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Abstract

We consider the problem of inference for nonlinear, multivariate diffusion processes, satisfying It6 stochastic differential
equations (SDEs), using data at discrete times that may be incomplete and subject to measurement error. Our starting point
is a state-of-the-art correlated pseudo-marginal Metropolis—Hastings algorithm, that uses correlated particle filters to induce
strong and positive correlation between successive likelihood estimates. However, unless the measurement error or the
dimension of the SDE is small, correlation can be eroded by the resampling steps in the particle filter. We therefore propose a
novel augmentation scheme, that allows for conditioning on values of the latent process at the observation times, completely
avoiding the need for resampling steps. We integrate over the uncertainty at the observation times with an additional Gibbs step.
Connections between the resulting pseudo-marginal scheme and existing inference schemes for diffusion processes are made,
giving a unified inference framework that encompasses Gibbs sampling and pseudo marginal schemes. The methodology is
applied in three examples of increasing complexity. We find that our approach offers substantial increases in overall efficiency,
compared to competing methods

Keywords Stochastic differential equation - Bayesian inference - Pseudo-marginal Metropolis—Hastings - Data augmentation -

Linear noise approximation

1 Introduction

Although stochastic differential equations (SDEs) have been
ubiquitously applied in areas such as finance (see e.g.
Kalogeropoulos et al. 2010; Stramer et al. 2017,), climate
modelling (see e.g. Majda et al. 2009; Chen et al. 2014,) and
life sciences (see e.g. Golightly and Wilkinson 2011; Fuchs
2013; Wilkinson 2018; Picchini and Forman 2019,), their
widespread uptake is hindered by the significant challenge
of fitting such models to partial data at discrete times. General
nonlinear, multivariate SDEs rarely admit analytic solutions,
necessitating the use of a numerical solution (such as that
obtained from the Euler—Maruyama scheme). The resulting
discretisation error can be controlled through the use of inter-
mediate time steps between observation instants. However,

B<I Andrew Golightly
andrew.golightly @ncl.ac.uk

School of Mathematics, Statistics and Physics, Newcastle
University, Newcastle Upon Tyne, UK

Department of Mathematics and Statistics, Lancaster
University, Lancaster, UK

integrating over the uncertainty at these intermediate times
can be computationally expensive.

Upon resorting to discretisation, two approaches to
Bayesian inference are apparent. If learning of both the
static parameters and latent process is required, a Gibbs sam-
pler provides a natural way of exploring the joint posterior.
The well-studied dependence between the parameters and
latent process can be problematic; see Roberts and Stramer
(2001) for a discussion of the problem. Gibbs strategies that
overcome this dependence have been proposed by Roberts
and Stramer (2001) for reducible SDEs and by Golightly
and Wilkinson (2008), Fuchs (2013), Papaspiliopoulos et al.
(2013) and van der Meulen and Schauer (2017) (among
others) for irreducible SDEs. If primary interest lies in learn-
ing the parameters, pseudo-marginal Metropolis—Hastings
(PMMH) schemes (Andrieu et al. 2010; Andrieu and Roberts
2009; Stramer and Bognar 2011; Golightly and Wilkinson
2011) can be constructed to directly target the marginal
parameter posterior, or, with simple modification, the joint
posterior over both parameters and the latent process. PMMH
requires running a particle filter (conditional on a proposed
parameter value) at each iteration of the sampler to obtain
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an estimate of the marginal likelihood (henceforth referred
to simply as the likelihood). This can be computationally
costly, especially in applications involving long time series,
since the number of particles should be scaled in proportion
to the number of data points n to maintain a desired likelihood
estimator variance (Bérard et al. 2014). To reduce the vari-
ance of the acceptance ratio (for a given number of particles),
successive likelihood estimates can be positively correlated
(Dahlin et al. 2015; Deligiannidis et al. 2018). The resulting
correlated PMMH (CPMMH) scheme has been applied in
the discretised SDE setting by Golightly et al. (2019); see
also Choppala et al. (2016) and Tran et al. (2016).

As a starting point for this work, we consider a CPMMH
scheme. A well-known problem with this approach is the use
of resampling steps in the particle filter, which can destroy
correlation between successive likelihood estimates. This
problem can be alleviated by sorting each particle before
propagation using e.g. a Hilbert sorting procedure (Deligian-
nidis et al. 2018) or simple Euclidean sorting (Choppala et al.
2016). However, Golightly et al. (2019) find that as the level
of the noise in the observation process increases, correlation
deteriorates. Moreover, the empirical findings of Deligianni-
dis et al. (2018) suggest that the number of particles should
scale as n¢/ @+ (where d is the dimension of the state space
of the SDE), so that the advantage of CPMMH over PMMH
degrades as the state dimension increases. Our aim is to avoid
resampling altogether. A joint update of the entire latent pro-
cess would avoid the need for resampling (as implemented by
Stramer and Bognar (2011) in the PMMH setting) but to be
computationally efficient this usually requires an extremely
accurate method for sampling the latent process.

Our novel approach is to augment the parameter vec-
tor to include the latent process at the observation times,
but not at the intermediate times between observation time
instants. Given observations y, latent values x° at obser-
vation instants and parameters 6, a Gibbs sampler is used
to update 6 conditional on (x?, y), and x° conditional on
(6, ). Both steps require estimating likelihoods of the form
p(xt" o |x7, 6) for which we obtain unbiased estimators via
importance sampling. Consequently, our approach can be
cast within the pseudo-marginal framework and we further
use correlation to improve computational efficiency. Cru-
cially, we avoid the need for resampling, thus preserving
induced positive correlation between likelihood estimates.
Furthermore, each iteration of our proposed scheme admits
steps that are embarrassingly parallel. We refer to the result-
ing sampler as augmented CPMMH (aCPMMH). It should
be noted that aCPMMH requires careful initialisation of x
and subsequently, a suitable proposal mechanism. We pro-
vide practical advice for initialisation and tuning of proposals
for a wide class of SDEs. Special cases of aCPMMH are also
considered, and a byproduct of our approach is an inferential
framework that encompasses both the pseudo-marginal strat-
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egy and Gibbs samplers described in the second paragraph
of this section. In particular, we make clear the connection
between aCPMMH and the Gibbs sampler (with reparam-
eterisation) described in Golightly and Wilkinson (2008).
We apply aCPMMH in three examples of increasing com-
plexity and compare against state-of-the-art CPMMH and
PMMH schemes. We find that the proposed approach offers
anincrease in overall efficiency of over an order of magnitude
in several settings.

The remainder of this paper is organised as follows. Back-
ground information on the inference problem, PMMH and
CPMMH approaches is provided in Sect. 2. Our novel con-
tribution is described in Sect. 3 and we explore connections
between our proposed approach and existing samplers that
use data augmentation in Sect. 3.3. Applications are given in
Sect. 4, and conclusions are provided in Sect. 5, alongside
directions for future research.

2 Bayesian inference via time discretisation

Consider a continuous-time d-dimensional It6 process { X;, t >
0} satisfying an SDE of the form

dX; =a(X;,0)dt +/B(X:,0)dW;, Xo ~ p(xo). (1)

Here, « is a d-vector of drift functions, the diffusion coeffi-
cient 8 is ad x d positive definite matrix with a square-root
representation /B such that /BB = B and W, is a
d-vector of (uncorrelated) standard Brownian motion pro-
cesses. We assume that both « and B depend on X; =
X1, Xa, )T and denote the parameter vector with 6 =
@1, ...,0)7

Suppose that {X;, r > 0} cannot be observed exactly, but
observations y = (y1, ..., y,)! are available on a regular
time grid and these are conditionally independent (given the
latent process). We link the observations to the latent process
via an observation model of the form

T indep
Yi=F Xi+e&, &lX ~ N(Z), (2)

where Y; is a d,-vector, F is a constant d X d, matrix and
€; is arandom d,-vector. Note that this setup allows for only
observing a subset of components (d, < d). In settings where
learning X is also of interest, the parameter vector 6 can be
augmented to include the components of X.

For most problems of interest the form of the SDE in (1)
will not permit an analytic solution. We therefore work with
the Euler—-Maruyama approximation

AXi = Xipnr — Xy = (X, 0) At +  B(Xy, 0) AW,
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where AW; ~ N(0, I;At). To allow arbitrary accuracy of
this approximation, we adopt a partition of [, # + 1] as
=T 0<T1<Tu2<...<Tm-1 <TUm=1+1

thus introducing m — 1 intermediate time points with interval
widths of length

1
AT =Tyl — Ttk = —. 3
m

The Euler—Maruyama approximation is then applied over
each interval of width At, with m chosen by the practitioner,
to balance accuracy and computational efficiency. The tran-
sition density under the Euler—-Maruyama approximation of
X, o1 | X7, = Xg,, is denoted by

Pe (xt,,k_H |xr,‘k ,0)
= N (-xl’t,]q,l 7 xtt_k + a(-xft.ka Q)AT k] ﬂ(-xl’t,k’ G)AT)

where N (-; i, V) denotes the Gaussian density with mean
vector y and variance matrix V.
In what follows, we adopt the shorthand notation

T
X(41] = (Xg g5 -+ o5 X1,,)

for the latent process over the time interval [z, 1 4+ 1] with
an analogous notation for intervals of the form (¢, 7 + 1] and
(¢,t + 1) which ignore x¢, ; and (xv, , Xz, ), respectively.
Hence, the complete latent trajectory is given by

T T T T
X = (.X:[O)l], X(l’z], ey x(l’l—l,l’l]) .

The joint density of the latent process over an interval of
interest is then given by a product of Gaussian densities; for
example

m—1
P Canlxe, 0) = [ pele, iy 1304, 0) )

k=0

with explicit dependence on the number of intermediate sub-
intervals made clear via the superscript (m).

2.1 Pseudo-marginal Metropolis-Hastings (PMMH)
Suppose that interest lies in the marginal parameter posterior
7™ ©1y) ocw(©)p™ (v16) (5)

where 7 () is the prior density ascribed to 6 and p™ (y|6)
is the (marginal) likelihood under the augmented Euler—

Maruyama approach. That is,

P (y16) = / P (x16)p(ylx. O)dx

where

n—1

P x10) = pxo) [ [ p™ e s1ylxi. 6)
=0

and

n

p(ylx, ) =[] pGilxe. 0). 6)

t=1

Although 7™ (@|y) is typically complicated by the
intractable likelihood term, p(m) (y19), the latter can be unbi-
asedly estimated using a particle filter (Del Moral 2004; Pitt
etal. 2012). We write the estimator as 138” ) (y]6) with explicit
dependence on U ~ p(u), that is, the collection of all ran-
dom variables of which a realisation u gives the estimate
ﬁf,m) (v10). Algorithm 1 gives the necessary steps for the gen-
eration of ﬁf,’")(yw), with the explicit role of u suppressed
for simplicity. A key requirement of the particle filter is the
ability to simulate latent trajectories x(; 41} at each time ¢. To
yield a reasonable particle weight, such trajectories must be
consistent with x; and y;4 | and are typically termed bridges.
In this article we generate bridges by drawing from a density
of the form

m—1

8 ('x(l,l-‘rl]'xh Ye+1, 0) = 1_[ g(xft_k+1 |x‘[¢1k7 Yi+1, 0)
k=0

where the constituent terms take the form

g(xff.k+l |x'L't,k » Yi+1, 0)

=N (x,r_kJrl s X, (X Vi1, O AT, Wik, Q)At)
(N

for suitable choices of u(xz, ;, yi+1,0) and W (xz, ., 6). The

form of (7) permits a wide choice of bridge construct and we

refer the reader to Whitaker et al. (2017) and Schauer et al.
(2017) for several options. Throughout this paper, we take

-1
W0 Vi1, 0) = i + BiF (FTBF A + %)

x vt = FT Gy vt} ®)

and

-1
Wi, 0) = = BF (FTAFA+ ) FT e
©
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Algorithm 1 Particle filter

Input: observations y = (yq, ..., yn)T, parameter 6, auxiliary variable
u and the number of particles N.

1. Initialise.Fori =1, ..., N sample particle x(i) from the initial state
distribution and assign weight wé =1/N.

2. Fortimest =0,1,...,n—1:
(a) Resample. For i = 1,..., N, sample the index a! ~
M(w!™N) of the ancestor of particle i, where M(w/*™)
denotes a categorical distribution on {1, ..., N} with proba-

bilities w, V.

(b) Propagate. Draw x;’LH” ~g( Ixt”:,yH_l, 0),i=1,..., N.
(¢) Compute weights. Fori = 1,..., N set

~1

PVt |xi+1; Q)Pém) (Xf,,H_l] |x;1, , 9)

Wi = ; a
t
g(x(t,hq]lx; s Yi+1s 9)
i
. w
w =
t+1 N ~j
Zj:l Wit

Output: estimate p\™ () = N7 [["Z0 2V, W, of the observed
data likelihood.

where Ay =t +1— 1, x and we adopt the shorthand notation
thatag:=a(xr, ., 0) and Br:=B(xz, ., 0). We note that (8) and
(9) correspond to the (extension to partial and noisy observa-
tions of the) modified diffusion bridge construct of Durham
and Gallant (2002). We may write the construct generatively
as

Xt = Xr o+ (g, Yir1, O)AT

+ /Y (x,  OAT Uy, (10)

where u,, ~ N(0, I). It should then be clear that an esti-

mate of the likelihood, ﬁf,’") (v10), is a deterministic function
of the Gaussian innovations driving the bridge construct, and
additionally, any random variates required in the resampling
step of Algorithm 1. We use systematic resampling, which
requires a single uniform innovation per resampling step.

The pseudo-marginal Metropolis—Hastings (PMMH)
scheme (Andrieu and Roberts 2009; Andrieu et al. 2009)
is a Metropolis—Hastings (MH) scheme targeting the joint
density

7™ @, uly) o< 7(0) p™ (v16) p(u)

for which it is easily checked (using f ﬁ,ﬂm)(y|9)p(u)du =
p™ (y]9)) that 7 (0|y) is a marginal density. Hence, for
a proposal density that factorises as ¢ (0'|0)g(u”), the MH
acceptance probability is

@', u'|6, u)
/ A (m) / /
—min 1, 7O Pw W9 q@16) | (1)
@) pim(yle)  q0'10)
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The variance of ﬁgjm>(y|9) is controlled by the number of

particles N, which should be chosen to balance both mixing
and computational efficiency. For example, as the variance of
the likelihood estimator increases, the acceptance probability
of the pseudo-marginal MH scheme decreases to O (Pitt et al.
2012). Increasing N results in more acceptances at increased
computational cost. Practical advice for choosing N is given
by Sherlock et al. (2015) and Doucet et al. (2015) under two
different sets of simplifying assumptions. Given a parameter
value with good support under the posterior (e.g. the marginal
posterior mean, estimated from a pilot run), we select N
so that the estimated log-likelihood at this parameter value
has a standard deviation of roughly 1.5. Unfortunately, the
value of N required to meet this condition is often found
to be impractically large. Therefore, we consider a variance
reduction technique which is key to our proposed approach.

2.2 Correlated pseudo-marginal
Metropolis-Hastings (CPMMH)

The correlated pseudo-marginal scheme (Deligiannidis et al.
2018; Dahlin et al. 2015) aims to reduce the variance of the
acceptance ratio in (11) by inducing strong and positive cor-
relation between successive estimates of the observed data
likelihood in the MH scheme. This can be achieved by tak-
ing a proposal ¢(0'|0)K (u'|u) where K (u'|u) satisfies the
detailed balance equation

K @'|lw)p(u) = K (ulu") p(u).

Recall that u consists of the collection of Gaussian random
variates used to propagate the state particles (2(b) in Algo-
rithm 1) and any variates required in the resampling step
(2(a) in Algorithm 1). The Uniform random variate required
for systematic resampling can be obtained by applying the
inverse Gaussian cdf to a Gaussian draw. Hence, u consists
entirely of standard Gaussian variates and it is then natural
to set

K@/|lu) =N (u’; ou, (1 — ,02> Id*) (12)

where d* is the total number of required innovations. We
note that the density in (12) corresponds to a Crank—Nicolson
proposal density for which it is easily checked that p(u#) =
N (u; 0, I;+) is invariant. The parameter p is chosen by the
practitioner, with p & 1 inducing strong and positive cor-
relation between ﬁ,(;,")(y|9’ ) and ﬁ,gm)(y|9). The correlated
pseudo-marginal Metropolis—Hastings scheme is given by
Algorithm 2, which should be used in conjunction with a
modified version of Algorithm 1 to induce the desired cor-
relation. However, the resampling step has the effect of
breaking down correlation between successive likelihood
estimates. To alleviate this problem, the particles can be
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Algorithm 2 Correlated PMMH scheme (CPMMH)

Input: parameter value 6?), correlation parameter p and the number
of CPMMH iterations njgers.

1. Initialise. Draw u® ~ p(-) and compute ]3%2 (y16©) by running

Algorithm 1 with (8, u) = (0@, u®). Set the iteration counter
i=1.
2. Update parameters.

(a) Draw 6’ ~ g(-|6%=Vyand u’ ~ K (-|u=D).

(b) Compute 5 (y]6') by running Algorithm 1 with (6, u) =
', u).

(c) With probability a@,u'109=D 4E=D) given by (11), put
O@D, uDy = (0’,u’) otherwise store the current values
@D,y Dy = @U=D =Dy,

3. If i = nijgers, stop. Otherwise, set i:=i + 1 and go to step 2.
Output: 90 .., Vi),

sorted immediately after propagation e.g. using a Hilbert sort-
ing procedure (Deligiannidis et al. 2018) or simple Euclidean
sorting (Choppala et al. 2016). Given a distance metric
between particles, the particles are sorted as follows: the first
particle in the sorted list is the one which has the smallest first
component; for j = 2, ..., N, the jth particle in the sorted
list is chosen to be the one among the unsorted N — j + 1
particles that is closest to the j — Ith sorted particle.

Upon choosing a value of p (e.g. p = 0.99), the number of
particles N can be chosen to minimise the distance between
successive log estimates of marginal likelihood (Deligianni-
dis et al. 2018). In practice, we choose N so that the variance
of the logarithm of the ratio pir (v10)/pyr" (y16) is around
1, for O set at some central posterior value.

There are a number of limitations regarding the imple-
mentation of CPMMH as described here, which motivate
the approach of Sect. 3. Although sorting particle trajecto-
ries after propagation can in theory alleviate the effect of
resampling on maintaining correlation between successive
likelihood estimates, the sorting procedure can be unsat-
isfactory in practice. For example, the Euclidean sorting
procedure described above (and implemented within the SDE
context in Golightly et al. (2019)) sorts trajectories x(ltz’j;/ D1
between observation times by applying the procedure to the
particle states xtljﬁ at the observation times. Consequently,
trajectories with similar values at time # + 1 may exhibit
qualitatively different behaviour between observation times,
leading to potentially significant differences in likelihood
contributions (via the particle weights). In turn, this may
break down correlation between likelihood values at suc-
cessive iterations. The procedure is therefore likely to be
particularly ineffectual when the measurement error vari-
ance is large relative to stochasticity inherent in the latent
diffusion process, or, as the dimension of the SDE increases.
Resampling may be executed less often, although choos-
ing a resampling schedule a priori may necessarily be ad
hoc. Moreover, reducing the number of resampling steps, or

indeed omitting the resampling step altogether (so that an
importance sampler is obtained) would necessitate a bridge
construct that samples over the entire inter-observation inter-
val from an approximation that is very close to the true
(but intractable) conditioned diffusion process, otherwise the
resulting importance sampler weights are likely to have high
variance. In what follows, we derive a novel approach which
avoids resampling altogether, without recourse to importance
sampling of the entire latent process.

3 Augmented CPMMH (aCPMMH)

It will be helpful throughout this section to denote x° as the
values of x at the observation times 1,2, ..., n, and x~ as
the values of x at the remaining intermediate times. That is

L T T T T
X" = (x[o’l), X(12) -+ x(n_l’n)) .

It is also possible to treat x; as a latent variable. In what
follows, we include x,, in x° for ease of exposition.

Rather than target the posterior in (5), we target the joint
posterior

7™ @, x°1y) oc 7 (@) p™ (x°10) p(y1x°, 0) (13)
where
p™(x°10) = / p™ (x|0)dx" (14)

and p(y|x?,0) = p(y|x, 0) as in (6). Although the integral
in (14) will be intractable, we may estimate it unbiasedly as
follows.

3.1 Sequential importance sampling
We adopt the factorisation

n—1

P10y = p™ @lo) [ | p"™ g lxe. 0)

t=1

and note that the constituent terms can be written as

p™(x110) = / p(x0) pi™ (x(0.111%0, O)dx(0.1),

P (xeg1lxe, 0) = / P (e, Odxgny; (15)

recall that pém)(x(,,,+1]|x,, 0) is given by (4). Now, given
some suitable importance density g (X ;41)1Xs, Xt+1, 0), we
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may write

P (X 411%2, 0)

_/ Pegm)(x(t,t+l]|x179)
g(x(t,t+1)|xt, Xi+1,0)

8x(, e+ 1) 1%y Xep1, O)AX (1 141y

_E P G iqnylxe., 0)
HernTE g(x(, i nylxey Xr 41, 0) '

and a similar expression can be obtained for p(m)(x1|9).
Hence, given N draws xéuﬂ), i =1,...,N from the den-
sity g(-|xs, x¢+1, 0), arealisation of an unbiased estimator of
P (xry11x:, 0) is

N (m)
R 1 Pe (x
PGt x. ) = —

N i1 g(xé,,,+1)|xt, Xi+1,0)

ét,t-‘rl] |-xl‘7 0)

(16)

with the convention that xf L1 = X4l for all i. We recog-
nise (16) as an importance sampling estimator of (15). An
unbiased importance sampling estimator of p (x1|60) can
be obtained in a similar manner, by using an importance den-
sity p(x0)g(x(0,1)lx0, X1, 6).

We take g(x(,141)1%s, Xr41,0) as a simplification of the
bridge construct used in Sect. 2.1 so that

m—2

8 (x(t,t+l)|xty Xt+15 9) = 1_[ g(xr,,k“ Xt oo Xi+1> 0)
k=0

where g (x(,,,_H) [X¢, Xi41, 9) has form (7) but with the exact
X;+1 taking the place of the noisy y;1. Since ¥ = 0, (8) and
(9) simplify to

(x ¥ ) _ Xt+1 _-xtt_k
n Ttk t+1) = r+ 1— Tt’kv
t+1 =741
v ,0) = ——— ,0). 17
(xft,k ) [ Bxe, ., 0) (17)

We make clear the role of the of the innovation vector u; =
(Us05---, u,,m_g)T in (16) by writing the bridge construct
generatively as in (10) but with u and W given by (17).

Now, since the x¢ ;41), t = 0,...,n — 1 are condi-
tionally independent given x?, we may unbiasedly estimate
p™ (x°|0) with

n—1
pgY10) = pg a10) T b (s lxe. 0. (18)
t=1

realisations of which may be computed by running the impor-
tance sampler in Algorithm 3 foreacht =0, ..., n—1. Note
that each ¢-iteration of Algorithm 3 can be performed in par-
allel if desired.
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Algorithm 3 Importance sampling

Input: parameter 0, latent values x;, x;1, auxiliary variable u; and the
number of importance samples N.

(a) Sample. Drawxét’&l) ~g( |x,,xH._1,0),i =1...,N.
(If t = 0, draw x5 ~ p(-) and xg ;) ~ g(-
1,...,N)

(b) Compute weights. Fori =1, ..., N set

pgm)(xft.htl]le’ 6)

~1

Wiy = i
g(xft,rﬂ)le’xf"'l’a)
Output: estimate  pu" (x;41]x;, 0) = %ZzNzl Wi,y of
P (ralxr 6) (or Pl (i) = 5 XL @) of p™(xile) if
t =0).

3.2 Algorithm

We adopt a pseudo-marginal approach by targeting the joint
density

7™ @, x%, uly) o< T (@) p™ (x°10) p(y|x°, O)pu)  (19)

for which it is easily checked that the posterior of inter-
est, 7™ (6, x°|y) given by (13), is a marginal density. The
form of (19) immediately suggests a Gibbs sampler which
alternates between draws from the full conditional densities
(FCDs)

1 2™ @u, x°, y) o< 7(0) pi™ (x°16) p(y|x°, 6)
2. M (%, ulf, y) o pu" (x°16) p(y|x, 6) p(u).

Hence, unlike the (C)PMMH scheme, the latent process at the
observation times is no longer integrated out. Nevertheless,
the sampler targets a posterior for which the latent process
between observation instants is marginalised over, and this is
crucial for side-stepping the well-known dependence prob-
lem between the parameters and latent process. Note that as
the number of importance samples N — 0o, the scheme can
be seen as an idealised Gibbs sampler that alternates between
draws of 7 (9|x?, y) and 7™ (x°|0, y). For N = 1, the
scheme is an extension of the modified innovation scheme
of Golightly and Wilkinson (2008), as discussed further in
Sect. 3.3.

Metropolis-within-Gibbs steps are necessary for gener-
ating draws from the FCDs above. To sample the FCD
7™ @u, x°, y) we use a proposal density ¢(6'|0) so that
the acceptance probability is given by

a®'10, u, x°)
o 7@ pM 08 p1x©.8)  q018)
=min{il, X .
@)  pmMxel)y  pGIx°.0)  q0'10)
(20)
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Given that 7 (x°, 1|6, y) may be high dimensional, we
propose to update (x?, u) in separate blocks corresponding
to each time component of x°. Fort = 1, ..., n — 1 we have
that

7T(m)(xt, Up— 1, Ur|Xe—1, X415 Vi, 0) X 133,"_)1 (xrlxr—1, Q)ﬁl(;,n)

X (Xr411x0, ) p(yelxe, 0) p(ur—1) p(uy)

where, for example p(u;) = N(us; 0, IN(n—1)q) (assuming
N importance samples, (m — 1) intermediate time points
between observation instants and a d-dimensional latent pro-
cess).Forr =1, ﬁb(,'t”l (x¢|x7—1, 0) is replaced by ﬁf,’f})(me).

The full conditional for the remaining end-point is given by

m (Xn, Upn—11Xn—1, Yu, 0)

& 1315’:21 (XnlxXn—1,0) p(Ynlxn, ) p(un—1).
We sample from each FCD using a Metropolis-within-Gibbs
step. Foreacht = 1, ..., n — 1 we use a proposal density of
the form

q(ep, wy g X wg—1.0) = q O lx) Kol lu—1.0))

where KQ(”/(t—l,z)W(f*lJ)) = K@,_,|lui—1)K (u;|u;) and
we use the shorthand notation wui—1,) = (Ui—1,ur).
Hence, the innovations are updated using a Crank-Nicolson
kernel. The end-point proposal is defined similarly, with
q (s Wy, 1Xn, un—1) = q(xplxn) K (u),_ [up—1). We recall
that the Crank-Nicolson kernel satisfies detailed balance with
respect to the innovation density to arrive at the acceptance
probabilities

/ /
a(-xta u(t*l,l) |xlv U(t—1,t)s Xt—15 Xt+1, 0)

PO im0 P (ki lx, 0)
-1 uy

=min{1, o

X
P i1, 0) P (i1l 6)

/’ 9 !/
Xp(yzlxt ) o q(xt/lxt)} 21
p(yelxe, 0) q(x;|xe)
fort =1, ..., n—1.Forthe end-point update, the acceptance
probability is
Ol(xy/l’ M;,_l | %2, u;l_l1 Xp—1,0) =
~(m) (x/ |x 9)
T I POl 6)  q(ealxy)
T AU (plxn_1,0)  POnlxn. 0) T q(xplxn)
(22)

It is evident that the innovations (i1, .. ., u,—1) are updated
twice per Gibbs iteration. We note that a scheme that only
updates these innovations once per Gibbs iteration is also pos-
sible, but eschew this approach in favour of the above, which

promotes better exploration of the innovation variable space.
Further tuning considerations are discussed in Sect. 3.4.

We refer to the resulting inference scheme as augmented
CPMMH (aCPMMH). The scheme is summarised by Algo-
rithm 4. Note that the components of the latent process X at
the observation times and auxiliary variables u are updated in
steps 3-5; step 3 updates (x;, u—1,1)) fort =1,3,...,n—1
andstep4fort = 2,4, ..., n—2 (assuming, WLOG, thatn is
even). Step 5 updates the final value (x,, u,—1). Updating in
this way allows for embarrassingly parallel operations over ¢
(at steps 2, 3 and 4). Note that, as presented, uncertainty for
the initial value x is integrated over as part of the importance
sampler (Algorithm 3). If required, aCPMMH can be modi-
fied either to treat x( as part of the parameter vector 6 or with
an extra step that updates xo (and therefore u() conditional
on x; and 6.

As presented, Algorithm 4 is appropriate for the general
case of noisy and partial observation of X;. In the special
case of data consisting of noise free observation of all SDE
components (so that ¥ = 0 and F = I; in (2)), steps 3-5
are not required. Additionally, step 2 should propose the full
auxiliary vector u’ from K (u'|u) in (12) . Hence, this special
case corresponds to the CPMMH algorithm with ﬁb(:,")(yw/ )
obtained by importance sampling and the acceptance proba-
bility is as in (11). In the case of noise free observation of a
subset of components of X, the scheme proceeds as in Algo-
rithm 4, with the unobserved components of X; updated in
steps 3-5.

3.3 Connection with existing samplers for SDEs

Consider aCPMMH with N = 1 particle and p = 0. In this
case aCPMMH exactly coincides with the modified innova-
tion scheme introduced by Golightly and Wilkinson (2008)
(see also Golightly and Wilkinson 2010; Papaspiliopoulos
etal. 2013; Fuchs 2013; van der Meulen and Schauer 2017,).
We note that for this choice of N there is a one-to-one corre-
spondence between the innovations # and the latent path x.
Hence, step 2 of the Gibbs sampler in Section 3.2 is equiv-
alent to directly updating the latent path x in blocks of size
2m — 1. To make this clear, consider updating x(;_1,;41)-
Upon substituting (16) into the acceptance probability in (21)
we obtain

SR CAP TN

N P A CA )
min )
Pe (x(t—l,t]|xt—119)
% g(x(t—l,t)|xt—laxt79)
g(x(/tfl,t)|xt_1’ -xt/’ 9)
p(elx;, 6) » q(lex{)}
pOilxe, 0)  q(x/|x;)

Pgm)(x(t,t-&-lﬂxzy 0)
gxq 1) |xe, X1, 0)
8O pypyIXts X141, 6)
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Algorithm 4 Augmented CPMMH scheme (aCPMMH)

Input: parameter and latent values (9@, x>©), correlation parameter
p, number of importance samples N and the number of iterations njeys.

1. Initialise. Draw u©@ ~ p(-) and compute ]3,%)) x> ©]9O) by
running Algorithm 3 fort = 0, ..., n — 1. Set the iteration counter
i=1.

2. Update parameters 6.

(a) Draw 6’ ~ g(-|9%~D) and compute p("” (x*@=Do"y by
running Algorithm 3 forr =0, .
(b) With probablhty CA LA u(’ 1> x” G- Dy given by (20)

put 6@ = ¢’ otherwise store the current value @) = 9U=1D,

3. Update (x;,u¢-1,n),t=1,3,...,n—1.

i—1
K2(~|u8 l)z)) Compute
(r,") (flx, = i 1) 0@y and (m)(x(' 1)|)c,,9(’))byrunn1ng1ter—

atlons t—1 and t of Algorlthm 3.
(b) With probability

1
(a) Drawx; ~ g (- |x(’ )) and u;[ 10

-0 =1 - (=D /G :
oof w6 gy X X, 00) given by
(21) put x(’) = x,_ and u_(rll,r) = .u/([i1 n otherwise store

the current value x,(') :xflil) and uE;)_U) ug :?t)

4. Update (xt, u(t—l,t))yt =2 4 R () - 2.
1
(a) Drawx;~g(.|x’ andu,_, , ~ Ka(-|u{}" ). Compute
PO @y, 09) and pO (6, 1x7, 6©) by running itera-
t

tions £ — 1 and ¢ of Algorithm 3.
(b) With probability
[GVENG (i) (l)
o (x], Er Lol Gy e X X

putx”

6®) given by (21)
= x; and uEZ) = u(t .y Otherwise store the current
value x = x™ (and u(t) 1) Temains unchanged).

5. Update (x,, u,—1).

(a) Draw x; ~ q(~|x,(1i71)) and u), | ~ K(- |u(’) ). Compute

A('") (x x|, 6©) by running iteration n — 1 of Algorithm 3.
(b) Wlth probability a(x), !, ed ", u® | x?

(22)putx(') =x, anduf:)] =u,

6(”) given by
1 otherwme store the current

value x(') = x,,' b (and u( ) | Temains unchanged).
6. If i = nijgers, stop. Otherwise, set i:=i + 1 and go to step 2.

Output: 6D .. o) xo (D 0. iters)

corresponding to a MH step that uses a RWM proposal
to obtain x; and then conditional on this value, uses the
bridge construct to propose x(l 1.0 and x(t +1)" Step 1 of the
Gibbs sampler is equivalent to the reparameterisation used
by the modified innovation scheme. Rather than update 6
conditional on x (and y), the innovations u are the effective
components being conditioned on. The motivation for this
reparameterisation is to break down the well-known prob-
lematic dependence between 6 and x (Roberts and Stramer
2001). To make the connection clear, note that upon com-
bining (18) with (16) and substituting the result into the
acceptance probability in (20), we obtain

@ Springer

-1
IO P& (el 67)
m®) Ly pI (sl 6)
—1
gl X1, 0)  p(yIx©,0)  q(616")
Og(x(t,;+1)|x,,x,+1,9/) p(y|x2,0) q(6'|0)

It is straightforward to show that the Jacobian associ-
ated with the change of variables (from x to u) is given
by ]_[;:01 g(X(r.14+1)|Xs, X141, 0) ! and therefore the above
acceptance probability coincides with that obtained for the
parameter update in the modified innovation scheme (see e.g.
page 14 of Golightly and Wilkinson 2010, ).

For N =1and 0 < p < 1, aCPMMH can be seen as
an extension of the modified innovation scheme that uses a
Crank-Nicolson proposal for the innovations. A recent appli-
cation can be found in Arnaudon et al. (2020). We assess the
performance of aCPMMH for different values of p and N in
Sect. 4.

3.4 Initialisation and tuning choices

Recall that both CPMMH and PMMH require setting the
number of particles N and, if using arandom walk Metropolis
(RWM) proposal, a suitable innovation variance. Practical
advice on choosing N for (C)PMMH is discussed at the end of
Sects. 2.1 and 2.2. ForaRWM proposal of the form g (8'|0) =
N(6*;0, Q) a rule of thumb for the innovation variance 2 is
totake Q = \7a\r(9| y) (Sherlock etal. 2015), which could
be obtained from an initial pilot run (such as that required to
find a plausible 8 value for subsequently choosing N).

For (C)PMMH, both the pilot and main monitoring runs
require careful initialisation of & (Owen et al. 2015). The
aCPMMH scheme additionally requires initialisation of x?,
with poor choices likely to slow initial convergence of the
Gibbs sampler. One possibility is to seek an approximation
to 77 ™ (0, x°|y), denoted 7@ (0, x°|y), for which samples
can be obtained (e.g. via MCMC) at relatively low compu-
tational cost. These samples can then be used to compute
estimates E(@ |y) and E(x, |y), which can be used to initialise
aCPMMH. Further, the proposal variances for 6 and x; can
be made proportional to the estimates var(@|y) and var(x;|y),
respectively, which can also be computed from the samples.
For SDE models of form (1), the linear noise approxima-
tion (LNA) (Stathopoulos and Girolami 2013; Fearnhead
etal. 2014) provides a tractable Gaussian approximation. We
describe the LNA, its solution and sampling of 7 ® (8, x°|y)
in Appendix A. In scenarios where using the LNA is not prac-
tical, we suggest initialising a pilot run of aCPMMH with
x? =y (if d, = d so that all components are observed) or
sampling x via recursive application of the bridge construct
in (7). The pilot run can be used to obtain further quanti-
ties required for tuning the proposal densities ¢(6’|0) and
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q(x7|x;). Hence, our initialisation and tuning advice can be
summarised by the following two options:

1. Perform a short pilot run of an MCMC scheme target-
ing 7@, x°|y) (as described in Appendix A for the
LNA) to obtain the estimates E(6]y), E(x/|y), var(é]y)
and var(x;|y). These quantities are used to initialise the
main monitoring run of aCPMMH and in the RWM pro-
posals for 6 and the components of x?.

2. Perform a short pilot run of aCPMMH with x initialised
at the data y (if all SDE components are observed) or,
in the case of incomplete observation of all SDE com-
ponents, recursively draw from (7), retaining only those
values at the observation times. Compute estimates as in
option 1, for use in the main monitoring run.

The length of the pilot run can be set by choosing a fraction of
the main monitoring run to fix the overall computational bud-
get. For simplicity, we use RWM proposals in the pilot runs
with diagonal innovation variances chosen to obtain (approx-
imately) a desired acceptance rate. We note that Option 2
additionally requires specifying an initial number of particles
N for the pilot run. In our experiments, we find that N = 1
is often sufficient. For either option, the number of particles
can be further tuned if desired, before the main monitoring
run.

4 Applications

We consider three applications of increasing complexity. All
algorithms are coded in R and were run on a desktop com-
puter with an Intel quad-core CPU. For all experiments, we
compare the performance of competing algorithms using
minimum (over each parameter chain and for aCPMMH, x°
chain) effective sample size per second (mESS/s). Effective
sample size (ESS) is the number of independent and identi-

o |
©

40

Yi

20
|

cally distributed samples from the target that would produce
an estimator with the same variance as the auto-correlated
MCMC output. We computed ESS using the R coda pack-
age, details of which can be found in Plummer et al. (2006).
When running CPMMH and aCPMMH with p > 0 we set
p = 0.99. This pragmatic choice promotes good mixing in
the 6 chain (for CPMMH and aCPMMH) and x chain (for
aCPMMH) while allowing the auxiliary variables to mix on
a scale comparable to 6 and x°. We report CPU time based on
the main monitoring runs and note that CPU cost of tuning
was small relative to the cost of the main run (and typically
less than 10% of the reported CPU time). For all experi-
ments (unless stated otherwise) we used a discretisation of
At = 0.2 which we found gave a good balance between
accuracy (in the sense of limiting discretisation bias) and
computational performance.

4.1 Square-root diffusion process

Consider a univariate diffusion process satisfying an Ité6 SDE
of the form

dXt = (91 - 92) Xt dt + vV (0] +92) X[ th, (23)

which can be seen as a degenerate case of a Feller square-
root diffusion (Feller 1952). We generated two synthetic data
sets consisting of 101 observations at integer times using
6 = (0.0, 0.06)7 and a known initial condition of xg = 25.
The observation model is ¥; ~ N(X,, 02) where ¢ € {1, 5}
giving data sets designated as D and D», respectively (and
shown in Fig. 1). We took independent N (0, 10?) priors for
eachlog6;,i = 1, 2, and work on the logarithmic scale when
using the random walk proposal mechanism.

We ran aCPMMH for 50K iterations with p fixed at 0.99.
We report results for N = 1 particle, since N > 1 gave no
increase in overall performance. Both tuning and initialisa-
tion methods (options 1 and 2 of Sect. 3.4) were implemented

o _|
[5e]

Fig. 1 Birth—Death model. Data sets (circles) and summaries (mean and 95% credible intervals obtained from the output of aCPMMH) of the

within-sample predictive 7 (y|D;) (left) and 7 (y|D;) (right)
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Table 1 Birth-Death model.

: o
Number of particles N, Data set Algorithm P N CPU(s) mESS (@, x?) mESS/s Rel.
correlation parameter p, CPU D=1  aCPMMH (1)  0.99 1 777 (3194, 3818) 411 6.0
time (in seconds s), minimum
ESS (over 6 and x° chains), aCPMMH (2) 0.99 780 (3080, 3757) 3.95 5.8
minimum ESS per second and CPMMH 0.99 2 745 (1358, -) 1.82 2.7
]rae;%give (to PMdMEI)Iminilmum PMMH 0.00 10 2217 (1513, -) 0.68 1.0
per second. results are _
based on 5 x 104 iterations of Dy(e=5  aCPMMH (1)  0.99 1 775 (829, 481) 0.62 25
each scheme aCPMMH (2)  0.99 770 (799, 450) 0.58 23
CPMMH 0.99 6 1684 (1050, -) 0.62 2.5
PMMH 0.00 20 4989 (1254, -) 0.25 1.0
g 5 S
o -

& s g -

& 9 - & 1

S o 2

o --4-% - e o 4---- - el o - o ST== -

T T T T T T T T T T T T T T T T T T T T
000 005 010 015 020 025 0.30 000 005 010 0.15 020 025 0.30 -0.04 -0.02 0.00 002 004 0.06
61 02 61 — 62

Fig. 2 Birth-Death model. Marginal posterior distributions using data set D, and based on the output of aCPMMH (solid lines) and the LNA

(dashed lines). The true values of 61, 6, and 61 — 6, are indicated

and denoted “aCPMMH (1)” and “aCPMMH (2)”. We addi-
tionally include results based on the output of PMMH and
CPMMH, which were tuned in line with the guidance given
at the end of Sects. 2.1 and 2.2.

Table 1 and Fig. 2 summarise our results. The latter shows
marginal posteriors obtained from the output of aCPMMH,
and for comparison, from the LNA as an inferential model.
We note substantial differences in posteriors obtained when
using the discretised SDE in (23) as the inferential model
compared to inferences made under the LNA. This is not
surprising since for this example, the ground truth 6; and 6,
values are similar, for which the assumption that fluctuations
about the mean of X, are small (as is necessary for an accurate
LNA), is unreasonable. Nevertheless, we were still able to
use the LNA to adequately initialise and tune aCPMMH.
We also note that both initialisation and tuning options give
comparable results.

Itis evident from Table 1 that aCPMMH offers substantial
improvements in overall efficiency compared to PMMH and,
to a lesser extent, CPMMH. Minimum effective sample size
per second for PMMH : CPMMH : aCPMMH scales as 1 :
2.7 : 6 for data set Dy and 1 : 2.5 : 2.5 for data set D,.
We found that as the measurement error variance (o'2) is
increased, the optimal number of particles N for both PMMH
and CPMMH also increased. Although aCPMMH required

@ Springer

N = 1 (that is, we observed no additional improvement in
overall efficiency for N > 1), the mixing deteriorates, due
to having to integrate over the additional uncertainty in the
latent process at the observation times. Finally, although the
Euclidean sorting algorithm used in CPMMH is likely to be
effective for this simple univariate example, we anticipate its
deterioration in subsequent examples with increasing state
dimension.

4.2 Lotka-Volterra

The Lotka—Volterra system describes the time-course
behaviour of two interacting species: prey X, and preda-
tors X2 ;. The stochastic differential equation describing the
dynamics of X; = (X1, Xz,,)T is given by

X1\ _ (X1 —X1X,
d (Xz) o <92X1X2 —03X2> di
n 01 X1+ 60X1X2

—0h X1 X,

|
-0 X1X> 2 d Wi
hX1Xy+ 603X %3

(24)

after suppressing dependence on 7.
We repeated the experiments of Golightly et al. (2019)
which, for this example, involved three synthetic data sets
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Fig. 3 Lotka—Volterra model. Data set D3 (circles) and summaries (mean and 95% credible intervals obtained from the output of aCPMMH) of
the within-sample predictive 7 (y|D3) (left: prey component, right: predator component)
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Fig. 4 Lotka—Volterra model. Marginal posterior distributions using data set D3 and based on the output of aCPMMH (solid lines) and the LNA

(dashed lines). The true values of 61, 6, and 63 are indicated

generated with 6 = (0.5, 0.0025, 0.3)T and a known initial
condition of xo = (100, 100)”. The observation model is

Y, ~N (Xt, 0212)

where I, is the 2 x 2 identity matrix and o € {1, 5, 10}
giving data sets designated as D1, D, and D3, respectively.
Data set D3 is shown in Figure 3, and gives dynamics typical
of the parameter choice taken. The parameters correspond
to the rates of prey reproduction, prey death and predator
reproduction, and predator death. As the parameters must
be strictly positive, we work on the logarithmic scale with
independent N (0, 102) priors assumed for each log#6;, i =
1, 2, 3. The main monitoring runs consisted of 10? iterations
of aCPMMH, CPMMH (with p = 0.99) and PMMH. Note
that aCPMMH used random walk proposals in the log # and
x? updates, with variances obtained from the output of an
MCMC pilot run based on the LNA, which was also used to
initialise 6 and x°.

From Figure 4 we see that aCPMMH gives parameter pos-
terior output that is consistent with the ground truth (and also
with the output of PMMH and CPMMH - not shown). In this
case, the LNA gives accurate output when used as an infer-

ential model. We compare efficiency of PMMH, CPMMH
and aCPMMH in Table 2. We found that N = 1 was suf-
ficient for aCPMMH but also include results for N = 2,
which gave a small increase in minimum ESS but a decrease
in overall efficiency, due to the increase (doubling) in CPU
time. It is clear that as o increases, PMMH and CPMMH
require an increase in N to maintain a reasonable minimum
ESS. Consequently, their performance degrades. Although
the statistical efficiency (mESS) of aCPMMH reduces as
o increases, the reduction is gradual (compared to that of
CPMMH) and we see an increase in overall efficiency of
aCPMMH (with p = 0.99) of an order of magnitude over
PMMH in all experiments, and over CPMMH for data sets
D, and D3. We also include the output of aCPMMH with
N = 1 and p = 0.0, corresponding to the modified inno-
vation scheme of Golightly and Wilkinson (2008) (and as
discussed in Sect. 3.3). Although this approach works well
compared to CPMMH and PMMH, and gives well-mixing
parameter chains, we see a decrease in mESS (relative to
aCPMMH with p = 0.99) calculated from the x° chains,
and this relative difference increases as o increases.
Finally, we compare the performance of CPMMH and
aCPMMH when parallelised over two cores. For aCPMMH
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Table2 Lotka—Volterra model.

1 [
Number of particles N, Data set Algorithm P N CPU(s) mESS @, x?) mESS/s Rel.
correlation parameter p, CPU Dy (0 = aCPMMH 0.9 1 7330 (9375, 9483) 1.279 27.8
time (in seconds s), minimum
ESS (over 6 and x° chains), 0.99 2 12773 (9446,12485)  0.740 16.1
minimum ESS per second and 0.00 1 6877 (8805, 2028) 0.299 6.5
]rae;%give (to PMdMZ)l minilmum CPMMH 0.99 3 11280 (8023, -) 0.711 163
€I second. results are
basej’on 105 iterations of each PMMH 0.00 16 59730 (2771, ) 0.046 1.0
scheme Ds (0 = aCPMMH 0.99 1 6780 (7331, 6807) 1.004 25.7
0.99 2 12807 (7877, 7117) 0.556 14.2
0.00 1 6769 (8022, 1380) 0.204 52
CPMMH 0.99 8 29780 (3681, -) 0.124 3.2
PMMH 0.00 20 75930 (2959, -) 0.039 1.0
D3 (o = 10) aCPMMH 0.99 1 6772 (4986, 3301) 0.487 16.8
0.99 2 12753 (5859, 3446) 0.270 9.3
0.00 1 6786 (4676, 1384) 0.203 7.0
CPMMH 0.99 19 71520 (3516, -) 0.049 1.7
PMMH 0.00 28 105770 (3031, -) 0.029 1.0
3 3 3
2.5 e 2.5 2.5
2 ’ 2 . 2
2 - -
1.5 s 1.5 - s 1.5 -
oo 1] 7, o 17 7 a1
,—10 4 2 4 ‘ ._O 7
9 05 L’ / 9 05 - / 9 05 /
0 o= = 0 S 0 — Z
-05" -0.5 .—/ -0.5 ==
-1 -1 -1
T T T 1 T T T 1 T T T 1
-4 -3 -2 -1 -4 -3 -2 -1 -4 -3 -2 -1

log,y AT

log,o AT

Fig.5 Lotka—Volterra model. Difference (2 cores vs 1 core) in log, CPU times (A log, CPU) against log;y At using aCPMMH with N = 1 (solid
lines) and CPMMH (dashed lines) with N = 3 (data set Dy, left), N = 8 (data set D», centre) and N = 18 (data set D3, right)

(and as discussed at the end of Sect. 3.2), operations over ¢ in
steps 2,3 and 4 of Algorithm 4 can be performed in parallel.
For CPMMH, we perform the propagate step of the particle
filter (step 2(b) of Algorithm 1) in parallel. Figure 5 shows
the difference (2 cores vs 1 core) in log, CPU times (denoted
Alog, CPU) against log;, At, where the discretisation level
is At € {10_4, 103,102, 10_1}; for a perfect speed up
from the use of two cores, this would be —1. Results based
on aCPMMH used N = 1 in all cases, whereas CPMMH
used N =3, N = 8 and N = 18. These values correspond
to the numbers of particles required for each synthetic data
set. For aCPMMH, we see that using 2 cores is beneficial
for AT < 1072, For CPMMH and N = 1, there is almost
no benefit in a multi-core approach (and CPU time using 2
cores is typically higher than a single core approach). This is
unsurprising given the resampling steps (performed in serial)
between the propagate steps. As N increases, the benefit of
using 2 cores can be seen.

@ Springer

4.3 Autoregulatory gene network

A commonly used mechanism for auto-regulation in prokary-
otes which has been well-studied and modelled is a negative
feedback mechanism whereby dimers of a protein repress
its own transcription (e.g. Arkin et al. 1998, ). A simpli-
fied model for such a prokaryotic auto-regulation, based on
this mechanism can be found in Golightly and Wilkinson
(2005) (see also Golightly and Wilkinson 2011). We consider
the SDE representation of the dynamics of the key species
involved in this mechanism. These are RNA, P, P, and DNA,
denoted as X1, X7, X3 and X4, respectively. The SDE takes
form (1) where

a(X:,0) = Sh(X;,0), B(X;,0) = Sh(X;,0) ST,



Statistics and Computing (2022) 32:21

Page130f18 21

12

Fig. 6 Autoregulatory model. Data set (circles) and summaries (mean and 95% credible intervals obtained from the output of aCPMMH) of the

within-sample predictive 7 (y|D)

the stoichiometry matrix S is

0010 0 0-1 0
g_| 00012 2 0-1
“|-1100 1-1 0 0"

—-1100 0 0 0 O
and the hazard function i (X;, 0) is

h(X,0) = (0.1X4X3,601(10 — Xy),6,X4,0.2X,
0.1X>(X2 —1)/2,03X3, 04X1, 98X2)T

after dropping 7 to ease the notation. Further details regarding
the derivation of the SDE can be found in Golightly and
Wilkinson (2005).

The parameters 0 = (01, 62, 63, 94)T correspond to the
rate of protein unbinding at an operator site, the rate of tran-
scription of a gene into mRNA, the rate at which protein
dimers disassociate and the rate at which protein molecules
degrade. We generated a single synthetic data set with
6 = (0.7,0.35,0.9, O.S)T and an initial condition of xo =
(8, 8, 8, 5)T. The observation model is

Y ~N(X;, 2)

where ¥ is a diagonal matrix with elements 1, 1, 1, 0.25. The
data are shown in Fig. 6. Independent U (—35, 5) priors were
assumed for each log6;,i = 1, 2, 3, 4. A short MH run was
performed using the LNA, to obtain estimates of var(log 8|y)
and var(x;|y) (to be used the innovation variances of the
random walk proposal mechanisms in (a)CPMMH) and plau-
sible values of 6 and x° (to be used to initialise the main
monitoring runs of (a)CPMMH). Pilot runs of aCPMMH
and CPMMH suggested taking N = 1 and N = 20 for each
respective scheme. We then ran aCPMMH and CPMMH for
10° iterations with these tuning choices. Table 3 and Fig. 6
summarise our findings.

Itis clear that aCPMMH with p = 0.99 results in a consid-
erable improvement in statistical efficiency over aCPMMH
with p = 0.0 (which is the modified innovation scheme). In
particular, minimum ESS (calculated over the x° chains) is
almost an order of magnitude higher for p = 0.99 (866 vs
5524). An improvement in overall efficiency of aCPMMH
over CPMMH is evident, irrespective of the choice of p.
Increasing N to 2 gives results in better mixing of the x*
chains, but no appreciable increase in minimum ESS over all
chains.
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Table 3 Autoregulatory model. Number of particles N, correlation parameter p, CPU time (in seconds s), minimum ESS (over 6 and x° chains),
minimum ESS per second and relative (to PMMH) minimum ESS per second. All results are based on 10° iterations of each scheme

Algorithm P N CPU(s) mESS (@, x?) mESS/s Rel.
aCPMMH 0.99 18248 (992, 5524) 0.054 13.5
aCPMMH 0.99 2 41578 (766, 6210) 0.018 4.6
aCPMMH 0.00 18252 (1358, 866) 0.028 6.9
CPMMH 0.99 20 199782 (805, -) 0.004 1.0

00 02 04 06 08 1.0
01 92

o -

04 06 08 10 12 14 00 02 04 06 08 1.0
93 94

Fig.7 Autoregulatory model. Marginal posterior distributions based on the output of aCPMMH (solid lines) and the LNA (dashed lines). The true

parameter values are indicated

5 Discussion

Given observations at discrete times, performing fully
Bayesian inference for the parameters governing nonlinear,
multivariate stochastic differential equations is a challenging
problem. A discretisation approach allows inference for a
wide class of SDE models, at the cost of introducing an addi-
tional bias (the so-called discretisation bias). The simplest
such approach uses the Euler—Maruyama approximation in
combination with intermediate time points between obser-
vations, to allow a time step chosen by the practitioner,
that should trade off computational cost and accuracy. It is
worth emphasising that although a Gaussian transition den-
sity is assumed, the mean and variance are typically nonlinear
functions of the diffusion process, and consequently, the
data likelihood (after integrating out at intermediate times)
remains intractable, even under the assumption of additive
Gaussian noise.

These remarks motivate the use of pseudo-marginal
Metropolis—Hastings (PMMH) schemes, which replace an
evaluation of the intractable likelihood with a realisation of an
unbiased estimator, obtained from a single run of a particle fil-
ter over dynamic states (Andrieu et al. 2010). It is crucial that
the number of particles is carefully chosen to balance com-
putational efficiency whilst allowing for reasonably accurate
likelihood estimates. Inducing strong and positive correla-
tion between successive likelihood estimates can reduce the
variance of the acceptance ratio, permitting fewer particles

@ Springer

(Dahlin etal. 2015; Deligiannidis et al. 2018). Essentially, the
(assumed Gaussian) innovations that are used to construct the
likelihood estimates are updated with a Crank-Nicolson (CN)
proposal. The resampling steps in the particle filter are also
modified in order to preserve correlation; the random num-
bers used during this step are included in the CN update, and
the particle trajectories are sorted before resampling takes
place at the next time point. We follow Choppala et al. (2016)
and Golightly et al. (2019) by using a simple Euclidean sort-
ing procedure based on the state of the particle trajectory at
the current observation time. We find that the effectiveness
of this correlated PMMH (CPMMH) approach degrades as
the observation variance and state dimension increases.

Our novel approach avoids the use of resampling steps,
by updating parameters conditional on the values of the
latent diffusion process at the observation times (and the
observations themselves), whilst integrating over the state
uncertainty at the intermediate times. An additional step is
then used to update the latent process at the observation
times, conditional on the parameters and data. The result-
ing algorithm can be seen as a pseudo-marginal scheme,
with unbiased estimators of the likelihood terms obtained
via importance sampling. We further block together the
updating of the latent states and the innovations used to
construct the likelihood estimates, and adopt a CN proposal
mechanism for the latter. We denote the resulting sampler
as augmented, correlated PMMH (aCPMMH). A related
approach is given by Fearnhead and Meligkotsidou (2016),
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who use particle MCMC with additional latent variables,
carefully chosen to trade-off the error in the particle fil-
ter against the mixing of the MCMC steps. We emphasise
that unlike this approach, the motivation behind aCPMMH
is to avoid use of a particle filter altogether, the benefits of
which are two-fold: positive correlation between successive
likelihood estimates is preserved and the method for obtain-
ing these likelihood estimates can be easily parallelised over
observation intervals. Section 4.2 shows that once the updat-
ing over an inter-observation interval is sufficiently costly
substantial gains can be obtained by parallelising this task
over the different inter-observation intervals: this could be
useful for stiff SDEs, high-dimensional SDEs, or if multiple
inter-observation intervals are tackled by a single importance
sampler.

In addition to the tuning choices required by CPMMH
(that is, the number of particles N, correlation parameter
p in the CN proposal and parameter proposal mechanism),
aCPMMH requires initialisation of the latent process at the
observation times and a suitable proposal mechanism. If a
computationally cheap approximation of the joint posterior
can be found, this may be used to initialise and tune aCP-
MMH. To this end, we found that use of a linear noise
approximation (LNA) can work well, even in settings when
inferences made under the LNA are noticeably discrepant,
compared to those obtained under the SDE. In scenarios
where use of the LNA is not practical, a pilot run of aCP-
MMH can be used instead.

We compared the performance of aCPMMH with both
PMMH and CPMMH using three examples of increasing
complexity. In terms of overall efficiency (as measured
by minimum effective sample size per second), aCPMMH
offered an increase of up to a factor of 28 over PMMH. We
obtained comparable performance with CPMMH for a uni-
variate SDE application, and an increase of up to factors of
10 and 14 in two applications involving SDEs of dimension
2 and 4, respectively. Our experiments suggest that although
the mixing efficiency of aCPMMH increases with N, the
additional computational cost results in little benefit (in terms
of overall efficiency) over using N = 1. A special case of
aCPMMH (when p = 0 and N = 1) is the modified inno-
vation scheme of Golightly and Wilkinson (2008), which is
typically outperformed (in terms of overall efficiency) with
p > 0.

5.1 Limitations and future directions

There are some limitations of aCPMMH which form the basis
of future research. For example, in each of our applications
the associated latent process exhibits unimodal marginal dis-
tributions and linear dynamics between observation instants
that are well approximated by the modified diffusion bridge
construct. Extension to the multimodal case would require

an important proposal that captures the multimodality of the
marginal distributions of the true bridge between observation
instants. We refer the reader to the guided proposals of van
der Meulen and Schauer (2017) and Schauer et al. (2017) for
possible candidate proposal processes.

Additional directions for future research include the use of
methods based on adaptive proposals which may be of benefit
in both the parameter and latent state update steps. Proposal
mechanisms that exploit gradient information such as the
Hamiltonian Monte Carlo (HMC) method (Duane et al. 1987)
may also be of interest. We note that in the case of N = 1,
it is possible to directly calculate the required log-likelihood
gradient. For N > 1, importance samples generated from
7(xL|x?, 6) could be used to estimate

Vy logm(x°]6) = f Vg log 7 (x|0)7 (x%|x?, 0)dxt.

For a general discussion on the use of particle filters for
estimating log-likelihood gradients we refer the reader to
Poyiadjis et al. (2011); see also Nemeth et al. (2016). A com-
parison of aCPMMH with approaches that target the joint
posterior of the parameters and latent process also warrants
further attention; see e.g. Botha (2020) for an implementation
of the latter.

Although we have focussed on updating the latent states
in separate blocks (single site updating), other blocking
schemes may offer improved mixing efficiency. Alterna-
tively, it might be possible to reduce the number of latent
variables, for example, by only explicitly including latent
states in the joint posterior at every (say) kth observation
instant. The success of such a scheme is likely to depend on
the accuracy of an importance sampler that covers k observa-
tions, and whether or not the resulting likelihood estimates
can be made sufficiently correlated. This is the subject of
ongoing work.
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A Linear noise approximation (LNA)

The linear noise approximation (LNA) provides a tractable
approximation to the SDE in (1). We provide brief, intu-
itive details of the LNA and its implementation, and refer the
reader to Fearnhead et al. (2014) (and the references therein)
for an in-depth treatment.

A.1 Derivation and solution

Partition X; as
Xe=n + Ry, (25)

where {n;,t > 0} is a deterministic process satisfying the
ODE

dn;

- = 0‘(’71» 9)7

ar no = X0 (26)

and {R;, t > 0} is aresidual stochastic process. The residual
process (R;) satisfies

dR; = {a(X;,0) —a(n, 0)}dt + (X, 0)dW,  (27)

which will typically be intractable. A tractable approximation
can be obtained by Taylor expanding o (X, ) and B(X;, 6)
about ;. Retaining the first two terms in the expansion of «
and the first term in the expansion of S gives

dR, = HR;dt +/B(n,,0)dW, (28)
where H; is the Jacobian matrix with (i, j)th element

aai (nla 0)

(Hyp)i,j = o
]t

(29)

The motivation for the LNA is an underlying assumption that
[1X; — n¢]] is “small”, or in other words, that the drift term
o (X;, 0) dominates the diffusion coefficient 8(X;, ).

Given an initial condition Ry ~ N(Fy, Vo), we obtain
R, as a Gaussian random variable. The solution requires the
d x d fundamental matrix P; that satisfies the ODE

_ZHIPta

Py =1, 30
7 0 =1y (30)

where I is the d x d identity matrix. Now let U; = Pf] 1%;
and apply the 1t6 formula to obtain

dU; = P7'/B(ni, 6) dW.

Hence, we may write
t
U, = Uo+/ PRy, 6) dW,.
0

@ Springer

Appealing to linearity and It isometry we obtain

t T

Uilto ~ N {Uo, [ et (27) ds} SENEI
0
Therefore, for the initial condition above, we have that
Iét|R\O = ;"\0 ~ N <Pt;07 thtPtT) N
where
5 ! 1 N7
v = Vo +/ PG, 0) (P) ds.
0

Setting m; = P;7p and V, = Py, Pl gives
X Xo ~ N (n: +my, Vi)

where 7n;, m; and V; satisfy the coupled ODE system con-
sisting of (26) and

dmi _ ; (32)
— = Hym;, mgy =Ty,

dt 11y 0 0

av, .

T ViH; + B, 0) + H V;, Vo =0. (33)

In the absence of an analytic solution, this system of coupled
ODEs must be solved numerically. Note that if ng = x¢ so
that 7o = 0, m, = O for all times r > 0 and (32) need not be
solved.

A.2 Inference using the LNA

Consider the LNA as an inferential model. The posterior over
parameters and the latent process (at the observation times)
is denoted by ¥ (6, x°|y). We sample this posterior in two
steps. Firstly, a Metropolis—Hastings scheme is used to target
the marginal parameter posterior
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7@ @1y) oc 7)) p @ (y16) (34)

where p@ (y|0) is the marginal likelihood under the LNA.
Then, a sample x° is drawn from p@ (x°|0, y) for each 6
sample from step one. Note that p( (y|0) and p@ (x°|0, y)
are tractable under the LNA.

A forward filter is used to evaluate p®(y|@). Since the
parameters 6 remain fixed throughout the calculation of
p@(y|6), we drop them from the notation where possible.

Define y1.; = (31, ..., y,)T. It will additionally be help-
ful to adopt the notational convention that p(“)(yl [y1:0) =
p@(y1) and set p@(y1.0) = 1. Now suppose that Xy ~
N (ao, Co) a priori. The marginal likelihood p® (y|0) under
the LNA can be obtained using Algorithm 5.

Hence, samples of 6 can be obtained from rr(“)(9| y)
by running a Metropolis—Hastings scheme with target (34).
Then, for each (thinned) 6 draw, x° can be sampled from
@ (x°|6, y) using a backward sampler (see Algorithm 6).

Algorithm 5 LNA forward filter
1. Fort=0,...,n—1,

(a) Prior at ¢ + 1. Initialise the LNA with n;, = a;, V; = C; and
P, = 1. Integrate the ODEs (26), (33) and (30) forward to
t + 1 to obtain 9,41, Vi4+1 and P4 .

(b) One step forecast. Using the observation equation (2), we have
that
Yetlyra ~ N (FTnsr, FTVin F+ ).
Compute the updated marginal likelihood

PO = PGP i [y1)
= P(“)(yu)
X N()’t+l s FTopegr, FTVi F + E).
(c) Posterior at ¢ + 1. Combining the distributions in (a) and (b)

gives the joint distribution of X;4| and Yy (conditional on
yl:t) as

Xev1) N Ne+1 Vit Vip1 F

Yis1 Fln) " \FTVigt FTVip F+ X
and therefore X;11|y1:r+1 ~ N(as+1, Cr+1), where

-1
art1 = M+1 + Vip F (FTV,+1F + E)
X (Yr+1 - FTﬁr+1)
T -1 T

Crvt = Viet = Verr F (FTVit F+ E) FT Vi

Store the values of a;11, Ci41, Nr4+1, Vit1 and Pryg.

Algorithm 6 LNA backward sampler

1. First draw x, from X, |y ~ N(a,, Cy).
2. Fort=n—-1,n-2,...,1,

(a) Joint distribution of X, and X;;;. Note that X;|y;; ~
N(ay, Cy). The joint distribution of X, and X (conditional
on i) is

(et = 4Gr) - G Sl
Xi41 Ne+1 PG Vig
(b) Backward distribution. The distribution of X;|X;+1, y1;; is

N(;, C;), where

4 =a;+ C PV (it — i)
Cr=Ci = CPL VP Cr

Draw x; from X;|X,+1, y1r ~ N(ar, Cy).

References

Andrieu, C., Doucet, A., Holenstein, R.: Particle Markov chain Monte
Carlo for efficient numerical simulation. In: L’Ecuyer, P., Owen,
A.B. (eds.) Monte Carlo and Quasi-Monte Carlo methods 2008,
pp- 45-60. Spinger, Heidelberg (2009)

Andrieu, C., Doucet, A., Holenstein, R.: Particle Markov chain Monte
Carlo methods (with discussion). J. R. Statist. Soc. B 72(3), 1-269
(2010)

Andrieu, C., Roberts, G.O.: The pseudo-marginal approach for efficient
computation. Annal. Statistics 37, 697-725 (2009)

Arkin, A., Ross, J.,, McAdams, H.H.: Stochastic kinetic analy-
sis of developmental pathway bifurcation in phage A-infected
Escherichia coli cells. Genetics 149, 1633-1648 (1998)

Arnaudon, A., van der Meulen, F., Schauer, M., and Som-
mer, S.: Diffusion bridges for stochastic Hamiltonian sys-
tems with applications to shape analysis. Available from
http://arxiv.org/abs/2002.00885(2020)

Bérard, J., Del Moral, P., Doucet, A.: A lognormal central limit theorem
for particle approximations of normalizing constants. Electron. J.
Prob. 19, 1-28 (2014)

Botha, I.: Bayesian inference for stochastic differential equation mixed
effects models. Mphil thesis, Queensland University of Technol-
0gy(2020)

Chen, N., Giannakis, D., Herbei, R., Majda, A.J.: An MCMC algorithm
for parameter estimation in signals with hidden intermittent insta-
bility. SIAM/ASA J. Uncertain. Quantification 2, 647-669 (2014)

Choppala, P., Gunawan, D., Chen, J., Tran, M.-N., and Kohn,
R.:Bayesian inference for state space models using block
and correlated pseudo marginal methods. Available from
http://arxiv.org/abs/1311.3606(2016)

Dahlin, J., Lindsten, F., Kronander, J., and Schoén, T. B.
Accelerating pseudo-marginal Metropolis-Hastings
by correlating auxiliary  variables.  Available from
https://arxiv.1511.05483v1(2015)

Del Moral, P.: Feynman-Kac Formulae: Genealogical and Interacting
Particle Systems with Applications. Springer, New York (2004)

Deligiannidis, G., Doucet, A., Pitt, M.K.: The correlated pseudo-
marginal method. J. R. Soc. Series B (Statistic. Methodol.) 80(5),
839-870 (2018)

Doucet, A., Pitt, M.K., Deligiannidis, G., Kohn, R.: Efficient imple-
mentation of Markov chain Monte Carlo when using an unbiased
likelihood estimator. Biometrika 102(2), 295-313 (2015)

@ Springer



21 Page180f18

Statistics and Computing (2022) 32:21

Duane, S., Kennedy, A.D., Pendleton, B.J., Roweth, D.: Hybrid Monte
Carlo. Phys. Lett. B 195, 216-222 (1987)

Durham, G.B., Gallant, R.A.: Numerical techniques for maximum like-
lihood estimation of continuous time diffusion processes. J. Bus.
Econ. Stat. 20, 279-316 (2002)

Fearnhead, P., Giagos, V., Sherlock, C.: Inference for reaction networks
using the linear noise approximation. Biometrics 70, 456-457
(2014)

Fearnhead, P., Meligkotsidou, L.: Augmentation schemes for particle
MCMC. Statistics and Computing 26, 1293-1306 (2016)

Feller, W.: The parabolic differential equations and the associated semi-
groups of transformations. Annal. Math. 55, 468-519 (1952)
Fuchs, C.: Inference for Diffusion Processes with Applications in Life

Sciences. Springer, Heidelberg (2013)

Golightly, A., Bradley, E., Lowe, T., Gillespie, C.S.: Correlated pseudo-
marginal schemes for time-discretised stochastic kinetic models.
CSDA 136, 92-107 (2019)

Golightly, A., Wilkinson, D.J.: Bayesian inference for stochastic kinetic
models using a diffusion approximation. Biometrics 61(3), 781—
788 (2005)

Golightly, A., Wilkinson, D.J.: Bayesian inference for nonlinear mul-
tivariate diffusion models observed with error. Comput. Statistics
Data Anal. 52(3), 1674-1693 (2008)

Golightly, A., Wilkinson, D.J.: Markov chain Monte Carlo algorithms
for SDE parameter estimation. In: Lawrence, N.D., Girolami, M.,
Rattray, M., Sanguinetti, G. (eds.) Learning and Inference in Com-
putational Systems Biology. MIT Press (2010)

Golightly, A., Wilkinson, D.J.: Bayesian parameter inference for
stochastic biochemical network models using particle Markov
chain Monte Carlo. Interface Focus 1(6), 807-820 (2011)

Kalogeropoulos, K., Roberts, G., Dellaportas, P.: Inference for stochas-
tic volatility models using time change transformations. Annal.
Statistics 38, 784-807 (2010)

Majda, A.J., Franzke, C., Crommelin, D.: Normal forms for reduced
stochastic climate models. PNAS 106, 3649-3653 (2009)

Nemeth, C., Fearnhead, P., Mihaylova, L.: Particle approximations of
the score and observed information matrix for parameter esti-
mation in state space models with linear computational cost. J.
Comput. Gr. Statistics 25, 1138-1157 (2016)

Owen, J., Wilkinson, D.J., Gillespie, C.S.: Scalable inference for
Markov processes with intractable likelihoods. Statistics Comput.
25, 145-156 (2015)

Papaspiliopoulos, O., Roberts, G.O., Stramer, O.: Data augmentation
for diffusions. J. Comput. Gr. Statistics 22, 665-688 (2013)
Picchini, U., Forman, J.L.: Bayesian inference for stochastic differential
equation mixed effects models of a tumour xenography study. J.

R. Statistical Soc. Series C 68, 887-913 (2019)

Pitt, M.K., dos Santos Silva, R., Giordani, P., Kohn, R.: On some prop-
erties of Markov chain Monte Carlo simulation methods based on
the particle filter. J. Econometrics 171(2), 134—151 (2012)

Plummer, M., Best, N., Cowles, K., Vines, K.: CODA: convergence
diagnosis and output analysis for MCMC. R News 6(1), 7-11
(2006)

Poyiadjis, G., Doucet, A., Singh, S.S.: Particle approximations of the
score and observed information matrix in state space models with
application to parameter estimation. Biometrika 98, 65-80 (2011)

Roberts, G.O., Stramer, O.: On inference for non-linear diffusion
models using Metropolis-Hastings algorithms. Biometrika 88(3),
603-621 (2001)

Schauer, M., van der Meulen, F., van Zanten, H.: Guided proposals
for simulating multi-dimensional diffusion bridges. Bernoulli 23,
2917-2950 (2017)

Sherlock, C., Thiery, A., Roberts, G.O., Rosenthal, J.S.: On the effciency
of pseudo-marginal random walk Metropolis algorithms. Annal.
Statistics 43(1), 238-275 (2015)

@ Springer

Stathopoulos, V., Girolami, M.A.: Markov chain Monte Carlo inference
for Markov jump processes via the linear noise approximation.
Philosophic. Transactions R. Soc. A 371, 20110541 (2013)

Stramer, O., Bognar, M.: Bayesian inference for irreducible diffusion
processes using the pseudo-marginal approach. Bayesian Anal. 6,
231-258 (2011)

Stramer, O., Shen, X., Bognar, M.: Bayesian inference for Heston-STAR
models. Statistics Comput. 27, 331-348 (2017)

Tran, M.-N., Kohn, R., Quiroz, M., and Villani, M.:Block-
wise pseudo-marginal Metropolis-Hastings. Available from
http://arxiv.org/abs/1603.02485(2016)

van der Meulen, F., Schauer, M.: Bayesian estimation of discretely
observed multi-dimensional diffusion processes using guided pro-
posals. Electron. J. Statistics 11, 2358-2396 (2017)

Whitaker, G.A., Golightly, A., Boys, R.J., Sherlock, C.: Improved
bridge constructs for stochastic differential equations. Statistics
Comput. 27, 885-900 (2017)

Wilkinson, D.J.: Stochastic Modelling for Systems Biology. Chapman
& Hall/CRC Press, Boca Raton, Florida (2018)

Publisher’s Note Springer Nature remains neutral with regard to juris-
dictional claims in published maps and institutional affiliations.



	Augmented pseudo-marginal Metropolis–Hastings for partially observed diffusion processes
	Abstract
	1 Introduction
	2 Bayesian inference via time discretisation
	2.1 Pseudo-marginal Metropolis–Hastings (PMMH)
	2.2 Correlated pseudo-marginal Metropolis–Hastings (CPMMH)

	3 Augmented CPMMH (aCPMMH)
	3.1 Sequential importance sampling
	3.2 Algorithm
	3.3 Connection with existing samplers for SDEs
	3.4 Initialisation and tuning choices


	4 Applications
	4.1 Square-root diffusion process
	4.2 Lotka–Volterra
	4.3 Autoregulatory gene network

	5 Discussion
	5.1 Limitations and future directions

	A Linear noise approximation (LNA)
	A.1 Derivation and solution
	A.2 Inference using the LNA

	References




