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Abstract

Ergodicity of random dynamical systems with a periodic measure is obtained on a Polish space. In the
Markovian case, the idea of Poincaré sections is introduced. It is proved that if the periodic measure is PS-
ergodic, then it is ergodic. Moreover, if the infinitesimal generator of the Markov semigroup only has equally
placed simple eigenvalues including O on the imaginary axis, then the periodic measure is PS-ergodic and
has positive minimum period. Conversely if the periodic measure with the positive minimum period is
PS-mixing, then the infinitesimal generator only has equally placed simple eigenvalues (infinitely many)
including O on the imaginary axis. Moreover, under the spectral gap condition, PS-mixing of the periodic
measure is proved. The “equivalence” of random periodic processes and periodic measures is established.
This is a new class of ergodic random processes. Random periodic paths of stochastic perturbation of the
periodic motion of an ODE is obtained.
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1. Introduction

Ergodicity is significant for the theory of random dynamical systems in describing their large
time behaviour and irreducibility. However, important results have been proved only under the
regime of stationary measures and stationary processes. They are not applicable to systems with
periodicity. In this paper we will break this restriction to provide an ergodic theory when “peri-
odicity” exists. This scenario, regarded as random periodic, is defined in a very general situation
of a separable Banach space, applicable for both discrete random mappings and continuous time
stochastic flows.

It is well known but still worth mentioning in this context that the notion of periodic paths
has been a major concept in the theory of dynamical systems since Poincaré’s pioneering work
([27]). Moreover, periodic phenomena exist in many real world problems. But, by nature, many
real world systems are very often subject to the influence of internal or external randomness. Peri-
odicity, nonlinearity and randomness are present and interweave in many real world phenomena.
Random periodicity is ubiquitous and can be found, for example, in daily temperature varia-
tions, economic and business cycles, internet traffic volumes, activity of sunspots and transition
between ice age and interglacial period.

But periodicity and randomness do not seem to match each other naturally, so the first major
task is to define the random periodicity in a general setting. The study of random periodicity has
attracted considerable interests in literature recently.

Physicists have attempted to study random perturbations to periodic solutions for some time.
They used first order linear approximations or asymptotic expansions in a small noise regime,
e.g. see [33]. The approach in [33] was to seek Y (¢ 4+ 7, ) returning to a neighbourhood of
Y (¢, w) for each noise realisation, where 7 > 0 is a fixed number. This suggests that almost
surely each sample path is in a neighbourhood of its mean, which is not far from the original
unperturbed periodic path. This reveals certain information about the “periodicity” under small
noise perturbations. However, in many situations, the sample path may not always stay in a small
neighbourhood of its mean even when noise is small. One of the obstacles to make more progress
was the lack of a rigorous mathematical definition and appropriate mathematical tools. There
were some scattering attempts in mathematics literature raising and discussing random periodic
orbits for time-one mappings ([25]). Our work provides a systematic approach applicable for
both time-one mappings ([26]) and flows.

New observation was made in [34] which says that for each fixed ¢, {Y (kT + ¢, w) }xeN should
be a stationary path of the t-mesh discrete random dynamical system, where T denotes the pe-
riod. This then led to the rigorous definition of random periodic paths and a series of new results
([18], [19], [26], [34]). An alternative way to understand random periodic behaviour is to study
periodic measures which describe periodicity in the sense of distributions ([22]). There are a
few works in the literature attempting to study statistical solutions of certain types of SDEs with
periodic forceings; motivated in the context of studying the climate change problem when the
seasonal cycle is taken into considerations ([21]); some mean field models in chemical reactions
([30]) and Ornstein-Uhlenbeck processes ([7], [28]). However, it seems that the periodic measure
was written in the form (3.10) for the first time in [20]' (see also [15], [12]). Our formulation
includes an entrance law and time periodicity of the measure function. We note here that the time
periodicity of the measure function in (3.10) was suggested by Has’minskii in [22], but the en-

1 This paper is now replaced by the current paper and will not be submitted for a publication.
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trance law was missing in his formulation except for discrete transition semigroup at the integral
multiples of the period. It is important to note from our work that both the periodic condition and
entrance law at all time are not redundant in the definition given in [20].

The concept of random periodic paths has led to more progress on investigations of various
issues in stochastic dynamics and modelling real world problems. They include an intriguing
observation of random periodic paths in the stochastic Timmerman-Jin model of El Nino phe-
nomenon arising in climate dynamics ([5]); bifurcations of stochastic reaction diffusion equations
([31]); periodic random attractors of stochastic lattice systems ([2]); stochastic resonance ([9]);
strange attractors of a particular hyperbolic random dynamical systems where infinite number of
random periodic paths were found ([23]); anticipating random periodic solutions of SDEs ([15]);
numerical analysis of random periodic solutions and periodic measures of SDEs ([12], [13]).

For Markovian random dynamical systems, we introduce the idea of Poincaré sections
{Ls}s>0 with Ly = Ly such that forany x € L;, P(s,x, Ly+;) =1, s, > 0. Thus P(kt, x, Ly)
=1 when x € L;. Note at integral multiples of the period k7, the discrete T-mesh random dy-
namical system {® (kT)};cN and its transition probability { P (kT)};eN, are in a stationary regime
on each Poincaré section. We can apply the Krylov-Bogoliubov procedure and the Chapman-
Kolmogorov equation to find invariant measure p; with respect to { P (k7)}; N on each Poincaré
section Lg. These {ps}s>0, form a periodic measure with respect to {P(¢)};>0. Moreover, if
{P(kt)}reN is irreducible on each L, then we can prove that the Poincaré sections are uniquely
determined.

For a periodic measure {ps}scR, its average over a period p = % for psds is an invariant mea-
sure with respect to { P(¢)};>0. Thus we can construct a canonical dynamical system on a path
space from the invariant measure, of which the ergodicity defines that of the invariant measure
0. The periodic measure {p;},cr is called ergodic if p is ergodic. In a non-degenerate random
periodic regime, the invariant measure p cannot weakly mixing and the transition probability
P(t,-, ") does not converge. However, we will prove,

e
Ry (D) :=/|N Z/(P(kt+s,x,l")—ps(F))dSIﬁ(dx)—>0,
x 0o

as N — oo for each I € B(X) if and only if the periodic measure is ergodic.

The concept of Poincaré sections is a key tool for establishing criteria for the convergence of
R . Observe that for each s € R, p, is an invariant measure of the t-mesh discrete Markovian
semigroup { P (k7)}rcN on the Poincare section Ls. We call the periodic measure is PS-ergodic
(PS-mixing) if for each s, the measure p; as an invariant measure of { P (k7)}renN on Ly is ergodic
(mixing). We will prove that if the periodic measure is PS-ergodic, then it is ergodic.

We will classify between a real random periodic regime and a degenerate stationary case. In
the case of non-degenerate periodic measure with a minimum period 7 > 0, there is an angle
variable which is not constant, unlike the stationary case. Thus the transformation operator has
infinitely many eigenvalues on the unit circle. In particular, if the infinitesimal generator of the
Markov semigroup only has equally placed simple eigenvalues including O on the imaginary
axis, then the periodic measure is PS-ergodic and has positive minimum period. Conversely if
the periodic measure with the positive minimum period is PS-mixing, then the infinitesimal gen-
erator only has equally placed simple eigenvalues (infinitely many) including O on the imaginary
axis. This is clearly distinguished from the mixing stationary case in which the Koopman-von
Neumann Theorem says there is only one simple eigenvalue 0 on the imaginary axis.
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It is noted that the spectral structure of the Markov semigroup is more fruitful than that of the
transformation operator on the path space. In this context, it is worthy mentioning that in the case
of the stationary regime, many results on spectral gaps have been obtained, which give how far the
rest of spectra of the generator are away from the 0 eigenvalue (cf. see [6], [32] etc). Moreover,
the spectral gap gives mixing property and convergence rate of transitional probability to the
invariant measure. This fundamentally important result has brought many powerful analysis tools
to the study of ergodicity and mixing of the invariant measure of stochastic systems. In this paper,
we prove if the semigroup has a spectral gap on each Poincaré section, then the periodic measure
is PS-mixing and for any I" € B(Rd), as k — oo,

(k+1)t
1 = = -8kt
|- P(s,x,ds — p(I)|p(dx) <e™°"".
T
X kt

This result, together with the result of eigenvalues on the imaginary axis, provides a clear an-
alytic characterisation of the PS-mixing property in terms of the spectra of the corresponding
semigroup. However, it is still open to see whether or not the spectral gap of differential operator
implies the spectral gap of its semigroup on Poincaré sections.

Our ergodic theory give an innovative insight into the stochastic resonance and reveals a rigor-
ous proof of the transition between ice age and interglacial period proposed in [3] and the partial
differential equation for expected transition times ([16], [17]).

Random periodic paths describe random periodicity in a pathwise manner, while periodic
measure gives a description in terms of the law. They are not immediately equivalent, but both
indispensable concepts for understanding random periodicity, as stationary processes and invari-
ant measures for the stationary regime. In this paper, we will prove that they can be “equivalent”
in the following sense. First random periodic paths give rise to a periodic measure and conversely
we are able to construct an enlarged probability space by adding trajectories of the random dy-
namical systems to be part of the new noise paths space, in which we can construct random
periodic paths. Moreover, one can prove that the law of the random periodic paths is the very
periodic measure.

We would also like to point out that what we normally observe in the real world is only
one realisation of a random periodic process, rather than a periodic measure. However, random
periodicity could be difficult to statistically test without appealing to the periodic distribution
idea, especially when noise is large. On the other hand, to find a periodic measure from one
realisation is an difficulty. To overcome this difficulty, we appeal to establish the law of large
numbers and central limit theorem. We will publish these results in a different publication ([14]).

2. Random periodic paths and examples

In this part, we will study random periodicity of random dynamical systems of cocycles. This
is necessary because on one hand random periodicity exists naturally for systems of cocycles. In
this case, the integration of a periodic measure, if exists, over the time of one period is an invariant
measure. Thus its ergodicity makes sense as that of the average invariant measure. On the other
hand however, the above observation is not valid for stochastic periodic semi-flows. One cannot
define an invariant measure from the integration of periodic measures thus ergodicity cannot be
defined in the same way as above. But in the second part of this paper, we will use the idea of
lifting stochastic periodic semi-flows to a cocycle on a cylinder, and periodic measure to that of
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the cocycle on the cylinder, of which the ergodicity can be studied. Thus the first fundamental
task is to study the ergodicity of coycles.

Let X be a Polish space and B(X) be its Borel o-algebra. In this section, we consider a
measurable cocycle random dynamical system & on (X, B(X)) over a metric dynamical system
(2, F, P, (0(t)),cr+) with a one-sided time set R* :={r e R:r >0}, ®: RT x Q@ x X — X. It
is (Br+ ® F ® B(X), B(X))-measurable and satisfies the cocycle property:

D0, w) = idx and D(f + 5, w) = D, 0(s)w)D(s, w), foralls,r e RT,

for almost all w € Q2. The map 6(¢) : 2 — Q2 is P-measure preserving and measurably invertible.
Therefore it can be extended to R~ as well by setting 6(¢) = 6(—1)~! when r € R™. There is
no need to require the map ® (¢, w) : X — X to be invertible, thus our work is applicable to both
SDEs and SPDE:s.

First recall the definition of random periodic paths given in [18], [19].

Definition 2.1. A random periodic path of period 7 of the random dynamical system ® : R* x
Q x X — X is an F-measurable map Y : R x  — X such that for almost all w € €,

O, 0() W)Y (s, 0)=Y(t+s,0), Ys+1,0)=Y(s,0(7)w), 2.1

forany r € R*, s € R. Itis called a random periodic path with the minimal period 7 if T > 0 is the
smallest number such that (2.1) holds. It is a stationary path of ® if Y (s, 0(—s)w) =Y (0, w) =:
Yo(w) forall s e R, w € Q,i.e. Yy: Q2 — X is a stationary path if for almost all w € €2,

O(t, w)Yo(w) = Yo(8(t)w), forany t e RT,

The first part of the definition of the random periodic path suggests that a random periodic
path {Y (s, w)}scRr is indeed a pathwise trajectory of the random dynamical system. The second
part of the definition says that it has some periodicity. But it is different from a periodic path
in the deterministic case, Y (s + 7, ) is not equal to Y (s, w), but Y (s, 0(t)w). We call this
random periodicity. Starting at Y (s, w), after a period 7, trajectory does not return to Y (s, w), but
to Y (s, -) with different realisation 0(t)w. So it is neither completely random, nor completely
periodic, but a mixture of randomness and periodicity. In fact, the path {Y (s + 7, ®)};cRr repeats
the path {Y (s, 0(t)w)}scr, rather than {Y (s, w)};er as in the deterministic case. This kind of
random periodicity can be numerically checked as demonstrated in [12].

Let ¢ (s, w) =Y (s,0(—s)w), s € R. It is easy to see that ¢ satisfies the definition in [34]

O, w)p(s,w) =Pt +5,0(0)w), (s +T,0) =¢(s,w),t e R, s eR. 2.2)
Therefore ¢ is a periodic function and define
LY ={(¢(s,w) :s € [0, 7)}. 2.3)
It is easy to see from the first formula in (2.2) that L is an invariant set, i.e.

®(t, w)L? = LID?,
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forany ¢ € R™. But needless to say that random periodic solution gives more detailed information
about the dynamics of the random dynamical system than a general invariant set. Unlike the
periodic solution of deterministic dynamical systems, the random dynamical system does not
follow the closed curve, but move from one closed curved to another when time evolves. This
is fundamentally different from the deterministic case, which makes it hard to study. However,
this natural definition in random case makes it possible to gain new understanding of random
phenomena with some periodic nature, where strict deterministic periodicity is not applicable.

The above definition is given for the continuous time case only. All the results are given in
this setting as well. They all apply to the case when the time is discrete, i.e. when R is replaced
byZ={--,-2,-1,0,1,2,---}and RT by N ={0, 1,2, ---}.

It is not the purpose of this paper to discuss the existence of the random periodic path. In this
paper, we only give one example of random dynamical systems that has a random periodic path.

The problem of a random perturbation to periodic motions is of great interests to both math-
ematicians and physicists. If an ordinary differential equation (ODE) has a periodic path, does a
stochastic differential equation with the coefficients of the ODE as its drift possess a random pe-
riodic path? This can be regarded as stochastic perturbations of periodic motion of the dynamical
system generated by the ODE. If the noise is nondegenerate (strictly elliptic), we can see that
random periodic solution is synchronised to a stationary solution.

Zhao-Zheng (2009) provided a first example of stochastic differential equation with a random
periodic path. This is SDE (2.4) with W; = W5 instead of two independent Brownian motions.
In this case, the random periodic path was written explicitly in Zhao-Zheng (2009). But when
Wi and W, are independent Brownian motions, SDE (2.4) still has a random periodic path with
a positive minimum period, but its proof is much more involved. Note the noise in (2.4) is de-
generate.

Example 2.2. Consider the following stochastic differential equation on R?

dxi = [—x2 +x1(1 —x} — xD)1dt + x1d W1 (t),

2.4
dxy = [x1+x2(1 — x7 — x3)dt + x2d Wa (2). 4

Here Wy (¢) and W (t) are two independent one-dimensional two-sided Brownian motions on the
probability space (€2, F, P) with (W1(0), W2(0))” = (0,0)T. Denote W (¢) = (Wi (t), Wo(t))T.
Set Fl=o(Wu) — W) :s <v<u<t), Fl.oo = Vi, Fi and 6 : R x Q — Q the measure
preserving metric dynamical system given by

OBs)t) =W(t+s5)—W(s),s, t eR.
Denote by & = (P, $7) : [0, 00) X RZ x Q — R? the cocycle generated by the solutions of

(2.4).
It is well known that the noiseless system

dditl: —)C2+)C1(1—)C12—X22), 2.5)
o = xi+x0-x}—xd),

has a periodic solution (x1(z), x2(t)) = (cost, sint). In the following proposition, we will study
the existence of random periodic path which can be regarded as a random perturbation of the
periodic motion of the deterministic dynamical system generated by (2.5).
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Proposition 2.3. Equation (2.4) has a unique random periodic solution x*(t) = (x} (¢), x3 (1)) #
(0, 0) with a positive minimum period satisfying for a.s. o € €2,

X+ 7T, ) = —x*(t, Oy ), (2.6)
x*(t 4+ 2w, 0) =x*(t, 02 0). 2.7

Proof. Let us use the polar coordinates by letting x; = r cos ¢, x = r sin¢. Then we have

dr = r(1—r?+ ysin*(29))dt + rcos> ¢ dW (1) + rsin> o dWa (1),

. o 2.8)
do = dt + zsin(4p)dt + 5 sin(2p) d(Wa(t) — W1 (2)).

This generates a stochastic flow (r, ¢) : [0, 00) x (RT x R) x  — (RT x R). Let us first look
at the angle equation. Note that the coefficients b(¢) =1 + % sin(4¢) and o () = % sin(2¢) are

periodic functions of period 5 and 7 respectively. Thus we can consider the equation as an SDE

on a circle of radius % i.e. we can consider ¢, = ¢, mod 7, then ¢, is a random dynamical

system cocycle on the circle S . By the fact that S is compact, so there is an invariant measure
2 2
p¢ for ¢. Therefore by Birkhoff ergodic theorem, we have as T — oo,

T T

1 1

- / sin” (2¢;)dt = - / sin® (2@, )dt — / sin(2x) pg (dx).
0 0 S

When ¢ =0 or 5, dg; = d@, = dt, then it is obvious that pz cannot be supported at {0, 7 }. Thus

B = / sin(2x)pg(dx) > 0, as. (2.9)
S
2

Now we consider ¥, = ¢, — ¢, then

1 1
diy = 7 sin(4yy +4d1 + 2 siny; + 20)d(WE —W)). (2.10)

Denote by ¥ () as the solution of (2.10) with initial condition {9 = «. Note i, satisfies a
stochastic differential equation with coefficients periodic in time with period 7. Inspired by
Carvehille-Chappell-Elworthy [4] (see also Rogers-Williams [29]), we consider the gradient flow
on the circle S 1 and its Lyapunov exponent. Define W, (o) = V4 (o). Then it is easy to see that

2 1

W2 —Ww,
d, W, = cos(dy; + 40, dt 4+ /2 cosy; + 2[)\1501(#).

w2—w)/

This is a linear stochastic differential equation for W,. Note that is equivalent to a stan-

dard one-dimensional Brownian motion, so by Itd’s formula, we can solve
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t

t
W, () = expf / cos(dy, + 4r)dr — / cos> 2y, + 2r)dr
0

s

'
+fcos(2wr +2V)d(Wr2_ er)}

0
t t

= exp{— / sin? 2y, + 2r)dr + / cos2y, +2r)d (W2 — WhHy.
0 0

Thus the Lyapunov exponent is computed as follows by using (2.9),
1
A= lim —log|¥ ()|
t—>0o0 t

1
=— lim — [ sin’(2g,)dr
t—o0 t
A

=—p<0, as.
Then there exists a tempered random variable C (w) > 0 such that for a.s. w €

Wtk (O—kn . @) = Yy pir O gz, )| < C)e P
In particular, for a.s. w, for k <1,

[Wstin O—kn @, @) — Vs iin (O—ir 0, )| < C(w)e PFT.

Thus {Ysixr (O—kr@, o)}k is a Cauchy sequence and therefore it has a limit, denoted by ¥ (w).
The limit does not depend on «. Note, for r > 0,

Vitstir Oz @, @) = Y1 (050) 0 Yy pr Ok 0, ) = Y (Os0) Y’ ().

But for a.s. w € Q

Vst Ok, @) = Y7 ().

Thus fora.s.w e 2,t >0,
Ui Os0) ¥ () = ¥ ().
Moreover, for a.s. w €

Vstrtkr O—kr @, &) = Vst k1) Ok 17 Or @, &) = P (O w)

and for a.s. w € Q
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Ustntkn O—kr @, ) = Y7 ().
Thus for a.s. w € Q

1!/;(+71 (w) = I/Ij(enw)

This means that SDE (2.10) has a random periodic solution with period . Set

@i (w) =5+ ¢ (w), forany s € R. (2.11)

Then it is easy to see that
i (Ogw) =7 + @] (@) (2.12)
Oi 27 (027 @) = 270 + ¢ (o). (2.13)

Moreover, let ¢5(-) denote the stochastic flow generated by the second equation of SDE (2.8).
Then for ¢ > 0,

91 (0;0)¢5 (0) = ¢, (). (2.14)

Consider SDE (2.8), the radius and angle coordinates together generate a cocycle satisfying for
s,t =0,

(r1 (Os), @1 (Osw)) o (rs(@), 95 (@) = (rr45(@), Pr45(@)).

On the other hand, inspired by Arnold [1], let £ = rlz, then

de = £(=3 + 4(cos* ¢ + sin* p))dr + 2d1
+£(—2cos? pd W, (1) — 2sin” pd W» (1)). (2.15)
Denote by ¢; s(¢), & .5(§, ¢) the solution of the second equation in SDE (2.8) and the solution

of (2.15) respectively for t > s with ¢, s(¢) = ¢ and &(s, s, &, ¢) =&. Then given (&;, ¢,) being
measurable with respect to ¥, one can solve & easily as follows, for t > s,

t
E(1, 5,60, 03) = £ exp(—3( — 5) +2 / (cos* (9.5 (95)) + sin* (gu.s (0)))dv

t t

-2 / cos?(gy 5 (95))d Wi (v) —2 f sin? (@y.s (¢5))d Wa (v))

N s

t t

+2/6Xp{—3(l —u) +2/(COS4(¢u,s(<ps)) + sin* (g, (¢)))dv

N
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t

t
2 / €052 (9.5 ()WL (v) — 2 / S (@05 (90))d W2 (v)] d.

u u

Given (rg, ¢5), consider (&, ¢5) = (riz, @s). It follows that for ¢ > s,

P(t 5. @5) = (E(L, 5, £, 0)) 7

t
— | expl3 —5) -2 / (cos* (9.5 (0)) + sin* (9.5 (9)))dv

1
2

t
+2v/‘(0052(§0v,s (@))dW1 (v) + sin® (@y s (95))d W (v))}

1 u

1
5 +2 f exp{3(u —s5) — 2 f (c0s* (.5 (95)) + sin* (g 5 (¢5)))dv

1
u -2
+2f(0052(¢v,s(¢s))dwl () + Sinz(wv,s((ﬂs))dwﬂv))}du s

N

defines the solution of the first equation of (2.8) for any ¢ > s with initial condition r; at the time
t = s. Recall ¢* given in (2.11). Define, for any s € R,

) N
rf=12 f exp{—3(s —u) —i-Z/(COS4 oy + sin* @y)dv
00 u

Bl—

N
-2 / (cos® d W1 (v) + sin® gd Wy (v))}du
u

Then for any ¢ > s,

s t
rt, s, rl, of, w) = [ / exp{—=3(t — u) +2/(cos4<p;‘ + sin* X)dv
—00 u

t
-2 / (cos® g d Wi (v) + sin® pd W (v))}du

u

t t

+/exp{—3(t —u)+2/(cos4<p;f + sin* X)dv

N u
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—2 [ (cos? gz d Wy (v) + sin? (p*sz(v))}du]

t
[/exp{ 3(t—u)+2/(cos gol’j+sin4<p:)dv
—00

t

/(cos YrdW1(v) + sin <pZ‘dW2(v))}du]

u

=rf(w).

2

1

2

(2.16)

Moreover, let W; (v) = 0, W; (v) = W; (v + ) — Wi (v), i = 1, 2, then by the change of variables

and (2.12),
s+ s+m
Foyn (@)= [ f exp{—3(s+m —u)+2 / (cos* or+ sin* oNdv
—0Q
s+m

1
2

/(cos @, dWl(v)+sm ©, sz(v))}du]

s+ K

= [ / exp{—3(s+m —u)+2 / (cos* 0 (Orw) + sin* i (Orw))dv

—0oQ u—m

s

—260, o / (cos? @rdWy(v) + sin <p,j‘dW2(v))}du]_

u—7

N

[/exp{ 3(s—u)+2/(cos 0 (B ) + sin® ¢ Gz w))dv

—00

—26, o / (cos? p*d Wy (v) + sin? (p*sz(v))}du]

=r} (0, w).

That is to say that r* is random periodic with period 7. Let

(X7 (), x5(5)) = (rF cos ¥, ri sin(p))).

Then from (2.12) and (2.17), we know that

(s + 7, 0), X5 (s + 7, 0) = (1), cos @y, (@), i, sing), ()

1
2

2

2.17)
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= —(r{ (0r ) cos(¢ (0r @), 1 (O ) sin(py (67 ®)))

= _(XT(Ss Gﬂw)v-x;(sﬂ 971(1)))1

i.e. (2.6) holds. Similarly, by (2.13) and (2.17), we can prove that (2.7) also holds. Now by (2.14)
and (2.16), we know that for ¢t > 0,

D(1, O50) (xT (5, w), X5 (5, w)) = (P (1, Oyw), Pa(t, Osw)) (x] (5, ), X5 (5, ))
= (] s (@) cos (@] (W), s (@) sin(p),  (®)))

= @[ +s,0), x50+, ).

That is to say we have a random periodic solution (xj (s, ), x5 (s, w)) # (0,0), s € R with peri-
odic 2. It is clear from (2.6) that the minimum period is strictly positive. O

Remark 2.4. (i). We have done some numerical simulations to equation (2.4). To explain the
numerical simulations, note (2.1) (or (2.7)) implies

x*(s — 2w, w) = x*(s,0_p w) forall s € R.

This means the paths x*(-,w) and x*(-,0_o,w) are identical if we shift each coordinate of
x*(+, 0_pr ) to the left by 7. By the same reason, if x*(-, @) is a stationary path, then for any ¢,
x*(-, w) and x*(-, 0_;w) are identical if we shift each coordinate of x*(-, 6_;w) to the left (when
t > 0) or the right (when t < 0) by |z, since a stationary path is when (2.1) holds for 7 being
any real number. The numerical simulations demonstrated in Fig. 1 describe that x](-, w) and
x{ (-, 0_2 w) are identical up to a shift, while x} (-, 6_ w) is not identical to them. But our simu-
lations suggest x} (- — 7, w) = —x} (-, 0_ w), which is exactly what we proved in Proposition 2.3.
This provides numerical evidence that x* is not a stationary path.

(ii). It is obvious from (2.6) and (2.7) that (x{, x3) is the random periodic path with a positive
minimum period. It is also easy to draw the conclusion that 27” n being even members, cannot be
the minimum period. The minimum period has to be of the form 27” with n being an odd number.
But it is not clear whether or not 27 is indeed its minimum period.

(iii). To compare the situation with a stationary solution case, we consider a similar perturbed
equation with additive noise:

{dxl = [—x2 +x1(1 = xf = x3)1dr +d Wi (1), (2.18)

dxp = [x1 +x2(1 — x% - x%)]dt +dW,(1).
This equation has a stationary path. Indeed numerical simulations demonstrate that x(-, @),
xi‘(~, 6_rw) and xi‘(~, 0_>,w) are identical up to a shift (Fig. 2). We have done simulations of

pull-back of some other values of time as well. Though not presented here for the interests of
space, they are all identical up to a shift.

3. Periodic measures

We start our investigation with proving a simple but important result that under the assumption
of the existence of random periodic paths, the random Dirac measure with the support on sections
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Fig. 1. Multiplicative noise-random periodic solutions: from the left to right, path of first coordinate with one realisation
w, its pullbacks 6_; w and 6_», w respectively. Red paths are identical up to a shift and the blue path is the flipped over
image of the red paths up to a shift.. (For interpretation of the colours in the figure(s), the reader is referred to the web
version of this article.)

of the random periodic curve L® is the periodic measure and its time average is an invariant
measure. To make this clear, we consider a standard product measurable space (S_Z, F )= (2 x
X, F ® B(X)) and the skew-product of the metric dynamical system (2, F, P, (6(¢)),cr) and
the cocycle ®(r, w) on X, O(1) : Q@ — Q,
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Fig. 2. Additive noise-stationary solutions: from the left to right, path of first coordinate with one realisation w, its
pullbacks 6_7 @ and 6_», w respectively. Red paths are identical up to a shift, so do blue paths.

OW)(®) = 01w, P, w)x), where ® = (v, x), t € RT.

Recall

Pp (2 x X) := { u: probability measure on (2 x X, F ® B(X))

3.1)
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with marginal P on (€2, F)}

and
P(X) :={p : probability measure on (X, B(X))}.

Definition 3.1. A map u : R — Pp (2 x X) is called a periodic probability measure of period ©
on (2 x X, F ® B(X)) for the random dynamical system ® if

tets = s and O s = iy, forany r e R, s e R. 3.2)

It is called a periodic measure with minimum period t > 0 if 7 is the smallest number such
that (3.2) holds. It is an invariant measure if it also satisfies g = o for any s € R i.e. pg is an
invariant measure of ® if ug € Pp (2 x X) and

O(t) o = o, forany r e R, 3.3)

Theorem 3.2. If a random dynamical system ® : R™ x Q x X — X has a random periodic path
Y :R x Q = X, it has a periodic measure on (2 x X, F @ B(X)) u: R — Pp(R2 x X) given
by

s (A) = / 8y (s.0) (A9 (s)0) P (dw), G4
Q

where A, is the w-section of A. Moreover, the time average of the periodic measure defined by

T
-1
M:—/y,sds, 3.5)

T
0

is an invariant measure of ® whose random factorisation is supported by L® defined in (2.3).

Proof. It is obvious that P is the Inarginal measure of g on (2, F), so us € Pp(R2 x X). To
check (3.2), first note for r € RT, ©(1) 1 (A) = {(w,x): (O(@)w, P(t,w)x) € A}. Then it is easy
to see that for r e R

O (A))o = 2 (1, ©) As (1) (3.6)

Then (3.2) follows a standard argument. Thus p;, s € R defined by (3.4) is a periodic measure
as claimed in the theorem. To see ft defined by (3.5) is an invariant measure, note for any A €
F ® B(X) and t € R, by what we have proved for ji;,

T T T

- 1 [ - 1 1
OWnA) =~ / OW) s (A)ds = — / Mas(A)ds = = / ps(Ayds = p(A). (3.7

0 0 0
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Thus f is an invariant measure. To see its support, by (3.5), (3.4) and Fubini’s Theorem, for any
AcF,

T

T
_ 1 1
n(A) = ;/M(A)dsz ;//(SY(S,G(—S)a))(Aw)P(dU))dS
0 0 Q

T

1
2/;f8Y(s,0(—s)w)(Aw)dSP(dw)~

Q 0
This leads to its factorisation given by
T T

_ 1 1
(o = ;/SY(S,e(—s)w)dS = ;/S(j)(s,a))dss

0 0

which is supported by L. O

Remark 3.3. For a random periodic path Y, it is easy to see that the factorization of u; defined
in Theorem 3.2 is

(Ms)ow = 8Y(s,0(—s)w), (3.8)

and satisfies

(Us+1)0 = (Us)w, PU, @) (Us)w = (Mt+s)0(t)w~ (3.9)

Now consider a Markovian cocycle random dynamical system & on a filtered dynamical
system (Q, F, P, (0);eR, (F!)s<t), i-e. for any s,t,u e R,s < t, 6,7 F! = ]-"ﬁ_t,’j and for any
t € RT, ®(t, ) is measurable with respect to ]-'6. We also assume the random periodic solution
Y (s) is adapted, that is to say that for each s € R, Y (s, -) is measurable with respect to F* | :=
Viy<sFr.

Denote the transition probability of Markovian process ® (¢, w)x on the Polish space X with
Borel o-field B(X) by (cf. Arnold [1], Da Prato and Zabczyk [10])

P(t,x,B)=P({w: ®(t,w)x € B}), teR", B e BX),
and for any probability measure p on (X, B(X)), define

(P*(t)p)(B):/P(t,x,B),o(dx), forany r e R*, B € B(X).
X

Definition 3.4. A measure function p : R — P(X) is called a periodic measure of period T on
the phase space (X, B(X)) for the Markovian random dynamical systems @ if it satisfies
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Psitr = ps and p,+S(B):/P(t,x,B)ps(dx) seR, teRT. (3.10)
X

It is called a periodic measure with minimal period t if T > O if the smallest number such that
(3.10) holds. It is called an invariant measure if it also satisfies p; = pg for all s € R, i.e. pg is an
invariant measure for the Markovian random dynamical system @ if

o= P*(t)po, forallt e RT. (3.11)

Remark 3.5. In [22], Has’minskii suggested that

P ps = Pkrts = Ps- (3.12)

It is easy to construct a counter example which satisfies (3.12), but not (3.10). For example we
consider a RDS with two different periodic measures of the same period with non-overlapping
supports. Then we can construct a new measure function {ps}se[0,r) by choosing one periodic
measure for certain time and another periodic measure for other time. The measure function can
be extended to all s € R by imposing the periodicity in time. Then the new measure function still
satisfies (3.12), but does not satisfy (3.10). Certainly it does not make sense to say it is a periodic
measure of the Markov semigroup as it is constructed from two different periodic measures. In
fact, both conditions in the definition (3.10) are not redundant.

Theorem 3.6. Assume the Markovian cocycle ® : RT x Q x X — X has an adapted random
periodic path Y : R x Q — X. Then the measure function p : R — P(X) defined by

ps = E(us). = Edy(5,0(—s).) = Edy(s,)» (3.13)

which is the law of the random periodic path Y, is a periodic measure of ® on (X, B(X)). Its
time average p over a time interval of exactly one period defined by

T

1
p= —/psds, (3.14)
T
0

is an invariant measure and satisfies that for any B € B(X), t € R

5(B) = E(%m{s €[0,7):Y(s,-) € BY)
- E(%m{s €lt,t+1):Y(s,) € B)). (3.15)

Proof. Firstly it is easy to see from the definition of random periodic path that for any
B € B(X), ps+r(B) = ps(B). Secondly, from (3.8) we have (r+45)w = 8y (t+s5.6(—1—s)w) =
8d(t.0(—1)w)Y (5.0(—1—s)w)- Therefore for any B € B(X), r € R™, by measure preserving property
of 0, independency of ®(z, 0(s)w) and F* ,



C. Feng, H. Zhao / J. Differential Equations 269 (2020) 73827428 7399

Pr+s(B) = Ed,0()) (5. (B)
=P{w: o, 0(s)w)Y(s,w) € B})
= / P, x,B)P(w:Y(s,w) €dx)
X
=/P(t,x,B)ps(dX)
X
= P*(t)ps(B). (3.16)

Therefore p satisfies Definition 3.4 so is a periodic measure on (X, B(X)). To prove the second
part of the theorem, similar to the computation in (3.7), we have for any ¢ € [0, 7), for Prt+sds =
for psds, and by using Fubini’s Theorem,

T

/ P*(t)pyds = P*(1)( f puds).
0

0

It then follows easily that p is an invariant measure of ® satisfying (3.11). To prove the last part
of the theorem, from (3.14), (3.13), and using Fubini’s Theorem, we know for any B € B(X),

T

p(B) = %/P(a): Y(s,w) € B)ds
0

| T
= ;/(E(SY(Sy.)(B))dS
0

T

1
— e / 5765, (B)ds)

0

1
=FE(—m{s€[0,7):Y(s,-) € B}).
T
However, since p is an invariant measure, so from (3.16) we know that for any ¢ € Rt

p(B) = P*(1)p(B)

T

1
= ;fpt+x(B)dS
0
t+1

1
ZE(;/‘(SY(X’.)(B)CZS)

t

:E(%m{se[t,t—i—r):Y(s, ) e BY). (3.17)
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For t € R, it is easy to verify P*(—t)ps4+ = ps and therefore

p(B) = P*(—1)p(B)
t+7

1
=- / P*(—1)py 11 (B)ds
t
t+t1

=l/ps(3)d&
T

t

Thus the result for r € R~ follows a similar argument as (3.17). In conclusion, we can see that
(3.15)istrue forany t e R. 0O

Remark 3.7. The proof of p being an invariant measure does not depend on p; being defined
by (3.13). As long as ps,s € R, is a periodic measure of {P(¢)};>0, p defined by (3.14) is an
invariant measure of {P(t)};>0.

We observe that identity (3.15) says that the expected time spent inside a Borel set by the
random periodic path over a time interval of exactly one period starting at any time is invariant,
i.e. independent of the starting time. This shows that the random periodicity of a random periodic
path by means of invariant measures. In the following we will establish the ergodic theory and
the mean ergodic theory for periodic measures and random periodic paths. They push (3.15) and
the above observation much further in the case when a random periodic path exists. They say
that on the long run, the average time that the random periodic path spends on a Borel set B over
one period is equal to p(B) both in law and in the long time average a.s.

4. Poincaré sections and ergodicity with periodicity

We start to study the ergodicity of the random dynamical systems when periodicity exists. It is
noted that the classical ergodic theorem dealing with invariant measures and stationary processes
from Khas’minskii and Doob’s theorems fails to work in the stochastic periodic regime. Doob’s
classical method says that if the Markov transition probability measures P(¢, x, -), x € X, are
mutually equivalent at a certain time #y > O (fo-regular), then the invariant measure is strongly
mixing and unique. Khas’minskii’s theorem provides sufficient condition of verifying the regu-
larity which says that if the Markovian semigroup is #p-irreducible for certain fy > 0 and strong
Feller at certain #; > 0, then the Markov semigroup is (fo + #1)-regular.

However, in a random periodic regime, if the periodic measure has a minimum period t >
0, the invariant measure is not mixing and the #p-regularity of the Markovian semigroup is no
longer true any more. This crucial assumption in Doob’s Theorem excludes random periodic
case automatically. The irreducibility condition may not be always true on the whole space, in
particular, if the support of p; is not the whole space for a given s, then for a nonempty open set
I" lying outside of supp(ps), @ (s)x reaches I' with probability O for any x € supp(pg). Even the
irreducibility condition is satisfied, the strong Feller condition is a strict requirement which may
not be satisfied in many situations e.g. when the corresponding second order differential operator,
which is the infinitesimal generator of the Markovian semigroup in the case of diffusions, is not
strictly elliptic.
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Our idea here is to study, for any s € [0, 7), the 7-mesh discrete time random dynamical
systems at integral multiples of the period ®(kt,w) : Ly — Ly, k € N ={0,1,2,---}. Here
L = supp(p;). For each s € [0, 7), the measure py; on L is an invariant measure with respect
to P(kt), k € N. This brings us back to the stationary regime. Then we are in the right set-up
to discuss the irreducibility and mixing property of ®(kt) on L. Then through the Markovian
property, periodicity and the Chapman-Kolmogorov equation, we can obtain the ergodicity of
the original random dynamical system if p; is a mixing invariant measure of the discrete Markov
semigroup P (kt).

We abstract the above idea to give the following definition first without assuming even the
existence of periodic measures in the first place.

Definition 4.1. The sets Ly C X, s > 0, are called the Poincaré sections of the transition proba-
bility P(t,-,-), t >0, if

Lsir =Ly,
and forany x € L, 1 >0,
P(t,x,Lsys)=1. 4.1)

Remark 4.2. (i). In fact, L, s > 0 can be extended to any s € R by the periodicity of L .

(ii). It is easy to see for each Poincaré section L, we have
P(kt,x,Ls) =1, foranyx € L;.

This means starting from x € Ly, ®(kt, w)x returns to the set Ly with probability one at any
time being a multiple integral of the period. This could be regarded as the Poincaré returning map
property in the random regime, mirroring the celebrated Poincaré mapping in the deterministic
case. However, the map ®(k7, ) does not have a fixed point on L. This is very different from
the deterministic case.

(iii). It is worth pointing out that under the condition of existence of periodic measures, nontrivial
Poincaré sections automatically exist. To see this, let L := supp(ps). Then for any t > 0

/ Pt x. Liss)ps(dx) = prys(Ligs) = 1. (42)
L,

This, together with the fact that 0 < P(z, x, L;+,) < 1, implies that

P(t,x, Lyy5) =1 for psg-almost all x € L, for any ¢ > 0. 4.3)

(iv). Only from Definition 4.1, the choice of the Poincaré sections may not be unique. For
example in all cases, Ly = X, s > 0 is also a trivial choice of Poincaré sections satisfying Defi-
nition 4.1. We will further add irreducibility condition below to guarantee a unique choice of the
Poincaré sections up to a shift (Lemma 4.9). But the irreducibility is not immediately needed in
the following compactness theorem.
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Recall a Markovian semigroup {P(?)},>0, is said to be stochastically continuous ([10]) if
lim P(¢,x, B(x,y)) =1, forallx e X, y > 0.
t—0

Denote by B;(X), the space of all bounded Borel measurable functions on X, and Cp(X) the
space of all bounded continuous functions on X. For any ¢ € B, (X), define

P(t)d)(x):/P(t,x,dy)d)(y), fort > 0.
X

Recall that the stochastically continuous semigroup { P (¢)};>0, is called a Feller semigroup if for
any ¢ € Cp(X), we have P(1)¢ € Cp(X) for any ¢ > 0. It is called a strong Feller semigroup at a
time #y > 0 on a subset I" of X if for any ¢ € B;(X), we have P (t9)¢ (x)|xer € Cp(I').

Define now for any I' € B(X),

N
1
RN(-xvr) ::N § P(k‘[)xsr)v
k=1

and

(Ryv)(T) :=/RN(x, Dv(dx),
X
for a measure v € P(X). Note if v has a support in Lo, then

1 N
(R}k\,v)(Lo):ﬁZ/P(kr,x,Lo)v(dx): 1.

k=1X

So supp(Ryv) C Lo.
With the help of the Krylov-Bogoliubov theorem, we can prove the following existence theo-
rem for a periodic measure.

Theorem 4.3. Assume Lg, s € R are Poincaré sections of Markovian semigroup {P (t)};>0 and
P(t) is a Feller semigroup on Ly. If for some v € P(X) with its support in Ly and a subsequence
N; with N; — o0 as i — o0 such that

Ry, v — po,

weakly as i — 00. Define for any I' € B(X), if s >0

ps(I) =/P(s,x, M po(dx),
Lo

and if s <0,
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ps(T) = psyie (1),

where k is the smallest integer such that s + kt > 0. Then ps, s € R, is a periodic measure with
respect to the semigroup {P(t)};>0. For each s € R, supp(ps) C Ls. In particular ps(Lg) = 1.

Proof. By the Krylov-Bogoliubov Theorem, it is easy to see that pg is an invariant measure of
P(kt),k=0,1,2,---, and po(Lo) = 1. Thus supp(po) C Lo as pg is a probability measure.
From the definition of p;, when s > 0, by (4.1),

po(Ly) = / P(s,x, Ly)po(dx) = po(Lo) = 1.
Lo

Similarly, supp(ps) C L. Thus when s > 0, by Chapman-Kolmogorov equation, Fubini’s theo-
rem and the fact that pg is the invariant measure of P(t), for any I" € B(X),

IOS"FT(F):\//P(Sv y»F)P(T»xadY)PO(dX)

Lo X
z/P(s,y,F)/P(r,x,dy)po(dX)
X Lo

:/P(s,y,F)Po(dy)
X

Moreover, for any ¢t > 0, s > 0, by a similar argument as above,

(P*(t)ps)(l")=/P(t,x,F)fP(S,y,dX)po(dy)

X Ly

=/fP(t,x,F)P(S,%dx),OO(dY)

Lo X

= / P(t+s,y,Dpo(dy)
Lo

= pr4s(D).

That is to say ps, s > 0 is the periodic measure of the transition semigroup {P(¢)};>0. For s <0,
it is obvious to verify the result. O

This theorem could be regarded as the extension of Krylov-Bogoliubov theorem to the pe-
riodic measure case. Though the theorem looks very different from the Poincaré-Bendixson
theorem in the first sight, but in spirit it is indeed like the Poincaré-Bendixson theorem as a
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random counterpart in the level of measures. Though the Poincaré map does not have a fixed
point in the pathwise sense, but

P*(kt) : P(Ls) — P(Ly)

has a fixed point p; € P(Ly) for all s € R. All these invariant measures of P (kt) together form
a periodic measure.

Now we start to consider ergodicity. Recall p = % for psds as the invariant measure. Con-
sider a set of finite sequence of real numbers T = {t;, 1, ,f,}, 71 <f2 <--- <1, and by the
Chapman-Kolmogorov equation and a standard procedure ([10]), we can construct {P]Ip ,Tasa
set of sequences of distinct real numbers} is a consistent family of finite dimensional distribu-
tions, where

PLX x - X xAx--xX)=p(A).

By the Kolmogorov extension theorem, there exists a unique probability measure P? on
Q*, F*) = (XR, B(XR)) with a family of finite-dimensional distributions {P]Ip }. For any
w* € Q*, denote its canonical process by W;(w*) = w*(¢), which is a Markovian process and
a measurably invertible map 6% : R x Q* — Q* by (6 w*)(s) = 0™ (¢t + ), t,s € R. It follows
that (Q*, F*, 6, P?) defines a dynamical system, which is called the canonical dynamical sys-
tem associated with the semigroup Py, ¢ > 0 and invariant measure p. It is well known that if
Py, t > 0 is stochastically continuous, then the linear transformation operator U; : Hfé — H7.,

where Hf. = LZ(Q*, F*, P?) defined by
Uik (0*) = £ w"), £ e Hi, o' € Q1 €R, (4.4)

is continuous in ¢, and (Q*, F*, 6/, pP )isa c_ontinuous metric dynamical system. The invariant
measure p is called ergodic if (Q*, F*, 6;, P”) is ergodic i.e.

T
1 _ _ _
lim ?/Pp(thAﬂB)dtzP"’(A)Pp(B), forany A, B € F*.

T—o00

0

We say that the periodic measure {p;};cR, is ergodic if its average p as an invariant measure is
ergodic. Also recall that an invariant measure p is called weakly mixing if (2%, F*, 67, P”) is
weakly mixing i.e. there is a set I C [0, oo) of relative measure 1 such that

lim P?6*,ANB)=PP(A)PP(B), forany A, B € F*.

t—oo,tel

The ergodicity and mixing property of discrete random dynamical systems, which will also be
needed in this paper, can also be defined similarly by replacing the integral by summation and

lim by the limit along the discrete time sequence respectively.
t—oo,tel

It is well-known that the following statements are equivalent (cf. Theorem 3.2.4, [10]):
(1) p is ergodic;
(i) if U;& =& for all t e R™, then & is constant;
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(i) if P(t)¢ = ¢ for all t e RT, then ¢ is a constant;
(iv) if a set I" € B(X) satisfies for all t € RT

P Ir = Ir, p-ae.

then either p(I') =0 or p(I') = 1;
(v) for any I' € B(X), Tlim %fOT P(s,x,D)ds — p(I'), in L2(X, p(dx)).
— 00

Moreover, the following statements are also equivalent:
(vi) p is weakly mixing;
(vii) if U,& =& forall t e RT, A is a real number, then A = 0 and £ is constant;
(viii) if P(r)¢p =e* ¢ for all t € RT, A is a real number, then A = 0 and ¢ is a constant;
(ix) there exists I C [0, oo) of relative measure 1 such that

lim P(t,x,—)— p.
t—o0,tel

The equivalence of (vi) and (vii) is the Koopman-von Neumann Theorem. From equivalence
of (vi) and (ix) in the above, it is easy to see there is no way one can establish the mixing property
for p in the regime of random periodicity unless it is degenerated to the stationary case.

Now we assume a periodic measure {p;};cR exists with Ly = supp(ps). Set

L:=|JiLs:s €0, )} (4.5)
Then it is easy to see that
1 T
p(L) = - / ps(L)ds =1. (4.6)
0

This implies that supp(p) C L. Moreover, for any closed set B C X, note p(B) = 1 iff pg(B) =1
for almost all s € [0, ). So for these s, Ly C supp(p).
We first prove a simple but useful lemma. For this we consider

Condition A. The Markovian cocycle ® : RT x Q x X — X has a periodic measure p : R —
P(X) and for any T € B(X), we have when N — 00,

z 1 N—1
/ I/(ﬁ Z P(s+kt,y,T) — ps(I)ds|p(dy) — 0, 4.7
X 0 k=0

where p = %for psds.

Lemma 4.4. Assume the Markovian semigroup P (t) is stochastically continuous. Then the in-
variant measure p is ergodic if and only if Condition A holds. Moreover, in this case L de-
fined by (4.5) is the unique set (up to a p-measure 0 set) with positive p-measure satisfying
P(t,x,L)=1Ip(x).
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Proof. First assume Condition A holds. For any I" € B(X), if

(PMOIT)()=P(t,-, 1) =1Ir(), p-ae.,

then it turns out from Condition A that

| (k+1)t
/I? / Ir(y)ds—/3(F)|,5(dy)=/|1r(y)—/3(r)|/3(dy)=0,
X kt X

SO

p() =Ir(y), p-ae.

This implies that I (y) is a constant for p-a.e. y € X. Thus
p(T) =0 or 1.

By Theorem 3.2.4 in [10], p is ergodic. Moreover, from the fact that supp(p) C L, it is easy to
see that in the case p(I') = 1, I' = L up to a p-measure O set. The last claim is proved.
Conversely, assume p is ergodic. Then %fOT P(s,x,I")ds — p(I') in L(X, p(dx)). Thus

N—1
ﬁ > for P(s + kt,x,D)ds — p(I) in L%(X, 5(dx)). Then Condition A follows from above
k=0

and C_auchy-SchwarZ inequality. O

With this lemma, we only need to verify Condition A in order to prove the ergodicity for an
invariant measure generated by periodic measures.

Definition 4.5. The t-periodic measure {p;};cRr is called to be PS-ergodic (PS-mixing) if for
each s € [0,7), py as the invariant measure of the t-mesh discrete Markovian semigroup
{P(kT)}reN, at integral multiples of the period on the Poincaré section Ly, is ergodic (mixing).

Theorem 4.6. Let the Markovian semigroup P(t) be stochastically continuous and have a t-
periodic measure {ps}ser. Assume {ps}scr is PS-ergodic. Then Condition A is satisfied and
the invariant measure p is ergodic. Moreover, if T > 0 is the minimum period of the periodic
measure, then Ly N Ly, =@ when s1, 52 € [0, T), 51 # 2.

Proof. According to Theorem 3.4.1 in [10], as for any fixed s € [0, ), ps as the invariant mea-
sure of P(kt)|r,, k € N, is ergodic, so for any ¢ € LZ(LS, 0s), we have as N — oo,

N—

D PkTIG() > <. 112, . in LP(Ly, py).
k=

—

1
N

Now consider ¢(-) = P(t,-, ') for an arbitrarily given I € B(X). Note P(kt)¢(-) = P(t +
kt,-,T") and < ¢, 1 > 2Ly )= Pt+s(I). Thus as N — oo
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N—

—

1 .
P(t+kt,-,T) = pps (D), in L2(Ls, py). (4.8)

k=0

It then follows by applying Fubini theorem, Jensen’s inequality and Lebesgue’s dominated con-
vergence theorem that

T . N-1
1 -
/'f(ﬁ P +kt,x,T') — p,(I')dt]|p(dx)
X 0 k=1
1/ K | Nl
T / / | / [ ) PU+kt,x,T) = prys(D)ldt|ps(dx)ds
0X 0 k=1
N-1
1 1
= ‘ff/' Y P4kt x,T) = pris (D)l ps (dx)dtds
’ 0 0 k=1
1
1 T 2
=3 / / / |~ Y Pt +kt.x,T) = s (D) ps(dx) | drds
k=1
— 0,

as k — o0o. Thus Condition A holds and the other results of the first part of the theorem follow.
To prove the last result, from the PS-ergodicity of the periodic measure, we know that

Z P(kt,x,T) = ps(D) in L2(X, ps(dx)), for any I' € B(X). So there exists a subsequence

such that along the subsequence, the above convergence holds for ps-a.e. x. As 7 > 0 is a min-
imum period, so for any s1, 52 € [0, T), 51 # 52, p5; # Ps,- Let I' € B(X) be such that p, (I') #
ps, (I'). For py,, ,OSZ, there exists a common subsequence N, — oo as m — oo such that for any

I'e BX), 5~ Z P(kt,x,T) — py, () for py-a.e. x and 5~ Z P(kt,x,T) — ps, (") for

Ps,-a.€. X. Set

Nyp—1
1 m
:{XGX:N—m ; P(kT,X,F)ﬁpsl(F)}a
| Nl
={xeX:— Pkt,x,T) — ps, (D)}
Ny k; N

So ps,(A) =1 and py, (B) = 1. But it is clear that A N B = @. Thus the last claim of the theorem
is asserted. O

Now we study the irreducibility condition. For 0 <s < t, consider
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Definition 4.7 (The k;t-irreducibility condition on a Poincaré section Lg). For a fixed s € [0, 7),
if there exists k; € N \ {0}, such that for an arbitrary nonempty relatively open set I C Lg, we
have

P(kst,x,T) >0, for ps-a.e. x € Ly, “4.9)

then we call the Markovian semigroup {P(¢)};>0, is ks T-irreducible on the Poincaré section Lj.
If for a certain map s — k; € N \ {0}, s € [0, 7), the semigroup is k;T-irreducible for each s €
[0, T), then we call the Markovian semigroup is k57, s € [0, 7), irreducible on Poincaré sections
Ls,s €0, 7).

Definition 4.8 (The kst -regularity on a Poincaré section Lg). A Markovian semigroup { P (¢)};>0,
is said to be fp-regular if all transitional probability measures P(f, x, ), x € X, are mutually
equivalent. For a fixed s € [0, 7), it is said to be ksr-regular for a certain k; € N \ {0} on a
Poincaré section Ly, if all transitional probability measures P (kst, x, ), x € Ly, are mutually
equivalent. If for a certain map s — kg € N \ {0}, s € [0, T), the semigroup is ksT-regular on L
for each s € [0, 7), then we call the Markovian semigroup is k7, s € [0, T), regular on Poincaré
sections L, s € [0, 7).

Lemma 4.9. Assume the Markovian semigroup {P(t)};>0 has Poincaré sections {Ls};cr and
periodic measure {ps}secr With supp(ps) C L. If P(t) satisfies the kg, t-irreducibility condition
on Ly, for some kg, € N \ {0}, then Ly, = supp(ps,). Moreover, if the semigroup satisfies the
kst-irreducibility condition on the Poincaré sections Ly for all s € [0, ), then Lg = supp(ps)

forany s e R.

Proof. By the k,7-irreducibility condition on a Poincar€ section Ly,, we know that there exists
ks, € N\ {0} such that for an arbitrary nonempty relatively open set I' C L, we have

P(kot,x,T") > 0, for pg,-a.e. x € Lg,.

So for this I', we have

pso(F) = / P(kot, x,T)ps (dx) > 0.
Ly,

Thus Ly, = supp(py,). The last claim follows easily from the above. O
Remark 4.10. Under the irreducible conditions on Poincaré sections, it is easy to know that for

any fixed s € [0, 7) and any open set I'y C Ly = supp(ps) with pg(Lg \ I_‘s) > 0, we have for any
x € Ly,

Pkt,x,Ty) < 1.

This suggests that Iy does not satisfy the requirement being a Poincaré section at time s. Thus,
L = supp(ps), s € [0, T) are minimal Poincaré sections.
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Theorem 4.11. Let the Markovian semigroup P(t) be stochastically continuous and have a t-
periodic measure {ps}scr. Denote Ly = supp(ps) and L = | Jy.,_, Ls. Assume the semigroup is
kst-regular, s € [0, t), on Poincaré sections for certain map s> kseN \ {0}, s € [0, 7). Then
the periodic measure is PS-mixing and thus ergodic.

Proof. Note first that p; is an invariant measure w.r.t. P(kt), for any k € N. Due to the kst-
regularity assumption, Doob’s theorem ([11]) can be applied to the discrete semigroup on the
Poincaré section Ly, so the invariant measure pg of {P(k7)};eN, is ergodic on L and for any
x €L, T e BX),

Pkt,x,T) — ps(I'), ask — oo. 4.10)

To see this, first note that Doob’s theorem implies that (4.10) holds for any I" € B(X) N L;.
But (4.10) is true for any I' € B(X), as for any x € Ly, P(kt,x,I") = P(kt,x,[' N L) and
ps(I) = pg (' N Ly) since supp(ps) = L. Therefore P(kt, x,-) — ps(-) weakly by Proposition
2.4 in [24]. This implies that the periodic measure is PS-mixing. Thus it is PS-ergodic and thus
ergodic. O

The regularity of the semigroup condition can be checked.

Lemma 4.12. Assume the Markovian semigroup P(t),t > 0, is kyt-irreducible, s € [0, T), on the
Poincaré sections Ly = supp(ps), s € [0, ©) for certain map s — kg € N \ {0}, and strong Feller
at kit on Ly for each s € [0, t), where s — ki € N\ {0} is a certain map. Then the semigroup
is (ks + ki) t-regular on the Poincaré sections.

Proof. The proof is done by a similar proof as the one of Khas’minskii’s theorem ([22]) on each
Poincaré section. O

5. Random periodic verses stationary: sufficient-necessary conditions

It is not a trivial task to check whether or not the minimum period of a random periodic solu-
tion is strictly positive. In this section, we will develop some equivalent sufficient and necessary
conditions in four different notions. In particular, we will characterise it with an analytic as-
sumption that the infinitesimal generator of the corresponding Markov semigroup of the random
dynamical system has infinitely many simple eigenvalues {2’”7”1' }mez . and no other eigenvalues
on the imaginary axis.

First note it is evident that if the invariant measure p is ergodic, and there exists a set I C
[0, T) with positive Lebesgue measure such that for each s € I, p; is not ergodic with respect to
P(t),t >0, then p # p, for any s € I. In this case, the periodic measure is not degenerated to an
invariant measure. In the following we will mainly consider the case when the periodic measure
{ps}ser 1s PS-ergodic.

Recall first the following standard definition.

Definition 5.1. Let U, : Hé — Hé be the transformation operator defined by (4.4). A measur-
able function o : * — [0, 277) is said to be an angle variable for the canonical dynamical system
(%, F*, (0*(1))seRr, P?), if there exists a constant A € R such that for every r € R,
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Usa = At +a (mod 27r), PP-as. (5.1

Remark 5.2. (i) If « is an angle variable with X, then U;e’® = ¢/*¢/* 50 ¢/* is an eigenvalue of
U, and & = ¢'“ is the corresponding eigenvector in H..

(i1) The following results in this paragraph are also well-known. We summarise them here as
they are needed. As U, is a unitary operator and U; = U_;, so according to Stone’s theorem, the
infinitesimal operator of Uy, t € R, is of the form i A, where A is a self-adjoint operator acting
on ’H%. The operator A is called the infinitesimal generator of the canonical dynamical system

(2%, F*, (0*());er, P”). Assume there exist . € R and & € Hé N D(A) such that

A& = AE. (5.2)

Then
Ue =eAMg =g, (5.3)

Let & = |£]e'®. Then (U;|£])e! Vi) = |£]e!*+9) Tt then follows that U, || = |£], t € R. So if
is ergodic, then £ is a constant and we can assume that |£| = 1. Consequently & = e/®, where o
is a real valued random variable with values on [0, 27). From (5.3), we know that « is an angle
variable satisfying (5.1).

Recall the Koopman-von Neumann theorem which says that p is weakly mixing if and only
if any angle variable is constant and the operator .4 has only one eigenvalue 0. Moreover, 0 is a
simple eigenvalue of .A.

Note that the semigroup P(¢) is a map from L2(X,dp) to L>(X,dp). Recall the following
well-known result (Theorem 3.2.1 in [10]): there exist, & € Hé, y € C with |y| =1 such that

Uik =vy§,

iff there exist ¢ € L>(X, dp), y € C with |y| =1 such that

Pt)p=y¢

and &(0*) = ¢ (@*(0)). That is to say that all the eigenvalues of P(¢) on the unit circle agree
with all the eigenvalues of the U,. This will help in the proof of the next theorem to identify the
spectra of semigroup U, on the space of square integrable functions on the path space XR to the
spectra on the unit circle of semigroup P(¢) on the space of square integrable functions on the
phase space X.

It is worth noting that the spectral analysis of the latter is easier to handle than the former
one. Moreover, the spectral structure of the latter is richer than that of the former one. This extra
information of the spectra of the semigroup gives more information about the dynamics of the
Markov random dynamical system, e.g. mixing property and convergence rate of the transitional
probability to the invariant measure in the stationary case. We will prove in the next subsection
that spectral gap of the semigroup on L?(Ly, py) for all s € R leads to the PS-mixingness of
{ps}ser and the mixing rate is given by the spectral gap.
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Moreover, the spectra of the semigroup P(¢) can be analysed by studying the spectra of its
infinitesimal generator. Recall the definition of the infinitesimal generator £ of the semigroup
P(t): L*(X,dp) — L*(X,dp) given by

L¢= lim

Pt)p—¢ (5.4)
1—0+ t ’ '

for all ¢ € D(L), where

D(L):={p € L*(X,dp) ZIEI(I)1+

w exists in L2(X, dp)}.

Following Theorem 4.6, we are now ready to prove the following theorem.

Theorem 5.3. Assume the transition probability is stochastically continuous and has a periodic
measure {ps}ser of period t. Assume the t-periodic measure is PS-mixing. Then one of the
following three cases happens:

Case (i). The period t is the smallest number such that (3.10) holds.

Case (ii). There existk e N\ {0, 1}, 5,5 €[0,7),s <85, such thatt =k(s —s) and T =5 — s is
the smallest real number T such that (3.10) holds.

Case (iii). For any s,t € R, ps = p;. So p = p;s is an invariant measure for { P (t)}:>o.

Case (i) implies the following equivalent statements:

(ia). There exists a nontrivial angle variable with A = 217” for some | € N \ {0} and no

nontrivial angle variables with A < 217”;
(ib). The infinitesimal generator A of U; has infinite many simple eigenvalues {@} mel.

for some | € N\ {0}, and no other eigenvalues;

(ic). The infinitesimal generator L of the semigroup P(t) has infinite many simple eigen-
values {%%”i}mez for some | € N \ {0}, and no other eigenvalues on the imaginary axis.

Case (ii) implies the following equivalent statements:

(iia). There exists a nontrivial angle variable with ). = 217” for some | € N \ {0} and no

nontrivial angle variables with A < 2IT”for some T =, with some k € N \ {0, 1};

(iib). The infinitesimal generator A of U; has infinite many simple eigenvalues

{21";” Ymez for some I € N\ {0} and some T = , with some k € N\ {0, 1}, and no other
eigenvalues;

(iic). The infinitesimal generator L of the semigroup P (t) has infinite many simple eigen-
values {y%”i}mez for some | € N \ {0} and some T = % with some k € N\ {0, 1}, and no
other eigenvalues on the imaginary axis.

Case (iii) is equivalent to the following equivalent statements:

(iiia). The angle variable is a constant and ) = 0;
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(iiib). The infinitesimal generator A of U; has one simple eigenvalue 0 and no other
eigenvalues;

(iiic). The infinitesimal generator L of the semigroup P(t) has only one simple eigenval-
ues 0, and no other eigenvalues on the imaginary axis.

(iiid). There exists s € [0, T) and a sequence sy — s, sx > s such that Ly N\ L, # §.

b

Conversely, if there exists a nontrivial angle variable with A = 27 and no nontrivial angle

variables with A < 27”, then t is the minimum period of the periodic measure; if there exists a
nontrivial angle variable with A = 2?” and no nontrivial angle variables with A < 27” for some
T = ¢,k € N\ {0}, the minimum period of the periodic measure is no less than T; if the angle
variable is a constant and ). = 0, then the periodic measure has no positive minimum period, i.e.

the periodic measure is a stationary measure.

Proof. It is obvious that there are only 3 possible cases (i), (ii) and (iii). First assume that for
each s € R, py as an invariant measure of { P(k7)};cN 1S mixing.
Case (i). Now we prove that (i) implies (ia).

First suppose (i) holds. Note as a special case of Theorem 3.4.2 in [10], for any I" € B(X),

P(t +kt,x,T) — p () in L>(Lo, po),

as k — oo. But all the measures p; are different for different ¢ € [0, 7). It follows from apply-
ing Theorem 3.4.1 in [10] that the invariant measure p is definitely not weakly mixing. Thus by
Koopman-von Neumann theorem, there is an angle variable that is not constant. Then by Re-
mark 5.2, there is an angle variable « such that (5.1) holds and X # 0 and (5.3) is satisfied. By
Proposition 3.2.1 in [10], there exists a function ¢ € L%C (X, dp) such that

P()¢p =e*¢, forany r >0, p-as.,

and & defined in (5.3) is given by &(w*) = ¢ (0*(0)). In particular, there exists s € [0, ) such
that [, (¢ (x))2ps(dx) > 0 and

P(kt)p(x) = e T¢(x), foranyk € N, x € L.

However, the discrete random dynamical system ®(k7), by Remark 4.2 (ii), starting from L
will return on Ly with probability 1. Furthermore on Ly, the invariant measure p, of ® (k)|
is mixing. By Theorem 3.4.1 in [10], e’*** =1 and ¢|;, is constant. This suggests that Akt is
divisible by 27 for any k. In particular, A7 is divisible by 2, so At = 27 for certain / € N \ {0}.
We can certainly choose the smallest such A, still denoted by A without causing any confusions.
The claim that (i) implies (ia) is asserted.

The equivalence of (ia) and (ib) follows from Remark 5.2.

We now prove the equivalence of (ib) and (ic). If (ib) is true, then U; has eigenvalues
{@i tmez for some I € N \ {0}. Thus by the result that the eigenvalues of P(¢) on the unit
circle are the same as the eigenvalues of U;, so {2[%”1' }mez for some [l € N\ {0}, are only eigen-
values of P(¢) on the unit circle, and they are simple. Then it follows from the definition (5.4)
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of L, {21#1' }mez for some [ € N \ {0} are only simple eigenvalues of £ on the imaginary axis.

The converse can be proved similarly.
Case (ii). The proof that (ii) implies (iia) and equivalence of (iia), (iib) and (iic)) can be done by
a similar argument as in the proof in case (i).

Case (iii). The equivalence of (iii) and (iiia). The part from (iii) to (iiia) was already given when
we consider the Case (i). Now we assume (iiia) holds. In this case p is weakly mixing. In both
Case (i) and Case (ii), p is not weakly mixing. So Case (iii) must occur and (iii) holds.

The equivalence of (iiia) and (iiib) follows from Koopman-von Neumann theorem and the
equivalence of (iiia) with p being weakly mixing. The proof of the equivalence of (iiib) and (iiic)
can be done similarly as the proof of the equivalence of (ib) and (ic).

We finally prove that (iii) and (iiid) are equivalent. Suppose (iiid) is true, we need to prove that
pr = ps for any s, ¢t € R. First note under the stochastic continuity assumption, it is well known
that for any ¢ € Cp(X),

}iirg)/¢(y)P(t,x,dy)=¢(X)~ (5.5)
X

For each k, set 7y = sx —s. Then 7p — 0 as k — oo, and by Theorem 4.6, ps.t, = ps. Define for
any t > s, there exists Ny € N and 0 < A < 1t such that t =5 + Ni1x + Ak. It is obvious that
M — 0 as k — o0o. So by the Chapman-Kolmogorov equation, (5.5) and Lebesgue’s dominated
convergence theorem,

<¢,pr > = /¢(y)pz(dy)
X
= / @ () Os+Ny1p+2s (dY)
X
- / 6 / PO . dy) Py sy, (d)
X X
_ /¢><y>/P<xk,x,dy)ps<dx)
X X
- f ( / 6 () P g x, dy)) s ()
X

X

- /¢(X)ps (dx)
X

= <¢’IOS>'

So < ¢, ps >=< @, p; > for any ¢ € Cp(X). Thus p; = p,. The result (iii) is proved.
The converse part that (iii) implies (iiid) is trivial.
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Now we prove the converse part of the theorem. We assume there exists a nontrivial angle
variable with A = 27” and no nontrivial angle variables with A < 7 Note from Remark 5.2,
(5.1) is always true since p is ergodic. We now prove (i) by contradiction. If t is not the smallest
number such that (3.10) holds, then either Case (ii) or Case (iii) should happen. If Case (ii)

happens, then by a similar argument as in the last paragraph, we can show that A = 2’” , and no

nontrivial angle variables with A < 21{” for certain [ € N \ {0}, where 7 is the number given in
(ii). This is a contraction. If Case (iii) happens, then p is equal to pg for any s and is weakly
mixing. The proof is completely independent of any argument in this part, so we can use the
result without causing any confusions. This then leads us to conclude that A = 0 following the
Koopman-von Neumann theorem. This is also a contradiction. Claim (i) follows.

Now assume there exists a nontrivial angle variable with A = =& and no nontrivial angle vari-

ables with A < = for some 7 = .,k € N \ {0}. If the minimum perrod of the periodic measure
is less than 7, say 7* < 7. Then from the result in case (ii) that we have proved, there 1s an angle
variable with A = f” for some / > 1 and no any nontrivial angle variable with A < 2% This is a
contradiction with the assumption. The claim that the minimum period of the perlod measure is
no less than 7 is proved.

The very last claim has been already proved in case (iii). O

Noting the relation of the eigenvalues of the infinitesimal generator £ on the imaginary axis
and the angle variable mentioned above already, we can state the converse part of Theorem 5.3
differently.

Corollary 5.4. Assume the transition probability is stochastically continuous and has a periodic
measure {pg}ser of period t, which is PS-mixing. If the infinitesimal generator L has simple
eigenvalues {2'2” i}mez and no other eigenvalues on the imaginary axis, then the period t is the
minimum period of the periodic measure; if the infinitesimal generator L has simple eigenvalues
{2'”—”1 Ymez, where T = %for some k € N, k > 1 and no other eigenvalues on the imaginary axis,
then the minimum period of the periodic measure is no less than T, if the infinitesimal generator
L has simple eigenvalue {0} and no other eigenvalues on the imaginary axis, then the periodic
measure has no positive minimum period, i.e. the periodic measure is a stationary measure.

We can also present Theorem 5.3 as a sufficient-necessary condition to distinguish random
periodic and stationary regimes.

Theorem 5.5. Assume the transition probability is stochastically continuous and has a periodic
measure {ps}ser of period t, which is PS-mixing. Then the minimum period of the periodic

measure is T = ¢, for certain k € N \ {0}, if and only if the infinitesimal generator L has sim-

ple eigenvalues {21’”” iYmez, for some |l € N\ {0}, and no other eigenvalues on the imaginary

axis. The periodic measure has no positive minimum period if and only if that the infinitesimal
generator L has simple eigenvalue {0}, and no other eigenvalues on the imaginary axis.

Proof. The theorem follows from Theorem 5.3 and Corollary 5.4 easily. O

Dropping out the PS-mixing condition, the next theorem says that the PS-ergodicity can be
obtained entirely based on the information of the spectral structure of the infinitesimal gener-
ator. Moreover, the Poincaré sections can also be defined by the eigenfunctions. This theorem
improves significantly the result in the last part of Theorem 5.3.
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Theorem 5.6. Assume the transition probability is stochastically continuous and has a periodic
measure {pg}scr of period t.

(i). If the infinitesimal generator L has simple eigenvalues { L i} ez, and no other eigenval-
ues on the imaginary axis, then the periodic measure {pg}scR IS PS ergodic and t is the minimum
period. Moreover, the eigenfunction ¢o,, corresponding to the eigenvalue, ,,, = 2’"7”1' ,meZL,is
given by

dom(x) =€ T whenx € L,. (5.6)

Moreover; the Poincaré sections are given by the eigenfunction, denoted by ¢y, corresponding to
the eigenvalue 2 =,

Li={xeX:¢o(x)=e T}, forteR. (5.7)

(ii). If the infinitesimal generator L has simple eigenvalues {2’"”1},,,62, where T = T, for a

| € N, and no other eigenvalues on the imaginary axis, then the perlodlc measure {ps}scR IS
PS-ergodic and the minimum period of the invariant measure is at least T.

Proof. (i). Let ¢ € L (Lo, po) satisfy

P(kt)po = ¢, forany k € N. (5.8)
We will prove that ¢ is constant on Lg. Denote A = i2Z Setfort e R
Bx) = € Pkt — 1)y x) =& f Pkt — 1, x,dy)go(y), x € Ly, (5.9)
Lo
where k is the smallest integer such that kT > ¢. It is easy to know that
5 (x) =T o(x) = do(x), x € Lo.

Now by Jensen’s inequality we see that ¢6 € Léj (L¢, pt) for each ¢. It is easy to notice that
{¢6}zeR is periodic in 7. Moreover, it is noted that for any s, > 0,

P(s)pyt (x) =TI P(s) Pkt — (t + )0 (x)
=Pkt — 1o (x)
=eMeM Pkt — 1) (x)
=eMh(x), x €L (5.10)

Define
Po(x) = py(x), forxe L, teR.

Then ¢y is well-defined on the whole space X and (5.10) is equivalent to
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P(s)¢o = e** ¢y, forall s > 0. (5.11)

Thus

Loo = Ay. (5.12)

Now as the eigenvalue A of L is simple, so there is a unique, up to constant multiplication, ¢q
satisfying (5.12). However, it is observed that

do(x) = Ph(x) =€, forx € Ly, (5.13)

clearly satisfies (5.11) and (5.12). In particular, ¢o(x) is constant on Lg. Thus, pg is ergodic
with respect to { P (kT)}reN- This means the periodic measure is PS-ergodic. Note that ¢g(x) are
different when x is in different Poincaré sections, and they are constant when x is in a single
Poincaré section. So Ly N L; =@ when s, t € [0, ), s # t. Thus t is the minimum period. It is
then obvious that L, can be constructed as (5.7).

Similarly, one can prove that the eigenfunction ¢y, corresponding to the eigenvalue, 1, =
i m e Z,is given by (5.6).

(ii). Similar to the proof in (i), we also assume ¢ (x), x € L satisfies (5.8). Consider A = iZT”.
Using the same procedure as above, one can construct the same eigenfunction as (5.13), but with
A given in this part. The eigenfunction also satisfies (5.11) and (5.12). In particular, ¢o(x) is
constant on Lg. Thus, pg is ergodic with respect to { P (kT)}rcN, SO the periodic measure is PS-
ergodic. Note that ¢g(x) are different when x is in different Poincaré sections L; for 0 <r < 7,
and they are constant when x remains in a single Poincaré section. So Ly N L, = ) when s, €
[0, T), s # t. Thus the minimum period of the periodic measure is at least 7. O

Proposition 5.7. Assume the transition probability is stochastically continuous and has a pe-
riodic measure {ps}scr of period t, which is PS-ergodic. Then there exist k € N \ {0}, 5,5 €
[0, T],s <5, such that Tt = k(5§ —s) and T =5 — s is the smallest real number t such that (3.10)
holds if and only if there exist s, 5 € [0, T], s < § such that Ly N\ L; @ and L; N\ L, = @ for any
re(s,s).

Proof. Assume there exist 5,5 € [0, 7], s < 5 such that Ly N L; # @ and Ly N L, = { for any
r € (s, 5). Then by Theorem 4.6, we have p; = p;. Thus

Ps+t = P5 = Ps = Ps+1> (5.14)

where § =5 + 7. Now for any I € B(X), by the Chapman-Kolmogorov equation and (5.14),

ps(I') = ps4= (1)

:/P(r—f,x,l")ﬁsﬁ(dx)
X

=/P(r—f,x,r‘)ps(dx)
X
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= pPytr—7 (1)

= Psyr—kz (D),

where k > 0 is an integer (unique) such that 0 < v — k7 < 7. Thus p; = psy;—kz. Note if T > k7,
then s <s + 7 — kT < s + 7 = 5. Because Ly = supp(ps) = supp(Ps+r—iz) = Lstr—kz, SO it
contradicts with the assumption that Ly N L, = @ for any r € (s, §). Thus by the contradiction
argument, we conclude that T = k7. Note for any s’ > 5, ' € B(X),

py 43 (D) = / P(s' 5., T)py s+ (d)
X

zfp(s/ — 5, x,T)py(dx)
X
= py (D). (5.15)

We now claim that T > 0 is the smallest number such that (5.15) holds. If this is not true, there
exists t’ € (0, T) such that for any I € B(X),

ps'+r (1) = pg (D).

Let m be an integer number such that s +m7T > s’. So by the same argument as (5.15), we know

Ps+mi+t = Ps+mt = Ps-

But

Psmio (D) = f P(T/’ X, T) pg4mz (dx)
X

:fP(r/,x,F)ps(dx)
X
= ps4o (D).

Thus

Ps+t/ = Ps-

This again is in contradiction with p, # p; when s <r < s + T. Similar as above we can prove
that when s’ < s, (5.15) is also true and 7 is the smallest number for such an equality for all
s eR.

Conversely, if there exist k € N\ {0}, s,5 € [0, 7], s < §,suchthat t =k(§ —s)and T =5 — s
is the smallest real number 7 such that (3.10) holds, it is trivial that there exist 5, s € [0, t],5 > s
such that T = 5§ — s and Ly = L;. The result then follows from Theorem 4.6. O
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6. Spectral gap and PS-mixing

We further this study here to prove that a spectral gap of the semigroup implies the conver-
gence of the transition probability to the periodic measure along the subsequence { P (k7)}ieN
on Poincaré sections. Under the spectral gap assumption, we obtain that the periodic measure
{ps}ser 1s PS-mixing and the mixing rate.

Assume e,, € L>(X, p(dx)) is the eigenfunction of £ with |len|[12(x 5(4x)) = 1 correspond-

_ 2mm

ing to the eigenvalue A, = =+

eo = 1. Define

i on the imaginary axis, for each m € Z. It is well-known that

H = span{e,,, m € Z} C L*>(X, p(dx)),
and
H=H"={feL*X, pdx)), < f,em >=0,m € Z},

where < f, g >=< f, g >2.
Consider

Qs (kt) := P(kT)|L, : L*(Ly, ps(dx)) — L*(Ly, py(dx)).

We say the discrete semigroup { P (k7)}rcN, has spectral gap or is of exponential contraction on
the Poincaré section L if there exists a § > 0 such that

i 1
Jim - Inf[Qs (kT)lglls < =6 <0, (6.1)

where || Qg (kT)||s is the operator norm of Q (k) on L(L%(Lg, ps(dx)) N H).
We prove the following result.

Proposition 6.1. Assume the Markovian semigroup {P(t)};>0, has a periodic measure {ps}scR
of period t > 0, and the corresponding infinitesimal operator L has simple eigenvalues Ay, =
2’"7”1', m € Z only on the imaginary axis. If the semigroup {P(kt)}icN, has a spectral gap on
the Poincaré section L, then for each s € R, the invariant measure ps of { P(kT)}ieN is mixing
and for any f € Lz(X, 0(dx)), we have that for a.e. s >0,k € N,

Pkt +5)f — / F@ P @O 210 oy < € N0 pe - (6.2)
Ly

Moreover, if the semigroup {P(kt)}recN, has a spectral gap on each Poincaré section L; for
t € [0, T), then the periodic measure {pg}seRr is PS-mixing, has minimum period t and for any
feL*X,p(dx)), keN,

(k+1)T

1
/I; / P(l)f(x)dl—/f(x)ﬁ(dx)lﬁ(dx)ge*Bk’||f||Lz(X,5(dx)). (6.3)
X kt X
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Proof. By the spectral gap assumption of the semigroup P(¢) on the Poincaré section Lo, it
is easy to see that pg as the invariant measure of {P (kt)};cN on Lo is mixing, and for any
f € HN L*(Lo, po(dx))

HP KD F1 2Ly potdry <€ XN L2y, o)) - (6.4)

For any f € L2(X, p(dx)), it is easy to see that f € L*(Ly, ps(dx)) fora.e. s € [0, ). Con-
sider for any fixed t, s € [0, 7) and f € LZ(L,H, Pr+s(dx)), note by Jensen’s inequality

L
2

1P F11 1200, gty = / ( / P(s,x,dy) £ (»))2pr(dx)
i X

Bl—

IA

/ / Ps.x.dy) f2(0)pr(dx)
i X

1
2

= f L2 prss(dy)

_Lt+s

=S NE2 Ly prss (@) (6.5)

so P(s)f € L2(L,, p:(dx)) and there exist P/(s)\f € H and P/(?v_)? € H such that

P(s)f = P(5)f + P(s)f.

Here

P/(mczz <em, P(S)f >ey.
meZ

By (6.4), we derive that for any f € L%(Lg, ps(dx)),

IPKDIPE)f — P) FIl 2010 potary <€ NNPE) F = PO Fll2wo po@y-  (66)

Note that for any k € N, s > 0,

PUOPE = <em P >e T e, = <en P()f >ew=P)f. (67)

meZ meZ

That is to say that P/(s)\f is an eigenfunction of P (k7) corresponding to eigenvalue 1. By The-

orem 5.3, po is an ergodic invariant measure with respect to {P(kT)}reN, on Lo, so P(s)f is
constant on Ly by Theorem 3.2.4 in [10].
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Moreover, from (6.6) and (6.7), we have

1Pt +5) f = P(s) Il 2010, pocaxyy <€ NP6 f = P($) Fll2(10, oty
<e M NPO) FllL2 (g potd))
<

<e N fll 2Ly potdy)- (6.8)

Now note that P/(s)\f is constant on L, so by Jensen’s inequality and (6.8), we have
[+ pwman - P67
Lo

as k — oo. However, by Fubini theorem and (3.10),

/(P(kf+S)f)(X)po(dx) =/f(X),0s(dx)~

Thus P(s)f fL f(x)ps(dx) and so (6.2) holds for any f € L3(L,, ps(dx)).

If the semigroup { P (k7)};cN has spectral gap on each Poincaré section, it is easy to see that
the periodic measure {p;};cr 1S PS-mixing. Similarly, (6.2) holds for f € L2(Lt+s, Pr+s(dx))
ie.

f [Pkt +5) f(x) - / F@prrs@OPpr(d) e 2 N flITo, gy (69
Ls+r
But forany f € L%(X, p(dx)), we know f € L%(X, p:(dx)) for a.e. t. In particular we have (6.9)

fora.e.t € [0, 7). In particular p; is mixing with respect to { P (k7)}renN On L;. So it follows from
applying Fubini’s theorem, Jensen’s inequality and (6.9) that

(k+Dt

—
|

P(S)f(X)dS—/f(X)ﬁ(dX) p(dx)
X kt X

T

:/ 1/P(k‘l.’ +S)f(x)ds——//f(x)ps(dx)ds 2(dx)

X 0

1
< / / / Pkt +5)f (x) — / F)pya(dx) | dspy(dx)dt
X

1 T T
= ﬁ/// P(kf-i-s)f(x)—/f(X)ps+z(dx) o (dx)dsdt
0 0 X X
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1
2 2

1 T T
s / / / Pkt +5) f(x) — f F)pss(dn)| pi(dx) | dsdi
00 X X

IA

IA

1
—8k
?/e N 2w, praxydt
0

sk
<e "N 2x, pxy)-

The proof is completed. O

Theorem 6.2. Assume the same conditions as in Proposition 6.1. Then the periodic measure is
ergodic and for any T € B(X),

(k+1)T

/'% / P(s,x,D)ds — p(D)|p(dx) < e k", (6.10)
d kt

Proof. The result follows from taking f = Ir, where I' € B(R?) in (6.3). Thus Condi-
tion A is satisfied with exponential convergence and so the periodic measure is ergodic from
Lemma4.4. O

7. Construction of random periodic paths from a periodic measure

In general, with the original probability space, similar to the case that an invariant measure
does not give a stationary process, neither a periodic measure gives a random periodic path. In
the following, an enlarged probability space and an extended random dynamical system will be
constructed such that on the enlarged probability space, a pull-back flow is a random periodic
path of the extended random dynamical system. This construction is much more demanding than
constructing the periodic measure from a random periodic path.

Now we consider a Markovian random dynamical system. If it has a periodic measure on
(X, B(X)), then we can construct a periodic measure on the product measurable space (2 X
X, F ® B(X)). Here we use Crauel’s construction of invariant measures on the product space
from invariant measures of transition semigroup on phase space ([8]).

Theorem 7.1. Assume the Markovian random dynamical system ® has a periodic measure p :
R — P(X) on (X, B(X)). Then for any s € R

(Us)w := lim ©(nt +s,0(—nt — 5)w)pPo, (7.1)
n— oo
exists. Let
s (dx, dw) = (1Ls)w(dx) x P(dw).

Then iy is a periodic measure on the product measurable space (2 x X, F ® B(X)) for ® and
E(us). = ps, s €R.
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Proof. First note that pg is a forward invariant measure under P*(nt), n € N. By Crauel [8],
we know that the following limit exists

(10)w := lim ®(nz, 0(—n1)w)00.
n—od
By cocycle property of ®, we have that for any B € B(X) for any s € RT,

lim ®(nt +s,0(—nt —s)w)po(B)
n—oo

= lim (®(s,0(—s)w) o ®(nt,0(—nt)0(—s)w)po)(B)
n—od

= lim (®(nt, 6(—n71)0(—5)w) o) (D (s, 0(—s)w) ' B)
n—>oo

= (10)6(~5)0 (P (5,6 (=5)®) "' B)

= ®(s, 0(—5)0) (L0)o(-s5)w(B)
=:(Us)w(B). (7.2)

When s € R™, we can also obtain that the above limit still exists by decomposing s = —m1 + 50,
so € [0, 7), and considering

li)ngo d(nt +s5,0(—nt — s)w)po(B)
= nli)rr;()(@(s +mt,0(—(s +m7))w)

o®@((n —m)t,0(—(n —m)t)0(—(s +m7))w)po)(B)
= (Us)w(B).

Now, from the cocycle property and (7.1) and the argument of taking limits in (7.2), we know
that for t e R,

o1, w)(Us)w = nli)ngo D(t,w) o P(nt +5,0(—nT —5)W)pPo
= lim ®(nt+t+s,0(—nt —t —s5)0(t)w)po
n— o0
= (:u't+x)9(l)w' (73)

It then follows from a standard argument that for any A € F ® B(X), by (3.6) and (7.3), for
teRT

(O s)(A) = pr5(A).

Moreover, it is easy to see that

(Ustr)o = lm @((n+ D7 +5,0(=0 + DT = 5)0) oo = (1ts5)o,

SO
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Ms+7 = Ms-

Then p. is a periodic measure on the product measurable space (2 x X, F ® B(X)) for ®.

Next let us prove for any B € B(X), s € R, E(is)e(B) = ps(B). First, we will show that for
any B € B(X), E(uo)»(B) = po(B). In fact, by the Lebesgue’s dominated convergence theorem,
the Fubini theorem and measure preserving property of 6,

E(Mo)w(B)=/nlig}oq%nf,9(—nf)w)po(B)P(dw)
Q

=n1ggo/po(q>(m,e(—nr)a))—l(B))P(dw)
Q

n—oo

= lim //Iq)(mﬂ(_m)w)qB(x)dpo(x)P(da))
QX

n—0o0

= lim //I(b(n.[’e(_nr)w)—lB(X)P(da))dp()(x)
X @

= li)rgO//IB(CD(nr,9(—nr)a))x)P(dw)d,oo(x)
X Q

= lim P(nt, x, B)dpo(x)
n—>oo
X
= po(B).

Similarly and also applying the above result, we have for s € R™,

E(us)w(B) = nlgl;O/ P(s+nt,x, B)dpo(x)
X

n—o0

lim //P(s,y,B)P(nr,x,dy)po(dx)
X X

lim / PG, . B) / P(nt., x. dy)po(dx)
n—oo
X X

/ P(s, v, Bdpo(dy)
X

= ps(B).

If s € R, there exists m € Z, 50 € [0, T) such that s = —mT + 5. So similarly as above
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E(us)o(B) = nlglgo/ P(so + (n —m)T,0(—s0 — (n —m)7T)w) po(B) P (dw)
Q

= lglgo/P(S0+(n—m)f,x73)dpo(X)
X
= pso(B)

= ps(B).
In summary, we proved the last claim of the theorem foralls e R. O

We assume that the cocycle ® generates a periodic probability measure @ on the product
measurable space (€, F ) = (2 x X, F®B(X)). The following observation of an extended prob-
ability space, a random dynamical system and the correct construction of an invariant measure i
are key to the proof of the following theorem, which enables us to construct periodic paths from
periodic measures.

Set I; = [0, 1) of the additive modulo t, B(I;) = {¥, I.}, Q= I; x 2 xX, F= B(I:)®@F®
BX),o=(s,w,x) € Q. Define the skew product O:RTxQ— Qas

OW)d = (s +t mod 7,0()w, D(t, w)x)

—(s+1— [?]t,@(t)w,@(l,w)x), teR*. (7.4)

Theorem 7.2. Assume that a random dynamical system & generates a periodic probability
measure [ on the product measurable space (§2 x X, F ® B(X)). Then a measure fi on the
measurable space (2, F) defined by,

T

flle x A) = %/MS(A)ds, @ x A)=0, (1.5)
0

for any A € F Q@ B(X), is a probability measure and 1) :Q— Q defined by (7.4) is measure
[L-preserving, and

O)O() = O(t) + 1), foranyti, 1 e RT. (7.6)
If we extend ® to a map over the metric dynamical system (Q, F, i, (@(t))zeR+) by
O(1,6) =D, w), 1 €eRT, (7.7)

then ® is a RDS on X over © and has a random periodic path YRt x Q — X constructed as
follows: for any &* = (s, w*, x*(0*)) € £,

Y, &%) = d@ +5,0(—9)0")x*(O(—s)w*), t e RT. (7.8)
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Proof. It is easy to see that the proof of (7.6) is a matter of straightforward computations and
[ is a probability measure. To verify O(t)/L fi, for any t € R™, first using (3.2) and a similar
argument as (3.7), we have that for any ¢ € [0, 1),

émmuxm=%/m@*mmw
0

1

=;/MHMMS
0

= (I, x A).

It is trivial to note that @(t)ﬁ(@ x A) = [1(? x A). So @(t) is fi- preservmg for ¢t € [0, T). This
can be easily generalised to any 7 € R+ using the group property of ©. Moreover, it is trivial to
see that ® is a cocycle on X over O. Again, the construction of Y given by (7.8) is key to the
proof, from which the actual proof itself is quite straightforward. In fact, for & = (s, w, x), we
have Y (1, &) = ®(t +s, 6(—s)w)x. Moreover, for any r,t € R*, we have by the cocycle property

O(r, 0D Y (1, &) = D(r, 0()w) P (1 + 5,0 (—)w)x = P(r +1 +5,0(—5)w)x =Y (r + 1, D).

(7.9)
Note that O (1)@ = (s, 0(t)w, P(1, w)x), so we have by the cocycle property
1?(1‘, @)(r)é)) =&t +5,0(t —5)w)P(7,0(—s)w)x
=O(t +5+71,0(—)o)x =¥ (t +1,d). (7.10)

The proof is completed. O

Remark 7.3. It is not clear how to extend the definition of ¥ to R™ in general. However, if the
cocycle @(t, w) : X — X is invertible for any € R™ and w € @, for instance in the case of SDEs
in a finite dimensional space with some suitable conditions, it is obvious to extend ¥ to R™.

One implication of Theorems 7.1 and 7.2 is that starting from a periodic measure p; €
PX), ps+r = ps, s € R, one can construct a (enlarged) probability space (Q F, () and an ex-
tended random dynamical system, with which the pull-back of the random dynamical system is
a random periodic path. In the following we will prove that the transition probability of (1, D)x
is actually the same as P (¢, x, -) and the law of the random periodic solution Y is Ps, 1.€.

LA(I?(S, ) = py, forany s e RT.

We call ¥ a random periodic process as its law is periodic.
In the following, by E we denote the expectation on (2, F, iL).

Lemma 7.4. Assume py is a periodic measure of a Markovian random dynamical system ®. Let
the metric dynamical system (€, f L, (®(t))t€R+) the extended random dynamical system o
and the random periodic process Y be defined in Theorem 7.2. Then for any B € B(X)
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fi{d: Y (t,») € BY = p(B),
and

P(t,y, B)={o: D¢, &)y € B)=P(t,, B).
Thus p. is a periodic measure of D as well.

Proof. Note in (7.5), for any A € F ® B(X), by the periodicity of u; and measure preserving
property of 6,

T

Il x A) = %/M;(A)ds
0

T

= l/M—s(z‘l)ds
T
0

T

1
= ;//(M—s)w(Aw)P(dw)ds
0 Q

T

1
=+ [ [ w-ocontAuni Pawrds. (7.11)
Q

0
From the proof of Theorem 7.2, we know that, for any @ = (s, w, x),
Y(t,&) = Dt +5,0(—s)o)x,

is a random periodic process on the probability space (€, F, @, (@(t))teR+)~ Then for any ¢ €
R* and B € B(X), by (7.11), (7.3) and definition of ¥,

Q
[ .
:;f//IB(Y(tva)))(M—S)@(—s)w(dx)P(da))dS
Q X

0

1 T
= ; f / / IB(CD(t +S, 9(_s)a))x)(lj,7s)9(73)w(dx)P(da))ds
QX

0

1 T
- ;///13()’)[@(! + 5, 0(—=)w) (15 )o(—5)0 ] (dy) P(dw)ds
0 QX
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1 T
- / / f 1509 (o (dy) P(dw)ds

0 QX
= E[(n)oq). (B)1 = E[(r).(B)]
= p:(B).

Now we consider gA)(tA, @) = ®(t, w), the extended random dynamical system on X over the
probability space (€2, F, ). For any y € X, note again @ = (s, w, x),

P(t,y,B)=[(®: D, &)y e B)

_ / 5, &)y)17(dd)
Q

1 f )
:;_//fIB(qD(t’é))y)(:us)w(dx)P(da))ds

0 QX

1 T
:;///IB(CD(tvw))’)(l/«s)w(dx)P(da))ds

0 @ X

=/IB(CI>(t,w)y)P(dw)
Q
= P(l,y,B).

The last claim follows easily from the above two results already proved. O
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