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1 Introduction

Grand Unified Theories (GUTs) [1] are frameworks that aim to unify the strong, weak,
and electromagnetic interactions of the Standard Model (SM) into a single gauge group,
GX , at scale, MX , with associated coupling, gX . The SO(10) [2, 3] gauge group is one of
the most well studied GUT symmetries since it makes neutrino mass inevitable and also
provides unification without the need for supersymmetry [4–9]. At scales lower than MX ,
the group gets broken into its subgroups and ultimately down to the SM gauge group via
a Higgs mechanism. The breaking from SO(10) to the SM gauge group can proceed via
different intermediate symmetry groups, which depend on the choice of the extended Higgs
sector. We refer to this pattern of breaking as a “breaking chain”. The main prediction of
GUTs is proton decay. While this process has not yet been observed, there are stringent
constraints on the proton lifetime [10–13] and, therefore, the scale of grand unification,
MX . From SuperKamiokande (Super-K), the most robust existing constraint places many
of the breaking chains of SO(10) under significant tension. Moreover, future experiments,
such as Hyper-Kamiokande (Hyper-K) [14], DUNE [15], and JUNO [16], are expected
to improve the sensitivity to this process by up to one order of magnitude. As a large
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fraction of theoretical GUT models predicts proton lifetimes below the 1036 years, these
experiments are getting tantalisingly close to the potential discovery of this process and
the groundbreaking result of the baryon number violation.

In addition to proton decay, another generic prediction of GUTs is the production of
topological defects, which occurs when the GUT symmetry is spontaneously broken down
to the SM gauge group, which often occurs in a series of intermediate steps. The presence
of certain defects, such as monopoles and domain walls, is problematic as these would come
to dominate the Universe’s energy density. This problem is solved by advocating a period
of inflation after their production to suppress their density strongly.

Cosmic strings are produced if a U(1) gauge subgroup of the GUT is broken and arise
in most GUT symmetries [17].1 The cosmic string network exhibits a scaling solution
and therefore does not overclose the Universe. This network can survive and generate a
source of gravitational radiation [18–20]. The possibility of using gravitational waves (GW)
generated by cosmic strings to probe GUT scale physics has been recently explored [21–23].

In our recent paper [24], we demonstrated the non-trivial complementarity between the
observation of proton decay and gravitational waves in assessing the viability of SO(10)
GUT breaking chains. We showed that future non-observations could exclude SO(10)
breaking via flipped SU(5) × U(1) or standard SU(5), while breaking via a Pati-Salam
intermediate symmetry [25], or standard SU(5) × U(1), may be favoured. Further, we
highlighted that recent results by the NANOGrav experiment [26] can be interpreted in
such frameworks as an indication of cosmic strings at a scale ∼ 1012 GeV.

In this paper, we expand on the methodology outlined in our previous work [24] and
present a detailed and systematic study of the proton decay and gravitational wave pre-
dictions of all non-supersymmetric SO(10) breaking chains. We highlight the importance
of gauge coupling unification in constraining the GUT and intermediate breaking scales,
and consequently, the scale of cosmic string generation and the proton decay rate. We
then examine the viability of these chains in light of the future experimental landscape.
There are 31 possible ways to break SO(10) to the SM gauge group (GSM), which provide
gauge unification and a possible GW signal. We compute the proton decay lifetime for
each breaking chain by performing a renormalisation group equation (RGE) analysis at
the two-loop level to find the GUT scale and intermediate symmetry breaking scale. This
RGE analysis also provides the scale of cosmic string generation and, therefore, a prediction
of the gravitational wave spectrum generated from the string network. Importantly, this
work provides the correlation between proton decay and gravitational waves of all SO(10)
breaking chains and detailing which chains will potentially be excluded by null observation
in both sets of experiments. In our analysis, we impose the following criteria:

1) We systematically include all symmetry breaking chains of SO(10) GUTs.

2) We include the minimal particle content consistent with the SM and neutrino masses
as observed by neutrino oscillation experiments. This means that, in the fermion
sector, only the SM fermions and right-handed neutrinos will be considered, and in
the Higgs sector, only those Higgses used to generate fermion masses and achieve the
GUT symmetry breaking will be present.

1In some cases, larger subgroups, as such as SU(2) can also lead to cosmic strings.
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3) We do not include effects that may induce additional mass scales beyond those associ-
ated with the pattern of GUT breaking. Namely, we do not include supersymmetric,
or threshold effects [27, 28]. The former introduces the supersymmetry breaking
scale, and the latter may induce significant radiative corrections from heavy particle
masses. These effects may alter the conclusions of our analysis, and their study is
deferred to future works.

4) We approximate the cosmic strings as Nambu-Goto strings such that the gravitational
radiation is the primary source of energy emission of the cosmic string network.

5) We assume that cosmic strings evolution occurs in the standard radiation- and
matter-dominated eras. Inflation is assumed to inflate away other problematic topo-
logical defects, such as domain walls and monopoles generated from the GUT break-
ing. We assume inflation completes before the formation of the string network. This
will happen when the scales of the breaking inducing cosmic strings and other defects
are well separated, and inflation takes place in between. Only in these scenarios, cor-
responding to specific breaking chains, observable GW from cosmic string scaling can
arise. Such a scenario is the focus of this paper.

The remainder of the paper is organised as follows: in section 2 we present our clas-
sification of all SO(10) breaking chains and introduce the Higgs multiplets used to break
the various intermediate symmetries. We highlight the 31 chains that are testable through
a combination of proton decay and GW experiments. We follow in section 3 with a dis-
cussion of our methodology of the RGE analysis. In section 4 and section 5 we provide a
detailed discussion of how we calculate the proton lifetime and GW signal for each testable
breaking chain, respectively. We discuss the interplay between proton decay and GWs in
section 6 and finally we summarise and conclude in section 7.

2 The SO(10) GUT framework

SO(10) is the minimal Grand Unified gauge symmetry which predicts proton decay and
could generate an observable gravitational signature of cosmic strings. We begin with a
brief review of the SO(10) GUT framework, including its breaking chains to the SM gauge
symmetry and topological defects.

SO(10) can be broken into the SM gauge group in various ways. Each “breaking
chain” has a distinct pattern of intermediate gauge symmetries and we use the following
abbreviations for these gauge groups:

GSM = SU(3)c × SU(2)L ×U(1)Y ,
G51 = SU(5)×U(1)V ,
Gflip

51 = SU(5)flip ×U(1)V ,
G3221 = SU(3)c × SU(2)L × SU(2)R ×U(1)X ,
G3211 = SU(3)c × SU(2)L ×U(1)R ×U(1)X ,
G421 = SU(4)c × SU(2)L ×U(1)R ,
G422 = SU(4)c × SU(2)L × SU(2)R , (2.1)
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SO(10) defect−→
Higgs

G1
defect−→
Higgs

GSM
Observable
strings?

aI: m−→
45

G51
m,s−→

126,45
7

bI: m−→
45

Gflip
51

s−→
126,45

3

dI: −→
16

SU(5) m−→
126

7

SO(10) defect−→
Higgs

G2
defect−→
Higgs

G1
defect−→
Higgs

GSM
Observable
strings?

aII: m−→
45

G51
m−→
45

G3211
s−→

126
3

dII: m−→
45

G51
s−→

16
SU(5) m−→

126
7

Table 1. Type (a), (b), (d) breaking chains with one (I) and two (II) intermediate gauge symme-
tries. The representation of the Higgs multiplet responsible for the spontaneous symmetry breaking
is listed under the arrow. Topological defects, including monopoles (m), strings (s) and domain
walls (w), induced by such breaking, are listed above arrows. A blank above an arrow implies that
no defects are formed. An explanation of observable strings are given in the main text.

where G422 is the Pati-Salam gauge group and the charge X is correlated with B − L via
X =

√
3
2
B−L

2 . The breaking of SO(10) can include an intrinsic ZC2 parity symmetry. In the
Pati-Salam model, this parity symmetry represents the interchange of (4,2,1) and (4,1,2).
We abbreviate the Pati-Salam gauge group which preserves this “left-right” symmetry as
GC422 ≡ G422×ZC2 . The left-right symmetry may also be preserved in G3221, and we denote
this as GC3221 ≡ G3221 × ZC2 . All breaking chains from SO(10) to GSM are listed in table 1
and 2. In our previous paper [24], we classified these chains into four categories:

(a) breaking chains with the standard SU(5) and a U(1) as an intermediate symmetry.

(b) breaking chains with the flipped SU(5)×U(1) as intermediate symmetry.

(c) breaking chains with the Pati-Salam symmetry G422 or its subgroups as intermediate
symmetry.

(d) breaking chains with the standard SU(5) subgroup as the lowest intermediate scale
before breaking to GSM.

Table 1 lists all breaking chains of types (a), (b) and (d). Table 2 contains the 31 breaking
chains of type (c), which includes 6, 12, 10 and 3 chains with one (I), two (II), three (III),
and four (IV) intermediate symmetries. As types (a), (b) and (d) cannot achieve unification
without supersymmetry, we focus exclusively on type (c) breaking chains as they can be
tested through a combination of proton decay and gravitational wave detection.

The spontaneous symmetry breaking of SO(10) and all intermediate symmetries are
achieved by heavy Higgses, which acquire non-trivial vacuum expectation values (VEV)
at the relevant scales. The SO(10) Higgs multiplets used for this symmetry breaking are
listed in the tables 1 and 2 below the arrows. For example, a 126 Higgs of SO(10) can
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SO(10) defect−→
Higgs

G1
defect−→
Higgs

GSM
Observable
strings?

I1: m−→
45

G3221
s−→

126
3

I2: m,s−→
210

GC3221
s,w−→
126

7

I3: m−→
45

G421
s−→

126
3

I4: m−→
210

G422
m−→

126,45
7

I5: m,s−→
54

GC422
m,w−→

126,45
7

I6: m−→
210

G3211
s−→

126
3

SO(10) defect−→
Higgs

G2
defect−→
Higgs

G1
defect−→
Higgs

GSM
Observable
strings?

II1: m−→
210

G422
m−→
45

G3221
s−→

126
3

II2: m,s−→
54

GC422
m−→

210
GC3221

s,w−→
126

7

II3: m,s−→
54

GC422
m,w−→
45

G3221
s−→

126
3

II4: m,s−→
210

GC3221
w−→
45

G3221
s−→

126
3

II5: m−→
210

G422
m−→
45

G421
s−→

126
3

II6: m,s−→
54

GC422
m−→
45

G421
s−→

126
3

II7: m,s−→
54

GC422
w−→

210
G422

m−→
126,45

7

II8: m−→
45

G3221
m−→
45

G3211
s−→

126
3

II9: m,s−→
210

GC3221
m,w−→
45

G3211
s−→

126
3

II10: m−→
210

G422
m−→

210
G3211

s−→
126

3

II11: m,s−→
54

GC422
m,w−→
210

G3211
s−→

126
3

II12: m−→
45

G421
m−→
45

G3211
s−→

126
3

SO(10) defect−→
Higgs

G3
defect−→
Higgs

G2
defect−→
Higgs

G1
defect−→
Higgs

GSM
Observable
strings?

III1: m,s−→
54

GC422
w−→

210
G422

m−→
45

G421
s−→

126
3

Table 2. (Continued on the next page) Type (c) breaking chains with one (I), two (II), three
(III) and four (IV) intermediate gauge symmetries. Representations of Higgs fields that are key
to achieve the breakings are listed under arrows. Topological defects, including monopoles (m),
strings (s) and domain walls (w), induced by the breaking, are listed above arrows.
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SO(10) defect−→
Higgs

G3
defect−→
Higgs

G2
defect−→
Higgs

G1
defect−→
Higgs

GSM
Observable
strings?

III2: m,s−→
54

GC422
w−→

210
G422

m−→
45

G3221
s−→

126
3

III3: m,s−→
54

GC422
w−→

210
G422

m−→
210

G3211
s−→

126
3

III4: m,s−→
54

GC422
m−→

210
GC3221

w−→
45

G3221
s−→

126
3

III5: m,s−→
54

GC422
m−→

210
GC3221

m,w−→
45

G3211
s−→

126
3

III6: m,s−→
54

GC422
m,w−→
45

G3221
m−→
45

G3211
s−→

126
3

III7: m,s−→
210

GC3221
w−→
45

G3221
m−→
45

G3211
s−→

126
3

III8: m−→
210

G422
m−→
45

G3221
m−→
45

G3211
s−→

126
3

III9: m,s−→
54

GC422
m−→
45

G421
m−→
45

G3211
s−→

126
3

III10: m−→
210

G422
m−→
45

G421
m−→
45

G3211
s−→

126
3

SO(10) defect−→
Higgs

G4
defect−→
Higgs

G3
defect−→
Higgs

G2
defect−→
Higgs

G1
defect−→
Higgs

GSM
Observable
strings?

IV1: m,s−→
54

GC422
m−→

210
GC3221

w−→
45

G3221
m−→
45

G3211
s−→

126
3

IV2: m,s−→
54

GC422
w−→

210
G422

m−→
45

G3221
m−→
45

G3211
s−→

126
3

IV3: m,s−→
54

GC422
w−→

210
G422

m−→
45

G421
m−→
45

G3211
s−→

126
3

Table 2. (Continued)

be used to break SO(10) or its subgroups to GSM, because this multiplet contains a trivial
singlet of GSM but not a trivial singlet of any larger symmetry group which contains GSM
as its subgroup. Once the 126 gains a VEV, it can break any larger group to GSM. A 45
can be used to break any larger symmetry to G3221 as it includes a component which is a
parity-odd singlet of G3221. The 45 includes another component which is a singlet of G421
and could be used for the breaking to G421. The 54 includes a parity-even singlet of G422,
which is important for the breaking SO(10) → GC422. Finally, the breaking GC422 → G422
and GC422 → GC3221 can be achieved by including a 210 which contains a parity-odd singlet
of G422 and another parity-even singlet of G3221.

The formation of topological defects is ubiquitous in Grand Unified Theories. These
defects are formed during the breaking of a larger gauge symmetry GI to a smaller one,
GI−1 ⊂ GI . The classification of topological defects is based on the non-trivial homo-
topy group πk(GI/GI−1). In particular, π2(GI/GI−1) 6= 0 results in point-like monopoles,
π1(GI/GI−1) 6= 0 which leads to the formation of one-dimensional cosmic strings, and
π0(GI/GI−1) 6= 0 leads to the formation of two-dimensional domain walls.2 In tables 1
and 2, we list topological defects above arrows for each step of breaking in all chains, where
“m”, “s” and “w” denote monopoles, strings and domain walls, respectively.

2The attributives “point-like”, “one-dimensional” and “two-dimensional” refer only to cores of these
topological defects, respectively.
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Monopoles and domain walls are cosmologically undesirable as their presence conflicts
with our observed Universe. Monopoles have a heavy mass which is close to the energy
scale of the symmetry breaking (ignoring the order-one gauge coupling of the GUT) and
their number density is inversely proportional to the horizon volume. Once generated,
their mass and the total number does not change as the Universe expands. However, it
is possible that they come to dominate the Universe’s energy density, during radiation
domination, due to their heavy mass. Their total mass is easy to dominate the Universe
in the radiation domination era. Domain walls,3 as numerical simulations have shown
(see e.g., a review [29]), present a scaling behaviour after their production. The scaling
solution results in the energy density of the walls as ρw ∝ σH, with σ the tension of walls
of mass dimension 3, leading to the energy density fraction Ωw ≡ ρw/ρc ∝ Gσ/H. Here,
ρc = 3H2/(8πG) is the critical energy density associating with the Hubble expansion rate
H and G is the Newton constant. As the Universe expansion decelerates, the domain
walls easily dominate the Universe. An era of inflation, which occurs during or after these
defect’s formation, can rid the Universe of them and solve this cosmological problem. The
cosmic strings network also obeys the scaling solution, leading to ρs ∝ µH2. Then, Ωs ≡
ρs/ρc ∝ Gµ remains as a small constant, which does not course this cosmological problem.

The presence of topologically stable strings generated in the early Universe can be
observable due to the gravitational radiation.4 The picture is briefly described as follows:
strings are generated after the symmetry breaking and a string network is formed during
the cosmological expansion; strings collide and closed loops forms; the energy loss of the
network via the emission of GWs simply corresponds to its way of maintaining the scaling
regime during radiation or matter domination.

In the last columns of tables 1 and 2, we indicate if, in principle, it is possible to observe
cosmic strings via the measurement of GW background. In the final step of intermediate
symmetry breaking, i.e., G1 → GSM, if gravitationally stable defects (indicated by either
“m” or “w” or both) are generated, the inflation era has to be introduced during or after
the last step of breaking. In this case, cosmic strings, if they are generated earlier, would
be inflated away and thus, it is not observable. This case is marked as a “7 ” in the last
column. Otherwise, if the cosmic strings are generated alone in the last step of breaking,
an inflationary stage can be introduced earlier than the formation of strings, and GW
background from the string network may be observable. We mark this case as “3” in the
last column. Finally, we note that type (d) chains always produce unwanted defects in the
final stage of spontaneous symmetry breaking. Consequently, a period of inflation is needed

3Here we focus on only the topologically stable domain walls. In non-GUT theories, explicit breaking
terms may exist and domain walls become unstable and radiate GWs, see, e.g., [29, 30].

4On the other hand, cosmic strings from SO(10) GUT symmetry breaking may be unstable or metastable
due to theoretical-field decay in consequence of GUT monopole nucleation [31], which eventually results in
the disappearance of the entire network after a finite lifetime. In this kind of model, the large separation
between the GUT scale and the energy scale that controls the string tension will then result in a long
lifetime of the string network [21]. Monopole nucleation will occur and result in the breaking of long string
segments on super-horizon scales, but this will have little phenomenological consequences because of the
exponentially suppressed decay rate [32]. Stable network of Nambu-Goto string is then considered as an
approximation that is justified by the hierarchy of scales in GUT symmetry breaking chain.
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to eliminate these unwanted defects and would thus dilute away any pre-existing cosmic
string network associated GW signal. Therefore, we do not study type (d) chains. Note
that in some special cases, the inflation and string formation may take place synchronously.
Such cases may lead to diluted but observable strings [33, 34]. In our earlier work, this
scenario was discussed [24]; however, we will not include this possibility in our present
discussion due to its added complexity but relegate it for future study.

3 The unification of gauge couplings

From our classification of SO(10) breaking chains outlined in section 2, we can solve the
RGE for each breaking chain of type (c) to predict the associated scale of intermediate
symmetry breaking and proton lifetime. The details of the RG running are provided in
section 3.1 and we discuss the correlation of GUT and intermediate scales, which determines
the scale of proton lifetime and gravitational waves, in section 3.2.

3.1 RG running equations

Any intermediate symmetry after SO(10) breaking can be written as a product of a series
of Lie groups H1 × · · · × Hn or Lie groups combined with ZC2 as shown in eq. (2.1). We
denote the gauge coupling of the Lie group Hi as gi. The two-loop RG running equation
for gi is given by

µ
dgi
dµ

= giβi , (3.1)

with βi determined by the particle content of the theory:

βi = g2
i

(4π)2

bi +
∑
j

bij
g2
j

(4π)2

 . (3.2)

Throughout, we will ignored the contribution from Yukawa couplings to the RG running.
In the case that Hi and Hj are non-Abelian groups, the coefficients of the beta function
are given by

bi = −11
3 C2(Hi) + 2

3
∑
F

T (Fi) + 1
3
∑
S

T (Si) ,

bij = −34
3 [C2(Hi)]2δij +

∑
F

T (Fi)
[
2C2(Fj) + 10

3 C2(Hi)δij
]

+
∑
S

T (Si)
[
4C2(Sj) + 2

3C2(Hi)δij
]
,

(3.3)

where F and S represent chiral fermion and complex scalar multiplets respectively and Fi
and Si are their representations in the group Hi. The quadratic Casimir of representation
Ri of the group Hi is denoted as C2(Ri) for Ri = Fi, Si. While the quadratic Casimir of
the adjoint presentation of the group Hi is directly denoted as C2(Hi). For this paper, it
is important to note that
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Chains MX [GeV] M1 [GeV]
I1 5.660× 1015 1.617× 1010

I2 1.410× 1015 8.630× 1010

I3 2.902× 1014 1.634× 1011

I4 3.500× 1016 4.368× 109

I5 2.722× 1014 1.143× 1013

I6 excluded

Table 3. Predictions of the GUT scale, MX , and the lowest intermediate scale, M1, in breaking
chains with a single intermediate scale. Chain I6 is excluded as no solution for the gauge unification
exists.

• For SU(N), C2(SU(N)) = N and the quadratic Casimir of the fundamental irre-
ducible representation N of SU(N) is given by C2(N) = (N2 − 1)/2N .

• For SO(10), C2(SO(10)) = 8 and the quadratic Casimir of the fundamental irreducible
representation 10 of SO(10) is given by C2(10) = 9/2. The spinor representation of
SO(10) is 16 and C2(16) = 45/4.

T (Ri) is the Dynkin index of representation Ri of group Hi. In particular for SU(N),
T (Ri) = C2(Ri)d(Ri)/(N2−1) where d(Ri) is the dimension of Ri. If a single Hj is a U(1)
symmetry, the coefficient bij is obtained by replacing C2(Rj) and T (Rj) with the charge
square [Qj(R)]2 of the field multiplet R in U(1)j . In the case that Hi is an Abelian U(1)
symmetry, its beta function is also simply modified by replacing both C2(Ri) and T (Ri)
with the charge square [Qi(R)]2. For the Abelian symmetry, C2(U(1)) = 0. By denoting
αi = g2

i /(4π), the RG running equation can be rewritten as µdαi/dµ = β̃i(αi) where β̃i is
given by

β̃i = 1
2πα

2
i

(
bi + 1

4π
∑
j

bijαj

)
. (3.4)

The coefficients of the beta functions, bi and bij , at the one- and two-loop level, respectively,
are provided in table 7 of appendix A. Note that the values of bi and bij depend on the
degrees of freedom introduced for gauge, matter and Higgs fields. As discussed, the gauge
fields are directly determined by the gauge symmetry pattern, and we assume the matter
fields to include all the SM fermions and right-handed neutrinos. The largest uncertainty in
the particle content comes from the Higgs fields. However, we follow the criterion mentioned
in the introduction and derive the minimal required Higgs multiplet content needed for
each breaking chain and each intermediate symmetry. We list the Higgs representation in
appendix A explicitly.

The RGE at two-loop can be solved analytically [4]:

αi(µ)−1 = αi(µ0)−1 − bi
2π log µ

µ0
+
∑
j

bij
4πbi

log
(

1− bjαj(µ0) log µ

µ0

)
, (3.5)
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and this solution is valid for bjαj(µ0) log(µ/µ0) < 1. Given any breaking chain SO(10)→
· · ·GI → GI−1 → · · ·GSM, gauge couplings of the symmetry before the breaking (i.e., GI)
and the residual symmetry (i.e., GI−1) after the breaking satisfies the matching conditions
at the breaking scale µ = MI . In particular, for a simple Lie group Hi ⊂ GI broken to
its subgroup Hj which is also simple Lie group and Hj ⊂ GI−1, the one-loop matching
condition at µ = MI is given by

Hi → Hj ,
1

αHi(MI)
− C2(Hi)

12π = 1
αHj (MI)

− C2(Hj)
12π . (3.6)

In the SO(10) GUT symmetry breaking chains, we also encounter the breaking of U(1)×
U(1)→ U(1) at the lowest intermediate scale M1 and the matching condition depends on
the U(1) charges:

U(1)R ×U(1)X → U(1)Y ,
3

5α1R(M1) + 2
5α1,X(M1) = 1

α1Y (M1) . (3.7)

3.2 Correlation between the GUT scale and intermediate scales

Using the matching conditions of eqs. (3.6) and (3.7), all gauge couplings of the subgroups
unify into a single gauge coupling, gX , of SO(10) at the GUT scale. i.e., all αi are united
into αX ≡ g2

X/4π. This unification restricts both the GUT and intermediate scales for each
breaking chain. We denote the mass of heavy gauge bosons associated with SO(10) breaking
as MX . While the gauge boson masses M1,M2, · · · from the breaking of intermediate
symmetries G1, G2, · · · are referred to as the scales of intermediate symmetries. In this
subsection, we will explore the correlation between the GUT scale, MX , and intermediate
scales, M3,M2,M1. In particular, we focus on the correlation of the GUT and lowest
intermediate scale, M1.

We numerically solve the two-loop RG equations from the electroweak to the GUT
scale. For example, for the breaking chain SO(10) → · · · → G2 → G1 → GSM, the RG
running procedure is performed in reverse: GSM → G1 → G2 → · · · → SO(10). We begin
the evaluation from the MZ pole, where the three gauge couplings α3, α2 and α1 are

α3 = 0.1184 , α2 = 0.033819 , α1 = 0.010168 , (3.8)

at their best fit points [35]. These couplings are evolved using the RGE of the SM to scale
M1, where G1 is recovered. Aided by the matching conditions for the gauge couplings α3,
α2 and α1 of the SM and gauge couplings of the gauge symmetry, G1, we obtain the values
of couplings in the intermediate symmetry group. We then run the gauge couplings of G1
from M1 to the scale M2, where the larger group, G2, is recovered and the gauge couplings
of G2 are obtained via matching conditions at scale M2. Repeating this same procedure,
we run all couplings to the GUT scale to unify to a single value. In each breaking chain, the
values of the β coefficients used for the running between two neighbouring scales depend on
particles content introduced in the theory. Our treatment of the RG running is economical:
we consider a non-supersymmetric theory and ignore the contribution of threshold effects
of additional heavy particles.
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For breaking chains with a single intermediate scale, M1, the GUT scale, MX , can be
uniquely determined by unifying the three SM gauge couplings. The predictions of all type
(c) chains with a single intermediate scale are shown in table 3. For chain I6, no solution
provides gauge unification, and we will not consider this chain further.

For breaking chains with more than one intermediate scales, restriction to the scales
are further relaxed as more free parameters are introduced. We scan over all intermediate
scales and the GUT scale in a fixed interval [Mlow, Mpl], where the lower bound is Mlow =
5 × 107 GeV and the upper bound is the Planck scale, Mpl = 1.22 × 1019 GeV. More
specifically, the scale ordering Mlow 6 M1 6 M2 · · ·MX 6 Mpl is always satisfied in
our scans. There may exist a breaking chain with intermediate scales lower than Mlow.
However, such a case will not be included in our scan.

There is a single free parameter for breaking chains with two intermediate scales,
which we choose to be the lowest intermediate scale, M1. Given a fixed value of M1, the
condition of gauge unification determines the values of MX and M2. By varying M1 from
Mlow to Mpl, we obtain the correlation between M1 and MX , M2. In figure 1, we show the
correlation between MX andM2 as functions ofM1 in the red and blue curves respectively.
Two features merit discussion:

• In chains II2-7, the two curves intersect at a single point. This occurs when the
two intermediate scales reduce to a single intermediate scale. For example, in chain
II2: SO(10) → GC422 → GC3221 → GSM, the intersecting point refers to chain I2:
SO(10) → GC3221 → GSM. We note that the predictions of M1 and MX at this
intersecting point match with those in chain I2 as listed in table 3.

• In all chains, the value of M2 at one of the endpoints of the blue curve equals the
value of M1 at that point. At this point, the two intermediate scale chains reduce to
single intermediate scale chains. For example, in chain II2, the left endpoint refers
to chain I5, i.e., SO(10)→ GC422 → GSM.

The above procedure provides a simple consistency check on the breaking chains with
more than one intermediate scale. In the case of three intermediate scales, there are even
more free parameters. As such, fixing M1 cannot determine the remaining scales. Instead,
after M1 is fixed, we can vary MX from M1 to Mpl to determine M2 and M3, with the
hierarchy Mlow 6 M1 6 M2 6 M3 6 MX 6 Mpl required. From this we obtain a range
for MX , as well as ranges for M2 and M3, for a fixed M1. By varying M1 from Mlow
to Mpl, we obtain a range of MX values, as well as ranges of M2 and M3, allowed by
gauge unification. The results are shown in figure 2. Some borders of these regions refer
to the limiting case with only two intermediate scales. In particular, the border between
the blue and green regions in chain III1 refers to M2 in chain II6, and the red border just
above it refers to MX in the same breaking chain. However, it is worth noting that this
property does not always hold. Compared with type-II chains, the involvement of a further
intermediate scale requires more Higgs fields for the new intermediate symmetry breaking.
These Higgses may not be present in the particle content in relevant type-II chains and
will provide extra contributions to the radiative corrections and modify the RG behaviour.
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Figure 1. Predictions of GUT scale, MX , and intermediate scale, M1, and M2, for breaking
chains with two intermediate scales: SO(10) → G2 → G1 → GSM. Chain II10 is excluded as
there exists no solution for gauge unification. We set the lower and upper bound on the mass
scales to be Mlow = 5 × 107 GeV and Mpl in the scan respectively. The energy scale ordering
Mlow 6M1 6M2 6MX 6Mpl is required in all cases.
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Figure 2. Prediction of GUT scale, MX , and intermediate scales M1, M2 and M3, in type (c)
breaking chains with three intermediate scales SO(10) MX−−→ G3

M3−−→ G2
M2−−→ G1

M1−−→ GSM. The
energy scale ordering M1 6M2 6M3 6MX is required in all cases. We set the lower and bounds
of all energy scales as Mlow = 5× 107 GeV and Mpl, respectively, in the scan.
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Figure 3. Prediction of GUT scale, MX , and intermediate scales, M1, M2, M3 andM4, in type (c)
breaking chains with four intermediate scales: SO(10) MX−−→ G4

M4−−→ G3
M3−−→ G2

M2−−→ G1
M1−−→ GSM.

The energy scale ordering M1 6 M2 6 M3 6 M4 6 MX is required in all cases. We set the lower
and bounds of all energy scales as Mlow = 5 × 107 GeV and Mpl, respectively, in the scan. The
panels left to right are for the chains cIV1-3, respectively.

Therefore, these type-III chains may not always be reduced to the relevant type-II chains
when intermediate scales become degenerate. The results of breaking chains with four
intermediate scales are given in figure 3. The inclusion of an additional intermediate scale
enlarges the allowed parameter space of these scales even further.

4 Proton decay and its constraints on GUT intermediate scales

As discussed before, for a given breaking chain, the solutions of the RGEs and the condition
of gauge unification restricts the GUT scale and correlates it with the intermediate scales.
As the proton decay rate is proportional to the GUT scale, we can use limits on this
observable to constrain the GUT and intermediate scales, including the lowest intermediate
scaleM1. In this section, we discuss how we calculate the proton lifetime given a prediction
of the GUT scale.

GUT scale physics can induce proton decay via four dimension-six operators present
at the electroweak (EW) scale:

= εijkεαβ

( 1
Λ2

1
(ujcRγ

µQkα)(dicRγµLβ) + 1
Λ2

1
(ujcRγ

µQkα)(ecRγµQ
i
β)

+ 1
Λ2

2
(djcRγ

µQkα)(uicRγµLβ) + 1
Λ2

2
(djcRγ

µQkα)(νcRγµQ
i
β) + h.c.

)
,

(4.1)

where i, j, k (α, β) denotes colour (flavour) indices and Λ1,Λ2 are the UV completion scales
of the GUT symmetry [36–40]. For type (c) breaking chains: Λ1 = Λ2 ' (gXMX) /2 and
these operators induce the proton decay into a meson and a lepton (anti-lepton) and the
golden channel is p→ π0e+ which has the decay width:

Γ(p→ π0 + e+) = mp

32π

(
1−

m2
π0

m2
p

)2

A2
L ×

[
ASLΛ−2

1 (1 + |Vud|2) |〈π0 |(ud)RuL|p〉|2

+ASR(Λ−2
1 + |Vud|2Λ−2

2 )
∣∣∣〈π0|(ud)LuL|p〉

∣∣∣2 ] ,
(4.2)
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Intermediate
symmetry

Anomalous dimensions
{γiL} {γiR}

G321
{

2, 9
4 ,

23
20
} {

2, 9
4 ,

11
20
}

G3211
{

2, 9
4 ,

3
4 ,

1
4
} {

2, 9
4 ,

3
4 ,

1
4
}

G
(C)
3221

{
2, 9

4 ,
9
4 ,

1
4
} {

2, 9
4 ,

9
4 ,

1
4
}

G421
{ 15

4 ,
9
4 ,

3
4
} { 15

4 ,
9
4 ,

3
4
}

G
(C)
422

{ 15
4 ,

9
4 ,

9
4
} { 15

4 ,
9
4 ,

9
4
}

Table 4. Anomalous dimensions for intermediate symmetries of SO(10) breaking to G321.

where AL, ASL and ASR enhancement factors induced by the long and short range effects
on proton decay respectively. The hadronic matrix element relevant for our decay mode is
〈π0|(ud)L,RuL|p〉, and this has been obtained from a QCD lattice simulation [41]. The long
range effect account for the renormalisation enhancement from the proton decay (mp ∼
1GeV) to the EW scale (set to be the Z mass at scale MZ) which is AL = 1.247 calculated
at two-loop level [42, 43].

The factors associated with the short-range effects, ASL and ASR, are obtained from
the RG equation running from MZ to the scale MX , which is the mass of the integrated
baryon number violating mediators. Thus, these factors are non-trivially dependent upon
the breaking chain. The short-range factors are parametrised as

ASL(R) =
MZ6MA6MX∏

A

∏
i

[
αi(MA+1)
αi(MA)

] γiL(R)
bi

, (4.3)

where γi and bi denote the anomalous dimension and one-loop β coefficient and those
values at given intermediate scales are given in tables 4 and 7 respectively. These short
range effects can be numerically obtained using the RG running discussed in the previous
section. We note that MX is correlated with Λ1 or Λ2 via MX ∼ gX min{Λ1,Λ2}. From
the discussion in the previous section, we are now able to predict the proton lifetime
τ(p → π0 + e+) = 1/Γ(p → π0 + e+) for a given breaking chain. The predictions of the
proton lifetime for all breaking chains with one or two intermediate scales of type (c) are
provided in figure 4. In the upper panel, we compare the proton lifetime with the GUT
scale, MX . Clearly, there is a power law correlation between τ and MX ,

τ ' 6.9× 1035years×
(

MX

1016GeV

)4
, (4.4)

which is approximately satisfied regardless of the breaking chain. A null result observed
by Super-K provides a lower limit on the proton lifetime τ > 1.6 × 1034 years. We can
convert this limit to a lower bound on the GUT scale, MX & 4 × 1015 GeV. Moreover, as
the gauge unification correlates MX with the lower intermediate scales, we can transform
the τ -MX correlation to a τ -M1 correlation which is shown in the lower panel of figure 4.
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Figure 4. Predictions of the proton decay lifetime as a function of the GUT scale, MX , and
intermediate scale, M1, in breaking chains cI1-5 and cII1-12. The colour for each chain is specified
in both the upper and low panel. Labels for each chains in the upper panel are not shown as regions
for these chains overlap significantly.
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Figure 5. Predictions of the proton decay lifetime as a function of the GUT scale, MX , and
intermediate scale, M1, in breaking chains cIII1-10. The colour for each chain is specified in both
the upper and low panel. Labels for each chains in the upper panel are not shown as regions for
these chains overlap significantly.
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Figure 6. Predictions of the proton decay lifetime as a function of the GUT scale, MX , and
intermediate scale, M1, in breaking chains IV1-3. The colour for each chain is specified in both the
upper and low panel.

We find that the correlations between τ and M1 can vary significantly for each chain.
The breaking chains which are allowed by the Super-K constraint are I1,4, and II1,3,4,5,7,8.
Importantly, these chains will be tested by the future Hyper-K experiment. An observation
of the π0e+ signal in Hyper-K, depending on the value of the measured lifetime, will exclude
some of these chains. However, if proton decay is not observed during Hyper-K’s 10-year
exposure time, chains I1, II3,4 and 8 will be excluded.

For breaking chains with three intermediate scales, the predictions of the proton life-
time as a function of MX and M1 are shown in figure 5. The correlation between M2 and
τ is a region rather than a line. In all these cases, the power-law τ ∼M4

X remains a good
approximation. We find that some areas of the parameter space of chains III1-4,6-8,10 are
allowed, and Hyper-K will exclude III4,6,7 if proton decay is not observed. Finally, the
results for breaking chains with four intermediate scales are shown in figure 6. All three
chains (IV1,2,3) are still allowed by the Super-K constraint. IV1 would be excluded by
the possible non-observation of proton decay by Hyper-K, but Hyper-K cannot entirely
exclude IV2,3 due to their large parameter space given the additional intermediate scale.
Regions for chains IV2,3 coincide, as shown in the plot. They differ only when a very long
proton lifetime is predicted, which is out of the range shown in the plot.

We finally summarise bounds on the GUT scale MX and predicted ranges of the
lowest intermediate scaleM1 from Super-K and the future Hyper-K experiments in table 5.
Regions of MX and M1 from Hyper-K are obtained by assuming a null result of the proton
decay after a 10-year exposure.

5 Gravitational waves generated from cosmic string networks

The RGE analysis described in section 3.1, provides not only the information of the scale of
GUT symmetry breaking but also the information of scales of all intermediate symmetry
breaking. Therefore, from our determination of M1, which corresponds to the breaking
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Chain
Super-K Hyper-K in the future GWs via

bound onMX [GeV] predictedM1 [GeV] bound onMX [GeV] predictedM1 [GeV] strings
I1 MX ' 5.6·1015 M1 ' 1.6·1010 will be excluded 3

I4 MX ' 3.5·1016 M1 ' 4.4·109 MX ' 3.5·1016 M1 ' 4.4·109 7

II1: MX & 5.8·1015 M1 . 1.6·1010 MX & 6.5·1015 M1 . 1.4·1010 3

II3: 3.7·1015– 3.8·1015 1.6·1010– 3.3·1011 will be excluded 3

II4: 3.7·1015– 5.6·1015 1.6·1010– 2.7·1010 will be excluded 3

II5: 4.2·1015– 3.4·1016 4.5·109– 2.5·1010 7.8·1015– 3.4·1016 4.5·109– 1.6·1010 3

II7: 4.4·1015– 3.4·1016 4.5·109– 7.2·1011 8.0·1015– 3.4·1016 4.5·109– 1.7·1011 7

II8: 3.7·1015– 4.7·1015 1.1·107– 3.4·109 will be excluded 3

III1: 2.9·1014– 3.4·1016 4.5·109– 7.2·1011 3.0·1014– 3.4·1016 4.5·109– 1.7·1011 3

III2: MX & 2.3·1015 M1 . 1.8·1013 MX & 2.5·1015 M1 . 8.6·1012 3

III3: MX & 2.8·1014 M1 . 2.2·1012 MX & 2.8·1014 M1 . 9.5·1011 3

III4: 3.7·1015– 6.1·1015 1.6·1010– 2.7·1010
will be excluded 3

or 8.7·1012– 4.4·1013

III6: 7.5·1014– 4.8·1015 M1 . 2.3·1010 will be excluded 3

III7: 4.5·1014– 4.7·1015 M1 . 6.4·109 will be excluded 3

III8: 3.8·1015– 3.6·1017 M1 . 3.3·109 will be excluded 3

III10: 1.0·1015– 3.0·1017 M1 . 3.0·108 1.0·1015– 3.0·1017 M1 . 1.3·108 3

IV1: 3.7·1015– 4.4·1015 M1 . 2.3·1010 will be excluded 3

IV2: MX & 3.3·1015 M1 . 9.3·1012 MX & 6.0·1015 M1 . 3.8·1012 3

IV3: MX & 3.3·1015 M1 . 9.3·1012 MX & 6.0·1015 M1 . 3.8·1012 3

Table 5. Bounds on the GUT scale,MX , and predicted ranges of the lowest intermediate scale, M1,
from Super-K and the future Hyper-K experiment if a null result of the proton decay is observed
after a 10-year exposure. For each breaking chain, the gauge unification connects the intermediate
scales with the GUT scale and gauge couplings. Super-K has set a lower bound on the proton
lifetime τπ0e > 1.6 × 1034 years and Hyper-K is expected to set a bound τπ0e > 1.4 × 1035 years
in the future. This information can be transformed to bounds on MX and further transformed
to information of the prediction of any intermediate scales, e.g., M1, using RG running and the
constraint of gauge unification. In this table, only breaking chains that have not been excluded
are shown. The last column indicates if the chain generates observable GWs from cosmic strings.
In order to generate such observable GWs, cosmic strings, but no other unnecessary topological
defects should be generated from the last step of intermediate symmetry breaking.

of the lowest intermediate symmetry G1, we can find the scale of cosmic string formation
and calculate the associated stochastic gravitational wave background (SGWB). In this
section, we present the general formulation for calculating the gravitational wave spectrum
generated by cosmic strings with string tension, µ, and discuss the various experiments
which will have sensitivity to such signals. In section 6, we connect the string tension with
the lowest intermediate scale, M1, which has been calculated for each type (c) breaking
chain in the earlier sections.

The network of cosmic strings formed during the breaking of the GUT to SM gauge
groups acts as a source of GWs produced when the cosmic strings intersect to form loops.
Cusps on these strings emit strong beams of high-frequency GWs or bursts. Furthermore,
loops oscillate, shrink and emit energy gravitationally. This gravitational radiation consti-
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tutes a SGWB if they are unresolved over time [44, 45]. We assume a standard cosmology
and that inflation occurs before string formation, and hence an undiluted GW spectrum
may be observed.5

To compute the SGWB, we follow the approach of [47] where we have assumed Nambu-
Goto strings that predominantly decay via gravitational radiation. For cosmic strings gen-
erated from gauge symmetry breaking, typical in GUTs, the energy released from the string
decay may be transferred to gravitational radiation and into excitations of their elementary
constituents. However, it has been shown that in the absence of long-range interactions,
massive excitations of the vacuum (which is the case for GUTs) are suppressed for long-
wavelength modes of the strings [48]. Furthermore, simulations of individual strings from
the Abelian Higgs model show that particle production is mainly important for small loops,
and therefore the gravitational wave production is dominant for large loops [49]. As such,
we assume there is no qualitative change for strings from gauge symmetry breaking. How-
ever, large-scale field theory simulations of the whole network of strings show discrepancies
with this statement [50, 51]. They show loops formed by infinite strings from random-field
initial conditions can decay quickly. Due to this discrepancy, there may be significant un-
certainties associated with the constraints on the cosmic string scale [50]. We anticipate
this issue will be clarified in the coming years before the next-generation neutrino and GW
experiments start data taking.

For the Nambu-Goto strings, the large loops provide the dominant contribution to the
GW signal, and therefore we focus on them. The initial large loops have typical length
li = αti with α ' 0.1 which has been obtained numerically [52, 53] and ti the initial time of
string formation. The length of loops decreases as they release energy to the cosmological
background,

l(t) = li − ΓGµ(t− ti) . (5.1)

A loop of length l oscillating in its kth harmonic excitation (for k = 1, 2, · · · ) will emit
GWs of a frequency 2k/l in the early Universe. This radiation is then redshifted down to
its present-day value due to the Hubble expansion. After the strings form, loops are found
to emit energy in the form of gravitational radiation at a constant rate:

dE

dt
= −ΓGµ2 , (5.2)

where Γ ≈ 50 [53–55]. Assuming that the fraction of the energy transfer is in the form of
large loops is Fα ' 0.1, the relic GW density parameter is given by

ΩGW(f) = 1
ρc

dρGW
d log f . (5.3)

This can be written as a sum of mode k

ΩGW(f) =
∑
k

Ω(k)
GW(f), (5.4)

5We note that non-standard cosmologies may affect the GW spectrum associated with the decay of
cosmic strings [46].
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with

Ω(k)
GW(f) = 1

ρc

2k
f

FαΓ(k)Gµ2

α(α+ ΓGµ)

∫ t0

tF

dt
Ceff(t(k)

i )
t
(k)4
i

a2(t)a3(t(k)
i )

a5(t0) θ(t(k)
i − tF ), (5.5)

where ρc is the critical energy density of the Universe given by

Γ(k) = 1
3.6Γk−4/3 (5.6)

t
(k)
i = 1

α+ ΓGµ

(2k
f

a(t)
a(t0) + ΓGµt

)
. (5.7)

Ceff = 5.7, 0.5 has been numerically calculated [52, 53, 56] for radiation and matter dom-
ination, respectively, and tF is the time of string network formation. In our numerical
calculation of the SGWB, we have fixed the numerical values of α and Fα at values sug-
gested by simulation in the literature.

Applying these standard assumptions, we recover the general behaviour of SGWB
spectrum from a cosmic string network: the GW spectrum peaks at low frequency and forms
a flat plateau at high frequency, which refer to GWs emission during the matter domination
and radiation domination eras, respectively, which has been discussed in detailed, e.g.
in [57]. In particular, we confirm an important feature of this kind of GWs that the
amplitude of the GW spectrum at the flat plateau is proportional to (Gµ)1/2 [48].

A large range of Gµ values can be explored using current and future GW detec-
tors. LIGO O3 [58] has excluded cosmic strings formation at Gµ ∼ 10−8 in the high
frequency range 10-100 Hz. While in the nanoHertz regime, the null result of EPTA [59]
and NANOGrav 11-year data [26] constrains the upper bound of Gµ . 6 × 10−11. The
strongest constraint is provided by PPTA collaboration, Gµ . 1.5 × 10−11 [60]. In [26],
the NANOGrav Collaboration presented its search results for an isotropic SGWB based on
its 12.5-year data set. The source of this signal could be astrophysical, however, it could
possibly be an indication of cosmic strings.

Planned pulsar timing arrays SKA [61], space-based laser interferometers LISA [62],
Taiji [63], TianQin [64], BBO [65], DECIGO [66], ground-based interferometers Einstein
Telescope [67] (ET), Cosmic Explorer [68] (CE), and atomic interferometers MAGIS [69],
AEDGE [70], AION [71] will probe Gµ values in a wide range ∼ 10−19− 10−11. Finally, it
was recently highlighted [72] that large surveys of stars such as Gaia [73] and the proposed
upgrade, THEIA [74], can be powerful probes of gravitational waves (GW) in the same
frequency regime as SKA.

6 The interplay between proton decay and gravitational waves in SO(10)
GUTs

This section connects the constraints placed on SO(10) GUTs by current and future proton
decay limits to infer the gravitational wave signature associated with each breaking chain.
In section 6.1, we explain how the lowest intermediate scale is connected to the string
tension, and in section 6.2 we assess the testability of these various chains in light of
current and upcoming gravitational wave detectors sensitivities.
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6.1 String tension bounded by proton decay

Having discussed the sensitivities of various GW detectors to Gµ, we presently provide a
connection between this phenomenological string parameter, µ, and the lowest intermediate
scale, M1, the string formation scale. In the paradigm of gauge symmetry breaking, the
tension of the cosmic strings is correlated with the Higgs VEV and the symmetry breaking
scale. Moreover, in the simplest case with just a complex Higgs φ and the breaking of a
single U(1) gauge symmetry, the string tension is given by µ = 2πv2nεn, where the integer
n is the winding number of the vortex solution, v = |〈φ〉| is the absolute value of the Higgs
VEV, and εn is an O(1) function weakly depending on the mass-squared ratio of the Higgs
to the gauge boson β = m2

φ/m
2
Z′ [20]. In all cases, n = 1 provides a topologically stable

string. Numerical results have shown that ε1 is slowly increasing with β, in particular,
limited in 0.5 < ε1 < 3 for a large region of the mass-squared ratio 0.01 < β < 100,
0.2 < ε1 < 8 for 10−6 < β < 106, and ε1 = 1 when the Higgs mass equals the gauge
boson mass [75]. Without knowing more details, one can not determine this O(1) factor
quantitatively. Below, we assume n = 1 strings dominate the string network and ignore
the O(1) factor. Given the U(1)′ gauge boson mass M2

Z′ = 4παv2, the string tension is
correlated to the gauge boson mass scale via Gµ ' (2α)−1GM2

Z′ .
Let us first consider strings generated from the breaking: G3211 → GSM, i.e., U(1)R ×

U(1)X → U(1)Y . The lowest intermediate scale M1, defined to be the gauge boson mass
associated with this symmetry breaking, is given by M2

1 ' 4π(α1R(M1) + α1X(M1))v2,
where α1R(M1) and α1X(M1) are gauge coefficients of U(1)R and U(1)X fixed at the scale
M1, respectively. Therefore, we can approximate

Gµ ' 1
2(α1R(M1) + α1X(M1))

M2
1

M2
pl
. (6.1)

The direct breaking from a non-Abelian symmetries such as G3221 and G421 to GSM can
also generate observable cosmic strings without the production of any unnecessary defects.
The tension of strings generated via G3221 → GSM and G421 → GSM is approximatively
given by

Gµ '


1

2(α2R(M1) + α1X(M1))
M2

1
M2

pl
,

1
2(α4c(M1) + α1R(M1))

M2
1

M2
pl
,

(6.2)

where α2R(M1) and α4c(M1) is the gauge coefficient of SU(2)R and SU(4)c at M1, respec-
tively. The values of these gauge coefficients have been derived using the RGE analysis
for each breaking chain. Moreover, we will ignore the small order one factor associated
with the one-loop matching condition and estimate this as an order one uncertainty. At
this present stage, this level of uncertainty is acceptable given the experimental and string
simulation uncertainties. The direct breaking from GC3221, G422 or GC422 to GSM generates
both strings and unnecessary topological defects (either domain walls or monopoles), and
one has to include inflation to dilute these unwanted defects. Consequently, the string
network is completed diluted, and no GW signal is generated.
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Figure 7. Correlation between Gµ and the proton decay lifetime for chains which can generate
observable cosmic strings. Chains with one, two and four intermediate scales are shown in the
upper panel and those with three intermediate scales are shown in the lower panel. The colour for
each chain is specified in both the upper and low panel. Labels for each chains are not shown in
the upper panel as regions for these chains are highly overlapped.
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Chain Gµ compatible with Super-K Gµ after Hyper-K (no proton decay)
I1 Gµ ' 2.0× 10−17 will be excluded
II1: Gµ . 2.0× 10−17 Gµ . 1.5× 10−17

II3: Gµ ' 2.0× 10−17– 8.4× 10−15 will be excluded
II4: Gµ ' 2.0× 10−17– 5.5× 10−17 will be excluded
II5: Gµ ' 1.2× 10−18– 4.0× 10−17 Gµ ' 5.1× 10−18– 6.3× 10−17

II8: Gµ . 1.0× 10−18 will be excluded
III1: Gµ ' 1.3× 10−18– 3.3× 10−14 Gµ ' 1.3× 10−18– 1.6× 10−15

III2: Gµ . 2.3× 10−11 Gµ . 5.0× 10−12

III3: Gµ . 3.4× 10−13 Gµ . 6.2× 10−14

III4: Gµ ' 2.1× 10−17– 1.3× 10−10 will be excluded
III6: Gµ . 3.6× 10−17 will be excluded
III7: Gµ . 3.6× 10−18 will be excluded
III8: Gµ . 1.0× 10−18 will be excluded
III10: Gµ . 5.6× 10−21 Gµ . 1.1× 10−21

IV1: Gµ . 3.1× 10−17 will be excluded
IV2: Gµ . 5.1× 10−12 Gµ . 9.4× 10−13

IV3: Gµ . 5.1× 10−12 Gµ . 9.4× 10−13

Table 6. Breaking chains which generates observable GWs from cosmic strings and the predicted
Gµ which are compatible with the Super-K bound and the future Hyper-K experiment limit on the
proton decay lifetime (assuming no signal). Only breaking chains which have not been excluded are
shown. For each breaking chain, the gauge unification connects intermediate scales with the GUT
scale and gauge couplings. Super-K has set a lower bound on the proton life time τπ0e > 1.6× 1034

years and Hyper-K is expected to set a bound τπ0e > 1.4×1035 years, assuming no signal of proton
decay is observed. This information can be transformed bounds on Gµ, with RG running and gauge
unification taken into account.

6.2 Testability of SO(10) via gravitational waves

After considering all possible non-supersymmetric SO(10) breaking chains which provide
gauge unification, can generate a GW signal and are not excluded by the current proton
decay constraints from Super-K, the only remaining chains are listed in table 6. In that
table, the values of Gµ allowed by the potential null result from the future Hyper-K ex-
periment are also listed. Notably, several of these chains will be excluded if a null result
emerges from the future Hyper-K measurement. A more detailed correlation between Gµ
and the proton lifetime is shown in figure 7. For example, if Hyper-K does not observe
proton decay, then I1, II3, II4 and II8 would be excluded, and the viable chains with two
intermediate scales or less would be II1 and II5. Similarly, chains IV1, III4, III6, III7 and
III8 would be excluded by a null proton decay result from Hyper-K.

In the following discussion, we assume that the only source of GWs comes from GUT
symmetry breaking. The resulting sensitivities of the various GW detectors and the GW
signal from type-I, II, IV and III chains are shown in upper and lower plots of figure 8,
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Figure 8. SGWB predicted from cosmic string networks shown in table 6. The solid coloured lines
indicate signal or upper bounds (if it is an upper bound, this is indicated as “up” in the legend) for
various type (c) breaking chains. The solid (hatched) coloured regions indicate the range of values
of Gµ predicted by the non-observation of proton decay by Super-K (Hyper-K). The SGWB for II3,
II4 and II5 consistent with the current Super-K bound are shown in light grey, dark grey, and pink.
The yellow hatched region shows the SGWB for II5 consistent with the non-observation of proton
decay at Hyper-K. Current (future) experimental limits are shown by hatched (solid) regions. The
dark purple rhomboidal region shows the signal region observed by NANOGrav 12.5.
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respectively. The solid coloured lines indicate the GW signal or the upper bound on the
signal (“up” in the legend of figure 8 refers to an upper bound, and the absence of “up”
indicates a single-valued signal). The block (hatched) coloured regions show the range of
Gµ consistent with the Super-K (prospective Hyper-K) bound for each chain. In the upper
plot, we observe that the current bound on proton decay constrains chains II3, II4 and
II5 to have GW signals in the region of parameter space tested by LISA, Taiji, MAGIS
AION, DECIGO, AEDGE, BBO and CE. However, if Hyper-K does not observe proton
decay, then I1, II3, II4 and II8 would have no GW signal associated with those chains.
Naturally, the null observation of proton decay and the observation of GWs would exclude
these chains. However, the prospective null-observation by Hyper-K would constrain II5
to have a GW signal detectable by LISA, AEDGE, BBO and CE. Interestingly, the only
chain with two or less intermediate symmetries, which would be viable with the possibility
of dual non-observation of proton decay and GW is II1 as the associated SGWB could have
a very small amplitude undetectable even by BBO. Nonetheless, the null result of Hyper-K
and the observation of a GW signal with Gµ & 10−17 would exclude II1. Finally, IV1
has no associated GW signal for this chain given a null-observation by Hyper-K; however,
IV2 and IV3 remain viable with only an upper bound on their associated GW signal as
indicated by cyan on the upper plot of figure 8. If a GW signal was observed, alongside
non-observation of proton decay by Hyper-K, with Gµ & 10−12, then IV2 and IV3 would
be excluded. In the lower plot, we observe that the current bounds on III1 and III4 can
be tested by many experiments which probe the lower and high-frequency regimes. The
constraint on the remaining chains, from the current bound on proton decay, simply places
an upper bound on their GW signal. Similarly to the discussion above, in the event of
non-observation of proton decay by Hyper-K and an observation of a GW signal above any
of the upper bounds, it would exclude the chains above. In the scenario that Hyper-K does
not observe proton decay, then there would be no GW signal associated with III4, III6,
III7 and III8. An upper bound is placed on III2, III3 and III10, while III1 is constrained
to have a GW signal in the region probed by LISA, DECIGO, AEDGE, BBO, ET and CE.
The only chains which survive dual non-observation are, therefore, III2, III3 and III10.

6.3 Implications for leptogenesis

The unavoidable presence of the right-handed neutrinos in the SO(10) theories explains
the smallness of active neutrino masses via the type-I seesaw mechanism [76–79]. Further-
more, the out-of-equilibrium and CP-violating decays of these right-handed neutrinos can
be generate the matter-antimatter asymmetry via thermal type-I leptogenesis [80]. Such
a framework, which simultaneously provides gauge unification, a solution to the flavour
problem, an explanation of neutrino masses and the matter-antimatter asymmetry is highly
attractive and has been studied extensively [81–86].

As pointed out in [21], the U(1) breaking connected with leptogenesis can be associated
with a SGWB. In our models, the U(1) symmetry breaking that generates the cosmic
strings, and hence the possible GW signature is not a free parameter but corresponds
to the breaking of a gauged B − L symmetry that forbids right-handed neutrino masses.
As discussed, the scale M1 is not free but depends on the specific breaking chain and is
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constrained by gauge coupling unification and proton decay limits. This scale corresponds
to the highest possible mass of the right-handed neutrinos, N3, assuming perturbative
Yukawa couplings, such that MN3 . MN1 . The parameter relevant for leptogenesis is the
mass of the lightest right-handed neutrinoMN1 or, if leptogenesis is controlled by the decay
of the second-lightest neutrino N2, MN2 . Therefore, M1 constrains also the leptogenesis
scale, the latter typically being much lower than M1, so that MN1,2 �MN3 .M1.

Proton decay and GW signatures or lack of thereof, will therefore set an upper limit
(or possibly a range) for M1 and hence the heaviest right-handed neutrino mass. Already
tension is present for many breaking chains. Successful thermal type-I non-resonant lep-
togenesis requires at least one right-handed neutrino to have a mass of order 1010 GeV,
implying M1 � 1010 GeV. For instance, chains I4, II8, III7, III8, III10 already appear in
tension with the most naive implementation of the leptogenesis scenario, and these bounds
will be critically strengthened by the future HK results.

For example, in one commonly assumed SO(10)-inspired scenario [86], the right-handed
neutrino mass spectrum follows the pattern of mass splittings in the up-type quark sector
which provides a strongly hierarchical spectrum, MN1 : MN2 : MN3 ∼ m2

u : m2
c : m2

t . In
this case, the mass of the lightest right-handed neutrino is too small to generate a sufficient
lepton asymmetry, and so the second heaviest right-handed neutrinos with a mass of order
1010 GeV are used to create the observed matter-antimatter asymmetry [82, 86]. Even
so, MN2 ∼ 109 − 1010 GeV implies MN3 must be at least 1013 GeV, which implies that
only chains III2, III4 and possibly IV2 and IV3 are viable. Such chains would induce a
GW signal within reach at current and next generation of experiments, for instance, the
tantalising results of NANOGrav. A definitive non-observation of GW corresponding at
such scale, together with the assumption of a high inflationary scale, would place high-scale
type-I thermal leptogenesis under significant tension as the origin of the baryon asymmetry
of the universe, at least in its simplest implementation of SO(10).

With the prospect of HK results and future GW observations, similar but more com-
pelling considerations could be drawn. If BBO did not observe a GW signal from cosmic
strings then, provided the inflationary scale was high, the upper limit intermediate scale
breaking would be MN ∼ 109 GeV, which would prevent any right-handed neutrinos from
gaining masses higher than this scale and preclude this scenario. This conclusion would
also impact concrete SO(10) models where the right-handed neutrinos are hierarchical with
the heaviest right-handed neutrino mass larger than 109 GeV [87]. In general, an upper
limit of 109 GeV on the B − L symmetry breaking scale would imply that any model based
on non-resonant type-I thermal leptogenesis would be difficult to achieve without fine-
tuning of the Yukawa matrix [88]. Indeed, the requirement of a GUT scale right-handed
neutrino mass seems at odds with the conditions for unification which generically requires
that M1 < MX , at least in the non-supersymmetric case considered here.

The consistency of the leptogenesis parameter space, in the frameworks of GUTs,
the link with light neutrino masses and the dependence on the hierarchy of right-handed
neutrino masses as well as on the assumption controlling the running of the gauge couplings,
in light of the next generation proton decay and GW limits, is of particular interest. Such
examples, together with type II leptogenesis, will be considered in future work.
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7 Summary and conclusions

We have considered all possible breaking chains of SO(10) and determined which ones can
be dually tested by proton decay and gravitational waves experiments. We found that
type (c) chains, namely chains with the Pati-Salam group as an intermediate symmetry,
can provide unification without supersymmetry and produce a GW signal. From our
renormalisation group equation analysis we found that only 17 of the 31 type (c) breaking
chains have not already been excluded by current proton decay limits. Given the null
observation of proton decay at Super-K and the prospective null observation at Hyper-K,
we determined bounds on the GW signal of each of these 17 chains. We found that:

• if Hyper-K does not observe proton decay, then nine of the 17 type (c) breaking
chains (I1, II3, II4, II8, III4, III6, III7, III8 and IV1) can be excluded and, as such,
no GW signal would be associated to these chains.

• Of the remaining eight type (c) chains, the non-observation of proton decay by Hyper-
K sets upper limits on the GW signal of six of these chains (II1, III2, III3, III10, IV2
and IV3). This implies that for a given chain, the non-observation of proton decay
combined with the observation of a GW signal above the upper limit of that chain
would exclude that particular chain. The upper limits of Gµ for these chains are
given in table 6 and shown in figure 8.

• In the event of non-observation of proton decay by Hyper-K, this constrains II5 and
III1 to have a range of Gµ values and therefore a definite GW signal. Both chains
can be tested by a range of experiments sensitive to the higher frequency regime
(these include LISA, DECIGO, AEDGE, CE, ET, MAGIS AION). Therefore, the
non-observation of proton decay by Hyper-K combined with the observation of a
GW signal in relevant ranges would positively indicate those chains.

• In the exciting event that Hyper-K observes proton decay, then the measured proton
decay lifetime will determine the intermediate scale, M1, which will, in turn, have
an associated value of Gµ, and therefore a corresponding GW signal, for each of
the 17 type (c) breaking chains. Depending on the value of the proton lifetime, the
associated GW signal will differ. Nonetheless, the procedure we outline in this paper
can be used to assess each chain separately and correlate the proton lifetime with the
gravitational wave signal.

In our analysis, we have applied the result of simulations based on Nambu-Goto strings
to strings from gauge symmetry breaking. It certainly induces several uncertainties to con-
straints of GW measurements on GUT intermediate scales. The first is the order-one factor
from the string tension µ in terms of the lowest intermediate symmetry breaking scale M1.
The string tension may be slightly dependent upon the Higgs to gauge boson mass ratio,
which is unknown until added. Another uncertainty is from the string network simulation.
Until now, most simulations of SGWB from the string network are based on the Nambu-
Goto strings, an approximation of the infinitely thin strings and no couplings to particles.
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It is supported by the simulation of individual strings in Abelian-Higgs theory, but not
supported by the large-scale field theory simulation. These uncertainties can weaken the
constraints on the lowest intermediate scale M1 in GUTs. Given the timeline of future neu-
trino and GW experiments, we expect these uncertainties can be better controlled, leading
to more concrete constraints before the next-generation experiments take data.

Finally, we would like to comment on a possible recent detection of SGWB by the
NANOGrav collaboration. In [26], the NANOGrav Collaboration presented its search
results for an isotropic SGWB based on its 12.5-year data set. Interestingly, this study
might yield an indication for the presence of a SGWB across the 45 pulsars included
in their analysis. GW from cosmic strings is a possible explanation of such signal [89–
92] with a value of Gµ ∼ 10−12 − 10−11. This corresponds to a scale M1 ∼ 1013 GeV.
Applying this interpretation, combined with the possible non-observation of proton decay
by Hyper-K, then III4, III2, IV2 and IV3 could generate a signal in the region detected by
NANOGrav12.5.
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A β coefficients at intermediate scales of GUT

This appendix lists β coefficients of two-loop RG running functions used in our paper.
For the scale vary from the electroweak scale to the scale G1, the one-loop and two-loop

β coefficients are well-known,

{bi} =


−7
−19

6
41
10

 , {bij} =


−26 9

2
11
10

12 35
6

9
10

44
5

17
10

199
50

 . (A.1)

These coefficients are obtained by including only gauge symmetries, SM fermions and the
SM Higgs.

Below, we discuss the deviation of β-coefficients at intermediate scales between the
electroweak scale and the GUT scale.

• At these scales, intermediate symmetries GI ⊃ GSM are recovered. The SM Higgs
may not be a doublet anymore but be embedded in a larger multiplet. To generate
correct fermion mass spectrum, the SM Higgs should be combination of 10 and 126
of SO(10).

• For breaking the intermediate symmetry GI to a smaller group, additional heavy Hig-
gses are required to achieve the breaking. These Higgses contribute to the RG running
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Symm. Particle content
β-coefficients

Applied to
{bi} {bij}

G3221

(3, 2, 1, ± 1
6 ) + (1, 2, 1, ± 1

2 ) ⊂ 16F ,

(1, 2, 2, 0)1 ⊂ 10H ,

(1, 2, 2, 0)2 + (1, 1, 3, −1) ⊂ 126H


−7
− 8

3

−2
11
2




−26 9
2

9
2

1
2

12 37
3 6 3

2

12 6 31 27
2

4 9
2

81
2

61
2

 G1 in I1,
II1,3,4, III2,4

(3, 2, 1, ± 1
6 ) + (1, 1, 2, ± 1

2 ) ⊂ 16F ,

(1, 2, 2, 0)1 ⊂ 10H ,

(1, 2, 2, 0)2 + (1, 1, 3, −1) ⊂ 126H ,

(1, 1, 3, 0) ⊂ 45H


−7
− 8

3

− 4
3

11
2




−26 9
2

9
2

1
2

12 37
3 6 3

2

12 6 149
3

27
2

4 9
2

81
2

61
2

 G2 in II8,
III6-8, IV1,2

GC3221

(3, 2, 1, ± 1
6 ) + (1, 2, 1, ± 1

2 ) ⊂ 16F ,

(1, 2, 2, 0)1 ⊂ 10H ,

(1, 2, 2, 0)2 + (1, 1, 3, ±1) ⊂ 126H


−7
−2
−2
7




−26 9
2

9
2

1
2

12 31 6 27
2

12 6 31 27
2

4 81
2

81
2

115
2


G1 in I2, II2

(3, 2, 1, ± 1
6 ) + (1, 2, 1, ± 1

2 ) ⊂ 16F ,

(1, 2, 2, 0)1 ⊂ 10H ,

(1, 2, 2, 0)2 + (1, 1, 3, ±1) ⊂ 126H ,

(1, 1, 1, 0)1 ⊂ 45H

G2 in II4, III4
G3 in III7, IV1

(3, 2, 1, ± 1
6 ) + (1, 2, 1, ± 1

2 ) ⊂ 16F ,

(1, 2, 2, 0)1 ⊂ 10H ,

(1, 2, 2, 0)2 + (1, 1, 3, ±1) ⊂ 126H ,

(1, 1, 3, 0) + (1, 3, 1, 0) ⊂ 45H


−7
− 4

3

− 4
3

7




−26 9
2

9
2

1
2

12 149
3 6 27

2

12 6 149
3

27
2

4 81
2

81
2

115
2

 G2 in II9, III5

G421

(4, 2, 0) + (4, 1, ± 1
2 ) ⊂ 16F ,

(1, 2, 1
2 ) ⊂ 10H ,

(15, 2, 1
2 ) + (10, 1, −1) ⊂ 126H


−7
− 2

3

10




265
2

57
2

43
2

285
2

115
3 8

645
2 24 51

 G1 in I3, II5,6,
III1

(4, 2, 0) + (4, 1, ± 1
2 ) ⊂ 16F ,

(1, 2, 1
2 ) ⊂ 10H ,

(15, 2, 1
2 ) + (10, 1, −1) ⊂ 126H ,

(15, 1, 0) ⊂ 45H


− 17

3

− 2
3

10




1243
6

57
2

43
2

285
2

115
3 8

645
2 24 51

 G2 in II12,
III9,10, IV3

G422

(4, 2, 1) + (4, 1, 2) ⊂ 16F ,

(1, 2, 2) ⊂ 10H ,

(15, 2, 2) + (10, 1, 3) ⊂ 126H ,

(1, 1, 3) ⊂ 45H


− 7

3

2
28
3




2435
6

105
2

249
2

525
2 73 48

1245
2 48 835

3

 G1 in I4, II7,
G2 in II5, III1

(4, 2, 1) + (4, 1, 2) ⊂ 16F ,

(1, 2, 2) ⊂ 10H ,

(15, 2, 2) + (10, 1, 3) ⊂ 126H ,

(15, 1, 1) ⊂ 45H


−1
2
26
3




961
2

105
2

249
2

525
2 73 48

1245
2 48 779

3

 G2 in II1, III2

(4, 2, 1) + (4, 1, 2) ⊂ 16F ,

(1, 2, 2) ⊂ 10H ,

(15, 2, 2) + (10, 1, 3) ⊂ 126H ,

(1, 1, 3) + (15, 1, 1) ⊂ 45H


−1
2
28
3




961
2

105
2

249
2

525
2 73 48

1245
2 48 835

3


G2 in II10, III3
G3 in III8,10,
IV2,3

Table 7. (Continued on the next page) Coefficients of β coefficients at intermediate scales with
intermediate symmetries preserved for GUTs broken to the SM, SO(10)→ · · · → G2 → G1 → GSM.
The matter field is arranged as 16 of SO(10) in all breaking chains, as indicated as 16F . The SM
Higgs is considered to be embedded in a linear combination of 10 and 126 of SO(10), which are
necessary to generate correct fermion mass spectrum. Extra Higgs have to be introduced to achieve
the breaking. We include minimal Higgs contents for each intermediate symmetry breaking and list
all matter and Higgs field in the table.
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GC422

(4, 2, 1) + (4, 1, 2) ⊂ 16F ,

(1, 2, 2) ⊂ 10H ,

(15, 2, 2)+(10, 1, 3)+(10, 3, 1) ⊂ 126H ,

(1, 3, 1) + (1, 1, 3) ⊂ 45H


2
3
28
3
28
3




3551
6

249
2

249
2

1245
2

835
3 48

1245
2 48 835

3


G1 in I5,
G2 in II6

(4, 2, 1) + (4, 1, 2) ⊂ 16F ,

(1, 2, 2) ⊂ 10H ,

(15, 2, 2)+(10, 1, 3)+(10, 3, 1) ⊂ 126H ,

(1, 3, 1) + (1, 1, 3) ⊂ 45H ,

(1, 1, 1) ⊂ 210H

G2 in II7,
G3 in III1

(4, 2, 1) + (4, 1, 2) ⊂ 16F ,

(1, 2, 2) ⊂ 10H ,

(15, 2, 2)+(10, 1, 3)+(10, 3, 1) ⊂ 126H ,

(15, 1, 1) ⊂ 210H

G2 in II2

(4, 2, 1) + (4, 1, 2) ⊂ 16F ,

(1, 2, 2) ⊂ 10H ,

(15, 2, 2)+(10, 1, 3)+(10, 3, 1) ⊂ 126H ,

(15, 1, 1) ⊂ 45H

 2
26
3
26
3




1333
2

249
2

249
2

1245
2

779
3 48

1245
2 48 779

3

 G2 in II3

(4, 2, 1) + (4, 1, 2) ⊂ 16F ,

(1, 2, 2) ⊂ 10H ,

(15, 2, 2)+(10, 1, 3)+(10, 3, 1) ⊂ 126H ,

(15, 1, 1) ⊂ 45H ,

(1, 1, 1) ⊂ 210H

G3 in III2

(4, 2, 1) + (4, 1, 2) ⊂ 16F ,

(1, 2, 2) ⊂ 10H ,

(15, 2, 2)+(10, 1, 3)+(10, 3, 1) ⊂ 126H ,

(15, 3, 1) + (15, 1, 3) ⊂ 210H


26
3
56
3
56
3




6239
6

441
2

441
2

2205
2

1619
3 48

2205
2 48 1619

3

 G2 in II11,
G3 in III3

(4, 2, 1) + (4, 1, 2) ⊂ 16F ,

(1, 2, 2) ⊂ 10H ,

(15, 2, 2)+(10, 1, 3)+(10, 3, 1) ⊂ 126H ,

(15, 1, 1) ⊂ 45H ,

(15, 1, 1) ⊂ 210H


10
3
26
3
26
3




4447
6

249
2

249
2

1245
2

779
3 48

1245
2 48 779

3

 G3 in III4

(4, 2, 1) + (4, 1, 2) ⊂ 16F ,

(1, 2, 2) ⊂ 10H ,

(15, 2, 2)+(10, 1, 3)+(10, 3, 1) ⊂ 126H ,

(1, 3, 1) + (1, 1, 3) ⊂ 45H ,

(15, 1, 1) ⊂ 210H

G3 in III5

(4, 2, 1) + (4, 1, 2) ⊂ 16F ,

(1, 2, 2) ⊂ 10H ,

(15, 2, 2)+(10, 1, 3)+(10, 3, 1) ⊂ 126H ,

(15, 1, 1) + (1, 3, 1) + (1, 1, 3) ⊂ 45H

 2
28
3
28
3




1333
2

249
2

249
2

1245
2

835
3 48

1245
2 48 835

3

 G3 in III6,9,
G4 in IV1

(4, 2, 1) + (4, 1, 2) ⊂ 16F ,

(1, 2, 2) ⊂ 10H ,

(15, 2, 2)+(10, 1, 3)+(10, 3, 1) ⊂ 126H ,

(15, 1, 1) + (1, 3, 1) + (1, 1, 3) ⊂ 45H ,

(1, 1, 1) ⊂ 210H

G4 in IV2,3

G3211

(3, 2, 0, 1
6 ) + (3, 1, ± 1

2 , − 1
6 )

+(1, 2, 0, − 1
2 ) + (1, 1, ± 1

2 , − 1
2 ) ⊂ 16F ,

(1, 2, 1
2 , 0)1 ⊂ 10H ,

(1, 2, 1
2 , 0)2 + (1, 1, 1, −1) ⊂ 126H


−7
−3
14
3
9
2



−26 9

2
3
2

1
2

12 8 1 3
2

12 3 8 15
2

4 9
2

15
2

25
2

 G1 in I6, II8-12,
III3,5-10, IV1-3

Table 7. (Continued)
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from the scale of GI to any higher scales. Typical SO(10) Higgs multiplets used to
achieve these breakings are listed in table 2. For example, the 126 Higgs includes a
(1,1, 3 − 1) of G3221 which further include a trivial singlet of GSM. Once the trivial
singlet gains the VEV, G3221 is broken to GSM. Contribution of this (1,1,3,−1)
should be considered in the RG running from G3221 to any larger symmetries. In an
alternative breaking GC3221 → GSM, (1,1, 3 − 1) can be also introduced to achieved
the breaking, but an additional (1,3,1,+1) is required due to the left-right parity
symmetry. Thus, both fields should be included in the running from GC3221. The parts
of the Higgs GUT multiplets not required for symmetry breaking at lower scales are
assumed to be heavy and decoupled at the higher scales, by some unspecified Higgs
potential, which we assume not to introduce further Higgs multiplets which could
affect the running.

The set of Higgs multiplets required for the considered symmetry breaking pattern may
not be unique for the breaking of some intermediate symmetries. We consider the most
economical case that minimal particle contents with all the above ingredients included.
Once the gauge group and particle content are fixed, the β-coefficients are determined.
β coefficients in all breaking chains and all intermediate scales are listed in table 7, with
particle contents listed explicitly. All β-coefficients at intermediate scales for type (c)
breaking chains are listed in table 7. Some β coefficients may be different from some chains
appearing in [4, 7] since different Higgs fields are assigned. We have checked that our β
coefficients are the same as those in the one intermediate scale case in [8].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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