but the Hilbert series gj ¢ of the reduced moduli space of k& G-instantons depends on the
SU(2) fugacity = for k > 1. In fact, as we will explain in section 8.6, for k£ > 1 there are
two different global SU(2) symmetries, one acting on the center of mass and the other on
the reduced moduli space of instantons.

In order to see the center of mass of the instantons and the SU(2), rotation symmetry
of C? in the Type IIB brane construction, we need to follow the chain of dualities more
carefully (see footnote 2). The T-duality from Type IIA to Type IIB is done along a circle
direction with a fixed point: this results in an extra NS5 brane in Type IIB, in addition
to the D5-branes and O5-planes discussed above. The N.S5-brane ensures that the matter
fields in the 2-index tensor representation of the ADHM quiver gauge groups transform as
denoted in table 1 rather than the adjoint representation. S-duality maps this N.S5-brane
into a D5-brane, which fixes the origin of C?. The D5-brane U(1) symmetry acts as a
flavor group for the worldvolume theory on the D3-branes: it attaches a square node to
the extended node of the affine Dynkin diagram, as in [29, 30, 36].

Even though this U(1) node appears naturally as a flavor node in the brane construc-
tion, it is useful to treat it on the same footing as the other gauge nodes, and then ungauge
an overall diagonal U(1) gauge symmetry under which no matter fields are charged. The rel-
evant quivers for the moduli space of instantons on C? are then the so-called over-extended
Dynkin diagrams [40], with a rank 1 over-extended node connected to the extended (or
affine) node. The gauge fixing of the decoupled U(1) gauge symmetry can be done at any
node of the quiver: fixing the U(1) of the over-extended node reduces it to a flavor node
as is natural in the brane construction; fixing a U(1) inside a U(N) gauge factor leaves an
SU(N)/Zy gauge group. In section 3 we explain how to implement this gauge fixing and
how to identify the global symmetries acting on the instanton moduli space in the Coulomb
branch Hilbert series.

4In this paper we use simple roots fugacities w instead of highest weight fugacities y for convenience.
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Table 3. Quiver diagrams from which the Hilbert series of the moduli space of k£ instanton in
classical gauge groups can be computed using the monopole formula for the Coulomb branch. The
corresponding brane configuration is depicted next to each quiver. Note that the configurations
associated with the left boundary condition for By and the left and right boundary conditions
for Dy involve an ON~ plane and an NS5 brane, whose combination is usually called ON° [38];
this type of configuration was pointed out in [37, 41]. The second column indicates whether a

Lagrangian is available or not.



3 The Hilbert series for the moduli space of k G-instantons

The purpose of this section is to review the essential tools for the computation of the Hilbert
series for the quantum corrected Coulomb branch of 3d N' = 4 quiver gauge theories where
the gauge group is a product of U(N) factors. As we have detailed in the previous section,
for suitable generalized quivers, possibly including non-simple laces, this method provides
the Hilbert series of the moduli space of instantons.

Three-dimensional N' = 4 theories are described by vector multiplets in the adjoint
representation and matter fields (hypermultiplets or half-hypermultiplets) transforming in
some representation of the gauge group. At a generic point on the Coulomb branch the
scalars in the vector multiplet acquire non-zero VEV, breaking the gauge group G of rank
r to U(1)", its maximal torus; matter fields and W-bosons acquire mass and are integrated
out, while the r massless gauge fields, the photons, can be dualized to scalars. So at low
energies on the Coulomb branch, what is left is an effective theory of r abelian vector
multiplets which, by virtue of the gauge field dualization to a scalar, can be themselves
dualized to twisted hypermultiplets.

The previous description breaks down at subvarieties of the Coulomb branch where
the residual gauge group is non-abelian. In particular it fails to describe the origin of
the Coulomb branch, which flows to a SCFT in the IR. The dualization of a non-abelian
vector multiplet is not understood. Instead, a more fruitful exposition takes advantage of
special disorder operators, which can be defined directly at the infrared fixed point [26]
and which are not polynomial in the microscopic degrees of freedom: they are called 't
Hooft monopole operators and are defined by prescribing a Dirac monopole singularity at
an insertion point in the Euclidean path integral [42]. Monopole operators are classified
by embedding U(1) < G, and are labeled by magnetic charges which, by a generalized
Dirac quantization [43], take value in the weight lattice I'gv of the GNO or Langlands dual
group GV [44, 45]. The monopole flux breaks the gauge group G to a residual gauge group
H,, by the adjoint Higgs mechanism. Restricting to gauge invariant monopole operators
is achieved by modding out by the Weyl symmetry group, thus restricting m € I'gv /Wjg.

In a three-dimensional AN/ = 2 theory one can define half-BPS monopole operators
which sit in chiral multiplets. Crucially, there exists a unique BPS monopole operator
Vpn for each choice of magnetic charge m [46]. If the theory has N' = 4 supersymmetry,
the A/ = 4 vector multiplet decomposes into an N = 2 vector multiplet V' and a chiral
multiplet ® in the adjoint representation. To describe the Coulomb branch, V' is replaced
by monopole operators V,,, which now can be dressed by the classical complex scalar ¢
inside ®. This dressing preserves the same supersymmetry of a chiral multiplet [47] if and
only if ¢ is restricted to ¢,,, a constant element of the Lie algebra of the residual gauge
group H,, [22]. The monopole operators which parametrise the Coulomb branch of an
N = 4 field theory are thus polynomials of V,,, and ¢,,, which are made gauge invariant
by averaging over the action of the Weyl group [22].

In this paper the gauge group G will mostly be be a product of U(N;) unitary
groups, which are self-dual. For U(IN) monopole operators V,,, with magnetic charge
m = diag(my,...,my), the weight lattice of the dual group is given by I'yy) = N =

~10 -



{m; € Z,i=1,...,N}. Modding out by the Weyl group Sy restricts the lattice to the
Weyl chamber FU(N)/SN = {m cZNlmy >mg > ... > mN}.

For U(N) gauge groups, which are not simply connected, the center Z(G¥) = U(1)
engenders a topological U(1); symmetry group. Classically, monopole operators are only
charged under this symmetry. To each such U(N;) gauge group, we associate a fugacity z;
for the topological U(1);, symmetry with conserved current x Tr F;, where F; is the field
strength of the i-th gauge group. Other charges are acquired quantum-mechanically: in
particular, monopole operators become charged under the Cartan U(1)c of the SU(2)¢
R-symmetry acting on the Coulomb branch. For a Lagrangian N' = 4 gauge theory, this
charge is given by the formula

Am) == Y latm)|+ 5> S Ipim)], (31)

QEA+ i=1 p;ER;

where the first contribution, arising from vector multiplets, is a sum over the positive roots
of the gauge group, while the second contribution is a sum over the weights of the gauge
group representations of the hypermultiplets. The fugacity for this R-symmetry is called
t? in the following. The dimension formula (3.1) was conjectured in [23] based on a weak
coupling computation in [46], and later proven exactly in [48, 49]. For the theories that we
will be studying, which are good or ugly in the sense of [23], (3.1) is believed to equal the
scaling dimension in the IR CFT.

For gauge theories described by (possibly non-simply laced) Dynkin diagrams, we
propose the following prescription for computing the R-charge of a monopole operator,
generalizing the Lagrangian formula (3.1). Each diagram is constructed from two basic
building blocks: a node and a line. A U(N) node, with magnetic charge m, contributes to
the Coulomb branch Hilbert series as follows:

U(N)
O Avec(m) =— > |mi—my| . (3.2)
1<i<j<N
A line connecting the nodes U(N7) and U(N3) can be either a single bond (—), a double
bond (=) or a triple bond (=), which we take to be oriented from node 1 to node 2. Let
us assign magnetic charges m) and m®) to U(N;) and U(Ny) respectively. We propose
that the contribution from a line is:

U(N1)  U(N2) 1 N1 N
OO0 Applm®m®) = 233 [l — mf? (3.3)
i=1 k=1

where A = 1 for a single bond, A = 2 for a double bond and A = 3 for a triple bond. If
A > 1, (3.3) does not arise from matter fields transforming in a genuine representation of
U(Np) x U(N).?

5Conceivably, this prescription could be derived from a Lagrangian quiver gauge theory associated to an
unfolded simply laced quiver, further orbifolded by an outer automorphism group of the quiver. We will
not pursue this possibility here. We thank Jan Troost for discussions on this point.
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We stress that formula (3.3) is the crucial ingredient that will allow us to compute the
Hilbert series of instanton moduli spaces for any simple Lie group. We will successfully
test our proposal by comparing with known results and by studying general properties of
the Hilbert series that can be extracted from the Coulomb branch formula.

The dimension formula, given by the sum of the two contributions, (3.2) for each node
and (3.3) for each line, makes the quivers associated to the affine Dynkin diagrams (i.e.
before adding the over-extended node) balanced in the sense of [23]: each unitary gauge
group has an effective number of flavors equal to twice the number of colors.®

Once we have classified gauge invariant chiral operators (classical operators, bare and
dressed monopole operators) on the Coulomb branch of non-simply laced quivers by their
quantum number J; and A, we enumerate them by means of a generating function that
grades them by their charges. The Hilbert series of the Coulomb branch of a d =3 N =4
good or ugly superconformal field theory is then given by [22]

HS(t,z)= Y 2/ 220 ps(tm), (3.4)
melgy /Wg

where 27(™) = [J, z;] ™ " The sum is over GNO magnetic sectors [44], restricted to a
Weyl chamber to impose invariance under the gauge group G. There is one bare monopole

J(m) $2A(m) aecount for the topo-

operator per magnetic charge sector [46]. The factors z
logical charges and conformal dimension of bare monopole operators of magnetic charge
m. Finally, the factor Pg(t;m) reflects the dressing of a bare monopole operator V,, by
polynomials of the classical adjoint scalar ¢, € b, which are gauge invariant under the
residual gauge group H,, left unbroken by the monopole flux. The contribution of this

dressing factor to the Hilbert series is given by the generating function of H,, Casimir

invariants
rk(G) 1
=1

where d;(m) are the degrees of the Casimir invariants of H,,.” We refer the readers to
appendix A of [22] for more details on these classical dressing factors.

In the next sections we will apply formula (3.4) to the non-simply laced quivers dis-
cussed in section 2 and compute exactly the Hilbert series of the corresponding three in-
stanton moduli spaces. To make contact with moduli spaces of G-instantons, we first need
to specify how the fugacities z of the topological symmetry are related to the fugacities x
and wu of the global SU(2), x G, symmetry acting on G-instantons.

5The effective number of flavors for a gauge group is obtained by adding up the ranks of all the gauge
groups connected to it by an edge, appropriately weighted by A. For instance, for F4 node 2 has 3k colors
and 2k + 2(2k) = 6k effective flavors, while node 3 has 2k colors and 3k + k = 4k flavors.

7(3.5) assumes that the ring of Casimir invariants is freely generated, as is the case for semisimple Lie
groups. The assumption could fail if the gauge group contains extra discrete factors, in which case (3.5) is
to be replaced by the appropriate Molien formula. We will not encounter this subtlety in this paper.
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G | L Coulomb branch quivers
?k
TQk
Es | Y O—@e—0—0—0 —0
1 k 2k 3k 2k k
C‘>2k
E: Y O—®—0—0—0—0—0—0
1 k 2k 3k 4k 3k 2k k
(|)3k
Fs | Y| |o—e—0—0—0—0—0—0—0
1 k 2k 3k 4k 5k 6k 4k 2k
Fy | N 0O—@—0—0=0—0
1 k 2k 3k 2k k
Gs | N o—e—o0=o0
1 k 2k k

Table 4. Quiver diagrams from which the Hilbert series of the moduli space of k instantons in
exceptional gauge groups can be computed using the monopole formula for the Coulomb branch.
For these cases there is no known brane construction analogous to table 3.

3.1 Refinement

Consider a generalized quiver gauge theory corresponding to an over-extended affine Dynkin
diagram from tables 3 and 4. We label the nodes as follows: ¢ = 1,...,r = rk(G) for the
nodes of the Dynkin diagram of the finite Lie algebra Lie(G), i = 0 for the affine node
corresponding to the null root, and ¢ = —1 for the over-extended node attached to the
i = 0 node. The ranks N; of the associated unitary groups are given by N_; = 1 for
the over-extended node and by N; = ka), i = 0,...,r, for the nodes of the affine Dynkin
diagram. Each unitary gauge group has a topological symmetry U(1);, with fugacity z;.
When all the nodes are treated as gauge groups, an overall diagonal U(1) is decoupled
and needs to be factored out. This decoupled U(1) corresponds to the shift symmetry
m_1 — m_1+c, mi—>mi+c%ﬂkaiv (i=0,...7), ceZ (3.6)

i
in the dimension formula, where 1, denotes the n x n unit matrix, a; are the Coxeter
labels and a; are the dual Coxeter labels of the untwisted affine algebra (in particular
ap = ay = 1). Note that for the untwisted affine algebras the ratio a;/a) is an integer.
The decoupled U(1) is factored out by fixing the shift symmetry (3.6), multiplying the
Coulomb branch Hilbert series by its inverse classical factor (1 — ¢?), and setting to 1 the
fugacity of the associated topological symmetry:

@)k’ 1 (3.7)

The constraint (3.7) on the fugacities ensures that the shift (3.6) does not affect the
Hilbert series and determines z_1 in terms of the remaining r + 1 fugacities z;, i = 0,...,r,
associated to the nodes of the untwisted affine Dynkin diagram. The fugacities z;, i =
1,...,r, associated to the nodes of the Dynkin diagram of Lie(G) are simple root fugacities
for the global symmetry G, therefore in (2.2) we can identify

u; = 7, i=1,...,7. (3.8)
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The fugacity x for the SU(2) rotational symmetry is determined by identifying the two
unique monopole operators of dimension A = %, which generate the C? moduli space of the
center of mass of the instantons. The tower of monopole operators obtained by rescaling
these magnetic fluxes by an integer then reconstructs the prefactor in (2.2). Let us focus on
a monopole operator which generates a C subspace of the C2 moduli space of the center of
mass, and assign to it weight ¢z in the Hilbert series for definiteness.® Up to the shift (3.6),
the magnetic charge of this monopole operator (written in matrix notation) can be taken
to be?

i

a
m_1 =0, mi:diag<170k_1)®f\z/ T,v, ©=0,...,7. (39)

a;
It is straightforward to see that the monopole operator with magnetic charge (3.9) has
dimension A = %: because the contributions to A coming from the untwisted affine Dynkin
diagram cancel out, while the contribution of the edge connecting the extended node to
the over-extended node is % From the topological charge of the monopole operator of

magnetic charge (3.9) we read off the fugacity for the SU(2), rotational symmetry,

T T
T = H 2{ =z Hufz . (3.10)
=0 i=1

In the last equality we have used ap = 1 and the identification (3.8). Eq. (3.10) can be used
to express zp in terms of x and u. The constraint (3.7) from the removal of the decoupled
U(1) then determines z_; as

zy=a "%, (3.11)

4 k G, instantons

The theory whose Coulomb branch is the moduli space of k G instantons on C? is described
by the quiver diagram

o—e—o0=o0 (4.1)
1 k 2k k
where each number denotes the rank of each unitary gauge group and an overall U(1)
symmetry is factored out.

The dimension formula for k G5 instantons can be extracted from this quiver using

the prescription of section 3:

Apa,(m,n,s) Z|mll +ZZ|mz njl —I—ZZ]SnJ — syl (4.2)

=1 j=1 Jj=1/¢=1
=20 D mi—mel+ D Ing gl YD lse—sel |
1<i<i'<k 1<j<j' <2k 1<0<t/<k

8The monopole operator with weight weight tz~! is obtained by flipping sign to the magnetic flux and
acting with the Weyl group to bring the resulting flux to the positive Weyl chamber.
9We use the shorthand notation (%) = (r,--- ,r).
——

s times
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where m = (my,...,mg), n = (n1,...,n9) and s = (s1,...,sk). Note the factor of 3 in
front of n; for the triply laced bifundamental contribution. Here we have gauge fixed the
decoupled U(1) by setting the monopole flux of the over-extended node (indicated in blue)
to zero.

The Hilbert series for the moduli space of k G2 instantons can thus be computed as

follows:
gk‘,GQ (t; Z) = Z Z Z tAk,GQ (m,n,s)
M2 M > 00 My 22y 00 812 2a >0 (4.3)
25—1 m; 2521 nj Z?—l Sy
PU(lc) (t§ m)PU(Qk) (t; ’I’L)PU(k) (t; S) X 257 2] 257t= ,

where the fugacities z are associated to the topological symmetry.
For k = 1, the result of (4.3) can be written as

o0

1 G 2
t;z) = E 2 P 4.4
gl,GQ( ,Z) (1 — ta;)(l — tx—l) par X[pyo] (ula UQ) ) ( )
where [1,0] is the adjoint representation of Gy and
_ . .23 _ —
T = 202125 , uy = 21, Uy = 29 . (4.5)

This agrees with (5.46) of [16].

It is worth mentioning that, for £ > 2, the Hilbert series (4.3) can alternatively be
computed using the Hall-Littlewood formula and the gluing technique discussed in [24, 25].
Indeed quiver (4.1) can be constructed by gluing the following two basic building blocks

Tikk—1,1)(SU2K)) = (1) = (k) = [2k],  Tiwwy(SU(2K)) = [2K] — (K), (4.6)

once the edge [2k] — (k) in the second building block is converted to [2k] = (k) by tripling
the value of the background magnetic charges in the Coulomb branch Hilbert series of
Tx,k)(SU(2k)). The two building blocks are glued by gauging the common flavor symmetry
U(2k)/U(1). The final expression of the Hilbert series in question is given by

k.G, (t; @, b) = > t=200en (M) (1 —12) Py opy (511, - - -, o) X
ni>ng>...2ngk—1>n2,=0 4 7)
H[T}; p—1,1)(SU(2K))](t; a1, az, az;na, . . ., nog) X (4.
H[T(k7k)(SU(2k))]<t, bl, bg, bg; 3711, cee ,3n2k) .
The Hall-Littlewood formulae for the Coulomb branch HS of (4.6) are given by
H[T(k 1—1,1)(SU(2k))](¢; a1, az, az; n) (48)
= tPuen ™1 — KK ) (tar,as, a3) Vo (V(kk-1,1)i 1) ,
HI[T (1, 1y (SU(2k))](t; b1, ba; 1) (4.9)

= 00 ™) (1 — £2)22 K 1 (8551, 02) U, 1 (Vi) 1) »
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where the Hall-Littlewood polynomial is defined as
. " 1 taza Ty ()
Wy (o) = 3wl [ — e (4.10)

cESN 1<i<j<N — U(i) Lo (j)

and the parameters and prefactors are given by!?

Suemm) =Y. (ni—ny), (4.11)
1<i<j<2k
V(g k—1,1) = (tkflal,tk*?’al, o E ) (D
tk_3a2, tk_5a2, o ,t_(k_S)QQ’ t_(k_3)a2’ (13) ,

V(k,k) = (tk’lbh tF=3py, By ¢ (g

= 1py th=3py . 4 (k=3)p, t—<k—1>b2) ,

Kk r-11)(t;a) =PE

k—1
(E+ %) +2) 2"+ (aga5" + a5 ag)t" + (a5’ + ay tag)tt !
m=1

k
+(2+ a0y +aga;t) Y t2m—1] ,

m=1

K1)(t;b) = PE

m=1

k
(2+biby "+ by '02) > t2m] .

The fugacities can be set as follows:
akablag =1, k=1, (4.12)

The relations between the fugacities a and b to the topological fugacity of each node
in quiver (4.1) are given by (see (3.13) of [24])

1 =asay ", zo=agayl, 2z =ab3, 2o =Doby", (4.13)
and by factoring out the overall U(1) we have the following condition (cf. (3.3) of [25]):
2 1(z02323) =1. (4.14)

From (3.8) and (3.11), we find that the relations between a,b and the fugacities x
associated with SU(2) and wuy, uy associated with G are

T = zoz%zg’ = alag(b1b2)3 )
zZ1 = alb:{’, z9 = bel_l . (4.15)

0The plethystic exponential (PE) of a multi-variate function f(z1,...,2,) is defined as

PE[f(z1,...,2n)] —exp<z ml,...,rn>.

"B\H
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For k = 2 we recover the Hilbert series (9.3) and (9.5)!! of [18].
For k = 3 let us report only the result with z; being set to unity; the unrefined Hilbert
series of the reduced three G2 instanton moduli space is

_ 1—t
36:.) = T pya —epa oy
+ 1055t% + 26577 + 65841 + 14635t° + 31194+10 4 61229¢1!
+ 114367t'2 + 198932¢"3 + 329172t + 511194¢'° 4 755093¢° (4.16)
+ 1051845¢'7 + 1394817¢'® + 1749632t 4 2091341¢%° + 2368619t

<1 ot 1182+ 3443 4 12444 + 3524

+ 2557449t%% + 2619060t*® + 2557449¢** + palindrome up to t46> .

5 k By instantons

The theory whose Coulomb branch is the moduli space of & SO(2N + 1) instantons on C?
is described by the quiver diagram

Ok
|
0O—e—0—0—---—0 =0 (5.1)
1 k 2k 2k 2k k
—_—
N—3 nodes

where each number denotes the rank of a unitary gauge group and the decoupled overall
U(1) symmetry is removed. For k = 2 we recover the results given in section 5 of [18].
The unrefined Hilbert series of the reduced 3 SO(7) instanton moduli space is

= — (1 — t)g 2 3 4 5
J3.50(7)(t) = AT ap (1 42t + 1812 + 683 + 202¢* 4+ 1024¢

+ 3565t% 4+ 11012t7 + 32587t + 8876417 4- 229405¢'Y + 554642t

+ 1271439¢12 + 2749154¢"3 + 5648717t + 11006976t + 204312644

+ 36104898t 7 + 60918929¢'8 498135686t + 1512456782 4223030062t
+ 31515396612 + 42679241473 + 554536028t%* + 691345362t

+ 827700194t%0 + 951603050%” + 1051256831t*® 4 11157664541

+ 1138239548t3° + 1115766454t3! + palindrome up to tﬁo) . (5.2)

6 k Cy instantons

The theory whose Coulomb branch is the moduli space of k USp(2N) instantons on C? is
described by the quiver diagram

0O—@=>0—---—0<«<o0 (6.1)
1k k ko k

N—1 nodes

"There is a typo in eq. (9.5) of [18]: the power of (1 + ¢+ ?) in the denominator should be 7.
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where each number denotes the rank of a unitary gauge group and an overall U(1) symmetry
decouples. For k = 2 we recover the results given in section 4.2 of [18]. Below we present
the unrefined Hilbert series for 3 instantons and small values of N.

The unrefined Hilbert series of the reduced 3 USp(4) instanton moduli space is

g3,Usp(a)(t) =

1
(1—=12)5(1 —#3)5(1 —4)5
+ 38810 + 7927 + 16918 + 2996¢” + 5255¢1° + 7994¢1 + 11713¢12 (6.2)
+ 15134¢13 + 18773t + 20796t + 21980t + 20796417 + 18773¢8

(1 + 82 + 18¢% + 61t* + 142¢°

+ palindrome up to t32) .

The unrefined Hilbert series of the reduced 3 USp(6) instanton moduli space is

93,Usp(6) (t) =

1
(1 —2)7(1 —3)8(1 —t4)7
+ 22605 + 6382t7 4 17808t% + 43106t° + 99660t'° + 206484¢*!

+ 404244¢'% 4 724452413 4+ 12243324 + 1917162¢'0 + 283417516 (6.3)
+ 3909874¢'7 + 5102043¢'8 + 6239722t + 7227435¢%° + 7864776¢%!

(1 1712 + 3863 + 209¢* + 644

+ 8110736122 + 786477623 + palindrome up to t44> .

The unrefined Hilbert series of the reduced 3 USp(8) instanton moduli space is

g3,usp(s)(t) =

1
(1—2)9(1 — £3)10(1 — ¢4)9
+ 898615 + 31320t + 108588t% + 327552t + 93802810 4- 2428438t
+ 5923950t'2 + 1333351812 + 28288029¢'* + 56057448¢'° + 105000098t
+ 1851110367 + 309423948t'8 + 489269266t'% + 735494922¢2°
+ 1049537386t%" + 1426754090%2 + 1845578580t + 2277688217t
+ 2678999920t%° + 30091874652 + 32242589167 + 3300770520t

(1 13062 + 6613 + 5641 + 1978t0

+ 3224258916¢%° + 3009187465¢3C + palindrome up to t56) . (6.4)

The unrefined Hilbert series of the reduced 3 USp(10) instanton moduli space is

93,USp(10) (t) = (1— 2)13(1 — 3)12(1 — t4)1L

(1t

(1 4 2% + 482 + 19613 + 1533t + 7458

+ 39083t° 4 173746t + 729193t% + 2753342t + 9659061410 + 31142740t

+ 93620178112 + 262065600t 4 688287079t + 1698315214t 4 3955023058¢1°
+ 8708306700¢'7 + 18185341012t'% 4 36076921166t + 68144856266t

+ 122727426896t% + 2110986086162 + 347187234006t%% + 546680541199¢%4

+ 824886510488t%° 4 1193911094540¢%° + 1658736457996t + 2213773962229t
+ 2839692757258t 4 3502903178369t30 4 4156849878890t3! 4 4747242880506t32
+ 5218604879584t%3 + 5523278387053t + 5628609146268t3° + 5523278387053t

+ palindrome up to tm) . (6.5)
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For higher number of instantons, the Hilbert series can be computed more easily from
the Higgs branch of the ADHM quiver. We demonstrate this computation in appendix A.
Let us report here the unrefined Hilbert series (i.e. z = 1 and z; = 1 for all i) for k = 5
and small values of N:
~ 1
9s.usp(2) (1) = (1—2)4(1 — t3)4(1 — t4)3(1 — t5)4(1 — 16)3 X

(1 +2t2 4+ 6¢3 + 14t* + 26t + 59t° + 108t” + 216t° + 382¢ + 669¢1° + 1090t

+ 1788t'% + 271813 + 4080t + 5844t + 8166¢'¢ 4 10902417 + 1427118
+ 17886t + 21899¢%° + 2582421 4 29701422 + 32898123 + 356214 + 37152¢%°
+ 37792120 + 37152627 + palindrome up to t52> .
_ 1
9s,usp(a)(t) = (1— 12)5(1 — 13)6(1 — t4)5(1 — 15)6(1 — ¢6)5 X
(1 + 8t 4+ 1813 + 65t + 184¢° 4 568t° 4- 1486t" + 4068t> + 10202t + 25294¢*°

+ 59530t 4 136840t12 + 301276113 4 645420t + 1332274t + 2669897116

+ 517338217 + 9731196¢'® + 17732334t + 31384129t + 53895904¢2!

+ 89958111122 4+ 145882550t* 4 2301285614 + 353099760t%° + 527468664120

+ 767161840¢%7 + 1087152304¢%% + 1501274126¢%° + 2021417792t + 2654217372¢3!

+ 3400290035t3% + 425058499613 + 518689516034 + 6179265798t + 7189118462t
+ 8168673774137 + 9067212695t + 983223588637 4 104175964220 + 10784743772t*

+ 109102524562 + 10784743772t*3 + palindrome up to t84) . (6.6)

7 k F, instantons

The theory whose Coulomb branch is the moduli space of k F; instantons on C? is described
by the quiver diagram

O—@e—0—0 =0 —0 (7.1)
1 k 2k 3k 2k k

where each number denotes the rank of a unitary gauge group and an overall U(1) symmetry
is factored out.

The Hilbert series of k F instantons can be computed using the monopole formula
given by (3.4). For k > 2, (3.4) is more easily calculated using the gluing technique
discussed in [25]. Indeed quiver (7.1) can be constructed from the building blocks

Tk k-1,1)(SUBK)) = (1) — (k) — (2k) — [3K],

(7.2)
T ki) (SUBK)) = [3K] — (2k) — (k)

once the edge [3k] — (2k) in the second building block is converted to [3k] = (2k) by
doubling the value of the background magnetic charges in the Coulomb branch Hilbert

series of T(y, 1. 1) (SU(3k)). The two building blocks are glued by gauging the common flavor
symmetry U(3k)/U(1).
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The final expression of the Hilbert series in question is given by

9k, Fy(t; @, b) = Z £ 2006 () (1 — £2) Py (6 ma, - . mag) X

mi1>me>...2mgE=0
H[T(k’k,k—l,l)(SU(3k))](t; ay,az,as,aq; M, ..., Mag)x
H[T, 11y (SU(3K))] (£ b1, b2, b3; 2ma, . . ., 2may,)

The Coulomb branch Hilbert series of T{y, ;. x—1,1)(SU(3k)) is given by

H[T 1 k—1,1)(SU(2k))](t; a1, a2, as, as;m)

= t0en M) (1 — £2)3F K 1,1y (8 a1, a2, a3, aa) U g (Vo k—1,1) 1) 5

with

OU(3k) (n) = Z (ni —nj)

1<i<j<3k

V(kkk—1,1) = <tk_1a17 t"3ay, ..t E gy =gy
tkilag, tkigag, e ,ti(kfg)ag, tf(kil)ag ,
tk_Qag, tk_4a3, e ,t_(k_4)a3, t_(k_Q)ag, a4> ,

k—1
(£ + %)+ > 2"+ (asay ' + ay ' az)th

m=1

Kk k—1,1)(t;a) = PE

-1, 1 -1, -1
+ (ara;t + a7 tag + agayt + agtag)th

k
-1 -1 -1 -1 2m—1
+ (a1a3 " +aj a3+ asaz +ay as) E o

m=1

k
+(2+ a0y + agayt) Y £
m=1

On the other hand, the Coulomb branch Hilbert series of T{;, ;. 1) (SU(3k)) is

HI[T 1 k) (SU(2K))](t; b1, b2, b3; m)
— t5U(3k)(7’L) (1 o t2)3kK(k,k,k) (t; bl, bg, bg)qfﬁ(?)k) (v(k,k,k) ; t) ,

with
V(e ko k) = (tkflbh =30y, Ry (g
tF by, 73y, Lty ¢ (B,

thlpy th=3ps . 4= (k=3)p, t_(k_l)bg) ,

k
K)o (t; ) = PE > obbt | >
1<4,5<3 m=1

—90 —
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The fugacities can be set as follows:
a¥abailag =1,  bEokpk =1. (7.11)

The relations between the fugacities a and b to the topological fugacity of each node
in quiver (7.1) are given by (see (3.13) of [24])

21 = a4a§1, 20 = agagl, 21 = agaf17
Z9 = alb%, zZ3 = bgbl_l, zZ4 = bgb2_1 s (7.12)
and by factoring out the overall U(1) we have the following condition (cf. (3.3) of [25]):
Z_1(z023232522)F = 1. (7.13)

From (3.8) and (3.11), we find that the relations between a,b and the fugacities z
associated with SU(2) and wuy, ug, us, ug associated with Fy are

2.3.4.2 2
T = 20R1%29R324 = alagag(blbgbg) y 714
= azaj! = a,b? = boby ! = bgb;! (7-14)
Uy = a6y, U2 = a107, U3 =0207 , Uq = 0309

For k = 2 we recover the results given in (10.2) and (10.4) of [18].

8 The moduli space of instantons as an algebraic variety

8.1 One instanton

The reduced moduli space of one G instanton is the orbit of the highest root vector in the
complexification of the Lie algebra of G [50-52], also known as minimal nilpotent orbit.
The space of holomorphic functions on such a reduced moduli space was studied in [16].12
The Hilbert series can be obtained as

ZXp AdJ t2p (81)

where p - Adj denotes the irreducible representation of G whose highest weight is p times
that of the adjoint representation. The plethystic logarithm'3 of this Hilbert series reads

PL [H (t,w)] = Xy ()~ (xGz gy (@) — XEaai()) ¢+ (8.2)

The meaning of the plethystic logarithm is as follows.
The generator M of the reduced moduli space is of order 2 and transforms in the adjoint
representation of GG. There are relations at order 4 transforming in the representation

12See [53, 54] for a mathematical perspective on this type of varieties, independent of instantons.
13The plethystic logarithm of a multi-variate function f(z1,...,z,) such that f(0,...,0) =1 is

— 1 .
PL[f x17 “7‘TTL ZE“ lngxlw":x]:L) .
k=1



Order | Representation of SU(2) x G
2 [2; 0]+[0; Adj]
3 [1; Adj]

Table 5. Generators of the reduced moduli space of two G instantons on C? and how they transform
under the global symmetry SU(2) x G.

Sym2Adj—2-Adj, where the minus sign means that the irreducible representation 2- Adj is
removed from the decomposition of Sym?Adj. These are known as the Joseph relations [55]
(see also [56]).

For the case of G = SU(N), Sym?Adj decomposes as

Sym?Adj = Sym?[1,0,...,0,1]
=1[2,0,...,0,2] 4+ [1,0,...,0,1] +[0,...,0] +[0,1,0,...,0,1,0] . (8.3)

Thus,
Sym?Adj —2- Adj = [1,0,...,0,1] +[0,...,0] +[0,1,0,...,0,1,0] . (8.4)

In this case, the generator M of the reduced moduli space is an N x N traceless matrix,
and the Joseph relations can be explicitly written as

MaalgMaan _ (M2>aé3 =0, ebl...bN6(11.“(11\]]\401711]\4ab22 =0, (8.5)
where the indices ai,as,...,an,b1,...,by = 1,..., N are the fundamental indices of
SU(N). Note that the first relations, which indicate that M is a nilpotent matrix, transform
in the representation [1,0,...,0,1] +[0,...,0] of SU(N). The second relations transform
in the representation [0, 1,0,...,0,1,0] of SU(N).

8.2 Two instantons

The generators of the reduced moduli space of two G instantons on C? transform under
the global symmetry SU(2) x G as stated in table 5.

There is one relation at order 4 in the representation [0; 0] of SU(2) x G. Explicitly,
this relation can be written as

det X + ¢Tr(M?) =0, (8.6)

where X and M are the generators at order 2 in the representation [2;0] and [0; Adj] of
SU(2) x G respectively; the determinant corresponds to the SU(2) group and Tr denotes
the trace in the adjoint representation of G; the constant ¢ depends on the group G.

There are also relations at order 5 in the representation [1; Adj]+[1; Sym?Adj—2-Adj],
where the notation Sym2Adj — 2 - Adj is as before. This result agrees with the plethystic
logarithm of the expression (3.11) in [15].
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Order | Representation of SU(2) x G
2 [2; 0]+ [0; Adj]
3 [3; 0]+ [1; Adj]
4 [2; Adj]

Table 6. Generators of the reduced moduli space of three G instantons on C? and how they
transform under the global symmetry SU(2) x G.

8.3 Three instantons

The generators of the reduced moduli space of three G instantons on C? transform under
the global symmetry SU(2) x G as stated in table 6.

There is a set of relations at order 5 in the representation [1; 0] of SU(2) x G. Explicitly,
this relation can be written as

where M, are the generators of the moduli space at order 2 in the representation [0; Adj]
and G¢ are the generators at order 3 in the representation [1; Adj]. Here a = 1,...,dim G
is an adjoint index of G and a = 1,2 is an SU(2) fundamental index.

Analytical properties of Hilbert series for three instantons. As discussed around
(2.4) of [18], the Hilbert series of three G instantons on C? shares certain analytical prop-
erties with the third symmetric power of the Hilbert series of one G instanton on C?2,
namely

: 2.—2 3,.-3\~ -
}}gr}l(l—tx ) = °27")ggymi g, (25 1)

= lim(1 - 27) (1~ *2 )G 6t zsu),  with a=£t, 7/,

T—ra

(8.8)

where a tilde denotes the Hilbert series of a reduced instanton moduli space, x is the
fugacity of SU(2), and uw denote the fugacities of the group G, and the third symmetric
power is given by

N 1 1 » 1 - ~
gSym3M1,G(t’$’u) - 6 mglﬁ'(uu)g + 3wgl7G(tvu)gLG(t2’u2)
et . (8.9)
+2wgl,G(t , U )
Explicitly, (8.8) can be rewritten as follows:
~ 3
2 oy 3 sy o gia(thu)”
g];_)mt(l ™) (1 -tz ") gz gtz u) = (1— 22>
‘ ~ 3y Jre(t, u)gic(t* u?)
B 22— By oy gra(t w)ga(t 8.10
Jm (1= 5275 (1 = ) g5 6t 25 w) 11— ’ (510
1—wt?_

lim (1 —?22)(1 — 2ot z;u) =

3.3 +2mi
_ t°,u w=e" 3 .
st — t() gl,G( ) )7

1
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Order | Representation of SU(2) x G
2 [2; 0]+ [0; Adj]
3 [3; 0]+[1; Adj]
4 [4; 0]+[2; Adj]
5 5: 0]-+[3; Adj
6 45 Adj]

Table 7. Generators of the reduced moduli space of 5 G instantons on C? and how they transform
under the global symmetry SU(2) x G.

The properties (8.10) together with the fact that the numerator of the unrefined Hilbert
series g3 ¢(t; 2 = 1;u = 1) is palindromic can be used to check our results on the Hilbert
series of three instantons.

Let us demonstrate this for the case of 3 G5 instantons. The numerator of the unrefined
Hilbert series (4.16) is palindromic. In order to make use of (8.10), one needs to compute
a refined Hilbert series at least with respect to x. To keep the presentation brief, let us
report the result for 3 G5 instantons up to order ¢°:

G3.Go(tz;u = 1)
of 2, 1 3 15 af a1 2 29
=148 (24 S 415) 410 (2P +15x+ i (@t 4 42007+ =5 4185
X T
1 30 240 44
15 <:1: 5 +302° + S5 4 2400 + >+t6<2a: + 5+ at

437 1 44 542 92292
+ 437z ++1102)+t7<x + = + 442 +—+5423+—+2292x >

)

2 59 739
+t° <2x8 + 5 +592° + = + 7392 + — + 423227
T xr xr

1
+ ¢ (2959 7057)
..., (8.11)
and for 1 G5 instanton we have
gl G2 Z dlmGQ pa
=1+ 14t% + 77t + 27310 + 74865 + 172010 + ... (8.12)

These can be substituted in (8.10) and the agreement on each equality can be obtained
perturbatively up to order t*.

8.4 Higher instanton numbers

Explicit computations reveal that the generators of the reduced moduli space of five G
instantons on C? transform under the global symmetry SU(2) x G as stated in table 7.
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8.5 Generators of the reduced instanton moduli spaces

The data gathered in the previous subsection leads us to conjecture that the reduced
moduli space of k G instantons on C? is generated by two sets of holomorphic functions
transforming in:

1. representations [p; 0] of SU(2) x G at order p, for all 2 < p < k;
2. representations [p; Adj] of SU(2) x G at order p+ 2, for all 0 <p < k — 1.

These two sets of generators can be systematically understood from the Coulomb branch
viewpoint, as we now explain.

The generators transforming in the representation [p;0] are all monopole operators.
To describe them, it is useful to introduce a class of monopole operators that are obtained
by embedding U(k) monopoles into the [];_, U(ka;") gauge group of the quiver. Let M =
diag(mq, ma,...,my) be a U(k) magnetic charge and consider the monopole operators of
magnetic charge

m_ =0, mi:M®%ﬂaiv, i=0,....7 (8.13)
1

generalizing (3.9). The dimension of these monopole operators can be easily computed:
the contributions of nodes and edges of the affine Dynkin diagram cancel out because
the quiver is balanced, while the edge attached to the over-extended node yields A =
% Zle |m;|.1* Taking into account the charge under the topological symmetry group, the

monopole operators (8.13) appear in the HS with weight a2 ™22 Il

Next, let

ope = diag(1P74, (-1)Y),  £=0,1,...,p (8.14)

be a p X p diagonal matrix with entries equal to £1, which may be thought of as a collection
of spins 1 for an abstract SU(2). This abstract SU(2) is identified with the SU(2), global
symmetry of the instanton moduli space by specializing the matrix M in (8.13) to

M = diag(ap.e, 077P) (8.15)

up to Weyl reflections, where p = 1,2,...,k so that the p x p matrix o, fits in the k x k
matrix M. The case p = 1 gives the generators of the center of the instanton, that was
discussed in (3.9). The cases p = 2,...,k yield the generators of the reduced instanton
moduli space in the representations [p; 0] of SU(2) x G. Indeed the monopole operators of
magnetic charge (8.13), (8.15) appear in the HS with weights 2P~ 2P, As ¢ =0,1,...,p at
fixed p, they span the representation [p; 0] of SU(2) x G.

One can similarly identify the generators at order p 4 2 transforming in the represen-
tation [p; Adj], where p = 0,1,...,k — 1. Let us first restrict to the positive roots a of

MFor instance, for Fy we compute

1 1 1
A:Eg\mﬂ—§Z|mi—mj|(2+6+12+4)—Z|mi—m]-\(l+4+9+8+2):ig‘mﬂ-

4] i<j
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G, keeping all weights of SU(2) representations. The generators are monopole operators of

magnetic charges
. A (fe—1—
m_1=0, m;=dag (Rz(“),aw ® a—@]la_v,ogzv( ”)) . i=0,...,r, (8.16)
al i

]

where REO‘) is an a; x a) diagonal matrix whose elements are tabulated in appendix B for

non-simply laced groups and can be found in [57] for simply-laced groups. R(()a) is always

(@)

zero. Note that p necessarily runs from 0 to k£ —1. The contribution of Ria to the topolog-

ical charge of the monopole operator reproduces the positive root a of G, whereas o), is

)

responsible for the SU(2) weight p — 2¢ as above. For negative roots of G, Rga is replaced

)
operators are dressed by the classical field at the ¢-th node of the Dynkin diagram of G.

by its negative. For the Cartan elements of G, Rz(.a are set to zero and the monopole

8.6 Monopole operators and global symmetries

The global symmetry group acting on the Coulomb branch of a 3d N/ = 4 superconfor-
mal field theory takes the form SU(2)c x Gy. SU(2)¢ is an R-symmetry which rotates
the triplet of complex structures of the hyperKéhler manifold. The holomorphic functions
with respect to a fixed complex structure that are counted by the HS are highest weights
of SU(2)¢ representations. The associated fugacity is ¢. On the other hand, G; commutes
with the supercharges. A subgroup of G is manifest in the UV Lagrangian of the gauge
theory: it consists of the topological symmetry group which is generated by the topolog-
ically conserved currents J; = *Tr F;, where F; are the field strength 2-forms of the i-th
U(N;) gauge group. More generally, the topological symmetry is the center Z(GY) of the
dual of the gauge group. The topological symmetry group, which is U(1)"*? for the theories
considered in this paper, acts on monopole operators. The associated fugacities are z;.

At the IR fixed point of a three-dimensional gauge theory, the manifest topological
symmetry group can enhance to a non-abelian symmetry group G ;. The conserved currents
of the hidden symmetry are monopole operators. In a 3d N/ = 4 superconformal field theory,
conserved currents sit in the same multiplet as dimension A = 1 chiral operators [23] (see
also [49, 57]). Thus the non-R global symmetry can be deduced from the Hilbert series:
the order t? term gives the adjoint representation of G ;.

Applying this strategy to the quivers whose Coulomb branches are the moduli spaces
of instantons, one can see that the global non-R symmetry enhances from U(1)"*! to
Gj =8U(2) x G for k = 1 instanton and to Gy = SU(2) x SU(2) x G for k > 1 instantons,
as we now explain.

The maximal torus U(1)" of G is the manifest topological symmetry associated to the
nodes of the Dynkin diagram of G in the quiver. The A = 1 states counted by the Hilbert
series are Tr®;, i = 1,...,r, where ®; is the adjoint chiral multiplet in the N' = 4 vector
multiplet of the i-th gauge group. The global symmetry enhancement is due to dimension
1 monopole operators in one-to-one correspondence with the roots of G. For positive roots
«, these dimension 1 monopole operators take the form

% (k—1
m_1 =0, m;=diag (Rz(a),OEiV( )> , 1=0,...,7, (8.17)
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where Rga) is an a) x a) diagonal matrix whose elements are tabulated in appendix B for

non-simply laced groups and can be found in [57] for simply-laced groups. Note that R(()a) is

always zero. The topological charge Tr Rl(a) of the monopole operator is the component of

the positive root a of G along the i-th simple root of G. For instance, for G = SU(N + 1),
J
P
R = (1) if i <p < j and RS = i i i

p = <p<jand R, " = (0) otherwise. The negative roots of G are obtained

by flipping sign to the magnetic charges (8.17).

the positive roots are oy = > ;11- “Yp, With 7, the simple roots and 1 <7 < j < N. Then

Next we explain the SU(2) groups. The SU(2) symmetry that is present for any instan-
ton number k acts on the two complex variables parametrizing the center of the instanton
configuration, namely the monopole operators of magnetic charges £1 times (3.9). The
squares of those monopole generators, corresponding to magnetic charges +2 times (3.9),
provide the roots of SU(2); the classical field >, i& Tr ®; associated to the remaining
U(1) topological symmetry provides the Cartan element of SU(2).

For instanton number k > 1 there is an additional SU(2) which acts on the reduced
moduli space of instantons. The adjoint representation of this additional SU(2) is spanned
by monopole operators of the form (8.13), (8.15), where p = 2 in (8.14).

Note that the characters of the adjoint representations of the two SU(2) factors that
appear in the HS at order ¢? involve the same fugacity z for the diagonal SU(2) defined
in (3.10). Since the symmetry is SU(2) x SU(2), it should be possible to further refine
the Hilbert series of the instanton moduli space and distinguish the two SU(2) factors.
However, for one of the SU(2) groups, not even the Cartan subalgebra is manifest, but
rather it is generated by a monopole operator. This difficulty can be circumvented because
the center of the instanton is factored in the Hilbert series and is represented by a free
twisted hypermultiplet. One can always a posteriori assign different fugacities to the two
SU(2) factors (cf. (3.3) of [12]), modifying (2.2) as follows:

1
(1 —txy)(1 —tayh)

gk’,G’(tawaZ’u) — 5]6,@(2571"27”) . (818)

9 Conclusions

In this paper we have proposed a simple formula for the Hilbert series of moduli spaces of
pure Yang-Mills instantons, which arise as Coulomb branches of three-dimensional N' = 4
generalized quiver gauge theories whose quiver diagrams are given by over-extended Dynkin
diagrams. A natural modification of the monopole formula for the Coulomb branch Hilbert
series introduced in [22] allows us to uniformly study instantons in all simple Lie groups,
including the non-simply laced ones. We have successfully tested our proposal against
previous works for one and two instantons and obtained new results for higher instanton
numbers. General features of the moduli spaces of instantons can be systematically deduced
from our formalism. It would be interesting to derive the explicit ring structure of the
moduli spaces by a careful analysis of monopole operators.

Our work leaves some natural open questions. Firstly, it would be nice to derive our
formula from a path integral by folding the appropriate simply laced quiver via an outer
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automorphism group. This would help to understand the Higgs branch of such quivers
and compute superconformal indices [31-35] . Secondly, the Coulomb branch formalism
should also allow for the computation of the hyperKéahler metric on the moduli spaces of
instantons [7, 29]. Indeed, formulae (4.2)—(4.4) in [29] could be generalized to non-simply
laced quivers by inserting the multiplicity A in the matter contribution to the metric in
analogy with (3.3). For classical groups, this suggestion can be tested against the metric
obtained from the hyperKéahler quotient in the Higgs branch of the corresponding ADHM
quiver. Finally, it would be interesting to generalize the Coulomb branch construction of
this paper to instantons on ALE spaces [29, 30, 58].

Acknowledgments

We thank Jan Troost for useful discussions and particularly Alberto Zaffaroni for a close
collaboration and invaluable insights over the years. The following institutes and workshops
are gratefully acknowledged for hospitality and partial support: KITP Program on New
Methods in Nonperturbative Quantum Field Theory, supported partly by the National
Science Foundation under Grant No. PHY11-25915 (AH and NM); University of Texas at
Austin (NM); Perimeter Institute (NM); Gauge theories: quivers, tilings and Calabi-Yaus,
ICMS Edinburgh (SC, AH and NM); Localisation and the gauge/gravity duality, King’s
College London (SC, AH and NM); Imperial College London and Queen Mary University of
London (NM); Cargese Summer Institute 2014 and the traveling grant from the Weizmann
Institute of Science via Zohar Komargodski (NM); Exact Quantum Fields and the Structure
of M-theory, University of Crete (NM); String Theory and Holography Summer School at
IST Lisbon and Porto (SC and GF); the Simons Center for Geometry and Physics and
the 2014 Workshop (AH and NM); the CERN-Korea Theory Collaboration funded by
National Research Foundation (Korea) and the workshop Exact Results in SUSY Gauge
Theories in Various Dimensions at CERN (SC and NM); the XLIVéme Institut d’Eté at
ENS Paris (SC).

A The Hilbert series for kK USp(2NN) instantons for odd k via Higgs
branch

For higher number of instantons, the Hilbert series can be computed more easily from the
Higgs branch of the ADHM quiver. In particular for & odd the Hilbert series is given by

Ik, usp2n) (t; T3 1)

1 USp(2N SO(k
=3 Z /dMSO(k)<z)PE ‘*’X[l,olj.(.‘,o])(U)X[l,o(,..).,o](z)t (A1)
w==%1
1y, SO(k SO(k
(@2 )G g (2) + D= s ()] (kodd)

where for SO(k), the Dynkin labels [1,0,...,0], [2,0,...,0], [0,1,0,...,0] denotes the vec-
tor, the symmetric traceless, and the adjoint representations respectively. Here w corre-
sponds to the parity action £1 of O(k) = SO(k) x {£1} for odd k. The Haar measure of
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Positive root || R(@0) | Rle1) | Rlaz)
Lo | © [wo| o
(0,1) 0) [ (0,0 ] (1)
(1,1) 0) | (1,o)| (1)
(1,2) ©0) | 1O (2
(1,3) 0 | @O @G
(2,3) 0) | (11| (3)

Table 8. Magnetic charges REO‘) of the monopole operators that contribute to each positive root
« of G5 for k = 1 instanton.

SO(2k + 1) is given by

/dMSO(%—H)(Z)

% Az % dzs 1 X ﬁ (A.2)
— — ... - (1 —zizj) (1 — ZiZ: ) (1_2m)7
|z1]=1 271'221 |z]=1 27T22k 1<i<j<k J el
where the adjoint representation is taken as
k
SO(2k+1 —
X[o,l(,o,...,o)](z) = Z <ZiZj + 2i2; 1) + Z Zm (A.3)
1<i<j<k m=1
The Hilbert series for the reduced moduli space of instantons is then given by
G uspen) (B u) = (1 — ta) (1 — ta™ g uspen) (L2 u) - (A4)
B Monopole operators and symmetry enhancement
B.1 Gy
The relevant diagram for k& GG instantons is depicted below.
0o- P - =T (B.1)
1 k2 k

where the simple roots ay, a1, as are indicated above the nodes. The positive roots of
G4 are of the form cia + coavg, with (c1, ¢2) listed in table 8. For each positive root, we
tabulate the monopole operators associated with it.

B.2 F,

The relevant diagram for k Fj instantons is depicted below.
o o (3 a3 (e %!

— 0 —0 =0 — o0 (B.2)

o— e
1 k 2k 3k 2k k

The 24 positive roots of Fy are of the form Z?:l ciag, with (c1,...,cq) listed in table 9.
For each positive root, we tabulate the monopole operators associated with it.
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Positive root || R(@0) | Rle) | Rla2) | Rles) | Rlaa)
(1,0,0,0) (0) (1,0) | (0,0,0) | (0,0) | (0)
(0,1,0,0) (0) (0,0) | (1,0,0) | (0,0) | (0)
(0,0,1,0) (0) (0,0) | (0,0,0) | (1,0) | (0)
(0,0,0,1) (0) (0,0) | (0,0,0) | (0,0) | (1)
(1,1,0,0) (0) (1,0) | (1,0,0) | (0,0) | (0)
(0,1,1,0) (0) (0,0) | (1,0,0) | (1,0) | (0)
(0,0,1,1) (0) (0,0) | (0,0,0) | (1,0) | (1)
(0,1,1,1) (0) (0,0) | (1,0,0) | (1,0) | (1)
(1,1,1,0) (0) (1,0) | (1,0,0) | (1,0) | (0)
(1,1,1,1) (0) (1,0) | (1,0,0) | (1,0) | (1)
(0,1,2,0) (0) (0,0) | (1,0,0) | (2,0) | (0)
(1,1,2,0) (0) (1,0) | (1,0,0) | (2,0) | (0)
(0,1,2,1) (0) (0,0) | (1,0,0) | (2,0) | (1)
(1,2,2,0) (0) (1,0) | (1,1,0) | (2,0) | (0)
(1,1,2,1) (0) (1,0) | (1,0,0) | (2,0) | (1)
(0,1,2,2) (0) (0,0) | (1,0,0) | (2,0) | (2)
(1,2,2,1) (0) (1,0) | (1,1,0) | (2,0) | (1)
(1,1,2,2) (0) (1,0) | (1,0,0) | (2,0) | (2)
(1,2,3,1) (0) (1,0) | (1,1,0) | (2,1) | (1)
(1,2,2,2) (0) (1,0) | (1,1,0) | (2,0) | (2)
(1,2,3,2) (0) (1,0) | (1,1,0) | (2,1) | (2)
(1,2,4,2) (0) (1,0) | (1,1,0) | (2,2) | (2)
(1,3,4,2) (0) (1,0) | (1,1,1) | (2,2) | (2)
(2,3,4,2) (0) (1,1) | (1,1,1) | (2,2) | (2)

Table 9. Magnetic charges RZ(-Q) of the monopole operators that contribute to each positive root
o of Fy for k = 1 instanton.

B.3 Cyu

The relevant diagram for k¥ USp(2N) instantons is depicted below.

aN— o
- V=T T e (B.3)
1 k k k k
— ——

N—1 nodes
where the simple roots are indicated above each node. The positive roots of USp(2N) are
Ar = {ei+ejliciUf{ei —elicy U{2ei} (B.4)
where {e;} is the standard basis. The simple roots of USp(2N) can be written as

oy =ep— e, 1<l{<N-1,
i (B.5)
aN:2eN.
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The positive roots can be written in terms of the simple roots as

j—1
€ —€j = g Qe
(=i
N-1

Zei:22a5+a1\/, (B.6)
=i

7j—1 N—-1
e +e; :Zag+22ag+a1v .
—i —;

The magnetic charges R§a) of the monopole operators that contribute to each positive
root o« of C'y for k = 1 instanton are as follows:

e e; —e;: (1) from nodes ay, with 1 <p < j —1, and (0) from other nodes.

e 2¢;: (0) from node oy, (2) from nodes oy, with i < p < N —1, and (1) from node
anN.

e e¢; + e;: (0) from node oy, (1) from node o, with 1 <p < j —1, (2) from node oy
with 7 < ¢ < N —1, and (1) from node ay.

B.4 By
The relevant diagram for £ SO(2N + 1) instantons is depicted below.

a1 Ok
| an-_1 a
O_O‘O_O_QOS_..._ [e) :>oN (B?)
1 k 2k 2k 2k k
a9 _,—/

N—3 nodes

where the simple roots are indicated at each node. The positive roots of SO(2N + 1) are
Ay = {ei+ej}ic U{ei — ejlicj U{edily (B.8)
where {e;} is the standard basis. The simple roots of SO(2N + 1) can be written as

Qp=e;—epi1, 1</<N-1,
74 74 /+1 (B.g)
N — EenN .

The positive roots can be written in terms of the simple roots as

j—1
€ —€; = Z Qy,
=i
N
e = Zag, (B.10)
=i

j—1 N
e t+ej= Zag+22ag .
(=i (=)
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The magnetic charges of the monopole operators that contribute to each positive root

a of By for any instanton number are as follows:

Op
Att

e ¢;: (1,0) from the nodes o, with i < p < N, and (0) from other nodes.
e e; —e;: (1,0) from the nodes oy, with i <p < j —1, and (0) from other nodes.

e e;+e;: (1,0) from the nodes a, with i < p < j —1, (12,0) from the nodes o, with
j<q< N -1, (2) from the node ay.

en Access. This article is distributed under the terms of the Creative Commons
ribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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