
Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalInformation?journalCode=unht20

Numerical Heat Transfer, Part A: Applications
An International Journal of Computation and Methodology

ISSN: (Print) (Online) Journal homepage: https://www.tandfonline.com/loi/unht20

Simplified PN finite element approximations for
coupled natural convection and radiation heat
transfer

Jaafar Albadr, Mofdi El-Amrani & Mohammed Seaid

To cite this article: Jaafar Albadr, Mofdi El-Amrani & Mohammed Seaid (2023) Simplified
PN finite element approximations for coupled natural convection and radiation
heat transfer, Numerical Heat Transfer, Part A: Applications, 83:5, 478-502, DOI:
10.1080/10407782.2022.2091897

To link to this article:  https://doi.org/10.1080/10407782.2022.2091897

© 2022 The Author(s). Published with
license by Taylor & Francis Group, LLC

Published online: 05 Jul 2022.

Submit your article to this journal Article views: 694

View related articles View Crossmark data

Citing articles: 1 View citing articles 

https://www.tandfonline.com/action/journalInformation?journalCode=unht20
https://www.tandfonline.com/loi/unht20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/10407782.2022.2091897
https://doi.org/10.1080/10407782.2022.2091897
https://www.tandfonline.com/action/authorSubmission?journalCode=unht20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=unht20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/10407782.2022.2091897
https://www.tandfonline.com/doi/mlt/10.1080/10407782.2022.2091897
http://crossmark.crossref.org/dialog/?doi=10.1080/10407782.2022.2091897&domain=pdf&date_stamp=2022-07-05
http://crossmark.crossref.org/dialog/?doi=10.1080/10407782.2022.2091897&domain=pdf&date_stamp=2022-07-05
https://www.tandfonline.com/doi/citedby/10.1080/10407782.2022.2091897#tabModule
https://www.tandfonline.com/doi/citedby/10.1080/10407782.2022.2091897#tabModule


Simplified PN finite element approximations for coupled
natural convection and radiation heat transfer

Jaafar Albadra, Mofdi El-Amranib, and Mohammed Seaida

aDepartment of Engineering, University of Durham, England, UK; bDpto. Matem�aticas Applicada, Universidad
Rey Juan Carlos, M�ostoles, Madrid, Spain

ABSTRACT
This article focuses on the effect of radiative heat on natural convection
heat transfer in a square domain inclined with an angle. The left vertical
wall of the enclosure is heated while maintaining the vertical right wall at
room temperature with both adiabatic upper and lower horizontal walls.
The governing equations are Navier–Stokes equations subjected to
Boussinesq approximation to account the change in density. The natural
convection–radiation equations are solved continuously to obtain the tem-
perature, velocity and pressure. Taylor–Hood finite element approach has
been adopted to solve the equations using triangular mesh. Effects of
Rayleigh number, Planck constant and optical depth on the results are
considered, presented and analyzed. Results show that the adiabatic walls,
Planck constant as well as the inclined angle play an important role in the
distribution of heat transfer inside the cavity.
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1. Introduction

Natural convection–radiation heat transfer problems can be found in many industrial and realistic
applications such as building insulations, double glazed windows and solar collectors. Among the
past work, in [1] numerical calculations have been done for obtaining results for a square cavity at
Rayleigh numbers between 103 and 106 as a benchmark solution. Finite volume method (FVM) has
been adopted to solve Navier–Stokes equations and discrete ordinates methods (DOM) has been
accounted for the radiative transfer equations (RTE). Results showed that different values of
Rayleigh number (Ra) and optical thickness s affect on the transfer of heat across the cavity.
However, the study was limited to a fixed Planck constant (Pl) of 0.1 without considering the effect
of the inclined angle. In [2], natural convection–radiation interaction has been studied a square
enclosure at different values of Pl, s and Ra. RTE has been solved utilizing five different
approaches, DOM, FVM, P1, SP3 and P3. Nevertheless, the study was limited as the effect of the
inclined angel has not been considered. Furthermore, in [3] numerical investigation has been con-
ducted for natural thermal flow under laminar and turbulent conditions inside a square cavity using
the control volume method with Ra up to 1010. Nonetheless, only convection heat has been investi-
gated to solve the conservation equations. Likewise, in [4] a combined heat transfer of radiation
and natural convection study has been investigated in a square cavity containing participating gases.
The effect of Ra of values between 103 and 106 with s values from 0 to 100 on temperature, velocity
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distribution and Nusselt numbers have been studied. The study on the other hand was limited to
convection heat transfer and cannot be used for complex geometries as finite difference method
(FDM) has been used. Moreover, in [5, 6] P1 approximation for representing the radiative heat
transfer has been utilized in narrow vertical cavities. The effect of radiation on the transition, con-
duction and boundary condition has been dealt with. However, the study was limited to P1
approximation without the effect of the inclined angle. Additionally, [7, 8] investigated the inter-
action between natural convection and radiation with and without participating media for an
undivided cavity with wide range of Ra and Pl. However, in [7] FDM has been considered which
cannot be used for complex geometries and in [8], the effect of optical depth and the inclined angle
have not been presented. In [9], radiation–natural convection heat transfer has been investigated in
an inclined rectangular enclosure at different Rayleigh numbers and inclined angles using FVM for
solving the governing equations. It has been found a reduction in the effect of heat transfer when
the increase in the inclined angle was considered. The study however didn’t consider the effect of
Pl or the s. In [10], an absorbing, emitting and isotropically scattering medium at three different
Ra and a wide range of radiation–conduction parameters have been studied inside a square enclose
using nonlinear successive–over-relaxation method for combining radiation and convection–con-
duction heat transfer. Yet, the effect of the inclined angle, Pl and s have not been taken into
account. In [11], interaction effect between convection and radiation has been taken into account
in a square cavity with inclined angle. The method used is FDM which is limited to simple geome-
tries. Results showed the heat transfer were affected by the inclined angle, emissivity and Ra. The
result was limited to a constant s of unity and Pl of 0.1. Furthermore, in [12], a numerical study
has been considered for the effect of radiation–convection heat transfer in a slanted cavity with two
different angles of 45� and 60�. FVM has been considered with different ranges of s. The study was
limited to one value of Ra at a fixed Pl. Moreover, in [13], convection radiation heat transfer has
been investigated experimentally and numerically. The numerical investigation has been done using
finite volume CFD code ANSYS Fluent. The study has been considered variety values of Ra and
inclined angle. Results showed that the maximum heat rate was at an inclined angle of 0. The limi-
tations in this study were regulating the effect of radiation as the commercial software can deal
with radiation transfer equations properly. In addition, in [14], a numerical investigation has been
carried out based on thermosolute buoyancies with Soret and Dufour effects for double-diffusive
convection. The model has been discretized using FVM and solved utilizing SIMPLE algorithm
with QUICK scheme in nonuniform staggered mesh. Heat transfer characteristics has been investi-
gated with different values of Ra, Soret and Dufour coefficients, aspect ratios and buoyancy ratios.
The average Sherwood as well as Nusselt numbers was kept constant without considering the radi-
ation effect or the inclined angle. what is more, in [15], a numerical analysis of combined double
diffusion radiation convection transfer of heat in a square cavity has been conducted using FDM
and DOM for the RTE. Results showed that heat transfer was affected by s. However, the study
used FDM which can only be used for simple geometries and the effect of Pl and the inclined angle
were not investigated. Furthermore, in [16], a convection–radiation transfer of heat has been
accounted for a rotating cavity of a square shape with a local heater. The nondimensional mathem-
atical formulation has been solved by FDM. The influence of Ra, Nusselt number, Taylor number,
emissivity and Ostrogradsky number on the natural heat flow has been studied. The results showed
that the increase in the emissivity as well as the rotation reduce the temperature inside the heating
element. Notwithstanding, the study cannot be applied to complex geometries due to the limitations
of FDM. Likewise, in [17], a double-diffusive natural convection study for Soret and Dufour effects
as well as viscosity dissipation in a square cavity filled with Bingham fluid has been simulated by
FD Lattice Boltzmann technique. Various values of Ra, Lewis number, Bingham number, Echert
number, Dufour and Soret parameters, Buoyancy ratio and inclined angle has been carried out.
Results showed that mass transfer increases with the increase in Soret parameter while the heat
transfer increases with the increase in Dufour parameter for different values of Ra and Bingham
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numbers. The rise in both Dufour and Soret parameters enhances the raises the fluid friction and
enhances the generation of entropy. Results also showed that the growing in the buoyancy ration
boosts heat and mass transfer. The augmentation of Eckret number decreases the transfer of heat
while the increase in Ra number decreases the average Bejan number. From another point of view,
the study cannot be used for considering complex geometries and it misses the effect of radiation
heat transfer. A thorough investigation of the numerical performance of the SPN hierarchy in the
context of coupled radiation, convection and diffusion problems are given. We examine the accur-
acy and efficiency of the SPN approximations of radiative transfer for natural convection problems
in a square enclosure with the effect of the inclined angle. The vertical walls of the enclosure are
heated with uniform different temperatures and the horizontal walls are adiabatic. A Boussinesq
approximation of the Navier–Stokes equations is employed for the fluid subject to combined nat-
ural convection and radiation. Coupled with the SPN models, the system of equations results into a
set of partial differential equations independent of the angle variable and easy to be numerically
solved using standard computational fluid dynamics methods. We believe that this is the first inves-
tigation on the effect of convection–radiation heat transfer using Taylor Hood finite element
method with SP3 approximations. Previous studies failed to show a noticeable difference between
radiation and pure convection. This is due to the fact that previous researchers focused on consid-
ering the P1 radiative equations which are discussed in this article. Furthermore, to the best of our
knowledge another novelty lies in the complex geometry heater that is added to the square cavity
with two different inclined angles.

The article is organized as follows. In Section 2 Geometric set up and an introduction to the
coupled system consisting of the Boussinesq approximation and the radiative transfer equation will be
presented. The .. approximations are formulated in Section 3, where we will especially introduce the
SP0, SP1 and the SP3 systems. The numerical methods for the solution of theses coupled systems are
based on a characteristic-Galerkin method which is presented in Section 4. Section 5 shows the valid-
ation for the code. Finally, numerical results are discussed in Section 6, where we compare the differ-
ent models for different flow and radiation regimes. Especially, we present numerical comparisons for
a wide range of physical parameters, e.g. the optical depth, the Prandtl number, the Planck constant
and the Rayleigh number. Conclusions are given in Section 7.

2. Equations for natural convection–radiation

A schematic of the system considered in the present work is shown in Figure 1. The system con-
sists of a squared enclosure with sides of length L and inclination angle h0 subject to a thermal

Figure 1. The geometry of the squared cavity used in the current study.

480 J. ALBADR ET AL.



variation ðT 0
H � T

0
CÞ, where T

0
H and T

0
C are temperatures of the hot and cold boundary walls.

Here and in what follows, primed variables refer to dimensional quantities. The enclosure consists
of a gray, absorbing, emitting and nonscattering fluid surrounded by rigid black walls. The fluid
is Newtonian and all the thermo-physical properties are assumed to be constant, except for dens-
ity in the buoyancy term that can be adequately modeled by the Boussinesq approximation while
compression effects and viscous dissipation are neglected [18]. With these assumptions, the gov-
erning equations consist of:

Conservation of mass:

@u0

@x
þ @v0

@y
¼ 0: (2.1)

Conservation of x-momentum:

@u0

@t
þ u0

@u0

@x
þ v0

@u0

@y
þ 1
q
@p0

@x
¼ �

@2u0

@x2
þ @2u0

@y2

 !
þ gb T0 � T1ð Þ sin h0: (2.2)

Conservation of y-momentum:

@v0

@t
þ u0

@v0

@x
þ v0

@v0

@y
þ 1
q
@p0

@y
¼ �

@2v0

@x2
þ @2v0

@y2

 !
þ gb T0 � T1ð Þ cos h0: (2.3)

Conservation of energy:

q1cp
@T0

@t
þ u0

@T0

@x
þ v0

@T0

@y

� �
¼ k

@2T0

@x2
þ @2T0

@y2

 !
�r � Q0

R: (2.4)

where T1 is the reference temperature, q1 the reference density, u0 ¼ ðu0 , v0ÞT the velocity field,
p0 the pressure, T0 the temperature, � the kinematic viscosity, cp the specific heat at constant pres-
sure, g the gravity constant, b the coefficient of thermal expansion, and k the thermal conductiv-
ity. The effect of radiation is taken into consideration in the energy equation as the divergence of
radiative heat flux, r � Q0

R: For a gray medium, this term is given by

�r � Q0

R ¼
ð
S
2
jðB0ðT0Þ � I0Þ dx, (2.5)

where I0 ¼ I0ðx, xÞ is the spectral intensity at position x ¼ ðx, yÞT and propagating along the
angular direction x in the unit sphere S

2: For a nonscattering medium, the intensity I0 is
obtained from the radiative transfer equation

x � rI0 þ jI0 ¼ jB0ðT0Þ, (2.6)

where j is the absorption coefficient and B0ðTÞ is the spectral intensity of the black-body radi-
ation given by the Planck function [19].

B0ðTÞ ¼ rBT
4, (2.7)

with rB is the Boltzmann constant. Since it is convenient to work with dimensionless formula-
tions, we define the following nondimensional variables

a ¼ k
qcp

, x ¼ x0

L
, t ¼ at0

L2
, u ¼ Lu0

a
, p ¼ p0L2

q1a2
, T ¼ T0 � T0

C

T 0
H � T 0

C

,

j ¼ j0

j1
, I ¼ I0

rBT4
1
, QR ¼ Q

0
R

rBT4
1
, h ¼ h0

h1
, j ¼ T0

H � T0
C

T1
:
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where a is thermal diffusivity, j is a general parameter used in the calculation of the nondi-
mensional radiation energy. We also define the optical depth s, the Prandtl number Pr, the
Rayleigh number Ra, and the Planck constant Pl, as

s ¼ jrefL, Pr ¼ �

a
, Ra ¼ bgðT 0

H � T
0
CÞL3

�a
, Pl ¼ jk

rBT2
1L

: (2.8)

Hence, Equations (2.1)–(2.4) can be rewritten in dimensionless form as

r � u ¼ 0,

Du
Dt

þrp� Prr2u ¼ RaPrTe,

DT
Dt

�r2T ¼ � 1
Pl
r � QR,

(2.9)

where e ¼ ð sin h, cos hÞT is the unit vector associated with the inclination angle and Dw
Dt is the

material derivative of any physical variable w defined by

Dw
Dt

¼ @w
@t

þ u � rw: (2.10)

The dimensionless radiative heat flux is given by

r � QR ¼ 1
s
ðu� BðTÞÞ, (2.11)

where u is the total incident radiation defined as

uðxÞ ¼
ð
S
2
Iðx, xÞ dx: (2.12)

The scaled Planck function is given by

BðTÞ ¼ 4T4:

The radiative transfer equation (2.6) can be rewritten in a dimensionless as

sx � rI þ jI ¼ jBðTÞ: (2.13)

To formulate a well-posed problem, Equations (2.9) and (2.13) have to be solved in a bounded
domain X with a smooth boundary @X and subject to given initial and boundary conditions. As
shown in Figure 1:

@X ¼ C1 [ C2 [ C3 [ C4, (2.14)

where C1 and C3 represent the hot and cold walls, respectively, whereas C2 and C4 are adiabatic
walls. Hence, the boundary conditions are

uðt, x̂Þ ¼ 0, 8 x̂ 2 @X, (2.15)

for the flow, and

Tðt, x̂Þ ¼ TH , 8 x̂ 2 C1,

Tðt, x̂Þ ¼ TC, 8 x̂ 2 C3,

nðx̂Þ � rTðt, x̂Þ ¼ 0, 8 x̂ 2 C2 [ C4,

(2.16)

for the temperature. In (2.16), nðx̂Þ denotes the outward unit normal in x̂ with respect to @X:
For the radiative transfer, the boundary conditions are for diffuse black walls
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Iðx̂,xÞ ¼ BðTHÞ, 8 x̂ 2 C�
1 ,

Iðx̂,xÞ ¼ BðTCÞ, 8 x̂ 2 C�
3 ,

nðx̂Þ � rIðt, x̂Þ ¼ 0, 8 x̂ 2 C�
2 [ C�

4 ,

(2.17)

where the boundary regions C�
i are defined as

C�
i ¼ x̂ 2 Ci : nðx̂Þ � x < 0

� �
, i ¼ 1, :::, 4:

3. Simplified PN equations

It is evident that the coupled problem presented in Section 2 is numerically involved due to the
directional dependence of the radiative intensity. A major reduction of the discrete phase space
can be achieved, if one replaces the radiative transfer equation by a new model which only
involves physical quantities independent of the angular direction. One possibility to do so is the
usage of the so-called simplified PN approximations [19]. For the sake of completeness, we briefly
formulate the asymptotic analysis of the radiative transfer equation The starting point is to
rewrite equation (2.13) as

1þ s
j
x � r

� �
I ¼ BðTÞ:

Then, we apply a Neumann series to formally invert the transport operator

I ¼ 1þ s
j
x � r

� ��1

BðTÞ,

� 1� s
j
x � r þ s2

j2
x � rð Þ2 � s3

j3
x � rð Þ3 þ � � �

� �
BðTÞ:

Integrating respect to x over all directions in the unit sphere S
2 and usingð

S
2
ðx � rÞndx ¼ ð1þ ð�1ÞnÞ 2p

nþ 1
rn,

we obtain the formal asymptotic equation for u

4pBðTÞ ¼ 1� s2

3j2
r2 � 4s4

45j4
r4 � 44s6

945j6
r6

� �
uþOðs8Þ: (3.1)

When terms of Oðs2Þ, Oðs4Þ, Oðs6Þ or Oðs8Þ are neglected, we obtain the SP0, SP1, SP2 or
SP3 approximations, respectively. Higher order approximations can be derived in a simi-
lar manner.

The SP0 approximation reduces (3.1) to

u ¼ 4pBðTÞ: (3.2)

This corresponds to the thermodynamic equilibrium for which the radiation effects are
dropped out from the energy equation in (2.9). In the present work, we consider only the SP1

and SP3 approximations and our techniques can be straightforwardly extended to other SPN

approximations. Thus,
The SP1 approximation:

4pBðTÞ ¼ u� s2

3j2
r2uþOðs4Þ,

which is equivalent to
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� s2

3j
r2uþ ju ¼ 4pjBðTÞ: (3.3)

The SP3 approximation:

4pBðTÞ ¼ 1� s2

3j
r2 � 4s4

45j4
r4 � 44s6

945j6
r6

� �
uþOðs8Þ,

and its associated equations are given by

� s2

j
l21r2u1 þ ju1 ¼ 4pjBðTÞ,

� s2

j
l22r2u2 þ jku2 ¼ 4pjBðTÞ:

(3.4)

The new variables u1 and u2 in (3.4) are related to the total incident intensity (2.12) by

u ¼ c2u1 � c1u2

c2 � c1
: (3.5)

Once the mean intensity u is obtained from the above SPN approximations the radiative heat
flux is formulated as in (2.11). The boundary conditions for SPN approximations are derived
from variational principles and are strongly connected to the PN approximations Marshak’s con-
ditions, compare [19]. Here, we formulate boundary conditions for the SPN approximations
which are consistent with temperature boundary conditions (2.16). For more general formulation
of these boundary conditions and further details are there in [20]. Hence, the boundary condi-
tions for the SP1 equation (3.3) are

s
3j

nðx̂Þ � ruðt, x̂Þ þ uðt, x̂Þ ¼ B THð Þ, 8 x̂ 2 C1,

s
3j

nðx̂Þ � ruðt, x̂Þ þ uðt, x̂Þ ¼ B TCð Þ, 8 x̂ 2 C3,

nðx̂Þ � ruðt, x̂Þ ¼ 0, 8 x̂ 2 C2 [ C4:

(3.6)

For the SP3 equations (3.4), boundary conditions are given by
s
j
nðx̂Þ � ru1ðt, x̂Þ þ a1u1ðt, x̂Þ ¼ g1B THð Þ þ b2u2ðt, x̂Þ, 8 x̂ 2 C1,

s
j
nðx̂Þ � ru1ðt, x̂Þ þ a1u1ðt, x̂Þ ¼ g1B TCð Þ þ b2u2ðt, x̂Þ, 8 x̂ 2 C3,

s
j
nðx̂Þ � ru2ðt, x̂Þ þ a2u2ðt, x̂Þ ¼ g2B THð Þ þ b1u1ðt, x̂Þ, 8 x̂ 2 C1,

s
j
nðx̂Þ � ru2ðt, x̂Þ þ a2u2ðt, x̂Þ ¼ g2B TCð Þ þ b1u1ðt, x̂Þ, 8 x̂ 2 C3,

nðx̂Þ � ru1ðt, x̂Þ ¼ nðx̂Þ � ru2ðt, x̂Þ ¼ 0, 8 x̂ 2 C2 [ C4:

(3.7)

It is noteworthy that these parameters are valid only when nonreflective boundary conditions
are supplied to the radiative transfer equation (2.13). In [20], mathematical formulae to handle
more general boundary conditions in (2.13) are provided.

4. Numerical solution procedure

Since standard Galerkin discretization leads to the central difference approximation of differential
operators, Galerkin approximations to the convection equations usually suffer instability prob-
lems. Among various techniques to improve stability, streamline upwind Petrov–Gealerkin,
Taylor–Galerkin and characteristic-Galerkin schemes have gained some popularity. The character-
istic-Galerkin scheme discretizes the original equation in time along the characteristic curves
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before applying the spatial discretization. It can be implemented in the framework of standard
Galerkin finite element formulation. In this section we briefly describe the ingredients of the
numerical scheme used and for more details we refer to [21–24] and further references are
cited therein.

Let us choose a time step Dt and discretize the time domain into subintervals ½tn, tnþ1� with
tn ¼ nDt and n ¼ 0, 1, :::: For any generic function w we denote wnðxÞ ¼ wðx, tnÞ, we also denote
by Xðx, tnþ1; tÞ the characteristic curves associated with the material derivative (2.10) which solve
the following initial value problem

dXðx, tnþ1; tÞ
dt

¼ u Xðx, tnþ1; tÞ, tð Þ, 8 ðx, tÞ 2 �X � tn, tnþ1½ �,

Xðx, tnþ1; tnþ1Þ ¼ x:
(4.1)

Notice that Xðx, tnþ1; tÞ ¼ ðXðx, tnþ1; tÞ,Yðx, tnþ1; tÞÞT is the departure point and represents the

position at time t of a particle that reaches the point x ¼ ðx, yÞT at time tnþ1: Hence, for all x 2
�X ¼ X [ @X and t 2 ½tn, tnþ1� the solution of (4.1) can be expressed as

Xðx, tnþ1; tnÞ ¼ x �
ðtnþ1

tn

u Xðx, tnþ1; tÞ, tð Þ dt: (4.2)

Accurate estimation of the characteristic curves Xðx, tnþ1; tnÞ is crucial to the overall accuracy
of the characteristic-Galerkin method. In this article, we used a method first proposed in [25] in
the context of semi-Lagrangian schemes to integrate the weather prediction equations. Details on
formulation and implementation of this step for characteristics-based methods can be found in
references [21, 26, 27] and are not repeated here.

The discretization of the space domain �X is proceed as follows. Given h0, 0 < h0 < 1, let h be
a spatial discretization parameter such that 0 < h < h0: We generate a quasi-uniform partition
Xh � �X of small elements T j that satisfy the following conditions:

i. �X ¼ [Ne
j¼1T j, where Ne is the number of elements of Xh.

ii. If T i and T j are two different elements of Xh, then

T i \ T j ¼
Pij, a mesh point, or
Cij, a common side, or
;, emptyset:

8<
:

iii. There exists a positive constant k such that for all j 2 f1, :::,Neg, dj
hj
> k ðhj 	 hÞ, where dj

is the diameter of the circle inscribed in T j and hj is the largest side of T j:

The conforming finite element spaces for velocity–temperature–radiation and pressure that we
use are Taylor–Hood finite elements Pm=Pm�1 i.e., polynomial of degree m 
 2 for fu, v,T,ug
and polynomial of degree m� 1 for {p} on simplices, respectively. An illustration is depicted in

Figure 2. Definition of Taylor–Hood finite element.
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Figure 2 for triangular mesh. It is known that for such elements the discrete velocity–temperatur-
e–radiation and pressure fields satisfy the inf-sup condition. This property guarantees the stability
and convergence of the approximate solutions, compare [28, 29]. These elements can be defined
as

Vh ¼ vh 2 C0ð�XÞ : vhjT j
2 SðT jÞ, 8 T j 2 Xh

n o
,

Qh ¼ qh 2 C0ð�XÞ : qhjT j
2 RðT jÞ, 8 T j 2 Xh

n o
,

where C0ð�XÞ denotes the space of continuous and bounded functions in �X, SðT jÞ and RðT jÞ are
polynomial spaces defined in T j as SðKjÞ ¼ PmðT jÞ for simplices, SðT jÞ ¼ QmðT jÞ for quadrilat-
erals, RðT jÞ ¼ Pm�1ðT jÞ for simplices and RðT jÞ ¼ Qm�1ðT jÞ for quadrilaterals. Hence, we for-
mulate the finite element solutions to unðxÞ, vnðxÞ, TnðxÞ, unðxÞ and pnðxÞ as

unh ¼
XM
j¼1

Un
j /j, vnh ¼

XM
j¼1

Vn
j /j, Tn

h ¼
XM
j¼1

Kn
j /j,

un
h ¼

XM
j¼1

nnj /j, pnh ¼
XN
j¼1

Pn
j wj,

(4.3)

where M and N are respectively, the number of velocity–temperature–radiation and pressure
mesh points in the partition Xh. The functions Un

j , V
n
j , K

n
j and Pnj are the corresponding nodal

values of unhðxÞ, vnhðxÞ, Tn
hðxÞ and pnhðxÞ, respectively. They are defined as Un

j ¼ unhðxjÞ, Vn
j ¼

vnhðxjÞ, K
n
j ¼ Tn

hðxjÞ and Pn
j ¼ pnhðyjÞ where fxjgMj¼1 and fyjg

N
j¼1 are the set of velocity–temperatur-

e–radiation and pressure mesh points in the partition Xh, respectively, so that N<M and

fy1, :::, yNg � fx1, :::, xMg: In (4.3), f/jgMj¼1 and fwjg
N
j¼1 are the set of global nodal basis functions

of Vh and Sh, respectively, characterized by the property /iðxjÞ ¼ dij and wiðyjÞ ¼ dij with dij
denoting the Kronecker symbol.

Assuming that, for all j ¼ 1, :::,M, the pairs ðXn
hj, T̂ jÞ and the mesh point values fUn

j ,V
n
j ,K

n
j g

are known, we compute the values fÛ n
j , V̂

n
j , K̂

n
j g as

Û
n
j :¼ unhðXn

hjÞ ¼
XM
k¼1

Uk/kðXn
hjÞ, V̂

n
j :¼ vnhðXn

hjÞ ¼
XM
k¼1

Vk/kðXn
hjÞ,

K̂
n
j :¼ Tn

hðXn
hjÞ ¼

XM
k¼1

Kk/kðXn
hjÞ:

(4.4)

Then, the solution fûn
hðxÞ, v̂nhðxÞ, T̂

n
hðxÞg at the characteristic feet is obtained by

ûn
hðxÞ ¼

XM
j¼1

Û
n
j /jðxÞ, v̂nhðxÞ ¼

XM
j¼1

V̂
n
j /jðxÞ, T̂

n
hðxÞ ¼

XM
j¼1

K̂
n
j /jðxÞ: (4.5)

We should mention that the conventional characteristic-Galerkin methods in [22, 23] evaluate

ûn
h, v̂

n
h and T̂

n
h using an L2-projection on the space of the velocity–temperature–radiation Vh. In

many applications, the evaluation of integrals in the L2-projection is difficult and computationally
very demanding.

The procedure to advance the solution of (2.9) and (3.3) or (2.9) and (3.4) from a time tn to
the next time tnþ1 can be carried out in the following steps:
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1. Solve for unþ1

� s2

3j
r2unþ1 þ junþ1 ¼ jBðT̂nÞ, (4.6)

subject to the boundary conditions (3.6) in case of SP1 approximation or

� s2

j
l21r2unþ1

1 þ junþ1
1 ¼ jBðT̂nÞ, (4.7)

� s2

j
l22r2unþ1

2 þ junþ1
2 ¼ jBðT̂nÞ,

unþ1 ¼ c2u
nþ1
1 � c1u

nþ1
2

c2 � c1
:

(4.8)

subject to the boundary conditions (3.7) in case of the SP3 approximation.
2. Solve for Tnþ1

Tnþ1 � T̂
n

Dt
�r2Tnþ1=2 ¼ � 1

jPl
r � Qnþ1

R , (4.9)

subject to the boundary conditions (2.16).
3. Solve for �unþ1

�unþ1 � ûn

Dt
þ crpn � Prr2�unþ1=2 ¼ RaPrTnþ1=2e, in X,

�unþ1 ¼ 0, on C:
(4.10)

4. Solve for �p and unþ1

unþ1 � �unþ1

Dt
þr�p ¼ 0, in X,

r � unþ1 ¼ 0, in X,

n � runþ1 ¼ 0, on C:

(4.11)

5. Update pnþ1

pnþ1 ¼ pn þ 2�p:

Figure 3. A comparison for the cross-sectional of the dimensionless temperature with Bajorek and Lloyd [31] and Vivek et al.
[11] (left) and the convective Nusselt number (right) at Ra ¼ 3.557� 105.
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In (4.9) and (4.10), Tnþ1=2 and �unþ1=2 are defined as

Tnþ1=2 ¼ 1
2
Tnþ1 þ 1

2
T̂

n
, �unþ1=2 ¼ 1

2
�unþ1 þ 1

2
ûn,

Note that, the solution of (4.11) leads to a pressure-Poisson problem for �p of the form

r2�p ¼ 1
Dt

r � �unþ1, in X,

n � r�p ¼ 0, on C:
(4.12)

Notice that, the integration of equations (4.6)–(4.12) for triangular elements is easy and
described in many text books, compare [30] among others. Furthermore, in the solution proced-
ure, four linear systems have to be solved at each time step to update the solution
pnþ1, unþ1, vnþ1,Tnþ1,unþ1
� �

from (4.6) to (4.12). To solve these linear systems in our method
we have implemented a preconditioned conjugate gradient algorithm

5. Code validation

The results have been extensively checked on benchmark problems to check the accuracy. For
verification of the numerical results, we have compared our results with different published cases.
The first validation that has been considered is comparing the accuracy of our code with the
experimental results obtained by Bajorek and Lloyd [31] for the pure heat convection an air-filled
vertical squared cavity with all surfaces coated in black. The right and left sides were the hot and
cold walls, while the bottom and top are maintained adiabatic. The results also have been vali-
dated with the simulation results obtained by Vivek et al. [11] for the convection heat transfer
for the temperature values at the mid-height of the domain. Figure 3 shows an excellent agree-
ment to the horizontal cross-sectional study for the dimensionless temperature at the middle of
the square cavity along with the Nusselt number validation on the hot wall with [11] at Ra ¼
3.557� 105, TH ¼ 312.1 K, TC ¼ 296.6 K. The next validation that has been considered is compar-
ing our results with the results obtained by [1] for pure convection. The upper and lower sides of
the cavity remained adiabatic, while heat transferred from the hot wall located on the left to the
cold wall which in on the right. Figure 4 shows a very good agreement with our results obtained
from the temperature contour at Ra ¼ 106. The third validation has been accounted for the pure
double diffusion for a squared enclosure. The right and left walls have been set as hot and cold
sources respectively with no heat transfer from the upper and lower walls. Figure 5 shows the iso-
therms results which show an agreement between the current study and the study that has been
done by [15] and [17] at Ra ¼ 104. The fourth Validation that has been investigated by compar-
ing our results with the results taken by [17] for double diffusion at Ra ¼ 105. Figure 6 shows
the agreement with our current study results for the temperature distribution across the square

Figure 4. A comparison for the temperature contours for the current study (right) and the results obtained by [1] at Ra ¼ 106.
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cavity with the same set of walls than have been adopted by the previous references. The fifth val-
idation examined is with the inclusion of the radiation transfer of heat in a squared cavity. Figure
7 shows the comparison that has been obtained with the results recorded by [2] for accounting
radiation at Ra ¼ 104, Pl ¼ 1.0, s¼ 5. It is worth mentioning that our approach is valid for low
values of s. In [2], it was reported that at high values of s, convective heat became dominant and
there was no effect for the radiation. We have performed the same exact values of the pertinent
parameters for calculating only the heat convection. Our results matches the results conducted by
[2] and shown in Figure 7. Our final validation that has been accounted for the effect of radia-
tion–convection. The current results have been compared with cross-sectional results examined
by [1] at Ra ¼ 104 and 105 with a fixed s of 1 and Pl ¼ 0.1. Figure 8 shows a very good agree-
ment with our results taken for the horizontal cross-sectional study for the temperature at the

Figure 5. A comparison for the temperature contour for the current study (right) and the results obtained by [15] (left) and the
results done by [17] (middle) at Ra ¼ 104.

Figure 6. A comparison for the temperature contours for the current study (right) and the results obtained by [17] at Ra ¼
105 (left).

Figure 7. A comparison for the temperature contours for the current study (right) and the results obtained by [2] at Ra ¼ 104,
Pl ¼ 1.0, s¼ 5 (left).
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middle of the enclosure. The second part of the validation is taking into account the inclined
angle as well as the circular heater inside the cavity. Figure 9 show an excellent match with the
results obtained by [17] at an angle value of 40� and with Ra ¼ 105 the inclined left and right
walls are the hot and cold walls respectively, while maintaining adiabatic inclined top and bottom

Figure 8. A comparison for the cross-sectional nondimensional temperature along the nondimensional� axis in the middle of
the square cavity obtained by [1] and the current study at Ra ¼ 104 (left) and Ra ¼ 105 (right) at Pl ¼ 0.1 and s¼ 1.

Figure 9. A comparison between the convection results from current study (right) and the results obtained by [17] (left) for an
angle of 40� and with Ra ¼ 105.

Figure 10. A comparison between the convection results from current study (right column) and the results obtained by [32]
(left column) for an angle of 40� (upper row) and an angle of 120� (lower row) with Ra ¼ 106.

490 J. ALBADR ET AL.



Figure 11. A comparison between the convection results from current study (right) and the results obtained by [33] (left) for an
angle of 60� with Ra ¼ 106.

Figure 12. A comparison between the convection results from current study (right column) and the results obtained by [34]
(left column) for an angle of 30� for Ra ¼ 105 (upper row) and Ra ¼ 106 lower row with a circular heater diameter of 0.1.
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walls. Another validation that has been accounted for with the results from two inclined angles of
40� and 120� obtained by [32] with Ra ¼ 106. Figure 10 shows a very good match with our con-
vective heat results. Another validation is also taken into consideration by comparing our results
with the results measure by [33] for a square enclosure with an inclined angle of 60� with Ra ¼
106. Figure 11 shows a close results compared with our conducted results. The final validation

Figure 13. Cross-sectional view of the annulus geometry with h is the angle that moves in a clockwise direction.

Figure 14. Comparison between our work and the published results from Kuehn and Goldstein [35], numerical data from Yang
and Kong [36] and simulation study from Vafai et al. [37] at an angle of 0� (left), 90� (middle) and an angle of 180� (right) for
values of Ra ¼ 5� 105 and Pr ¼ 0.7.

Figure 15. Comparison of convection–radiation results between the current study and the published work by Jha et al. [38] for
Pr ¼ 7, temperature difference parameter CT¼1.5, and perturbation parameter R¼ 0.1.
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Figure 16. Comparison of temperature plume between the current study (right) and the published simulation work by
Sheikholeslami et al. [39] (the left part of the left figure), interferograms from the experiment by Kuehn and Goldstein [35] (right
part of the left figure) and simulation by Yang and Kong [36] (middle) for Pr ¼ 0.706 and Ra ¼ 4.7� 104.

Figure 17. Temperature contour for the SP3 solution at Ra ¼ 104 (first row), Ra ¼ 105 (second row), Ra ¼ 106 (third row), and
Ra ¼ 107 (fourth row) with Pl ¼ 0.5 at h¼ 0� (first column), h¼ 30� (second column) and h¼ 60� (third column).
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considered is a cavity with inclined angle of 30� containing a circular heating source inside at
two values of Ra of 105 and 106 with a circular heater diameter of 0.1. the inclined left and right
walls are kept at cold temperatures while maintaining an inclined adiabatic upper and lower tem-
perature. Figure 12 show the convection heat transfer results between the current results and the
results done by [34].

5.1. Validation of convective–radiative heat transfer in a cylindrical annulus

Another validation that has been accounted for an annulus geometry shown in Figure 13.
Figure 13 shows the diameter of the inner pipe of the heat exchanger. L is the space between
the inner and the out pipes. TH is the hot temperature, TC is the cold temperature and h is
the angle of rotation that moves in a clockwise direction. The value L/D has been considered
according to the previous published work to match their dimensions. The first validation that

Figure 18. Temperature cross-sectional study for the pure convection SP0 and radiation–convection SP1 and SP3 solutions at Ra
¼ 104 (first row), Ra ¼ 105 (second row), Ra ¼ 106 (third row), and Ra ¼ 107 (fourth row) with Pl ¼ 0.2 at h¼ 0� (first column),
h¼ 30� (second column) and h¼ 60� (third column).
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has been considered in this study is a comparison of our convection heat transfer results with
experimental data from [35], numerical data from [36] and numerical data from [37] at Ra ¼
5� 105 and Pr ¼ 0.7 with three rotational angles of 0�, 90� and 180�. Figure 14 shows a good
match between the conducted results and the previous publish data. The second validation that
has been accounted for is the results conducted by Jha et al. [38] for the interaction of the nat-
ural convection heat with thermal radiation and our conducted results. Figure 15 illustrates an
acceptable match of results between the current study and the published work by Jha et al.
[38] for Pr ¼ 7, temperature difference parameter CT¼1.5 and perturbation parameter R¼ 0.1.
Another validation has been done by comparing the current study with the experimental results
conducted by [35], simulation done by [39] and simulation accomplished by [36] for values of
Ra ¼ 4.7� 104 and Pr ¼ 0.706. It can be seen from Figure 16 that the temperature plume is
in agreement with the mentioned results.

Figure 19. Temperature cross-sectional study for the pure convection SP0 and radiation-convection SP1 and SP3 solutions at Ra
¼ 104 (first row), Ra ¼ 105 (second row), Ra ¼ 106 (third row) and Ra ¼ 107 (fourth row) with Pl ¼ 0.5 at h¼ 0� (first column),
h¼ 30� (second column) and h¼ 60� (third column).

NUMERICAL HEAT TRANSFER, PART A: APPLICATIONS 495



6. Numerical results

6.1. Square cavity without internal heater

In all the results presented hereinafter, certain variables are kept fixed using our own heat trans-
fer characteristics and boundary conditions. The upper and the lower walls of the cavity are adia-
batic. The hot wall on the left side is at temperature TH¼228 �C while maintaining the
temperature of the cold wall on the right side TC ¼ 28 �C. Prandtl number Pr ¼ 0.707 and
s¼ 0.1 (as fluid flows inside the cavity is considered air [40]). Different values of Ra, Pl, the
inclined angle h are considered to study the effect of temperature distribution over the cavity.
The simulation experiments that are considered at Ra ¼ 104–107 with two different values of Pl
¼ 0.2 and 0.5 and three different angles h of 0�, 30� and 60�. Figure 17 shows the temperature
contour at a wide range of Ra with Pl ¼ 0.5 for SP3 approximations and for the considered
angles. It can be seen that the circulation of flow inside the cavity is affected by the inclined
angle. At h¼ 0� and 30�, the flow circulates in a clockwise direction. However, at h¼ 60�, the

Figure 20. Temperature contour for the SP3 solution at Ra ¼ 104 (first row), Ra ¼ 105 (second row), Ra ¼ 106 (third row), and
Ra ¼ 107 (fourth row) with Pl ¼ 0.2 at h¼ 0� (first column), h¼ 30� (second column) and h¼ 60� (third column).
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flow recirculates anti clockwise. This is due to the buoyancy forces. Although the upper and lower
surfaces are adiabatic, it should be noted that the temperature isotherms are not perpendicular to
the adiabatic walls owing to the presence of the inclined angle, the radiation and convection heat
transfer. The gradients of temperature increase at the top of the cavity as the hot air get less
dense (lighter) when it is heated up. However, when the inclined angle increases the direction of
the stagnant position gets affected by the buoyancy forces. It is worth mentioning that the recir-
culation of the flow covers the entire cavity and concentrated at the center of the cavity despite
the value of the angle. As the cavity is inclined, the buoyancy driving force for the natural con-
vection boundary layers will reduce, where the buoyancy term varies with cos(h). This kind of
the buoyancy flow has been monitored at h¼ 0

�
by [15]. The next step studies the effect of

Planck constant. Figures 18 and 32 show the cross-sectional study for temperature at the center
of the square cavity at the three mentioned angle for the considered Rayleigh numbers. At a Pl ¼
0.5, the ration of radiation to convection heat decreases, although this variation with optical
depth remains the same. When Rayleigh number increases, the effect of radiation decreases dra-
matically even at a lower value of Planck constant. his indicates that when convection is more

Figure 21. Temperature contour for the SP3 solution at Ra ¼ 104 (first row), Ra ¼ 105 (second row), Ra ¼ 106 (third row), and
Ra ¼ 107 (fourth row) with Pl ¼ 0.2 at h¼ 0� (first column), h¼ 30� (second column) and h¼ 60� (third column).
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intense, the effect of radiation gets smaller. For the case of Pl ¼ 0.2 in which the radiation is
more dominant over the conduction, isotherms are high, unlike the pure convection condition
where the heat did not reach the cold side, the adiabatic wall condition requires that the conduct-
ive heat equals to the radiative heat. If the latter is similar or larger than the former, there will be
a temperature gradient near the wall. There are two evident changes to the temperature contour.

Figure 22. Temperature contour for the SP3 solution at Ra ¼ 104 (first row), Ra ¼ 105 (second row), Ra ¼ 106 (third row), and
Ra ¼ 107 (fourth row) with Pl ¼ 0.5 at h¼ 0� (first column), h¼ 30� (second column) and h¼ 60� (third column).

Table 1. Temperature values in the middle of the geometry without including the circular heater in �C of SP0, SP1, and SP3 at
the chosen experimental simulations of h¼ 0� .

Ra ¼ 104 Ra ¼ 105

Pl ¼ 0.2 Pl ¼ 0.5 Pl ¼ 0.2 Pl ¼ 0.5
SP 0 SP1 SP3 SP1 SP3 SP0 SP1 SP3 SP1 SP3
128.14 132.38 154.63 130.17 139.89 127.85 130.48 143.27 129.44 137.24

Ra ¼ 106 Ra ¼ 107

Pl ¼ 0.2 Pl ¼ 0.5 Pl ¼ 0.2 Pl ¼ 0.5
SP0 SP1 SP3 SP1 SP3 SP0 SP1 SP3 SP1 SP3
127.95 129.47 137.82 128.76 134.72 128.54 128.95 134.84 128.93 133.17
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First, the temperature gradient reduced with the increase values of Planck constant which indi-
cates more heat radiation intensity flows in a random directions and angles. Another difference is
the isotherm is that skewness appears in the middle of the domain toward the hot wall side. For
a value of Pl ¼ 0.5, isotherms have almost the same behavior at different values of optical depth.
In this condition where the conduction heat transfer dominates over the radiation and the radi-
ation is small compared with the diffusion heat. These results mean that the effect of heat in case
of larger Pl is only due to the adiabatic wall condition. Results show that the temperature layers
are thinner than the case of Ra ¼ 104. As mentioned before, for a Planck constant Pl ¼ 0.5, the
heat transfer acts somewhat same like the pure convection heat transfer as the convection heat
becomes dominant. It can be seen that the heat flow decreases along the cold wall and tends to
accumulate at the hot wall. The flow with an inclined angle has a dramatic effect on the heat
flow behavior. The graph of isotherms shows a reduction in the transfer of heat as compared
with the results conducted at h¼ 0�. The flow of the temperature contour shows a reduction of
almost 30% in the heat flow toward the cold direction. Heat is accumulating at the hot wall with
reduction in the effect of heat radiation as compared with the results with the horizontal domain
(without angle rotation). This unsteady flow is involved of a series of waves circulating around
the edges of the cavity and traveling in the same direction as the flow, that is up the heated wall,
from left to right across the cavity adjacent to the adiabatic walls. The transition flow is the result
of both the natural convection boundary layers and the attached jet/plumes being able to sustain

Table 2. Temperature values in the middle of the geometry without including the circular heater in �C of SP0, SP1, and SP3 at
the chosen experimental simulations of h¼ 30� .

Ra ¼ 104 Ra ¼ 105

Pl ¼ 0.2 Pl ¼ 0.5 Pl ¼ 0.2 Pl ¼ 0.5
SP0 SP1 SP3 SP1 SP3 SP0 SP1 SP3 SP1 SP3
140.67 158.54 173.82 153.16 155.76 128.45 143.97 148.25 136.13 138.12

Ra ¼ 106 Ra ¼ 107

Pl ¼ 0.2 Pl ¼ 0.5 Pl ¼ 0.2 Pl ¼ 0.5
SP0 SP1 SP3 SP1 SP3 SP0 SP1 SP3 SP1 SP3
130.39 135.64 137.42 135.11 136.88 131.56 136.67 138.66 133.44 135.02

Table 3. Temperature values in the middle of the geometry without including the circular heater in �C of SP0, SP1, and SP3 at
the chosen experimental simulations of h¼ 60� .

Ra ¼ 104 Ra ¼ 105

Pl ¼ 0.2 Pl ¼ 0.5 Pl ¼ 0.2 Pl ¼ 0.5
SP0 SP1 SP3 SP1 SP3 SP0 SP1 SP3 SP1 SP3
128.73 146.14 149.71 140.06 142.65 130.92 145.52 150.36 138.05 140.16

Ra ¼ 106 Ra ¼ 107

Pl ¼ 0.2 Pl ¼ 0.5 Pl ¼ 0.2 Pl ¼ 0.5
SP0 SP1 SP3 SP1 SP3 SP0 SP1 SP3 SP1 SP3
130 135.89 137.74 135.22 137.07 131.69 137.01 139.27 134.2 135.51

Table 4. Temperature values in the middle of the geometry with the inclusion the circular heater in �C of SP0, SP1, and SP3
at the chosen experimental simulations of h¼ 0� .

Ra ¼ 104 Ra ¼ 105

Pl ¼ 0.2 Pl ¼ 0.5 Pl ¼ 0.2 Pl ¼ 0.5
SP0 SP1 SP3 SP1 SP3 SP0 SP1 SP3 SP1 SP3
169.97 172.19 200.44 170.27 173.84 184.46 185.27 198.54 184.6 186.16

Ra ¼ 106 Ra ¼ 107

Pl ¼ 0.2 Pl ¼ 0.5 Pl ¼ 0.2 Pl ¼ 0.5
SP0 SP1 SP3 SP1 SP3 SP0 SP1 SP3 SP1 SP3
169.27 169.42 171.39 169.36 170.37 162.95 160.87 162.13 162.33 161.42
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traveling waves. Although the heat transfer is stable, at an inclination angle of 30� the desolation
in the heat plumes is balanced by the expansion in the natural convection boundary layers which
leads to the observed transition.

6.2. Cavity with internal complex geometry heater

The second part of the study has been considered for a square cavity with adiabatic upper and lower
walls. The left and the right walls are kept at room temperature which is 28 �C. A circular heater is
installed at the center of the square cavity at a temperature of 228 �C. Same heat transfer characteristics
are taken into account in this second case study. Figure 20 shows the SP3 evolution of the thermal
plume at the three mentioned angles. This evolution of the thermal plume can be defined as the inter-
action between the thermal plume at high temperature from the circular heating element and the ther-
mal plume at lower temperature at the sides of the cavity. It can still be seen that the temperature
distribution inside the cavity is affected by Rayleigh number and the inclined angle. At a dominant heat
radiation (Ra ¼ 104), thermal plume tends to move upward. The only reason for this behavior is the
presence of the adiabatic wall. However, at higher values of Rayleigh number, fluid flow rate increase
and it is flowing toward the shortest cold region. This is due to the fact that the capability of the cold
walls to absorb heat is more than the heat flux flow into the adiabatic upper wall at higher Ra and with
the inclination of the angles. Since the temperature difference is established across the right side of the
cavity, the gas starts to flow toward that direction and accumulates there. Figures 21 and 36 show the
horizontal cross-sectional study that has been accounted across the cavity at y¼ 0.8. It can be seen that
the effect of radiation is not quite dominant. Different values of Planck constant cannot increase the
effect of radiation. This is due to the close distance of the heating element which is located in the mid-
dle. Introducing the heating element in the middle part of the cavity caused less heat transfer circulation
across the geometry. This indicates that the longer the heat travels, the higher radiation of heat becomes.
The effect of the adiabatic walls on the distribution of heat reduced massively with the augmentation of
the inclined angle.

7. Concluding remarks

Combined heat transfer of natural convection and radiation in a 2D square cavity was studied
numerically at three different inclined angles. The continuity, momentum and energy equations
were solved using Taylor–Hood finite element approach. The medium was considered air with
two upper and lower adiabatic walls. The heat transfer characteristics of the cavity were analyzed
at a broad range of Rayleigh numbers (104–107) with optical thickness value of 0.1 and the
Planck constant values of 0.2 and 0.5.

The complete study has been summarized in the Tables 1–4. It can be seen from the tables that the
inclined cavity with angles of inclination of 30� and 60� is shown to have a considerably different flow
effect to that of the noninclined cavity. The fluid in the diffuse intrusion travels horizontally across the
cavity to be entrained by the far wall boundary layer. Furthermore, the average Nusselt number on the
hot and cold walls is seen to be affected by the inclination angle. As the angle of inclination increases
the fluid flow pattern changes. This change is due to the change in the buoyancy forces in the direction
of flow between the hot and the cold walls. The effect of the inclusion of the heater element inside the
square cavity gets effected mainly by the inclined angle then Rayleigh number.
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