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Abstract

This paper compares the use of confidence intervals (CIs) and a sensitivity analysis called the number
needed to disturb (NNTD), in the analysis of research findings expressed as ‘effect’ sizes. Using 1,000
simulations of randomised trials with up to 1,000 cases in each, the paper shows that both approaches
are very similar in outcomes, and each one is highly predictable from the other. Cls are supposed to be
a measure of likelihood or uncertainty in the results, showing a range of possible effect sizes that could
have been produced by random sampling variation alone. NNTD is supposed to be a measure of the
robustness of the effect size to any variation, including that produced by missing data. Given that they
are largely equivalent and interchangeable under the conditions tested here, the paper suggests that both
are really measures of robustness. It concludes that NNTD is to be preferred because it requires many
fewer assumptions, is more tolerant of missing data, is easier to explain, and directly addresses the key
guestion of whether the underlying effect size is zero or not.

Introduction

This paper considers how to represent some of the key strengths or weakness of a research result,
especially one expressed as an ‘effect’ size. Effect sizes can be of many kinds including odds ratios for
cross-tabulated categorical variables, and correlation coefficients such as R? for real numbers related
linearly, and all can be encompassed by the argument within this paper. However, for simplicity, the
discussion here focuses on one type of effect size — the difference between two means divided by their
overall standard deviation. Such an ‘effect’ size could be used in a cross-sectional study to illustrate the
difference between the incomes of those based in urban and rural locations, or the examination results
of two ethnic groups. The difference would not actually be an ‘effect’, because area of residence may
not cause income level, for example. Effect sizes could be called standardised differences, and some
kind of scaling is necessary (Gorard 1999). But they are generally called ‘effect’ sizes and so that is the
term used in this paper. The term might be more appropriate when effect sizes are used to present the
results of an experimental design.

In a typical experiment there will be two groups of roughly equal size to which cases will have been
randomised — one for the intervention or ‘treatment’ and one for the control or ‘business as normal’
treatment. There will be a pre-specified measurable outcome, and the post-intervention mean score for
that outcome will be calculated for each group separately, along with the overall standard deviation of
the score. One way of presenting the results is to find the difference between the two means and divide
the result by the overall standard deviation. If the resultant ‘effect’ size is at or near zero then the
treatment is deemed to have had no effect relative to the control, or there is no difference between the
groups in a comparative study. If there is a substantial effect size (whether positive or negative), then
one plausible explanation is that the treatment has had a differential effect, or there is a noticeable
difference between two groups in a comparison. The key judgement for analysts is then whether the
effect size is large enough to assume that the true effect of the intervention was not zero.

This paper considers in turn the use of significance tests, judgement of research quality, confidence
intervals (Cl), and a measure of sensitivity called the number of counterfactuals needed to disturb the
finding (NNTD). All of these have been used by analysts to help judge how much to trust a result and
whether an effect size should really be treated as zero or not. The paper presents the results of simulated
trials comparing the Cl and NNTD for 1,000 large comparisons between two groups, and considers the
implication of these results for the meaning of Cls and the use of NNTD.
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Problems with p-values

In many fields, the results of numeric studies including experiments have long been assessed in terms
of their supposed probabilistic uncertainty expressed as a p-value from a test of significance — such as
a t-test, ANOVA, chi-squared or similar. Given a set of cases randomly allocated to the two group(s),
no measurement error in the outcome, and no missing data or missing cases, it is possible to calculate
the probability of finding an ‘effect’ size at least as large as that obtained in the study, as long as the
underlying or true difference between the two groups is zero. This probability is the p-value computed
by any form of significance test.

These p-values have two major problems for analysis. First, the conditions for computing them are
never or hardly ever met in real-life. They only work with complete randomisation of cases, and so
cannot be used with population data, convenience samples, or any samples with missing cases, or with
cases missing data (Freedman 2004, Filho et al. 2013, Glass 2014). As Colquoun (2014, p.3) states
about p-values from significance tests:

Of course the number will be right only if all the assumptions made by the test were true. Note
that the assumptions include the proviso that subjects were assigned randomly to one or other
of the two groups that are being compared. This assumption alone means that significance tests
are invalid in a large proportion of cases in which they are used.

Therefore, neither significance tests nor confidence intervals (see below) can be used in the situation of
comparing income by area of residence or attainment by ethnic group. Such groups are naturally
occurring, and have not been randomised. There is no probabilistic uncertainty about the differences
between them.

Second, it is not clear what use can be made of the probability computed. Analysts want to know
whether the underlying or true difference between the two groups in an experiment or other comparison
iS zero, or not, given the size of the difference they measured. The p-value is the probability of obtaining
the difference they measured given that the true value is zero. These two are very different values, and
one can be small and the other very large (Colquoun 2016). Without further information, that is never
available in usual practice, it is not possible to convert one probability (of the effect size given that the
real difference is zero) into the other (of the difference being zero given the effect size). The tests cannot
provide the answer analysts really want (Falk and Greenbaum 1995), but the desire to include some
guantitative measure of credibility has prompted an illegitimate use of statistical significance
as an inadequate and misleading surrogate for such a measure (Matthews 2001, Pharoah et
al. 2017, White and Gorard 2017).

There are many other problems with significance tests, including data fiddling, publication bias, false
positives, misuse of power analyses to deny non-significant results, post hoc dredging, and the multiple
use of tests designed for one-off use (Halsey et al. 2015). The p-values do not provide an easy picture
of the scale of any finding, or its substantive importance. None of these observations are new. The fact
that significance tests do not work as used has been clear for 100 years in the social sciences and beyond
(Boring 1919, Berkson 1938, Rozeboom 1960, Bakan 1966, Meehl 1967, Morrison and Henkel 1970,
Cox 1977, Carver 1978, Berger and Sellke 1987, Loftus 1991, Daniel 1998, Tryon 1998, Nickerson
2000, Gorard 2006, Hubbard and Meyer 2013). Significance tests have no useful role in day-to-day
research, are misleading, and should not be published any further (Walster and Cleary 1970, Guttman
1985, Hunter 1997, Nix and Barnette 1998, Selke et al. 2001, Fidler et al. 2004, Starbuck 2016).

Judging trustworthiness
Moving on from the flawed approach of significance testing should encourage researchers to consider
and report a much wider range of issues — such as the possible importance and methodological

soundness of their findings (Kline 2004). One possible generic approach is proposed in Gorard et al.
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(2017). Assuming full and honest reporting, we can judge the quality of each research report and
therefore the trustworthiness of its findings based on its design, scale, attrition, outcome measurements,
appropriateness, fidelity and validity. The design should fit the research question(s). A cross-sectional
design with two or more naturally occurring groups could be used to address a comparative question,
and an experimental or equivalent design with randomisation of cases to treatment groups would be
suitable for a causal question. Ideally, the number of cases in each treatment group should be large (at
least in hundreds). No cases should refuse to take part, be missing or drop out, and no data should be
missing from any of the existing cases. All missing data from a planned study is a source of bias in the
results, because there will be a reason why the data is missing (it is not a random phenomenon). The
outcomes should be clearly measured, pre-specified where possible to prevent dredging and, in a trial,
standardised rather than tied to the intervention being experimented on. There should be no diffusion
of the intervention between treatment groups, and no vested interests for the researchers. These and
other ideal factors are arranged into a ‘sieve’ in Gorard (2014a), to aid the judgement process by
comparing the achieved study with this ideal template.

The ‘new’ statistics

The ‘new’ statistics has emerged as an alternative to using significance tests. It uses the scale of the
findings, often based on standardised ‘effect’ sizes (see above). Effect sizes (ES) can give a good idea
of the size of any difference, pattern, trend, or correlation (Coe 2002). They do not rely on the same
unlikely assumptions as significance tests — so can be used legitimately with non-random cases, where
substantial data is missing, and so on. In themselves, ES offer no direct assessment of a finding arising
by chance, they need care to be used with appropriate forms of data, give no indication of the scale or
quality of the study that led to the finding, and are open to publication bias just like significance tests
(Chowl and Ekholm 2018). However, used in conjunction with consideration of the trustworthiness of
research (as above), they can be a useful way of presenting individual study results. In order to provide
readers with an idea of the likelihood of any finding arising by chance, advocates of the new statistics
have suggested also presenting confidence intervals (Cls) for effect sizes (Cumming 2013).

Cls

Perhaps the biggest single drawback of effect sizes is that they contain no indication of the scale of the
study the led to them — a crucial factor in judging the trustworthiness of any research finding. The effect
sizes discussed in this paper are computed from the difference between two means and their overall
standard deviation. Of course they should always be presented with the number of cases on which they
are based (N), but Cls combine the elements of effect sizes with N more directly. For an effect size
from a large sample, its confidence interval is computed as the effect size plus or minus 1.96 times the
overall standard deviation (of the mean of all cases) divided by the square root of N. This is for a 95%
Cl, since 95% of the area of the normal distributions lies within 1.96 standard deviations of its mean.
Other approaches are possible with Cls specifically for effect sizes (see Appendix).

Cls are intended to be an estimate of probabilistic uncertainty, and so are closely related to significance
tests, and mainly have the same underlying assumptions. The wider the CI the more uncertain the
finding is interpreted as. Given full randomisation, no underlying difference between the two groups,
no missing data, and no measurement error (as with significance tests), the 95% has an odd meaning
(the same mathematical assumptions as with significance tests). It suggests that if many other samples
of the same size from the same population were to be created and their means and Cls calculated, then
around 95% of the Cls of these other samples would include the mean of the sampling distribution
(which can be construed as an estimate of the population mean). This is a imaginary recursive definition
because it uses a very large number of Cls to define any one CI. It is also reverse logic since it does not
say that the sampling distribution mean is 95% likely to be within the achieved CI (Lindley and Phillips
1976). It merely says that 95% of very many similar Cls would contain the mean. This is hard to
understand and explain to a wide audience, and often misportrayed even in what are intended to be
training resources (Morey et al. 2016). See, for example, where the UK Data Service describes Cls as
the probability of containing the true population figure
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(https://dam.ukdataservice.ac.uk/dataskills/surveys/6/story html5.html). There are no interpretations of
this concept that are at once simple, intuitive, correct, and foolproof (Greenland 2016). In fact, Cls
contain little or no information about the false discovery rate, and are simply a different way of
expressing p-values from significance tests (Colquoun 2014).

Cls also share with the flawed approach of significance testing the problem that they do not and cannot
address the most important analytical questions about any one sample result. Systematic biases in
design, measurement or sampling are generally more substantively important than random variation
when deciding on the trustworthiness of any research results. For example, a confidence interval cannot
distinguish between a sample of 100 cases with a 50% response rate and a random sample of 100 cases
with a 100% response rate. Both will be assessed by a Cl as providing equal ‘confidence’ despite the
latter being far superior in quality, and therefore in the level of trust that can be placed in it (a true
concept of “confidence™). Similarly, all other things being equal, the CI for a sample of 200 cases with
a response rate of 20% (i.e. when 1,000 cases were approached) will be reported as markedly superior
to the CI for a random sample of 100 cases with a 100% response rate. In both examples, Cls should
not be used since at least one of the samples is no longer random. The non-response cannot be assumed
to be random, and careful research has shown than non-responding cases are not a random sub-set of
all others. Their mere existence and occurrence creates a ready potential for bias (Brunton-Smith et al
2014).

The impact of missing data can be illustrated through simulations (see Gorard 2014b). Using 100
samples of 10,000 random numbers, around 95% of their computed Cls did contain the true population
mean. However, when 10% of the highest or lowest scores were ignored then the CI success rate
dropped to 59%. When these scores were instead replaced by the sample mean, the CI success rate
dropped to 43%. This means that, even if the logic of Cls were accepted, an analyst reporting a 95% ClI
for a sample with a 90% response rate could actually be citing a 43% CI or worse. Just as with any
significance tests, confidence intervals take no account of bias or missing data. And this bias or potential
bias is a far bigger threat to the security of findings than random sampling variation. Anyway, just as
with any significance tests, the accuracy of a Cl depends on the prior probability. Even in their own
terms and with perfect data, Cls are less than 50% accurate (contain the appropriate mean) when the
prior is as low as 0.07 (Pharoah et al. 2017).

NNTD

One way to encapsulate how trustworthy any effect size is, according to several of the factors above,
involves sensitivity analysis. Sensitivity analyses are used in fields including economics, agriculture
clinical trials, and natural sciences to support decision making, such as whether a finding is robust and
so worth taking notice of substantively (Thabane et al. 2013). This usually involves looking at the
impact on the substantive research findings of varying assumptions about errors and related factors, and
according to Pannell (1997) even the simplest of such approaches are useful. One approach is to assess
the proportion of cases that would have to be replaced with counterfactual data to invalidate the
inference being made (Frank et al. 2013). This is the approach discussed in this paper, and compared to
confidence intervals. Taking the idea further than those above, converting it into a number representing
how different any missing cases or data would have to be in order for the effect size to become zero,
the approach also compares the number of such counterfactual cases with the amount of missing data
(Gorard and Gorard 2016).

The number of counterfactual cases needed to disturb the finding (NNTD) involves creating a
counterfactual score, such as one standard deviation away from the mean of the smaller group, in the
opposite direction to the ‘effect’ size. The number of these counterfactual scores (running against the
finding) that can be added to the smallest group in the comparison before the effect size disappears is
then a standard measure of the strength of the ‘effect’. This number can be calculated more easily as the
effect size multiplied by the number of cases in the smallest group. NNTD is a useful measure of the
sensitivity of the scale of the findings (and their variability as represented by the standard deviation used
to compute the ‘effect’ size), taking into account the scale of the study (N). All three elements are
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combined in one summary figure measured in a number of cases that can be directly compared to the
number of missing cases.

Based on a large number of studies (Gorard et al. 2016), a NNTD of 50 can be considered a very strong
and secure finding, given how tough this definition is. Using this as a working assumption, Figure 1
shows the number of cases needed in each comparison group (assuming equal size) for ‘effect’ sizes
from 0.1 t0 0.5, in order to obtain NNTD=50 with no attrition. As expected, the number of cases needed
decreases exponentially as the projected ‘effect’ size increases. For a typical education intervention or
comparison, with an expected effect size of 0.25, the number of cases needed per comparison group is
200. Larger effect sizes in other social science studies would permit correspondingly smaller samples
sizes, still with NNTD of 50.

Figure 1 — Projected ‘effect’ size and number of cases, for NNTD=50
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NNTD is measured as a number of cases. This means that NNTD can be used to make a direct
comparison with the number of initial cases missing data in any study (from refusal, non-response and
attrition). The number of missing cases, or cases missing data, can be subtracted from NNTD. If the
result is still greater than zero then it means that even in the unlikely situation that all missing data were
in the opposite direction to the main finding (counterfactual) the effect size would still be non-zero.
This would suggest a strong finding. The larger the NNTD s, after attrition has been subtracted, the
stronger the finding. NNTD is much newer and less widespread than Cls, but has been used successfully
in several national projects. NNTD is not meant to be an alternative to Cls, because they clearly have
theoretically different purposes, but it is interesting to compare them here for the same datasets.

Methods used for this paper

The rest of the paper is based on a comparison between the Cl and NNTD for a large number of
simulated comparative studies with two groups. The simulations here involved 1,000 datasets of
uniform random numbers between generated in Excel, each portraying a study or trial with between 1
and 1,000 cases (N selected at random). For each dataset an ‘effect’ size (ES) outcome was generated
as the difference in the means between the two groups divided by their overall standard deviation. For
simplicity both groups had the same number of cases. The number of counterfactual cases needed to
disturb this ES was calculated as the ES multiplied by N/2. The CI for the same datasets was calculated
as 1.96 times the overall standard deviation, divided by the square root of N (i.e. this was one ‘arm’ of



the interval). Both measures are therefore based on N and the standard deviation in some form. For
more details see the Appendix.

The 1,000 pairs of NNTD and Cl measures were cross-plotted and their Pearson’s R correlation
coefficients computed. The cross-plotted graph is curvilinear with the high NNTD figures linked to near
zero Cls, and low NNTDs linked to increasingly large Cls. Because the two figures are of different
scales, and the range of NNTD is so large, the cross-plot was redone with the logs of the two sets of
measures, creating a clearer linear pattern, and Pearson’s R was recalculated. The latter are the findings
presented here.

Comparing NNTD and Cls

Under these conditions, as shown in Figure 2, the measures for NNTD and for Cls are each highly
related to each other, and each could be predicted very accurately from the other. When NNTD is larger
(positive log) the corresponding Cl is always smaller (negative log). When NNTD is smaller, even
notionally fractional (negative log), the Cl is always larger. For the 1,000 trials illustrated the correlation
between the two measures was 0.96 (so that they appear to have over 92% of variation in common).
This is typical over many simulations.

Figure 2 — Cross-plot of log of NNTD (x axis) and log of CI (y axis)

The point representing a dataset with the smallest NNTD (log of less than -1) has a relatively low CI
compared to the others. This is an example of a large trial with an ES outcome at or near zero (a perfectly
valid result), leading to a small NNTD. There are a few other scores like this but less extreme. These
few are perfectly proper results and would probably happen more often in real-life trials than with these
random datasets representing trials. With experimental data for example, the US IES has found only
about 12% of the interventions it has evaluated to have an ES substantially different to zero (Gorard et



al. 2017). However, these examples do mean that the correlation between Cls and NNTD is not perfect,
as well as still being slightly curved rather than a perfectly straight line.

In real datasets, the mean and standard deviation are often of the same order of magnitude and this
creates an association between their size. Other than that though, the CI in Figure 2 does not involve
the effect size (only N and the standard deviation). The same kind of simulation is therefore redrawn in
Figure 3, again plotting NNTD on the x axis, and the effect size plus the CI (both as logs, as above). If
anything this creates an even clearer line, and a slightly larger correlation.

Figure 3 — Cross-plot of log of NNTD (x axis) and log of ES-CI (y axis)
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Both CI (however computed) and NNTD also include all three elements — the mean, standard deviation
and the number of cases. It is not surprising therefore that to a great extent, NNTD and Cls portray the
same thing, and one can be predicted reasonably accurately from the other. But one is presented by its
advocates as a measure of probabilistic uncertainty and the other as the measure of robustness in the
finding. So, which is more accurately portrayed, and which is preferable in practice?

NNTD directly addresses the key question for analysts of whether the ES is substantially distinguishable
from zero, where the achieved ES or N or both are so large that it is hard to envisage such a result if the
real ES were zero. As illustrated here, the Cl is a close proxy for this, but as a range it does not directly
address the issue of whether the ES is zero. Instead it gives a rather wide range of possible effect sizes,
within which the true ES may or may not be included. In practical terms, this is almost useless. NNTD
could be used to create a similar range, such as the largest and smallest ES achieved if 10%
counterfactual cases were added to the dataset, for example. This would show the same information as
NNTD itself, but be harder to interpret. If, on the other hand, a Cl is used to decide whether the ES is
likely to be zero in reality, by seeing whether the interval contains zero or not, which is standard
practice, then the CI process simply becomes a significance test (see above). Significance tests have
already been abandoned in the new statistics, and so Cls should also be adandoned.

Implications
Insofar as NNTD and CI are measures of the same thing, they might be considered interchangeable to
a great extent. They used the same three values combined to present a context for an effect size finding.

However, they are not theoretically interchangeable. Cls purport to present an estimate of probabilistic
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uncertainty in the effect size. To do so they require that the data has no values or cases missing, no
measurement error, and is based purely on randomisation. These requirements are built into their
computation and interpretation. But such requirements are unrealistic in social science, and are never
met in practice. NNTD, on the other hand, has no such requirements and can be computed freely for
population, incomplete and convenience datasets. It does not claim, or attempt, to measure probabilistic
uncertainty at all. It is a simple measure of robustness, or the sensitivity of the ES to changes such as
the addition of cases inconvenient for the effect size. Since NNTD gives such a similar result to Cls,
and is based on the same values, perhaps this means that Cls are also measures of robustness and not of
uncertainty. This is much more likely than that NNTD is somehow an undiscovered measure of
probabilistic uncertainty.

As shown above, as soon as any data or cases are missing and the potential for bias is present, Cls do
not work even in their own terms and with randomised perfectly-measured data. NNTD, on the other
hand, is measured in a number of cases, and so can be compared easily and directly with the number of
cases missing data or missing entirely. It addresses the question of whether the apparent ES could be
explained by the missing data or not in a way that Cls simply cannot. It is also free of the assumptions
needed for Cls. It can be used for any comparison between groups, even where these are drawn from
convenience or other non-random samples. And it does depend on the precise type of effect size, being
usable with effect sizes based on the mean absolute deviation rather than the standard deviation, and
those based on real numbers and categorical data (Gorard 2015).

Perhaps most importantly the use of NNTD is much easier to explain to a wider audience than a Cl is
(Watts 1991). Cls are recursive (defined in terms of Cls) and use the same perplexing inverse logic as
significance tests. It is very rare to find a methods resource, let alone a piece of research, that describes
Cls accurately. There may be better alternatives to NNTD in the future, but for the present NNTD is
preferable to Cls for all of these reasons. It provides at least as much information, is more practical and
easier to use and understand.
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Appendix

A simple way to recreate the simulation described in this paper is to use Excel, and create two sets of
1,000 random numbers between 0 and 1 to represent the mean difference between groups and standard
deviations, of 1,000 trials or comparisons. A third set of 1,000 random integers between 1 and 1,000
represents the number of cases (N) in each trial. The effect sizes for each trial are represented by a
fourth column computed by dividing the mean difference by the standard deviation. Then NNTD can
be computed for each trial as half of N (assume equal size groups) multiplied by the effect size. The
confidence interval, traditionally and as used in the paper, is:

CI=ES+1.96*SD/YN

However, Hedges and Olkin (2014) have proposed instead using a different approach for Cohen’s d
effect sizes:

CI=ES+1.96*V((n+m)/(n*m)+ES%/2*(n+m))

Where n and m are the number of cases in each comparison group, and so n+m=N. The simulation has
also been run 1,000 times with this version of the CI (again assuming for this purpose that the groups
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are equal size, and so n=m). The results are the same. The traditional Cl and the bespoke CI correlate
at greater than R=0.99. Therefore, which version of the CI is used makes no difference to the findings
of this paper. If the two groups had been unequal, and as n and m diverge from each other, so the CI
increases, just as the smallest group decreases and so reduces the NNTD.

Once all columns have been created, the NNTD and CI can be converted to logs, and correlated or
cross-plotted.
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