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Aspects of 3-neutrino mixing and oscillations in vacuum and in matter with constant density are
investigated working with a real form of the neutrino Hamiltonian. We find the (approximate) equalities
0% =63 and 8™ =4, 63 (673) and & (8™) being respectively the atmospheric neutrino mixing angle and
the Dirac CP violation phase in vacuum (in matter) of the neutrino mixing matrix, which are shown
to represent excellent approximations for the conditions of the T2K (T2HK), T2HKK, NOvA and DUNE
neutrino oscillation experiments. A new derivation of the known relation sin26J; siné™ = sin 26,3 siné is
presented and it is used to obtain a correlation between the shifts of 6,3 and § due to the matter effect.
A derivation of the relation between the rephasing invariants which determine the magnitude of CP and
T violating effects in 3-flavour neutrino oscillations in vacuum, Jcp, and of the T violating effects in
matter with constant density, JT = J™, reported in [1] without a proof, is presented. It is shown that the
function F which appears in this relation, J™ = Jcp F, and whose explicit form was given in [1], coincides
with the function F in the similar relation J™ = JcpF derived in [2], although F and F are expressed in
terms of different sets of neutrino mass and mixing parameters and have completely different forms.
© 2018 Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction and preliminary remarks Agp"/,l‘c =PV — vy) — PV () — p),
Il and I I'=e,u,1, (2)

It was shown in 1988 in ref. [1] that in the case of what is
currently referred to as the reference 3-neutrino mixing (see, e.g.,
[3]), the magnitude of the CP and T violating (T violating) effects in

PY(y; — vy) and PYe(D; — Dy) being the probabilities of respec-
tively vi — vy and v; — vy oscillations, were shown to be given

neutrino oscillations in vacuum (in matter with constant density) by [1]:
are controlled by the rephasing invariant Jcp (J§' = J™) associated
with the Dirac CP violation phase present in the Pontecorvo, Maki, Aéep‘fs)c = A(C‘vasz =—ASD =4 Jop @V, (3)
Nakagawa and Sakata (PMNS) [4,5] neutrino mixing matrix: h

wit

* *
" =im((vg”) (UE) (U8") (viz) ) 1

Jer(I) AN VAN K2 M e (AmEL\ [ AmdL Am2,L

5 =sin| —=— — —, (4)
where U™, I =e,jt,7, i=1,2,3, are the elements of the PMNS 0s¢ 2E 2E 2E

matrix in vacuum (in matter) U™, The CP violating asymmetries

. . L : 2
in the case of neutrino oscillations in vacuum, for example,

where Amizj =m; —m?, i j, m,i=1,2,3, is the mass of the
neutrino v; with definite mass in vacuum, E is the neutrino en-
ergy and L is the distance travelled by the neutrinos. In [1] similar
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results were shown to be valid for the T-violating asymmetries in
oscillations in vacuum (in matter), Ag‘,ﬁ(m) = pvacim (y — yy) —
PYactm (yy — yy):
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A(u,e) ):A(T’“)

Tvac(m

_ er1) _ (m) vac(m)
Tvacm) = — Atvacm) = 4 Jepry Posc (5)

where ®Jl. has the same form as ®gS in eq. (4) with Am,.zj re-
placed by mass splitting in the matter AMI.Zj =M? — M?, and M;,
i=1, 2,3, are neutrino mass-eigenvalues in the matter. In vacuum

the T violating asymmetries in antineutrino oscillations, A%’V;fz =

PYa(D; — vy) — PY¥(Vy — 1)), are related to those in neutrino os-

cillations owing to the CPT invariance: /_i.(rlvﬁ =— A'(rlvﬁlz- In ordinary

matter (Earth, Sun)® the presence of matter causes CP and CPT

violating effects in neutrino oscillations [6] and |A'(rlr/£1’)| # |A.(r'[/r‘1')|.
However, in ordinary matter with constant density or with density
profile which is symmetric relative to the middle point, like the
matter of the Earth, the matter effects preserve the T symmetry
and do not generate T violating effects in neutrino oscillations [1].
Thus, T violating effects in the flavour neutrino oscillations taking
place when the neutrinos traverse, e.g., the Earth mantle or the
Earth core can be caused in the case of 3-neutrino mixing only by
the Dirac phase in the PMNS matrix.

The Jcp-factor in the expressions for A(Clpl(%) vacr | # 1, is anal-
ogous to the rephasing invariant associated with the Dirac phase
in the Cabibbo-Kobayashi-Maskawa (CKM) quark mixing matrix,
introduced in [7]. In the standard parametrization of the PMNS

mixing matrix (see, e.g., [3]) it has the form:
1
Jop = 3 €0s 013 sin 261, sin 26,3 sin26q3 sing, (6)

where 6013, >3 and 613 are the solar, atmospheric and reactor neu-
trino mixing angles and § is the Dirac CP violation phase. The
expression for the Jcp-factor is the same in the parametrisation
of the PMNS matrix Upyns = U employed in [1]:

U = R23(623) P33(8) R13(613) R12(612), (7
where
1 0 0
R3(623) =0 cosbrs sinbys |,
0 —sinfy3 cosbhs
P33(8) = diag(1,1,€"), (8)
and
cosfi3 0 sinbq3
R13(613) = 0 1 0 .
—sinf13 0 cosbq3
cosfiz sinfip O
R12 (612) = | —sinfp cosbip; 0] . (9)
0 0 1

The expression of the PMNS matrix in the standard parametrisa-
tion U*P, is related to the expression in the parametrisation in
eq. (7) as follows: UP = U P3;(3).

In eq. (7) the two CP violation (CPV) Majorana phases present in
Upmns in the case of massive Majorana neutrinos [8] were omitted
since, as was shown in [8,6], the probabilities of flavour neutrino
oscillations of interest for the study performed in [1] and for the
present study, do not depend on the Majorana phases. Thus, the
results presented in [1] and the new results derived in the present
article are valid for both Dirac and Majorana neutrinos with defi-
nite masses in vacuum.

2 By “ordinary” we mean matter which does not contain antiprotons, antineutrons
and positrons.

In ref. [1] the following relation between the rephasing in-
variants in vacuum and in matter with constant density, Jcp and
JE=J™, has been reported:

J™ = Jcp F(612, 013, Am3,, Am3,, A), (10)

where A =2E +/2Gg N, is the matter term [9-11], G and N, be-
ing respectively the Fermi constant and the electron number den-
sity of matter. The function F in eq. (10) was given in the following
explicit form in [1]:

Fq
F=——D132D13D3 D3y, 11
F, B, D12D13D23 D (11)
where
Di=m2—M2 i i=
l]=mj j’ 17]_132737 (]2)

F1=D13D13D23D3; + A [D13D23 (D32 - Am§1 IUe3|2)

+ D12D3 <D23 — Am3, |Uez|2>]

+ A2 [|Ue1 |2 D33 D23 + |Ue2|? D32 D13 + |Ue3|? D12 D23] ,

(13)

F2 = |Ue1|” (D12 + A)* D3, + [Ue2l* D}, D3,

+|Ue3* D3, (D32 + A)? — A2 [Ue1 *Ues | (Am3)?,  (14)
F3=|Ue1|*> (D13 + A)? D35 + |Ue3|* D3, D35

+|Ue2> D33 (D23 + A)? — A2 [Ue1 * [Uea > (AM3 )2 . (15)

As was noticed in [1], the function F3 can formally be ob-
tained from the function F, by interchanging m3 and m3, M2
and M3, and |Ue|? and |Ues|?. In the parametrisation (7) used
in [1] and, thus in eqs. (13)-(15), Ue1, Uep and U,z are real
quantities: Ue1 = c12€13, Ue2 = s12¢13 and Ues = s13, where ¢j =
cos6jj and s;j = sin6jj. Thus, |Uei|?> = UZ, i =1,2,3. The function
F(612. 613, Am3,, Am3,, A) as defined by egs. (11)-(15), depends,
in particular, on the differences between the squares of the neu-
trino masses in vacuum and in matter, D;j = m,.2 — M?, i # j. How-
ever, as it follows from the form of the Hamiltonian of the neutrino
system in matter with constant density, whose eigenvalues are
M?/(ZE) (see further), as well as from the explicit analytic expres-

sions for M? derived in [10], the mass squared differences D;; of

interest are functions of 61y, 613, Am%l, Am%l and A and do not
depend on 6,3 and §. As a consequence, the function F in eq. (10)
is independent on 623 and 8 [1]: F = F(612, 613, Am3,, Am3,, A).

In deriving the relation (10), the following parametrisation of
the neutrino mixing matrix in matter U™ was used:

U™ = Q Ry3(633) P33(8™) R13(03) R12(63)

Q =diag(1, e, '), (16)
where 673, 0%, 6%, 8™ are the neutrino mixing angles and the
Dirac CPV phase in matter and the Majorana CPV phases were
omitted. The phases 8, and fS3 in the matrix Q are unphysical and
do not play any role in the derivation of relation (10). They ensure
that the matrix U™ can be cast in the form given in eq. (16) [12]
(see also [13]). Obviously, the parametrisation of U™ in eq. (16) is
analogous to the parametrisation (7) of the neutrino mixing matrix
in vacuum.
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It follows from eqs. (11)-(15) that [1] in the case of oscillations
in vacuum, i.e., for N =0 (A =0), one has

F(612, 613, Am3,, Am3,,0) =1, (17)

and that F is symmetric with respect to the interchange of m% and
m3, M3 and M3 and of |Ue|? and |Ues|?.

The relation (10) between J™ and Jcp implies, in particular,
that we can have J™ 0 only if Jcp #0, i.e., T violation effects can
be present in neutrino oscillations taking place in matter with con-
stant density or density distributed symmetrically relative to the
middle point (like in the Earth) only if CP and T violation effects
are present in neutrino oscillations taking place in vacuum. It was
shown also in [1] that the presence of matter can enhance some-
what |J™| with respect to its vacuum value | Jcp|: in the example
considered in [1] the enhancement was by a factor of 3. Taking
the best fit values of neutrino oscillation parameters for neutrino
mass spectrum with normal ordering (inverted ordering)® obtained
in the global analysis in [14],

012 =33.62°, 6p3 =47.2° (48.1°), sin® 63 = 8.54° (8.58°),
§=234°(278°), Am3, =7.4 x 10%eV?,
Am3; =2.494 x 10%eV? (Am3, = —2.465 x 10eV?),  (18)

one always has for the ratio |J™/Jcp| < 1.2 [15]. This result per-
sists even if we fix § to its best fit value and vary the other
neutrino oscillation parameters in their 30 allowed ranges de-
termined in [14]. Relaxing arbitrarily the 30 experimental con-
straints on the allowed ranges of Am3, and AmZ,, we find that in-
deed the maximal enhancement factor | J™/ Jcp| is 3.6 for neutrino
mass spectrum with normal ordering (NO) and 2.9 for spectrum
with inverted ordering (IO). In both cases, the maximal enhance-
ment corresponds to J™ reaching its theoretical maximal value
max(|J™[) =1/(6+/3).

In 1991 in [2] a relation similar to that given in eq. (10) was
obtained:

J"=JeF. (19)

The function F was given in the following form:
2 2 2

Am7, Am3; Amg3,

F =
2 2 27
AM7, AM5; AM3,

(20)

where AM2 =M? — M2.

The relation (10) between the rephasing invariants J™ and Jcp
was presented in [1] without a proof. In the present article, after
discussing certain aspects of neutrino mixing in matter, we provide
a derivation of the relation (10). Further, we show that the func-
tion F in eq. (10), as defined in eqs. (13)-(15), coincides with the
function F in the relation (19) obtained in [2],

F=F, (21)
Le, that the function F is just another representation of the func-
tion F.

2. On the 3-neutrino mixing in matter

In [1] the analysis was performed starting with the following
Hamiltonian of the neutrino system in matter diagonalised with
the help of the neutrino mixing matrix in matter U™ [6]:

3 For a discussion of the different possible types of neutrino mass spectrum see,
e.g., [3].

1 m: 0 0 A 0O
Ul o m o +uf{o o ofujut
0 0 m} 000
1 M2 0 0
=5zU" | o Moo (22)
0 0 M3

It follows from the preceding equation® that the Hamiltonian of
the neutrino system,

mi 0 0 1 A 0O
H=-2| 0 m 0 JrﬁuT 0 0o0]|U (23)
0 0 m} 000
1 (mi+AlUal® AU Ue AU} Ues
=35 | AUnUa m3 + AlUe2?  AU%Ues (24)
AUZUer AURUe;  m3+ AlUes?

is diagonalised by the matrix UTU™ and its eigenvalues are
Miz/(ZE), i=1,2,3. In the parametrisation (7) of the PMNS matrix
Ue1, Uex and Ues are real quantities: Ue; = c12€13, Uez = S12C13
and U3 = s13, where ¢;j = cos;; and s;; = sin6;;. As a con-
sequence, the Hamiltonian H is a real symmetric matrix.> This
implies that the matrix UTU™, which diagonalises H, is a real or-
thogonal matrix:

ulum=0, 0*=0, 0"To0=00"T =diag(1,1,1). (25)

Since H does not depend on 6,3 and 8, O = UTU™ should not
depend on 623 and § either. The fact that the matrix O in eq. (25)
is a real orthogonal matrix implies that in the parametrisations (7)
and (16) of the PMNS matrix in vacuum and in matter, the matrix

0 = R13(613) R12(612) O R1,(0]%) R15(6%)

= P33(8) R35(623) Q Ra3(65%) P33(8™) (26)
1 0 0
— (0 c’2“3c23eiﬁ2 +5513523eiﬂ3 s cs ei(Bats™) _ cso3 ei(B3+5™) ) ,
0 sy3cl eilPa=d) — cyasT eilhs=0) g g0 0i(P—0+0") L M ) i(Ba—t+8™)
(27)

is a real orthogonal matrix.
The requirement of reality of the nondiagonal elements of O
leads to the conditions:

0s 623 sin 633 sin(B3 — 8) = sinf3 cos 63 sin(Bz — §),
0s 623 sin 633 sin(By + &™) = sin63 cos 65 sin(Bz +8™), (28)

which imply, in particular:

cos2B3+ 8™ —8)=cos(2Bp +8M —8). (29)

The last condition has two solutions:

B3=p2+km, k=0,1,2,..., (30)
Bo+p3=8—-8"+kn, K=0,1,2,.... (31)

4 The CPV Majorana phases ap; and a3q, enter into the expression for the PMNS
matrix in vacuum through the diagonal matrix P = diag(1, e!®21/2, ei@31/2) [8,16]):
Upmns = UP. It follows from the expression in the left hand side of eq. (22) that
the Hamiltonian of neutrino system in matter, and thus the 3-flavour neutrino os-
cillations in matter, do not depend on the Majorana phases [6].

> Replacing the matrix U with U = UP%,(8) in eq. (22), it is easy to convince
oneself that the Hamiltonian H has the form given in eq. (24) also in the standard
parametrisation of the PMNS matrix with U3 replaced by |Ues| = s13.
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The requirement of reality of the diagonal elements of O leads to:

€05 63 cos 053 sin By = — sin6y3 sin 65 sin B3,
c0s 923 cos 6% sin(B3 — 8 + &™)
= — sinfy3 sin6ys sin(Bz — § +8™). (32)

These conditions also lead, in particular, to the constraint given in
eq. (29) and to the solutions (30) and (31). It should be clear that
satisfying the constraint (30) or (31) is not enough to ensure the
reality of the matrix O.

Consider first the consequences of the constraint in eq. (30).
Requiring in addition that the determinant of O is a real quantity
implies:

2B,=8—-8"+kKn, K=0,1,2,.. (33)
The constraint in eq. (30) fog k=0, for exa~mple. and tpe conditions
of reality of the elements (0)323(32) and (0)22(33) of O lead to:
sin(fo3 — 63%) sin(By —8) =0, sin(P23 — 65%) sin(B, +46™) =0.
(34)
cos(623 — 653) sin B =0, cos(bp3 — 653) sin(B — 8 +6™) =0.
(35)

As a consequence of eq. (33) the second conditions in eqs. (34) and
(35) are equivalent to the first conditions in eqs. (34) and (35). The
constraint (30) for k =0 and the conditions (34) and (35) can be
simultaneously satisfied if the following relations hold®:

0%:923, 0<923,0£n3 <m/2, (36)
M=8+kn, KK=0,1,2, (37)
Ba=qm, q=0,1,2,... (38)

Numerical results on the dependence of 63, 8™, 654 and §™ on the
matter potential A, 65 and 6™ being the corresponding antineu-
trino mixing angle and CP violation phase, show that the relations
(36) and (37) cannot be exact. These relations are not the true
solutions of the reality conditions of the matrix O since they do
not fully guarantee the reality of O as given in eq. (27). Only if
both 63 =45° and § = £ /2 hold in vacuum, the relations (36)
and (37) are exact and are not violated by the effects of matter
[17]. However, they are fulfilled with extremely high precision for
the mixing of neutrinos (antineutrinos) in matter in the case of 10
(NO) neutrino mass spectrum. We find that in this case for any
A/Am%1 and the best fit values of the neutrino oscillation param-
eters quoted in eq. (18) we have:

=)

Gm
’i — 1’ <0.0004 (0.0015), (39)
623

(=)

8”‘!
’T - 1’ <0.0001 (0.00006) . (40)

For the mixing of neutrinos (antineutrinos) in matter and spectrum
with normal (inverted) ordering, eqs. (36) and (37) are fulfilled
also with extremely high precision for A/Am%1 < 30:

6 An alternative solution to the discussed constraints is 0?3 # 63, B =qm,

g=0,1,2,..,8=km, k=0,1,2, 8" =k'm, k =0,1,2. It corresponds to CP (T)
conserving values of § (™).

=)

om
‘i — 1‘ < 0.006 (0.0015), (41)
023

Om

- 1' <0.0003 (0.001). (42)

For’ A/Am%1 2 30 and mixing of neutrinos (antineutrinos) in mat-
ter and NO (IO) neutrino mass spectrum we have:

=)

0%

—23 _1/<0.07 (0.016), (43)
6023

=)

5111

’T - 1‘ <0.001 (0.004) . (44)

Setting § to its best fit value given in eq. (18) and varying the
other neutrino oscillation parameters in their 30 allowed ranges
determined in [14] does not change significantly the results quoted
in eqs. (40)-(44). Indeed, for mixing of neutrinos (antineutrinos)
in matter in the case of 10 (NO) neutrino mass spectrum and any

) )
A/Am3, we find that |87 /623 — 1] < 0.0005 (0.002) and | 6™ /8 —
1] £0.0002 (0.0002). In the case of mixing of neutrinos (antineu-
trinos) in matter and NO (I0) spectrum and A/Am%1 < 30 we get

) “)

16 /63 — 1] < 0.013 (0.003) and |8™/8 — 1] < 0.0013 (0.003),
©)

while for A/Am%1 2,30 we obtain |67} /623 — 1| $0.09 (0.02) and

|(8>m/8 —1]£0.01 (0.01).

These results are illustrated in Figs. 1 and 2 (3 and 4) where the
ratios 643 /6,3 and 8™/ (the ratios 65/6,3 and §™/8) are shown
as functions of A/Am%1 in the case of mixing of neutrinos (an-
tineutrinos) and NO (left panel) and IO (right panel) neutrino mass
spectrum. We used the best fit values of neutrino oscillation pa-
rameters Am3,, Am3,, 61> and 6;3 from [14] and the analytic
expressions for M2, i =1, 2, 3, from [12].

The approximate ranges of values of A/Am%1 relevant for
the T2K (T2HK) [19], T2HKK [20], NOvA [21] and DUNE [22]
long baseline neutrino oscillation experiments read, respectively:
[0.266, 2.66], [0.306,3.06], [2.90,8.70] and [3.02,12.10]. In ob-
taining these ranges we used the best fit value of Am%1 =74 x
107> eV? and took into account i) that A =7.56 x 107> eV? (p/
g/cm?) (E/GeV), where p is the matter density, ii) that the mean
Earth density along the trajectories of the neutrinos in the T2K
(T2HK), T2HKK, NOvA and DUNE long baseline neutrino oscilla-
tion experiments respectively is 2.60, 3.00, 2.84 and 2.96 g/cm?,
and iii) that in these experiments beams of neutrinos with ener-
gies ~ (0.1-1.0) GeV (T2K, T2HK, T2HKK), ~ (1-3) GeV (NOVA)
and ~ (1-4) GeV (DUNE) are being, or planned to be, used. At the
peak neutrino energies at T2K (T2HK), T2HKK, NOvA and DUNE
experiments of respectively 0.6 GeV, 0.6 GeV, 2.0 GeV and 2.6 GeV
we have A/Am%l =159, 1.84, 580 and 7.86. Taking a wider
neutrino energy interval for, e.g., NOvA and DUNE experiments
of [1.0,8.0] GeV, we get for the corresponding A/Am%l ranges:
[2.90, 23.21] and [3.02, 24.20]. For all the intervals of values of
A/Am3, quoted above, which are relevant for the T2K (T2HK),
T2HKK, NOvA and DUNE experiments, the equalities (36) and (37)
are excellent approximations.

Consider next the implications of the second condition (31) re-
lated to the requirement of reality of the matrix 0. As can be
easily shown, this condition alone i) ensures the reality of det(0),

7 For an analytic understanding of the results in eqs. (41) and (42) see [18].
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Fig. 3. The same as in Fig. 1 but for the ratio 5’2”3/923. See text for further details.

and ii) makes identical the two conditions in eq. (28) and the two
conditions in eq. (32). Thus, after using condition (31) there are
still two independent conditions to be satisfied to ensure the re-
ality of the matrix 0. We will derive next a condition that can
substitute one of the required two conditions. The second condi-
tion then can be either the condition in eq. (28) or the condition
in eq. (32) (after eq. (31) has been used).

The condition of orthogonality of 0, 0(0)T = diag(1,1, 1), as
can be shown, leads to the following additional constraints:

()2 sin(2B — 8) + (sh5)? sin(2py — 8 +28™)

m .m
_ 93533

€0s 26,3 sind™,
€23523

sin 26,3 sin 2073 siné sing™
+ (1) cos(2B2) + (s55)? cos(2By + 28™)
=1 - 2s3;sin8[(c3)” sin(2p; — )

+ (s5)? sin(2B2 — 8 +28™)],

(45)

(46)
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Fig. 4. The same as Fig. 2 but for the ratio §™ /8. See text for further details.
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Fig. 5. The ratio sin 2605} sind™ /(sin 26023 sin8), eq. (49), for mixing of neutrinos as a function of A/Am%l in the cases of NO (left panel) and IO (right panel) neutrino mass

spectra. See text for further details.

— sin 20,3 sin267% cos§ sind™ + (c2m3)2 sin(287)
+ (sh%)? sin(2, + 26™)
= 2535 cos 8 [(chy)? sin(2p; — 8)
+ (s55)? sin(2B; — 8 +26™)], (47)

where we have used the relation in eq. (31). Conditions (45),
(46) and (47) follow from the requirements (0(0)")2332) =0,
Re((0(0)T)22) =1 and Im((0(0)T)2) = 0, respectively. Replacing
()2 sin(2B; — 8) + (sh5)? sin(2B2 — 8 +28™) in eqs. (46) and (47)
with the right hand side of eq. (45), after certain simple algebra
leads to the equality:

sin 265} siné™ = sin26,3 siné. (48)

This result was derived in [23] (see also [13]) using the parame-
terisations (7) and (16) introduced in [1] but employing a different
method.® The equality (48) implies that the product sin26,3siné
does not depend on the matter potential, i.e., is the same for
neutrino oscillations taking place in vacuum and in matter with
constant density. It is valid for neutrino and antineutrino mixing

8 The method employed in [23] is based on the observation [24] that the
parametrisation (7) allows to factor out the part R»3(f23)P33(8) in the neutrino
mixing matrix in matter. In this case one works with the Hamiltonian f=
P33 (8)R£3(023)UHUTR23(023)P33, which is also a real symmetric matrix, where H
is given in eq. (24).

in matter independently of the type of spectrum neutrino masses
obey - with NO or 10. From eq. (10) using the parametrisations
defined in eqgs. (7) and (16) we find:

Uel UeZ Ue3
UnUp U
(49)

sin 263} sin 8™ cos 613 sin 261, sin2613
. . = m . m . m =
Sin 26,3 siné €0s 073 sin 267 sin20{3

From this result and eq. (48) we obtain yet another equivalent rep-
resentation of the function F (612,613, Am3,, Am3,, A):

m yym yym
— el “e2 ~e3 . (50)
Uel Ue2 Ue3

The ratio given in eq. (49) is shown graphically in Fig. 5 for
mixing of neutrinos as a function of A/ Am%l for the best fit values
of neutrino oscillation parameters Am%r Am%l, 612 and 6;3 from
[14] and the analytic expressions for Miz, i=1,2,3, from [12]. The
numerical result presented in Fig. 5, as we have verified and could
be expected, is valid not only for best fit values of the relevant
neutrino oscillation parameters, but indeed holds for any values of
these parameters, varied in their respective physical regions. The
same result is valid for mixing of antineutrinos. Thus, the equality
(48) is exact. It holds also in the standard parametrisations of the
PMNS matrix (see footnote 4). In this case the ratio Ues/U} in
eqs. (49) and (50) has to be replaced by [Ue3|/|UJI.

It follows from eq. (48) that for the values of sin26,3 =1 and
8 =3m /2, which are perfectly compatible with the existing data,
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we have sin26J} siné™ = — 1. This in turn implies sin26]} =1 and
sind™ = —1, i.e., the vacuum values of 63 =7 /4 and § =37 /2
are not modified by the presence of matter [17].

Given the fact that, as we have seen, the corrections of 6,3 and
& due to the matter effects are small, the relation (48) allows to
relate the matter correction to 6,3, €23(A/ Am%l), with the matter
correction to 4, eg(A/Am%1). Working to leading order in €3 <« 1
and €5 <« 1 we get from eq. (48) using 67} = 63 + €23 and 6™ =
S+ €5:

C0Ss 2673

€s(A/AM2,) cos8 = — 2 €93(A/Am?>
s(A/Am5;) 23(A/ 21)sin2623

sind. (51)

Thus, for 623 = /4 and § # 37w /2, /2, the leading order mat-
ter correction to § vanishes, while for § =37 /2 (71/2) and 623 #
/4, the leading order matter correction to 6,3 vanishes. For
§#qm/2,q=0,1,2,3,4, and 6,3 # 7 /4 the sign of €5 coincides
with (is opposite to) the sign of €;3 provided cos26,3cotd < 0
(cos 2633 coté > 0).

3. The relation between J™ and Jcp

Equation (22) can be cast in the form:

m: 0 0 A 0O
0o my o]|+uffo o ofu|wrum
0 0 mj 0 00
M2 0 0
=w'vm|l o M} o |. (52)
0 0 M3

One possible relatively simple way to derive the relation be-
tween J™ and Jcp given in eq. (19) and reported in [1] is to exploit
the fact that the column matrices (UTU™)q; (UTU™),; (UTU™)3)T
are eigenvectors of the Hamiltonian H defined in eq. (24), corre-
sponding to the eigenvalues M?/(ZE), i=1,2,3. Using this obser-
vation it is possible to derive from eq. (52) explicit expressions for
the elements of the neutrino mixing matrix in matter U™. They
read:

1
Ut = o [N Ui = AU (D U Ui+ Dig U5 Uy )|

D;
I=e,u, 7, (53)
where
Ni=Dji Dii + A (Dji lUakl® + Dii1Ues ) (54)
D} = N} + A2|Uaif? (D% 1Uek? + D 1UesI?) (55)

with i, j,k=1,2,3, but i # j # k #i. For the elements of U™ of
interest, U™, U™ Uﬂz and U,Ta we get from egs. (53)-(55):

e2’ el
m 1
w» =-—Ue D12 D33, (56)
D,
m 1
U3 = —Ue3 D13 Dp3, (57)
D3

1
U= Dy [N2Uy2 = AUe2 (D12Ug3 Ups + D32 Ugy Up)]

(58)

and

1
U = s [N3Uus —AUe3 (D13U% Upz + Do Ul Upa)] -
(59)

The function D%, which, as it follows from eqgs. (1) and (56)-(59),
enters into the expression for J™, is given by:

D2 = N2+ A2 |U,|? (D%2 Ues|? + D2, [Uey |2)
= D}, D3, +2AD12 D3 (D12 |Ue3]? + D32 |Ues |2)
+ A% [ D% Wesl? (1Uesl + 1Ueal?)
+ D% 1Uer ? (JUer P + [Ue2?) +2 D12 D3zl Uen [ [Ues
=D%, D3, +2AD12 D3, <D12 |Ue3|? + D32 |Uet |2)
+ A2 [D%z Ue3|? + D2, [Ue1 |2
~ (D32 = D12)? |Uer U] (60)

It is easy to check that expression (60) for the function D% coin-
cides with expression (14) for the function F, i.e., that we have

DZ=F,. (61)
One can show in a similar way that the function D% coincides with
the function F3 given in eq. (15), i.e., that
Di=F;. (62)
The calculation of the rephasing invariant in matter ™ in-
volves, in particular, the product U%(Uﬂz)*(Uf’g)*Ug of elements
of U™. From egs. (56)-(59) we have:
22
D3 D3
D13 D23 D12 D32
. 1
Im(U:FLteZ UusUZ)
— AlUe2l*(D12Ue3 U3 + D3a Uer U )]
x [N3Uu3U% — AlUesl* (D13U% Uz + Da3 Uy Upn) ]) -

Im((UT,)* Uy (U)* Ugh)

R
Im(U;tezngUg)

(63)

Im([N3 Ujp Uea

(64)
Using the fact that
Jepr= IITI(UZZ Ue2 U,u3 UZ3) = Im(U:B Ue3 U}Ll U:1)
= —lm(U;ZUer;“ UZl), (65)

the function R in eq. (64), after some algebra, can be brought to
the form:

R = D13 D33 D12 D3z + A[D13 D23 (D32 — |Ues|* (D32 — D12))
+ D12 D33 (D23 — Ue2|? (D23 — D13))]
+ A? [D23 D32 |[Ue |+ D13 D32 [Ue2|* + D12 D23 |Ue3|2] .
(66)

Equations (11), (10), (63) and the equalities F, = D3 and F3 = D3
proven above, together with the equalities D3y — D13 = Am%1 and
Dy3 — D13 = Am%l, imply that R = Fy. This completes the proof of
the result reported in [1] and given in eqs. (10) and (11).

Two comments are in order. First, the function F (612, 613, Am3,,
Am%r A), as determined in eqs. (11) is positive. Indeed, it follows
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Fig. 6. The functions F (blue solid line), F (red dashed line) and the difference F — F (green line) versus A/Am%1 for NO (left panel) and IO (right panel) neutrino mass
spectrum. See text for further details. (For interpretation of the colours in the figure(s), the reader is referred to the web version of this article.)

from eqs. (61) and (62) that the functions F, and F3 are positive.
For A =0, we have also F1D13 D13 D33 D32 > 0. One can show that
this inequality holds also for A # 0, which leads to F > 0. This im-
plies that the rephasing invariants in vacuum and in matter, Jcp
and J™, have the same sign:

sgn(J™) =sgn(Jep) - (67)

This result is valid both for neutrino mass spectra with normal
ordering (Am3, > 0) and with inverted ordering (Am3, <0).

Second, the function F (612,613, Am3,, Am3,, A) in eq. (10) has
different equivalent representations. This should be clear from the
fact that

* *
Jo(m =tm ((UR) vg vl (VS'))
_ m\* ;ym) ¢ m) ()
=im ((0;3) v Uiy (Ue))
m (1 m\* (Y )
=im(u (uS) (UR) V) =-.. (68)
and the derivation presented above. Indeed, we can use the second
or the third form of Jcp (J™) in eq. (68) to obtain the relation
given in eq. (10). The function F thus derived will differ in form

from, but will be equal to, the function F defined in egs. (11)-(15).
It follows from eqs. (10) and (19) that

m - Am% AmZ, Am?
J—ZF(912,913,Am§1,Am§1,A)=F= ;2 223 321 ,
Jep AM7, AM3; AM3,

(69)

i.e., that the function F (612,613, Am3,, Am3,, A) found in [1] is an-
other representation of the function F found in [2]. The functions
F and F have very different forms. Nevertheless, as we have ver-
ified, they coincide numerically. This is illustrated in Fig. 6 where
we show the functions F (eq. (11)), F (eq. (20)) and the difference
(F — F) versus A/Am%l. We used the analytic expressions for Miz,
i=1,2,3, in terms of m%, A and the neutrino oscillation param-
eters Am%,, Am3,, 61, and 6;3 derived in [12]. It should be clear
from eq. (22) that, as we have already discussed, in the parametri-
sation (7) employed in [1] the mass parameters Miz, i=1,2,3,do
not depend on 6,3 and §. In Fig. 6, the neutrino oscillation parame-
ters on which the functions F and F depend were set to their best
fit values found in the global analysis of the neutrino oscillation
data in [14] in the cases of NO and IO neutrino mass spectra.

As is suggested by Fig. 6 and we have commented earlier, our
numerical results show that the function F is positive.

The function F in eq. (10), as we have remarked earlier, does
not depend on 63 and 4. This implies that the ratio

" Jep

1
- —=F = — F cosf3 sin 2613 sin2043,
sin 26,3 sin g

sin26,3sind ~ 8

(70)

does not depend on 6,3 and 6.
From egs. (11), (61), (62) and (50), using U} = Ue1D21D31/D1q
we find a new expression for the function F; as well:

D, D
F, = D2Ds
D

Dy D31 (71)

4. The case of antineutrino mixing in matter

In the preceding Sections we have focused primarily on the
mixing and oscillations in matter of flavour neutrinos. In this Sec-
tion we will discuss briefly the case of mixing and oscillations in
matter of flavour antineutrinos.

In ordinary matter (of, e.g., the Earth, the Sun) the mixing of
antineutrinos in matter differs from the mixing of neutrinos in
matter as a consequence of the fact that ordinary matter is not
charge conjugation invariant: it contains protons, neutrons and
electrons, but does not contain their antiparticles. This causes CP
and CPT violating effects in the mixing and oscillations of neutri-
nos in matter [6]. As a consequence, the neutrino and antineutrino
mixing angles, as well the masses of the respective neutrino mass-
eigenstates, in matter differ. The expressions for the antineutrino
mixing angles in matter, §ij, the neutrino masses in this case, My,
and the corresponding J-factor, J™, can be obtained from those
corresponding to neutrino mixing in matter, as is well known, by
replacing the potential A with (—A).

Since the derivations of the results given in eqs. (69)—(71) do
not depend on the sign of the matter term A, these results are
valid also for mixing of antineutrinos in matter and for oscillations
of antineutrinos v; in matter with constant density. Thus, we have:

J™ = Jcp F (612, 613, Am3,, Am3,, A), (72)

F(612, 613, Am3,, Am3,, A) = F (612, 613, Am3,, Am3,, — A),
(73)
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— — — —_ — *
g =im () (U3) 08) (T2) )
1 - - - _ -
=g cos 07 sin 207, sin207; sin2607y sins™, (74)

where UZ? are the elements of the antineutrino mixing matrix in
matter U™, 8™ is the Dirac phase present in U™, and 51'7]? are the
antineutrino mixing angles in matter. We also have:

sin20%, siné™ = sin26,3 siné, (75)
_ gmumum™ Am2, AmZ, Am2
Fo Jel-e2"es _ 12 AM53 Amg, (76)

Uet Uea Ues AM%Z AM%E; AM%l ’
with Mizj =M? — M?. From the exact relations (48) and (75) we
get
sin265% sin8™ = sin 265} sin8™ = sin 26,3 sin$, (77)
while egs. (69) and (76) imply:

2 2 2
_ AMZ, AM2, AMZ,

F=F—_—12— 237 31 (78)
2 2 2
AM3, AM3; AM3,

Finally, as in the neutrino mixing in matter case, the equalities

_313 =63, 0<923,§2m3 <m/2, (79)
M=35, (80)

although not exact, represent excellent approximations for the
ranges of values of A/Am%l relevant for the T2K (T2HK), T2HKK,
NOvA and DUNE neutrino oscillation experiments.

5. Summary

In the present article we have analysed aspects of 3-neutrino
mixing in matter and of CP and T violation in 3-flavour neutrino
oscillations in vacuum and in matter with constant density. The
analyses have been performed in the parametrisation of the PMNS
neutrino mixing matrix Upyns = U specified in eq. (7) and intro-
duced in [1]. However, as we have shown, the results obtained in
our study are valid (in some cases with trivial modifications) also
in the standard parametrisation of the PMNS matrix (see, e.g., [3]).

Investigating the case of 3-neutrino mixing in matter with con-
stant density we have derived first the relations 6]} = 63 and
8™ =34, 63 (A1) and § (8™) being respectively the atmospheric
neutrino mixing angle and the Dirac CP violation phase in vacuum
(in matter) present in the PMNS neutrino mixing matrix. Perform-
ing a detailed numerical analysis we have shown that although
these equalities are not exact, they represent excellent approxima-
tions for the ranges of values of A/Am%1 < 30 relevant for the
T2K (T2HK), T2HKK, NOvA and DUNE neutrino oscillation experi-
ments, the deviations from each of the two relations not exceeding
respectively 1.3 x 1072 and 1.3 x 10~3 (Figs. 1 and 2)). Similar con-
clusion is valid for the corresponding parameters 5’2"3 and 8™ in the
case of mixing of antineutrinos (Figs. 3 and 4)).

We have derived next the relation sin 263} sin§™ = sin 26,3 sin §,
and have shown numerically that it is exact (Fig. 5). The relation
is well known in the literature (see [23,13]). We have presented a
new derivation of this result. Using the indicated relation and the
fact that the deviations of 67} from 63, €33 (A/Am%l), and of §™
from §, ES(A/Am%l), are small, |e23], |€s| < 1, we have derived a
relation between €23 and €5 working in leading order in these two
parameters (eq. (51)). It follows from this relation, in particular,
that for 6,3 = m /4 and 8§ # 3w /2, /2, the leading order matter
correction to § vanishes, while for § =37 /2 (7v/2) and 6,3 # 7 /4,
the leading order matter correction to 6,3 vanishes.

We have discussed further the relation between the rephas-
ing invariants, associated with the Dirac phase in the neutrino
mixing matrix, which determine the magnitude of CP and T vi-
olating effects in 3-flavour neutrino oscillations in vacuum, Jcp,
and of the T violating effects in matter with constant density,

T = J™", obtained in [1]: J™ = JepF. F is a function whose
explicit form in terms of the squared masses in vacuum and in
matter of the mass-eigenstate neutrinos, of the solar and reac-
tor neutrino mixing angles and of the neutrino matter poten-
tial (eq. (11)) was given in [1]. The quoted relation between
J™ and Jcp was reported in [1] without a proof. We have pre-
sented a derivation of this relation. We have shown also that
the function F = F(612, 613, Am3,, Am3,, A) i) is positive, F > 0,
which implies that J™ and Jcp have the same sign, sgn(J™) =
sgn(Jcp), and that ii) it can have different forms. We have
proven also that the function F as given in [1] is another rep-
resentation of the so-called called “Naumov factor” (Fig. 6): F =
Am2,Am3;Am3, (AM2,AM3,AM2,)~1, where Amizj =m? - m?,
AMizj =M? — M?, m; and M;, i =1,2,3, being the masses of the
three mass-eigenstate neutrinos in vacuum and in matter.

Finally, we have considered briefly the case of antineutrino mix-
ing in matter and have shown that results similar to those derived
for the mixing of neutrinos in matter are valid also in this case.

The results of the present study contribute to the understanding
of the neutrino mixing in matter and flavour neutrino oscillations
in matter with constant density, widely explored in the literature
on the subject. They could be useful for the studies of neutrino
oscillations in long baseline neutrino oscillation experiments T2K
(T2HK), T2HKK, NOvA and DUNE.
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