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ABSTRACT: We compute the Darwin operator contribution (1/ mg’ correction) to the width
of the inclusive non-leptonic decay of a B meson (B, By or By), stemming from the quark
flavour-changing transition b — ¢1G2gs, where ¢1,q2 = u,c and g3 = d,s. The key ideas
of the computation are the local expansion of the quark propagator in the external gluon
field including terms with a covariant derivative of the gluon field strength tensor and
the standard technique of the Heavy Quark Expansion (HQE). We confirm the previously
known expressions of the 1/ mg contributions to the semi-leptonic decay b — q1fvy, with £ =
e, i, 7 and of the 1/ mg contributions to the non-leptonic modes. We find that this new term
can give a sizeable correction of about —4 % to the non-leptonic decay width of a B meson.
For B; and Bg mesons this turns out to be the dominant correction to the free b-quark
decay, while for the B+ meson the Darwin term gives the second most important correction
— roughly 1/2 to 1/3 of the phase space enhanced Pauli interference contribution. Due
to the tiny experimental uncertainties in lifetime measurements the incorporation of the
Darwin term contribution is crucial for precision tests of the Standard Model.
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1 Introduction

The total decay rate of heavy hadrons can be described by the Heavy Quark Expansion
(HQE), whose history goes back to the work of Shifman and Voloshin in the 1980ies [1, 2],!
as the decay of the free heavy quark plus corrections that are suppressed by inverse powers
of the heavy quark mass. Since the b-quark mass is large compared to the typical hadronic
scale, the corrections are expected to be small and hence, back in 1986, the following
b-hadron lifetime ratios were expected [2]

HQE 1986 HQE 1986 HQE 1986

~1, (1.1)

which are in good agreement with the current experimental averages obtained by HFLAV
(see the webupdate of ref. [4])

HFLAV 2020
= 0.998 4 0.004,

HFLAV 2020
= 1.076 = 0.004,

HFLAV 2020
= 0.969 £ 0.006 .

\]

(Bs)
(Ba)

\]

(1.2)

'For a more profound history see ref. [3].
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Figure 1. The diagrams describing contributions to the HQE in eq. (1.4). The crossed circles denote
the AB = 1 operators @; of the effective Hamiltonian while the squares denote the local AB =0
operators @; and O;. The two-loop and the phase space enhanced one-loop diagrams correspond
respectively to the two-quark operators ©; and to the four-quark operators O@; in the HQE.

There has also been considerably progress on the theory side. The total width of a B
meson with mass mp and four-momentum p’, is given by

> [n)'0 s - p) [(XEOHal BEs)P, (13)
2m B

X Ps
where Hog represents the effective weak Hamiltonian [5] describing all possible b-quark de-
cays. PS denotes the phase space integration and we have summed over all possible final
states X into which the B meson can decay. Eq. (1.3) can be related, via the optical the-
orem, to the double insertion of the effective Hamiltonian and within the HQE framework

one obtains

o o - (Os O

Os) | 0690 62 |76098) 4 5,00 (1.4)
b my, mj m,

with the matrix elements of the AB = 0 operators (Oy) = (B(pp)|Oy|B(pg)). The

structure of eq. (1.4) is diagrammatically represented in figure 1. The matrix elements of the

I'(B)=T3+T;

operators O; and O;, denoting respectively two- and four-quark operators, are suppressed
by i — 3 powers of the heavy quark mass my. The coefficients I'; and I'; encode the
corresponding short distance contributions. The leading term I's describes the free b-quark
decay and does not contain any non-perturbative corrections — up to O(1/my) the matrix
element of the operator @3 = bb is simply one with the appropriate normalisation. O
refers to the dimension-five kinetic and chromo-magnetic operators, proportional to two
covariant derivatives of the b-quark field. Og includes the dimension-six Darwin and spin-
orbit operators with three covariant derivatives. So far the dependence on the spectator
quark is only due to different values of the matrix elements and the coefficients I'3 5 6 are
independent of the quark content of the B meson. The four-quark operators are phase-
space enhanced (as indicated by the factor 1672) and first arise at order 1/mj. The



possible topologies, specifically weak annihilation (WA), Pauli interference (PI) and weak
exchange (WE), see figure 4, imply that the short distance coefficients are now dependent
on the spectator quark. The dimension-seven operators O7 contain one covariant derivative
compared to Og. Due to the larger phase space, it is typically expected that Og gives the
dominant contribution to the lifetime ratios [1-3, 6, 7).

Currently I's is known at NLO-QCD [8-15] for non-leptonic decays. NNLO-QCD cor-
rections have been computed for semi-leptonic decays [16-25] and for non-leptonic decays
the massless case was determined in full QCD (i.e. no effective Hamiltonian was used)
in ref. [26]. I's was determined at LO-QCD for both semi-leptonic and non-leptonic de-
cays [27-30] and we confirm these results. For the semi-leptonic modes even NLO-QCD
corrections are available [31-33]. I'¢ was first computed at LO-QCD in ref. [34] and recently
the NLO-QCD corrections were determined in ref. [35], both for the semi-leptonic case only.
[ is known at NLO-QCD for B-meson lifetimes [36, 37] and D meson lifetimes [38], while
I'; is only known at LO-QCD [39).

This work presents the first determination of I'g for non-leptonic decays. An interesting
subtlety of the computation is mixing between four- and two-quark operators. Namely, at
dimension-six the renormalised one-loop matrix elements of the operators Qg contribute
to the coefficient of the Darwin operator through the diagram in figure 5, ensuring the
cancellation of the infrared (IR) divergences that otherwise would appear in I's. This
feature has been intensively discussed for semi-leptonic decays [40-43] — also under the
name of “intrinsic charm”, see e.g. refs. [44, 45].

Finally, for numerical analysis, the values of the non-perturbative matrix elements
(Oy) are needed. (Os) and (Og) can be extracted from fits to the semi-leptonic spectrum
for the case of By and B' mesons, see e.g. ref. [46]. In the literature one can also find
lattice determinations [47-51] and sum rule estimates [52-54] for these parameters. For the
SU(3)r violating ratios (Bs|Os 6| Bs)/(Ba|Os6|Ba) one can use the theory estimates from
ref. [55]. The matrix elements of the four-quark operators (Og) have been determined by
Heavy Quark Effective Theory (HQET) sum rules [56]. Violations of SU(3)r are expected
to yield visible effects and a calculation of these corrections with HQET sum rules —
following ref. [57] — is currently been performed [58]. Corresponding lattice results for the
matrix elements of the four-quark operators would be highly desirable.

Taking all the currently known contributions into account we arrive at significant
improvements compared to the pioneering work in 1986, and the 2019 status of lifetime
predictions reads [3, 56]

HQE 2019 HQE 2019 HQE 2019

+ T(A )
= 1.000640.0025 = 1.082 0.022 ( b = 0.935+0.054 1.5
T (Bd) ’ T(Bd) 0.026 > T(Bd) ’ ( )

which constitutes an impressive confirmation of the validity of the HQE.

The main motivations for this work are:

e In the case of the 7(By)/7(By) lifetime ratio several very pronounced cancellations
are arising [3, 56, 59-61] among the contributions of Og and O, which could in



principle make this ratio sensitive to the contribution of O — if SU(3)p violating
corrections are large for this term, as indicated by ref. [55].

e It was found (see e.g. refs. [34, 41, 55, 62-64]) that the 1/mj correction in semileptonic
inclusive decays B — X, (i, are of a similar size as the 1/m? terms due to enhanced
Wilson coefficients. This could lead to a visible effect in 7(Bs)/7(Bg), in particular
if all other contributions are cancelling to a high degree.

e As indicated in eq. (1.2) the experimental precision achieved so far is very high,
enabling thus precision tests and an even higher precision seems to be achievable,
see e.g. the two most recent results from LHCb [65] and ATLAS [66], which inter-
estingly differ significantly. The theory precision should of course cope with these
experimental advancements.

e According to the above arguments the lifetime ratio 7(Bs)/7(Bg) might thus provide
a unique opportunity to test directly higher orders in the HQE that are otherwise just
noise compared to the leading, numerically dominant contributions. In that respect
this might also increase our insights on the assumptions of quark hadron duality,
severely questioned around 20 years ago — mostly due to a very low experimental
value of the Ay lifetime, which seemed to be in severe conflict with the HQE expecta-
tion from eq. (1.1): the 2002 HFAG average gives e.g. 7(Ay)/7(Bg) = 0.798(34), more
than 5o away from the current experimental value given by eq. (1.2). This signal
for a violation of quark hadron duality was a clear false alarm. Moreover, the first
measurement of the decay rate difference of neutral B; mesons, Al'y, has excluded
large duality violating effects, see e.g. the discussion in refs. [67, 68]. Smaller effects
of duality violation can still appear and their potential size can be constrained by
comparing experiment and theory for as many HQE observable as possible with a
high precision, see e.g. ref. [69].

e Assuming the validity of quark hadron duality the 7(Bs)/7(By) lifetime ratio can be
used to constrain invisible or hardly detectable B-meson decays, like By, — 77, at
the per mille level, see e.g. refs. [70, 71] — see also ref. [72] for an alternative way to
constrain the potential size of the bs77 couplings.

We will not present updated lifetime ratio predictions in this work, but we will postpone
a new numerical study until the SU(3)r violation ratio of the Bag parameters is available,
see ref. [58].

The paper is structured as follows: in section 2 we outline the main ingredients of the
calculation: in section 2.1 we explain how the double insertion of the effective Hamiltonian
and the subsequent expansion in the external soft gluon field are performed. Section 2.2 is
devoted to describe mixing between two- and four-quark operators at order 1/ mg , which
guarantees the cancellation of the IR divergences. Our results are presented in section 3
and we conclude in section 4. The expansion of the quark propagator in the external gluon
field is discussed in more detail in appendix A, supplement material to section 2.2 and



section 3 can be found in appendix B and appendix C, respectively, and for completeness
we also present the non-leptonic results for I's in appendix D.

2 Outline of the calculation

2.1 Contribution of two-quark operators up to order 1/ mg’

According to the optical theorem, the total width for the inclusive non-leptonic decay
of a B meson induced at the quark level by the flavour-changing transition b — q1g2qs
(with q1,¢92 = u,c and g3 = d, s), can be computed from the discontinuity of the forward
scattering matrix element:

Dxu(B) = 5o I (Bl [ doT {La(@). La(O)} Bom). (1)

The effective Lagrangian Leg(x) reads

Leg(z) = 455‘/212‘/;12!13 [C1 Q1(z) + C2 Q2(x)] + h.c., (2.2)

where G is the Fermi constant, V;, are the elements of the Cabibbo-Kobayashi-Maskawa
(CKM) matrix [73, 74], C1 2(p1) denote the Wilson coefficients at the renormalisation scale
p1 ~ my and Q12 are the effective AB = 1 four-quark operators?

Q1 = (@)@ T"e), (2.3)
Q2 = (@) (35T g3), (2.4)
with i, j standing for colour indices and I'y, = 7,(1 — 75)/2. In our notation, @1 is the

colour singlet operator and ()2 the colour rearranged one, opposite to e.g. the notation in
ref. [5]. Three combinations of operators enter the decay rate in eq. (2.1): Q1 ®Q1, Q2@ Q2

and Q1 ® Q2. We use the completeness property of the colour matrices tf‘j,B
t@Ata :1 5 (5 _iéd (2 5)
ijvlm 2 1mYjl Nc ijO0lm | » .
to rewrite
1
Q1 ® Q2 ZW(Q1®Q1)+2(Q1®T% (2.6)
(&

where the colour octet operator T is given by

T = (@Tutl; V)@ T 1, 45). (2.7)

Considering only the contribution of two-quark operators, the decay width takes the form
1
re?(B) = |10 + 2010, (Nrﬁ‘” +2 rﬁ?)) +C3 rgﬂ : (2.8)

[

2We consider only current-current operators with large Wilson coefficients.
3The colour matrices satisfy the following relations: Tr[t*] = 0 and Tr[t*, %] = (1/2) §*°.



where

(29) _ _4G%|V;11b|2’v;12fls|2
17y =

T Im (B(pp)| i / d*2 5(0) T,u(t) 1S (0, )T, b(x)

mp
X Tr | T () 18 (0,2) T i8S (x,0) | [B(ps)) + (z > 0).  (2.9)

Note that in the case of Fgfl) the two colour matrices t* appear on the r.h.s. of eq. (2.9). The
corresponding expression for ng) is obtained from that of Fﬁcﬂ by replacing ¢ <> q3 as it
follows by Fierz-transforming the operator @2 given in eq. (2.4). To compute dimension-six
contributions we need to expand first each of the quark propagators up to one covariant
derivative of the gluon field strength tensor, respectively defined as iD,, = id, + A,(x),!
and Gy, = —i[iD,,iD,]. In appendix A we derive the Fourier transform of the quark
propagator in the soft external gluon field

d4k —ikx
S(z,0) = / i€ S ) (2.10)
where
F+m 1 ~ 5
S(k) = k2 —m? + 2(k? —m?)? (_mGp“UpN +2G kM )

L2 DG ( _ (F+2m) ku>  2D,Gpy K kP
Tu

3 (k% —m?2)? k2 —m? 3 (k2 —=m?)3

2 mD,Gpy |, 4 - Dy Gy KV kP

- kY — AHy kP) + 2 £ 2.11
+3(k2_m2)3(77 VY RP) + 2i (52 = m2) (2.11)

In the previous equation, Gy, = (1/2)€puonG" denotes the dual field strength tensor, with
€puon being the Levi-Civita tensor and D,G,, = —[iD,,[iD,,iD,]]. From eq. (2.11) it
follows that the quark propagator can be split up according to its colour structure as
Sij(k) = SO (k) ;5 + S (k) 12, (2.12)
where SO (k) denotes the free quark propagator and S(1)@(k) absorbs contributions with
one gluon field (for more details see appendix A, also the original refs. [28, 29]). This
representation allows a straightforward treatment of colour in eq. (2.9). In case of Q1 ® Q1
contribution, the colour flow factorises between the (bg;)-quark line and the (g2g3)-loop,
therefore one can only expand the propagator of ¢; up to terms linear in t%, see lL.h.s. of
figure 2. For the Q3 ® Q2 combination the trace over colour indices involves the ¢;- and
q2-quark propagators and only the gluon radiation from g3 is non-vanishing, see r.h.s. of
figure 2. Finally, in the case of the ()1 ® T' contribution, the colour flow forces the gluon
to be radiated off the (g2g3)-loop. Any interference term would be O(1/m¢), and it is thus
sufficient to expand independently each of the two quark propagators in the loop (figure 3).
Using translation invariance of the quark field to write b(z) = e~ b(0), with p*
being the b-quark four-momentum, and after performing xz- and momentum integration,

“Note that the coupling constant g is absorbed in the definition of A, = Apt®.



Figure 2. The two-loop diagrams describing power corrections up to dimension-six from Q1 ® Q1
(left) and Q2 ® Q2 (right) contributions.

Figure 3. The two-loop diagrams describing power corrections up to dimension-six from Q1 ® T
contribution.

we obtain two-loop tensor integrals of possible rank r = 1,...,4. These are decomposed in
terms of rank 7 tensors built with the metric tensor g and the external momentum p*.
The corresponding coefficients represent scalar integrals of the type

/ d4k1 /d4k-2 f(pa k17k2) (213)

(2m)* S (2m)* [kf —mi]™ [k3 —m3]™ [(p — k1 — k2)® —mi]™

where f(p, k1, k2) is a function of all the possible scalar products. The integrals in eq. (2.13)
are reduced by means of the integration-by-parts (IBP) technique to a linear combination
of master integrals. The IBP reduction is implemented using the Mathematica package
LiteRed [75, 76]. The discontinuity of the master integrals can be straightforwardly ob-
tained from the imaginary part of the scalar sunset diagram S(s;mq,ma, m3), defined by
eq. (2.13) with f = 1 and ny = na = n3 = 1 and given by,” see ref. [77]

(2.14)

Im S(s;m1, mo, m3) =

1 (Vs—m1)? d \/)‘(t7m%7m§) A(Sat7m%)
t .
25673 /(

ma+ms3)? ts

In the previous equation, s = p? > (my + ma + m3)? and A a,b,¢) = a® + b* + ¢ —
2(ab + bc + ac) is the Kéllen function. One can easily compute analytically the integral in
eq. (2.14) for two non-vanishing masses, while in the case of three non-vanishing masses the
complexity highly increases and the solution involves elliptic functions, see e.g. refs. [78—
81]. We emphasize that we set d = 4 from the beginning since the discontinuity of the

5For instance, the discontinuity of the master integral with f = 1, ny = 2 and ny = ns = 1 can be
obtained by differentiating eq. (2.14) with respect to m?, etc.



diagrams at LO-QCD does not develop any ultraviolet divergences. On the other side, the
gluon emission off a light quark propagator (¢ = u,d or s) gives rise, at dimension-six,
to infrared logarithmic divergences of the type log(mg /m?) which are cancelled by the
renormalised one-loop matrix element of the corresponding four-quark operators, as shown
in detail in section 2.2. Here we limit ourselves to state that for the computation of most of
the diagrams of interest it is always possible to set one mass to zero and obtain an analytic
expression for all the master integrals. This is not the case only for the gluon emission
from the s quark in the b — cc¢s transition, where we need to keep all masses finite in order
to regularise the infrared divergence.

After computing the two-loop integrals we are left with the following matrix elements

(B(pB)[bu(0) F(p) b (0)| B(pB)), (2.15)
(B(p5)|bs(0) Fouu (p) (iD")(iD")by(0)| B(pp)), (2.16)
(B(p5)[bo(0) Fruvp(p) (iD*)(iD")(iD)bu(0)| B(p)), (2.17)

where F(p), Fu(p) and Fpu,(p) are functions of the quark masses and of the external
momentum p#. We find that at order 1/ m% only the expansion of the anti-quark propagator
contributes (in agreement with refs. [27-30]) and therefore the matrix element of dimension-
five, eq. (2.16), vanishes in the case of both @1 ® Q1 and Q2 ® Q2 contributions but not
for Q1 ® Q2. On the other hand, the matrix elements of dimension-three, eq. (2.15), and of
dimension-six, eq. (2.17), are non-vanishing for all three combinations of AB = 1 operators.
Following the standard technique of the HQE we decompose the b-quark momentum as

p* = myvt + iDH, (2.18)

where v* represents the four-velocity of the B meson and D* accounts for the soft inter-
action with the spectator quark. We have used the phase redefinition

b(z) = e IMUTh, (z), (2.19)

to remove the large fraction of the b-field momentum, at =z = 0 we trivially get b(0) = b,(0).
We then expand eqgs. (2.15)—(2.17) in the small quantity D*/m;. Note that in the matrix
elements with three covariant derivatives we can safely set p? = m? neglecting corrections
O(1/m}). The order of the covariant derivatives is fixed by

1
p,ulpu2 o .plln — ﬁ Z pg(ﬂl)pa(/ﬂ) . _po(ﬂn)’ (2.20)
' O‘ESn

where S, is the symmetric group of permutation of n elements. This leads to a systematic
expansion of eq. (2.9), schematically

a{byby) + by (by (iD)by) + €, (by (iD*) (iDY)by) + dpp (by (iD*) (iD¥ ) (iDP)by) + . . ., (2.21)

where a, by, ¢, djuvp are now only functions of the quark masses and of the four-velocity v*.



Finally, the matrix elements in eq. (2.21) admit a series expansion in powers of 1/my
given explicitly in ref. [62],° from which we can readily obtain the coefficients of u2,
and of p?’D, p‘z g, which are defined as

2mp iz (B) = —(B(pp)|bu(iD,) (iD*)by| B(pp)),

2mp pg(B) = (B(pp)|bo(iD,)(iDy)(—i0"" )by | B(pp)), (2.22)
2mp pp(B) = (B(pp)[bu(iDy)(iv - D)(iD")bu| B(pi)),

2mp pis(B) = (B(pp)|bs(iDy)(iv - D)(iDy)(~ic"") by| B(pp)), (2.23)

with 0, = (i/2)[vu, 7). As already stressed, the numerical values of the non-perturbative
parameters above depend on the spectator quark in the B meson.
We then arrive at the following form of eq. (2.8)

_ 2(B
r9(B) = T, [(3 CE+201Cy +3CF) e (1 - “;;J)
b

B
2

~—

_ _ _ 2
4 (3 012 Cglquqg) 1 20,0, Cg;{’lltg%) + 3022 6812!122!13)) ,UJG’(

my,
2 o(013205) (@205) | 5 2 ploies)) PD(B)
+(3CE ™ + 2010y CEY 4303 CiE™) PO (2.24)
b ’ mb
where
GFmb 2 2
In eq. (2.24), C(()QIM?’) refers to the partonic-level coefficient, while C(q1q2q3) and Cghrffnq‘"’),

nm = {11,12,22}, denote the coefficients of the chromo-magnetic and of the Darwin op-
erators, respectively. The upper index (q1G2¢3) indicates the decay mode, e.g. (cud) cor-
responds to the b — cud transition. Since we neglect the masses of the up, down and
strange quark, all the coefficients in eq. (2.24) are functions of at most one dimensionless

(q1q2q3) , where the dependence on the light quark

mass parameter p = m2/m?, apart from Cj
mass mg = My 4, is still present in the form of divergent logarithms log(m?2 /mb) The
cancellation of these terms is discussed in the next subsection. The complete LO-QCD

(913293) and Cglllbq;s)

expressions for C can be found in appendix D. We point out that the

adopted definition for the non-perturbative parameters in eqs. (2.22), (2.23) implies that
the coefficient of p3 4 is found to vanish for all the AB = 1 operator combinations.

2.2 Role of the four-quark operators

At order 1/ mg the gluon radiation from a light quark leads to IR divergences, namely

mb

2
ngfﬁ?) — Rgl%q’zqs) + Dg%ézqs) <log (mq>> , (2.26)

SFor reference we quote the expansion of the dimension-three matrix element up to order 1 /mg,
b B B
(B(p5)[bobu| B(ps)) = 2ms (1 - M)

me
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Figure 4. One-loop diagrams corresponding, from left to right, to the WA, PI and WE topology.

Figure 5. Diagram contributing to mixing between four- and two-quark operators at dimension-six.

where RE2%) are finite functions and D2 (log(mg/mg)) absorb the contribution
of the divergent logarithms, the latter are listed in appendix B. As discussed already in
ref. [40], logarithmic infrared divergences signal mixing between operators of the same
dimension. To see this in more detail, we start again from eq. (2.1),”

1 ~
Pae(B) = 5 —(B(pp) T |B(pp)), (2.27)
mp
with the transition operator T being the time-ordered product of the double insertion of
the effective Lagrangian. The expansion in inverse powers of m; allows to express T in
terms of new local effective operators. At dimension-six one has®:
A(q)
e Oup O (Mo)
Im T=6) = Ty (1) | Cppy (i1, pro) 225 + > ZC@-Z ps o) —2 | (2.28)
q=u,d,s 1=1

where C(u1) = {3C%,2C1 Co,3C3} and 1 is the renormalisation scale at which the AB =
1 Wilson coefficients of the weak Hamiltonian are determined. This scale arises also in
loop corrections to the diagrams given in the upper line of figure 1. Up to the calculated
order in the strong coupling the p; dependence will cancel among these two sources. The
second scale pg (Aqep < po < p1 ~ my) indicates the new factorisation scale of the
AB = 0 operators emerging in the HQE. The pg dependence will cancel among loop
corrections to the diagrams given in the lower line of figure 1 and the scale dependence of
the AB = 0 operators.

"For brevity we omit the indices (q1G2g3) and (nm), although they must be always understood.
8In principle the sum in eq. (2.28) includes also the c-quark but for my ~ m. > Agcp the four-quark
operators @écl) are not relevant for the further discussion, see for more details ref. [44].

~10 -



The Lh.s. of eq. (2.28) includes the contributions given by the two-loop diagrams in

figure 2 and figure 3, which give rise directly to the Darwin operator (’)pD,

0,, = by(iD,)(iv - D)(iD")b,, (2.29)

with the corresponding coefficient Cp (1) — see eq. (2.24). Since we are only working at
LO-QCD, we do not find any explicit pj-dependence at this stage. The Lh.s. of eq. (2.28)
receives also contributions by the one-loop diagrams depicted in figure 4, corresponding to
the weak-annihilation, Pauli interference and weak-exchange topologies. The coefficients
Céqz) (1, o) do not develop any divergences at LO-QCD [6, 7] hence there is no explicit
pu1- and po-dependence; it is however present in the NLO-QCD corrections determined in
refs. [36, 37, 82]. We refer to appendix B for explicit expressions at LO-QCD. Integrating

out these one-loop diagrams leads to the following AB = 0 four-quark operators:°

O = (Biyu(1 = 75) @)@ (1 = 75)bd), O = (b, $(1 —75) ¢')(@” $(1 —5) bi),
(2.30)

O = (Bl —5) @) (@ (1 = 75) b)), O = (B $(1 — 75) a?) (@ $(1 —5) ).
(2.31)

The four-quark and the Darwin operators mix under operator renormalisation already at
LO-QCD, through the diagram in figure 5. In dimensional regularisation with d = 4 — 2¢
a factor of ;%€ must be included in order to compensate the mismatch in the dimension
of (’)(Q) and O,,, leading to explicitly u-dependent renormalisation constants and thus a
NON-V: anlshing anomalous dimension matrix. The renormalised one-loop matrix element of
(’)(Q) in the presence of a soft background gluon field, in NDR and in the MS scheme reads:

2
A(q) \ren a; K
e llog(m>+b

Jerlomro(),  em

with a1 =2, as = —1, a3 = a4 = 0 and by = —1 and by = 0. Note that the presence of the
constant term b; depends on the choice of the operator basis in egs. (2.30), (2.31), see for
instance refs. [42, 83]. At the matching scale p = my, we obtain

Cop (111, 110) (O (1) ) = Cp (1) ( Oy (1) ) — > Zcﬁz pr, mp) { O (my) )",

q=u,d,s 1=1
(2.33)

where the coefficient Cp has the divergent logarithmic dependence shown in eq. (2.26).
From it follows that on the r.h.s. of eq. (2.33) all the logarithms log(m2/mj) cancel exactly,
leaving C,, (111, mp) free of any IR divergences. Finally one can solve the renormalisation

9We do not take into account the spin-orbit operator O,, , = b, (iD,)(iv - D)(iD,)(—ic"") b, since its
contribution is vanishing within the adopted convention, see eq. (2.23).

10Tn the literature typically colour singlet and colour octet operators are used, see e.g. refs. [3, 6, 7, 56];
however, for our purposes it turns out to be advantageous to use instead the colour singlet and the colour
rearranged operators. The trivial transformation between the two bases is given by eq. (2.5).
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group equations to run C,,, (11, mp) down to the scale my > 1o > Aqep:

1 2
%Amww=quMm%d%ﬂ%<mg S [208 (mme) — ¢, m)] - (230)

mb q:u7d7s

The coefficients C,,, (1, to) are now IR-finite but scale dependent. This pg-dependence
cancels the corresponding one due to the running of the matrix element of the four-quark
operators starting already at LO-QCD via the diagram in figure 5:

2
A(q) _ /A @i Ho
(O (110)) = (O 1) + 5 log (ﬂ%) (Opp (1)) (2:35)
Our results are presented in the next section. We conclude with the remaining dimension-
six contribution to I'np(B) (see appendix C for the expression of the coefficients at
LO-QCD):

<O(Z)(Mo)>
N (B) = 2—0 Y e o I (2:36)
q=u,d,s i=1

where the matrix element of the four-quark operators can be parametrised as
(By| O |By) = Asm?, £ (B (B) 6gy +7,7(B)), ¢ =wds,  (2.37)

with A1 = A3 =1, Ay = Ay = (mp/(my +my))? and fp being the decay constant of the
B meson. We have separated the contribution due to the valence and non-valence quarks,
where Bz(q) is non vanishing only for ¢ equal to ¢/, the spectator quark in the B meson,

(@)

and is expected to be of order one, see e.g. ref. [56], while 7;"’ accounts for the effects of
an “intrinsic” ¢ quark [43, 44] and is expected to be small. Its numerical value can be
estimated via e.g. the calculation of the so-called eye contractions in the non-perturbative

determination of the matrix elements, see ref. [58].

3 Results

The contribution of the Darwin operator to the inclusive non-leptonic decay b — q1q2qs3 is
presented in the following form

_ _ _ p3
TGP (B) = To (3CFCS0BiY 2010y 0% + 303 i) G

where p%, is defined in eq. (2.23), C1 2(u1) are the AB = 1 Wilson coefficients, and

C/’D711 6 + 8 log mb (3:2)
wi 34
Cp(m,l% =3 (3.3)
2
uil 1%
c{“'9) = 6+ 8 log <mo2) (3.4)
b
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Figure 6. The Darwin term correction normalised to the partonic-level coefficient for different
modes, namely b — cud (top left), b — uud (top right), b — ccs (bottom left), and b — wues
(bottom right). The green dotted line corresponds to Q1 ® @1, the solid cyan line to @1 ® Q2 and
the dotted-dashed orange line to the Q2 ® Q)2 contribution. For reference we have fixed the values
po = mp, mp = 4.5GeV and p%, = 0.2 GeV3. The dashed vertical line shows the approximate value
p = 0.05 in the MS scheme.

ucs 2
C;()D,l)l = g(l - p) [9 + 11p — 12p% log(p) — 24 ( ) log(1 — p) — 25p% + 5p3]
+8(1- )(1+p)1og<“°>, (3.5)
mj

cles) ; 41— 12(2 4 50+ 20 — 2% log(p)

pD,12

—48(1 = p)*(1 + p) log(1 — p) + 26p — 18> + 38° — 5’|

+16 (1 — p)?(1 —i—plog( ) (3.6)
cl“s)y = %( )[9 +11p — 12p% log(p) — 24 ( ) log(1 — p) — 252 + 5p3]
+8(1— )(1+p)1og<“z>, (3.7)
¢l = ;[17 + 12log(p) — 16p — 12p + 16p% — 5pﬂ, (3.8)
clnd) = ; =9 +12 (1= 3% + p*) log(p)
+24(1 — p)*log(1 — p) + 50p — 90p* + 54p° — 5
—-8(1—p)° 10g<::2>, (3.9)
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C(cad) = -(1-p) [9 + 11p — 12,02 log(p)

pD,22 T
—24 (1= p?) log(1 = p) — 25p% + 55|

wl N

+8(1-p) (1+p)1og<“0>, (3.10)
b
(cas) _ 2 2 3
) = 3[\/1—4;) (17+8p—22p —60p)
1++1—-4p
—12(1—p—2p> +2p> + 10p*) log | —Y—= | |, 3.11
( p—2p~+2p p)og By (3.11)
clees) 2 [\/1 “p (—45 1 46p — 106p% — 6op3)
pD,12 3
1+1-4
+12 (1 1 4p% — 16p° — 10p4) log (X V21 —2P
1—-+1-4p
+8[M112 p,n) — /1 —4plog(n ” o
+8+/1—4p log (m%) , (3.12)
(cis) _ 2 2 3
Chny = 3 [\/1 “p (—3+22p—34p — 60p )
14+1—-4
—24p (1+p+2p2+5p3) log R e
1—+1—-4p
+38 [Mm p,n) — /1 —4plog(n ” "
+8+/1—4p log (m%) . (3.13)
The dimensionless parameter 1 = mg / mg and the master integral Mo is defined as'!
(1-vp)? —20+p)t+ (1 =p)?2)(t—n+
Mm(pm):_/ gt ( (1+p)t+( 2))( n+p) _
(votym? (2 =2(1+p)t + (1 = p)?) (12 = 2t(n + p) + (n — p)?)

(3.14)
Note, that because of mg = ms = 0 the following relations hold:

C(cud) — C(cus) C(cEs) _ C(ccd) C(uﬁd) _ C(uus) C(ucs) — C(ucd)

pD,nm pD,nMm> pD,M pD,nM> pPD,nmM pD MM pD,nm pD,nm*

The relative effect of the Darwin term with respect to the corresponding partonic-level
contribution is given by

C(qllbq;a) 3
(q1G2g3) _ ZpD;vmm_ PD (3 15)
pD,NM C(()qngqS) m3 : :

1 An explicit analytic expression for [./\/l112(,0, n) —+/1—4p log(n)] |n—>0 has been found in ref. [84].

— 14 —



0.05

[ | ]
L | 4
I
0.00 T
I i ------------------------------------- ] Afd
& [====n77t ! ]
& B L I i (cud)
%@ 0.057 : ] APD
: ________ A(zl&s)
L | PD
-0.10 | . ,
L (ces)
| Apy’
[ :
-0.15 I l I I I I

Figure 7. Total relative size of the Darwin term correction compared to the partonic-level contri-
bution for different modes, including b — wud (dashed orange), b — cud (solid purple), b — ucs
(dotted green) and b — ccs (dot-dashed cyan). For reference we have fixed the values 1 = pg = mp,
mp = 4.5GeV and p}, = 0.2GeV3. The dashed vertical line shows the approximate value p = 0.05
in the MS scheme.

In figure 6, these ratios are plotted as functions of p for all the colour structures and the
four modes, using for reference the values pg = my, mp = 4.5GeV and p3, = 0.2 GeV3.
Figure 7 shows the total relative contribution for each mode, namely
3CFCIEE) 4 20i0y i 30l BE) )
(3C%+2C1Cy +3C2) {0 m

Alnas) — (3.16)

As one can see, the Darwin operator leads to sizeable corrections of the order 1 — 7% (for
p = 0.05) to the b — ¢1g2q3 decay width.

A final comment about the effect of the constant terms b; in eq. (2.32) for the deter-

mination of the coefficients Cﬁ(,%%zf ). We have already emphasised that their values depend

on the choice of the four-quark operators basis. Consider as an example the coefficient
C;;uﬁ)z. In our basis given by egs. (2.30) and (2.31), Cffﬁ% =—
p = 0.05. If instead of eq. (2.30) we had considered the following operators (as it was

chosen in ref. [84]):

29.0 for the reference value

OF) = (BiTo AT ul) (W ToyLpbd),  OFY = (BiT7YTPu!) (@ TogT,bd),  (3.17)
then in eq. (2.32) we would have obtained a1 = 8, by = —5/4 and az = 2, by = —3/2,

leading to Cﬁ(};{% = —24.0 (for the same value of p). This shift of ~ 17% should be

compensated (up to higher orders) by the different value of the matrix element of the
operators defined in these two bases.

4 Discussion and conclusion

This work presents the first determination of the Darwin term contribution to the non-
leptonic decay b — ¢1G2g3. Using the expansion of the quark propagator in the external
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g | o™ | [ o | o | e
b — uud —-1.5 -9.5 —-1.5 6 —11.3 6

b — ucs —1.28 —6.23 —1.28 6.84 29.1 6.84

b — cud —1.28 —8.14 —1.28 —13.2 -29.0 6.84

b — ccs —1.05 —4.99 —1.05 —11.5 -9.02 7.74

Table 1. Numerical values of the coefficients Cg]fanrfg'

) and Cffg%ﬂf’) for p = 0.05 and pg = my.
gluon field together with the standard technique of the HQE allows to obtain a systematic
expansion in inverse powers of the heavy quark mass m;. At order 1/ mfg operator mixing
ensures that the IR divergences arising from the expansion of the light quark propagators
cancel, introducing though scale-dependence in the coefficient of p%,, with the divergent
log(mg /m?) being in fact replaced by log(u3/m3).'? Preliminary numerical analysis reveals
that this contribution is sizeable. For illustration purposes, we show the total non-leptonic
decay width of the BT and B, mesons up to dimension-six and just at LO-QCD. Inputs
for the quark masses and the HQE parameters are taken from refs. [46, 56, 58] and we set
H1 = o = MMp:

2 e Ph
I'nn(B) =T'3(1 —0.50—% — 0.44°% —20.25~% o
NL(B) 3[ m? m2 3 + 1
4q—contr.
B —0.1023 (B™)
=143 [1 —0.0112 —0.0071 — 0.0373 — 0.0029 +0.0148 (By) | (4.1)
uZ ne I3 A N———
4 qu)
where
T3 = (3 012 +20,Cy+3 022) Z Fgfhtnqs) C(()qums)’ (4.2)
{q1,92,q3}

and I‘(()m@qg’) is given by eq. (2.25). In eq. (4.1) the effect of the different non-perturbative
parameters is shown separately. We find that the new contribution due to the Darwin
operator is significant, for the By meson it is even larger than the dimension-five and the
weak-exchange contributions while for the B+ meson the Pauli interference term still gives
the dominant correction. To understand this better, in table 1 we compare the coefficients
of the Darwin and of the chromo-magnetic operators'® for different modes. As already
stated above, at order 1 /mg, both diagrams in figure 2 vanish and the coefficient of the
kinetic operator as well as Cgﬁqfqg) and Céqf;qg) receive only the small contribution coming
from the expansion of the matrix element of dimension-three, cf. eq. (2.15). Hence the
dimension-five contribution stemming from the @1 ® @7 combination with large 3C? is

actually suppressed. A further pronounced source of cancellation lies in the combination

12Up to a finite polynomial in p, depending on the specific four-quark operator basis adopted.
13For simplicity, we do not show the coefficient of 2 being just (—1/2) Cé‘“q”S) for all three AB =1
operator combinations.
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30?2 Cg{lqu%) + 2010, C(Gl{lllj;q?’) because of the negative value of Cy and of the hierarchy

|C1/Cs =~ Céqjllq;qg’) / Cgﬁzqg). No cancellations are present at order 1/mj and this explains
why, despite the power suppression, the Darwin contribution is larger than the one of
dimension-five.

This result does not come as completely new, in fact it was already known in the
well studied inclusive semi-leptonic decays, that the Darwin term constitutes a sizeable
correction to the decay rate. For example, in the inclusive semil-leptonic B — X v,
transition (with ¢ = e, u) the following hierarchy (up to 1/mj and at LO-QCD) is found
(see e.g. ref. [62])

_ 2 2 3
(B = X.tig) = T [1 — 058 _1.95¢ 19188 905 7L

my my my, my,
S92 S3 S5
40— —13.5— — 95—
T T T
= [1 — 0.043 — 0.029 4+ 0.003 |, (4.3)
S~ N N~

dim—5 dim—6 dim—7
where Fgcw) = Fgcéfx)c(()cﬁﬁ) and the numerical values of parameters are taken from ref. [85].

The size of the coefficients in eq. (4.3) confirms the suppression of the dimension-five
contribution but does not seem to point towards an abnormal enhancement of the Darwin
operator, whose coefficient is of similar size as the ones of dimension-seven. Note also that
the second source of cancellation discussed above is now absent and the dimension-five
contribution is larger than in the non-leptonic case. Finally, from eq. (4.3) it does not
appear to be any problem with the convergence of the HQE.

To conclude, the inclusion of the Darwin operator contribution could lead to a size-
able modification of the theory prediction for the lifetime ratio 7(Bs)/7(Bg) compared to
the high experimental precision, which reaches the accuracy of the four per mille level.
An updated theoretical analysis of 7(Bs)/7(Bg) will be performed once the SU(3)r viola-
tion ratio of the Bag parameters and of the matrix elements of the Darwin operator will
become available.
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A Expansion of the quark propagator in the external gluon field

Following refs. [28, 40], soft gluon interactions of the quark field can be accounted using
the background field method. Assuming the b quark embedded in a weakly changing gluon
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field allows to systematically expand the quark propagator as a series in the gluon field
strength tensor G, = —i[iD,,iD,]. In the case of a massive quark the expansion of the
propagator up to terms linear in G, is given in ref. [28], while an expression including
terms proportional to D,G,, = —[iD,, [iD,,,iD,]] can be found in ref. [86].!4 To compute
the propagator, one starts from the Green-function equation,

(i + A(z) - m)S(z,y) = 6@ (@ — ), (A1)
which admits a solution in form of the perturbative series
iS(z,y) = iSO (z —y) +iSY(z,y) + . .. (A.2)
where S(© (x — y) is the free-quark propagator and S(l)(:(:, y) the first order correction:
i5W(z,y) = / 4%z iSO (z — 2) if(z) iSO (z —y). (A.3)

Using the Fock-Schwinger gauge i.e. 2#A,(x) = 0, the gluon field is expressible directly in
terms of the gluon field strength tensor, see ref. [40] for a detailed derivation:

1
A%(z) = /O da oz’ G2 (a2). (A.4)

Expanding G,,(oz) around z = 0 and taking into account that in the Fock-Schwinger
gauge 210, = zMD,, yields:

1 1, “
Al(z) = §ZpGg“(0) + 37 2D, G}, (0) + O(DDG). (A.5)

Substituting the previous expression in eq. (A.3) and setting y = 0 one obtains

4 .
S(,0) = / (%’4 =ik §(k), (A.6)

where the quark propagator in momentum space reads

m 1
S(k) = ;jgi—m2 + 2(k2 — m2)2 (

L2 DG ( - (F +2m) ku>  2D,G Kk

—mG ™ +2G,, k:p'y”’y5)

3m k2 —m?2 3 (k2 —m?2)3
2 mD,,Gp# y 5 . Dl/épu kl’k‘p’y“’y‘r’
32— mayy OV AR 2 e (A

In the above, G, = (1/2)€puonG?" and €py0y is the Levi-Civita tensor, while the ellipsis
stands for terms with higher derivatives as well as higher powers of G,. In the limit
m — 0, eq. (A.7) correctly reproduces the massless expression given in ref. [40]. Finally,

MNote that their expression is not complete as it only contains terms relevant for the computation,
namely with odd number of gamma-matrices.
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we emphasise that the Fock-Schwinger gauge breaks explicitly the translation invariance

of S(z,y), namely:

4 . ~ ~
S(0,z) = / (;z;; c e S(k),  S(k) # S(k),

with

- m 1
S(k) = ;jsi—mQ + 2(k2 — m2)2 (

2 D,G* B Kk 2 D, G, kY kPAyH
T 2

—mG P +2G,, kp’y“75)

30k — m2)? 2 ) T3 R P
B gm (PR = k) — 20 2 i@“fl’jﬁ?f” +o (AB)
For completeness, we also present the equivalent representation of eq. (A.6) in coordi-
nate space
S(,0) = - M KmV=at) | 1 mP Ka(my/—a?)

472 V—x2 472 x2
Gag 5 mKi(mvV—2%) Gag ,p
a2t T R o mKo(my ~a%)

mKy(myv—x?)

L af _2) af

+247r2DaG v Ko(mV —a?) 48772 D.G*xp ¢ N
Ky (mv—2a2)

_ & K, 22 Dagﬁp maiimy —r7)

Y xgmKo(mv—a?) — 48 YpTals N

1 ~ mKi(my—xz?

——16W2D°‘G5”%’>’5a}ax5 I(Tﬁ ) ~ B QDO‘GBp'ypygxa mKy(myv —x?)

1572 DGy yaxs mKo(my —22) + O(DDG), (A.9)

where Ky 2(z) are the modified Bessel function of the second kind.

B Complementary material to section 2.2

The divergent coefficients Dq(lqﬁlﬁ%) in eq. (2.26) read:

iy 2
Dﬁ‘u ) = 8 log (g)
my

uu 2 m%
= (o) ()]
b

b
(uad) m3
Dy~ = 8 log ( g) (B.1)
my

Uucs m%
D™ = 8(1— )% (1+ p) log <m?> :
b
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2 2
(’U,ES) _ my, mg
Dis ' =8(1—p)°(1+p) |log (m%) + log <m§>] ,
(ucs) m?
b
(cid) m; mg
Dy’ = —16(1 — 1%< —5 | +8(1—p +pﬂ%<nﬁ>,
my b
2
cud m
Dy = 8(1— p)*(1 + p) log (md> , (B.3)
b

(ces) m;
D5 = 84y/1—4plog —‘;
my

m2
;) (B.4)

ccs) -8 /710g<

The discontinuity of the WA, PI and WE diagrams in figure 4 at LO-QCD, respec-
tively is

Iy 1672
WA 0 2
r "iagng MLZ%@){QWCI+20¢5)

X [((ZQ — Zg) + 20 + 23 — 2) O(ql)
-2 (2(2’2 - 23)2 —-1- zZ9 — 2’3) @g]?l):|

+022 [((2’2 — 23) + 2o+ 23 — 2) O(ql)

-9 (2(22 — 23)2 —1— 29— 23) @gﬁ)} }, (B'5)
FO 967‘(‘2
et = %mig A1, 21,23) (1 — 21 — 23)
» [2 C1Cy @éf’f) + ((jl? + C%) O('D)}, (B.6)

Iy 1672
rWE — 1 { 2 N.C?
2mB mg A( ,2’1,2’2) ( Cng + CQ)
X [((zl — ) 2+ — 2) @é?f)
-2 (2(21 — 22)2 —-1- Z1 — 22) @é?g):|
+Cl2 [((21 — 22) + 21+ 29 — 2) O(qg)

-2 (2(21 — 22)2 —1- zZ1 — ZQ) @é?i):| }, (B7)
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where z; = mZ, /mj and the four-quark operators (’N)gfi) are defined in egs. (2.30), (2.31).

Note that, since we set m, = mg = ms = 0, in our case z; can be either equal to p or 0.

C Contribution of four-quark operators at order 1/m}

The four-quark operators contribution to the non-leptonic decay b — ¢1g2q3 at order 1/ mg
and at LO-QCD is written in the following form

i (B) = 2; (3 CYPIEE) + 2010 PE®® 133 7><q1q2q3>>, (C.1)
B
where
wi 3272 u ~(u ~(u <O(d)> - <O(d)>
P = o | (01) +{003) + (04) — 25—
b
uud 3272 ~(u ~(u ~(d = (d
P = ] 2(081)y +(049) - (O6) +(O§3)] (C.2)
wiay _ 320 | ~ay |, 2063) + (O61)
P = T | (O) + (Og3) + ==
my,
ués 3272 ~(u 1, (s Y ~(u 1, ~(s
P = 51 o |14 20) ((00) + 5000 ) - (14 2) (10 + 5006D )]
b
ucs 3272 ~(u ~(s P ~(u ~(s
P = 2 [+ 20) (00 + ©6D) - (1+5) (106 + @), (€3
b
ucs 3272 s 1, A P ~(s 1, A
P = (1 o7 (14 20) (106D + 506 ) - (14 5) (100 + 508D
b
CU 327‘(‘2 ~ p ~ ~u
P — S0 p? |1+ 20) (O - (14 £) 048 + 306,
b
ci 3271'2 ~ p ~ ~(u
P = S 0?1420 (O - (14 5) 102 +310(). ()
b
cii 3272 ~ P ”
P = S (1= o (142003 — (14 5) (0 + (0]
b
ccs 3272 ~(s ~(s
P = e /T=1p [(1+20) (OF) — (1= ) (O63)]
b
(cas) _ 327 (s) A(s)
P = S T=2p[(1+2p) (OF)) — (1= p) (OF))] (C.5)
b
cés 3272 (s
P = 2T [(1+2p) (OF)) — (1 - p) (OF])].
b

The corresponding expressions for Ppm

(ms), P?S%d)7 7(525), Py(ﬁfld) can be obtained from the

above ones by replacing O( ) & (’)ésl)
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D Coefficients of the dimension-three and of the chromo-magnetic op-
erators

Here we present the analytic expressions for the coefficients of the dimension-three and
chromo-magnetic operators intoduced in eq. (2.24). They read respectively

uud uud uud 3 uud 19
C(g )= L, Cé@l) = Cé:gz) — C(G’,12) B E (D.1)

"™ = 1-8p — 120 log(p) + 85° — p,
UCSs Ucs 1
cas) =cly) = -5 (3 — 8p+ 12p%log(p) + 24p — 24p> + 5p4) : (D.2)

Ucs 1
casy) = -5 (194 16p + 12p(p + 4) log(p) — 24p* — 16° + 5p")

™ = 1-8p — 120 log(p) + 8p° — p',
cu cu 1
ct = i) = — (3 89+ 120°log(p) + 240 — 24° + 55) (D.3)

cu 1
Cé,fé) =3 (19 — 56p + 12p2 log(p) + 72p2 _ 40p3 + 5p4> 7

i 14+1—-4p
i) = T —4p (1 - 14p — 20> — 12p%) + 24p%(1 — p*)log [ —Y—"L" |,
0 P( p—2p p) p (1 —p7)log i
: : 1
C(Gcgsl)zcg:f;?):_Q[M(3—100+10p2+60p3)
2 2 1++1—4p
—24p%(1 — 5p%) log [ —Y—L ||, (D.4)
1—Vi-dp

- 1
el = - [m (19— 2p+ 58¢% + 60p°)

-z
1—V1-4p
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