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Abstract: We prove two conjectural identities of Z.-W. Sun concerning Apéry-like series. One of the series is
alternating, whereas the other one is not. Our main strategy is to convert the series and the alternating series
to log-sine-cosine and log-sinh-cosh integrals, respectively. Then we express all these integrals using single-
valued Bloch-Wigner—-Ramakrishnan-Wojtkowiak-Zagier polylogarithms. The conjectures then follow from
a few rather non-trivial functional equations of those polylogarithms in weights 3 and 4.
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1 Introduction

Let {(s) := Y72, n~° be the Riemann zeta function for Re s > 1. In the 1979’s proof [1] of the irrationality of {(3),
R. Apéry made use of the following infinite series involving central binomial coefficients:

e
i ()
Since then, the Apéry-like series have attracted much attention, and many tools and theories have been
developed to evaluate these series in closed forms. For example, Cantarini and D’Aurizio [6] studied a few
families of Apéry-like series involving central binomial coefficients and their higher powers by computing the
Fourier-Legendre expansions of log(x)/+/x and related functions, and by applying suitable transformation
formulas to certain (twisted) hypergeometric series. We refer the reader to [14] for a more comprehensive and
detailed survey on recent progress.

The aim of this paper is to prove two conjectures of Z.-W. Sun concerning Apéry-like series. These conjec-
tures were published first in [11] and included in Sun’s book [12]. Define the classical harmonic numbers

2
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n
1
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Let

=nn
B(s) := Z Gn< 1y for Res > 0

be the Dirichlet beta function.

Conjecture 1.1 ([12, Conjectures 10.59 (i) and 10.60]). We have

0 (Znn) 32 B 5

2 s e (Hane + gy ) = 0P + D), .
00 (2:) 12 B
Z: m@iz"“ " M) = 140). (-2

There are two major steps in our proof of these conjectured identities. First we will express the Apéry-type series
on the left-hand side of (1.1) and (1.2) by some log-sine-cosine and log-sinh-cosh integrals respectively. Then we
will evaluate these integrals using a single-valued version of the polylogarithms, denoted by D,,(x) in Zagier’s
seminal paper [16].

2 Log-sine-cosine integrals

Definition 2.1. Letj and k be two positive integers. For any real number 0, we define the log-sine integrals by
’ t
Ls;j(0) = - J logj’1|2 sin zl dt,
0

and more generally, the log-sine-cosine integrals by

0
i Lt _ t
Lscj x(0) = - J log]‘1|2 sin §| logk 1'2 cos §| dt.
0

Similarly, for any real number 6, we define the log-sinh integrals by

6
Lsh(6) := J log'™ |2 sinh %’ dt,
0

and more generally, the log-sinh-cosh integrals by

0
Lshch; x(0) := - J logf‘1|2 sinh §| logk‘1|2 cosh %l dt.
0

The log-sine-cosine integrals have been considered by L. Lewin [9, 10]. They appear in physical applications as
well; see for instance [7].

The following simple fact is useful. For any positive integers p and n, and for any nonnegative real number z,
we have

z
1 (logh(E) z"
0

Lemma 2.1. For any nonnegative integer p and real number z € [0, %], we have

"z": 2n o 6 logP (2sin 9) 1
@2n+1)ptt 2 p! 4p'

Z( 1) 1( >logp 7(2sin 0) Lsj,1(26), 2.2)

n=0

where 0 := arcsin(2z) € [0, 7].
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. . . . 1
Similarly, for any nonnegative integer p and real number z € [0, 3], we have

OZO: 2n\ (-1)nz2n+t _glogp(ZSinhB) 1
(2n+1)ptt 2 p! 4p'

Z( 1y~ 1<]>log” J(2sinh ) Lshy,1(26),

n=0
where 0 := arcsinh(2z) € [0,1og(V2 + 1)].

Proof. The first identity (2.2) is proved in [5, Theorem 4]. For (2.3), we start with the simple identity

tanh 6 1
i L (recall z = - sinh 9).
r;)( >( ) V1 + 472 2 2

By (2.1), we have

Q (2n) (-1z2mt 1 (log’(£) & (2n n,,2n+l
Z(H)(ZMWM "EJ . .go(n>(—1) w2 qy

n=0

log? ho ht
_ J ogP(3sinh /3 sinh t) tanhtd( sinh t) (w _ lsinh t)
p! 1sinht 2 2 2

(log(2 sinh 0) — log(2 sinh t))? dt

Il
|
~ |-
O —

_ 0logP(2sinh 0) 1

0
"2 pl zp. Z( 1)]( )10g” ](ZSIDhe)Jlogj(Zsinht)dt
0

_ 0logP(2sinh 9) 1

T2 p! 4p, Z( - 1( )log” 7 (2sinh ) Lshj,1(26).

The proof is now complete.

Lemma 2.2. For any positive integer p and real number z € |0, l], we have

G S S .
Z(n)(2n+1)pz e 1)12( 1y (} )log (2sin 6)

n=1
1 J 1
x {E Lsc;2(20) - Z (JI ) ) Lscyj- 1+2(0)}

where 6 = arcsin(2z) € [0, 7].
Similarly, for any positive integer p and real number z € [0, %], we have

v (2n Hn n,2n+

n=1
j j-1
X {E LShChj,z(Ze) Z (l B ) LShChl] l+2(9)}

where 6 = arcsinh(2z) € [0, log(V2 + 1)].
Proof. We first prove (2.4). By [7, equation (D.8), pp. 52-53], we have

(2.3)

(2.4)

(2.5)

Z M2 Jog(1+ ), i 2 Hopna2" = —2— [y log(1 + ) = (1 + ) log(1 - )]
Z\ n 2 =log(l+y 2\ n mAZ =TTy gl +x X)1og(l = x)l,
where y := 1‘ \/L}i Summing up the two equations, substituting z? for z and then multiplying by z, we obtain

o 22)).

5 (M mar = (g B ) g 2
=\n V1 -4z2 1+ V1-4z2 1+ V1-4z2

(2.6)
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By the change of variables z = 1 sin 6 for z € [0, 1) and 6 € [0, ), we arrive at

°Z°: (2:)H2n22n+1 =tan - <log(2 cos g) —log(2 cos 9)).

n=1

Using (2.1), we obtain

v (2n Hon  onn_ 1
z(n><2n+1)pZ T -1

n=1

logp_l Z 0 on
(w) . Z ( . )Han2n+1 dw

(log(2 sin B) — log(2sin )P~

. (log(z cos é) —log(2 cos t)) de (w = %sin t)

= - 1)' Z(- )" 1( )1og!’1(23m0)

logj’l(z sint) - <log<2 cos = ) —log(2 cos t)) 2.7

X
Cl—

We observe that
6

J 10gj‘1(2 sint) - (—log(2cost))dt = % Lsc;j2(20), 2.8

0
9 (log(Z sin ; ) + 10g<2 cos %))H . log(z cos %) dt
)

J logj‘l(z sint) - 10g<2 cos é) dt =
Z(l— )10g (Zsm )logf ”1(2cos£)dt

0
=1

O'—.q; O'—.Q;

M\.

( ) Lscyj_142(0). (2.9)

=1
Inserting (2.8) and (2.9) in (2.7), we complete the proof of (2.4) for z € [0, %). The case z = % follows from conti-
nuity.

The proof of (2.5) is similar. In fact, note that (2.6) is valid for all complex numbers z with |z| < % If we
substitute iz for z in (2.6), we have

< (2n el _ 2 1 2 91 2V1 + 4272
nzl<n)H2n( V' V1+4ZZ<Og<1+V1+4ZZ> 0g(1+\/1+422>).

Letting z = 3 sinh 6 for z € [0, ) and 6 € [0,10g(V2 + 1)), the above equation can be written as

02": (2:)H2n(_1)n22n+1 —tanh O - (log(z cosh g) —log(2 cosh 9)>.

n=1

Therefore,

N (2n Hon n,2n+l _ 1 logp_l(%) S (2n N onel
Z( ) 2n+1)P(_1) z - (p-1)! z n Hyn(-1)"w dw

n=1

(log(2 sinh 6) - log(2 sinh t))
. <log<2 cosh f) —log(2 cosh t)) dt

by the substitution w = % sinh t. Identity (2.5) follows from expanding (log(2 sinh ) — log(2 sinh t))?~! by the
binomial theorem. O
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3 Proof of (1.1)

Settingp =3 and z = }1 in (2.2) and (2.4), we have 6 = ¢ and

00 2n
§ 1), -

= 2n+1)*16" 6 3

o) 2n

Z‘l (27’(11)% = LSC3,2(§> -2 Lsc&z(g) - 4Lscz,3(%> -2 Lsc1,4(g>. (3.2)
For ease of reading, we now outline our proof as the calculations are somewhat involved. We first express the
functions Lsc; x(0) (j + k = 5) for j < k in terms of the ones with j > k and then show that we can rewrite each
of the latter, after subtracting a suitable linear term in 6, in terms of the single-valued function D4 (Lemmas 3.3
and 3.4). Substituting 6 = % and = ‘%” as in (3.23)-(3.25) then reveals that the ensuing rational multiples of 77{(3)
indeed conspire to match the one on the RHS of (1.1). Moreover, upon realizing that 5(4) can be written as Da(i),
the conjectured formula in (1.1) is reduced to showing the vanishing of a rational linear combination of only Dy4-
terms as in (3.26). It then remains to find — and in fact to concoct — suitable functional equations for D, which,
after an appropriate specialization, match precisely this combination.

Step 1. Itis clear from the definition that
Lscj x(0) = Lscj k() — Lsc j(m - 0), 6 € [0, n].

The special values of Lsc; x at 77 have been determined by L. Lewin in [9] and [10, Section 7.9]. As observed in [3],
Lewin’s result can be stated in the form

1 @ xmoyn oxey T(LX)p(Y
— m;:() Lscm+1,n+1(ﬂ)m% == (r (21 J)r X(Tyz) )
In particular, it is known that
Lscy,4(0) = —Lsa(m — 0) + Lsa(m), Lsyg(m) = ;n((B), (3.3
Lscy,3(0) = —Lscs 2(m — 0) + Lscao(1m), Lscs () = —}Ln((fi). (3.4)
Inserting (3.3) and (3.4) in (3.2), we have
2 (Zr(lzfl-)% = 2Ls4(%”> + LSC3,z(g> - 2Lscs,2<g) + 4 Lscs 2(56 ) 21{(3). (3.5)

Step 2. We introduce two different versions of the Bloch-Wigner—-Ramakrishnan—-Wojtkowiak-Zagier polylog-
arithm [13, 15, 16]: for |[x] <1, x # 0,1,

& (-loglx)™ )
Dy =Rm ———Li; s 3.6
(0 (}ZO o (36)
m 1
Dm(X) = Dy(x) + (1 - (D’")umogu x| - log|x])
g (- loghx)™7 g™ x| )
=NRn - —1 1- 3.7
(}Zl o W0+ ogl1 — x| (37)

where 53, = Im for m even and R, = Re for m odd, and where we adopt Zagier’s ad hoc convention Liy(x) = —%
(see [16, p. 413]). It is easy to see that
lirr}) Dn(x) = 0. 3.8)
X—
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We extend D,,(x) to C \ {0, 1} as a single-valued and real analytic function by the inversion relation (3.9), and
we can check that D,,(x) satisfies the complex conjugate relation (3.10) below:

D) = ()™ ' D(x7h), (3.9)
Dn(0) = (=)™ D (X). (3.10)
In particular, the complex conjugate relation implies that

Dym(x) =0 forallx € R. (3.11)

It also satisfies distribution relations as follows: for any positive integer N, we have
_ N-1 o
Dm(XN) — Nm—l Z Dm(XeZ]T[l/N)'
j=0

Indeed, this follows easily from the fact that, for all |x| <1 and 1 < j < m, we have

N-1 N-1
log"™7|xV| Li;(x) = N™ 1log™ 7 |x| ) Lij(xe¥™/N), 1 xN =[] - xe¥™/N),
j=0 j=0

The following computational lemma will be used repeatedly below.
Lemma 3.1. Let 0 < 0 < 7. Let f(x) be a rational function of x with real coefficients. Set
leigfl(eie) leiefl(eie)
2f(ei%) ° 1-f(ei®)

For any positive integer m, let oy, = 21, 6y = 0 if m is even and oy, = 2, 8, = 1if m is odd. Then

gr(0) = logf( 19) = hy(0) = L11(f(e“’))

2d9

log™!|f (%) )gﬂe) +87(-0)

d 0y m i0
462 @) = D" (Dnaa @) - 9oy 25 T i

_ iy ym-1
, (Sloglf(e))

Om - (m-1)!
d ~ i0yy _ m( 7 i0
(@) = "D s () - s -

~log|f(el®)™? m g"If (e’
’ %(W) ") 5T 0~ 1y0)

(m - 1)1og™ *|f (el%)|log|1 - f(e!%)|
m!

(Sm(gr(0) - gr(=0)) + hr(0) + (=1)™hs(-0)),

g™ 2|f (e'%)| log|1 - f<e19)|>gf(9>+gf( 0)
(m-1)! i

+8m (g7(0) — gr(=0)).

Proof. By definition, we may rewrite D,,(f(e'%)) as

, . (1(-logf(e®) ~logf(e7 )™ Lij(f(el®)) - (~1)™ Lij(f (1))
Dm i0 2 _ . J J .
(f(e™) = ];) = o
Thus we have
(- loglf(e!®))™ "
(m-1-))!

i0
om z( 1Og|f(e )|) (

(- gf<9> + gr(=0))(Lij(f(e'%)) - ()™ Lij(f(e %)

d i0 _im
qgPmf@N) = D

j=0

287(0) Lij_1(f(€'%) + (-1)™2g¢(-0) Lij_1 (f(e71%)))

(—loglf(ele)l)m !

1
o
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Moving the j = 0 term in the first sum to the end, setting j — j + 1 in the second sum, and combining like terms,
we then arrive at

m-1(_] i0y\m-1-j | |
( (Efllffi _)lj))l (gf(e) + gf(—O))(Lij(f(ele)) + (=™ Lij(f(eflg)))
j=1 !

, 1 (Cloglfe)™”
Om (m-1)!
m m-1 (_ 1Og|f(eie)|)m—1—j
-1 ]; (m-1-))!
, 1 Cloglfe)n™”
Om (m-1)!

d gy, _ 1
@Dm(f(e ) = o

(6m(87(0) - g7(=6)) + Ry (0) + (-1)"hp(-6))

; 0 -0
i (L e ) L D)

(8m(8r(0) — g7(=0)) + hy(6) + (-1)" s (-0)).

The expression for D, in the lemma now follows easily from the defining formula (3.6).
Turning to D,,, we only need to handle the extra term at the end of (3.7). Noticing that

21og|1 — x| = — Liy (x) — Liy (%),

we have

d log"'|f(e'®

e VI (2 10gin - pie®)1 - togir @)

g"*If (e io 6
= 2_—(2(m 1)logl1 - f(e'%)| - mlog|f (e*)])(gf(6) - gr(-6))
m 1 7]
If (el )

Now we can complete the proof of the lemma immediately. O

Corollary 3.2. Let the notation be as above. Put

A=A = 10g|2 sing =log|l1 - €%, B=B(H) = log|2 cos §| =log|1 + €'9).

For any positive integer m, let as, = as,(0) = 1 if m is even, and a3, = a;,(6) = i(1 ¥ €'9)/(1 + €'%) if m is odd.
Then, for allm > 3,

- +

LA =0, LB =T,
d%b'm(ieie) = (-1)"Dm-1(xe'?),
diﬁmu +elf) = (_;)m Dpoi(1xe?+ 1+ (-1)’”)% (A, =B, A_ = A),
ddo D (1 - SZ) 5’"(‘3 fﬁ)m_z ((A-B)at +(m - 1)(og2 - B)(a! - a])) + (zB(m—A)ml)llam

Proof. By simple calculations,
+ield +ie 10 i
— + — = _,
21xelf)  21xe’l0) 2

+

FOO=1%x : 1 gy = & _ 4
gr(0) — gr(=0) de(AorB) 5

h(0) + hy(=0) = =21, hp(0) — hp(-0) =0,

8r(0) + gr(-0) =

( _ioif _ip-if
80+ 8(=6) = — 5 + — =5 =0,
X a  as
f00 = 155 1 81(0) - g1(-0) = 5(a0) - By = T - L,

| he(0) + hy(=0) =1, hy(6) ~ hy(=0) = a;.
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Hence ot 0

d = e, D"~ i0 mJogh 1 + et

qgPnte) = == Dnalx e+ 1+ DD ——m—
d— (1-elf 1-e\™ 1 y(0) + (“D™hp(=6) S g 1-el?
P ) = (~log - |) + 7|
do~ "\ 1+ eib 1+ei0 (m-1)!op 2-m! 1+ eif

Sm ma|1—el? 2 .
+M(m—1)log ’1+e19 10g|1+e19 (@ - a).
These quickly lead to the equalities in the corollary. O

Step 3. Next, we express both Lss and Lscs ; in terms of polylogarithms.

Lemma 3.3. The following expression for Ls4(0) holds for all 6 € (0, 1r):

Ls4(0) = ;((3)9 + ;{_54(eie) —4D4(1 - €%y}, (3.12)

Proof. First we observe that D4(1) = 0 by (3.11). Thus, taking 6 — 0, we see that it suffices to prove the equality
of the derivatives of both sides of (3.12). Since

d 3 slo. 0] 3
10 Ls4(0) = - log IZ sin El =-A°,
by Corollary 3.2, we have

. _ . ; i6 ; —-i6 _ .
= {§ Ls4(0) — (3)0 + Dy(e'®) + 4Dy (1 — el")} @)+ D) +2L13(e ) 4 2Dy(1 - 19, (3.13)

Since Lis(1) = ¢(3) and limg_ D3(1 — €i®) =0 by (3.8), it suffices to prove the derivative of (3.13) vanishes.
Clearly, D (x) = Dp(x) for all even m by (3.7). Thus, using Corollary 3.2 again, we see that

d _ Lig(e!?) —Lig(e™?) — i0
@(RHS of (3.13)) = — or —Dy(1-¢")

Dy(e'%) - Dy(1 - €'%) = —Dy(e') — Dy(1 - €% = 0

(3.14)
by [16, equation (4)]. This completes the proof of Lemma 3.3.

Lemma 3.4. The following expression for Lscs 2(0) holds for all 8 € (0, n):

1 ) . _ ) _ 71— elf 1 )
Lsc32(0) = RCOPS —Da(—e'%) — Dy(e'®) + 2D4(1 + €'9) + 2D4(—e.) — 2D4(1 - €19y, (3.15)
4 2 1+ eif 2
Proof. The proof of this lemma is completely similar to that of Lemma 3.3. As above, let A = A(6) and B = B(0).
By straightforward computations using Corollary 3.2, we find that

d . 0 T
a0 Lsc32(0) = —log |2 sin E|logl2 cos §| —A“B,

d%m(iewhﬁs(ie“’) Y9, _Dy(xel®),

d - < 1~ : B3 d/de 1- : 1
—D 1 i0 =—D 1 i6 - __D 1 i0 __BZ +
d94(+e) 23(+e)+6 — 4z(+e) ajy,

1
d5< 1 )_ B 1i B3 Lij(ﬁ)JrLij(—Hifia)
A0 \1+eif) " 127 25 G-I\ 1+elf  Lyeid

(which is used to compute the limit as § — 0),

iﬁ (1 - ew) _(B-A)®  aa  (A-B)*(a] -a)
A6~ *\1 4 eif 12 8 ’

i — . 3
L5 - e) - Byt - ety AEBL 00

-Dy(1 - €%9) - %(A +B)%(a; + a).
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Thus, by taking 8 — 0, we see that the difference between the left-hand and right-hand sides of % (RHS of (3.15))
is

log*(2) 5{3) 1. Slog*I(@) 1y
6 a T2 L) =0

by the identities (see [10, (1.16), (6.5) and (6.12)])

(1Y 2 Loy Z 1062 i (_1) = 0 (DY Ty L2 1,003
Lio(5) = 3(6@ - 108*@), Lis(-1) = -3¢, Lig(; ) = 560) - 7;7°10g(2) + £ 10g*(2).

2
Thus we only need to show the second derivatives of both sides of (3.15) agree:
i(—ZAzB + 1{254(89) + Dy(—ei) — 4D,(1 + €1%) + D, (1 — e40) — 454(ﬂ)}) 20 (3.16)
de de 1+ eif : :

Now we have
d 2 Ao (0i0) 1 T (_plf 1=~ 0. B
LHS of (3.16) = @<—2A B +2D5(e!®) + D3(—e®) - 4(2133(1 el t ?)
20y, (A+B)° (A- B)3>
3 3
= A%a} + 2ABaj — Dy(-€'%) - 2D,(e'%) + Dy(1 + €'%) + B?a}

+53(1—€

— . 1 1
—Dy(1 - ¥y - S+ B)(af +ay) - 5(A- B)X(at - ay)
= Dy(€*%) - 2D,(~€'%) - 2D,(e'%) = 0
by (3.14) and the distribution relation. This completes the proof of the lemma. O

Step 4. We will need the following functional equation of D4, which is a variant of Kummer’s Liy equation
[10, equation (7.78)]. (Note A4(x) therein is closely related to Lis(—x); in particular, it only differs by products of
lower weight terms. In order to convert from [10, equation (7.78)] to the D4 functional equation, we essentially
only need to add a negative sign to all the arguments from [10, equation (7.78)] and drop any product terms.)

Let Q[CP!] be the set of finite Q-linear combinations Y ¢jlxj] with ¢; € Q, x;j € CP!. We can then linearly
extend Dy, over Q[CP!].

Lemma 3.5 (Kummer). Forany x,y € C\{0,1},set{=¢x:=1-x,n=ny:=1-yand

o[22 |22 |-

n2E 3 né ¢
N 6[_’%] - 6[—%] +6[x] - 3[%] - 30y,

Then F(x,y) := H(x,y) + H(y, x) is mapped to 0 under Da.

Proof. Inorder to verify that Dy(F(x, y)) = 0forall x, y, we apply [16, Proposition 1], which states that if {n;, x;(¢)}
is a collection of integers n; and rational functions of one variable x;(t), satisfying

Z_ nixi(O1™ 2 @ ([xi(H] A [1 - xi(0)]) = 0, (3.17)

in Sym’"‘z((C(t)X) ® A2(C(1)*) ®z Q, then i n;Dm(x;(t)) = constant. In this tensor condition, the tensors are
multiplicative (ab)® c = a® ¢+ b ® c, and we can ignore torsion (multiplication by roots of unity) in each
slot. This tensor condition is closely related to the ®™-invariant (“symbol”) of multiple polylogarithms [8] and
amounts to a convenient reformulation of the derivative of Dy, (x;(t)) for the purposes of calculation.

Setm =4,and fixy = yo € C.Itis then straightforward (if tedious) to check that (3.17) vanishes for the list of
coefficients and arguments in F(x, yo). Hence, for any fixed y = y,, the combination Da(F(x, Vo)) is constant. By
the symmetry of F(x, y) with respect to x « y, we also have by the same calculation that, for any fixed x = xo,
the combination Dy(F(xo,y)) is constant. It follows that Dy(F(X1, y1)) = Da(F(x2, y1)) = D4(F(xz,y2)) for any
(x1,y1), (X2, y2) € C2, 50 54(1-" (x,)) is constant overall. Since D, vanishes on the real line, and by specializing for
examplex =y = % all argumentsin F(x, y) are real, this constant is necessarily 0. We have therefore established
the required functional equation. O
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Step 5. Specialization to the 12-th roots of unity. In the rest of this section, we put

p 1= o212

Note that, by applying (3.9) and (3.10) at most twice, we can make the argument of Dy lie in the upper half unit
disk. We will often apply this rule in our calculations below.
By Lemma 3.3, we have

1 9~
Lsa(5 ) = 3763 + 5 Da(p?). (3.18)

We remark that in [4, equation (83c)], J. M. Borwein and A. Straub proved that Ls4(77/3) = 7{(3)/2 + 9 Cly(1r/3)/2
(here Cly is the Clausen function), which agrees with (3.18) because 54(p2) =Im Li4(p2) = Clg(m/3).
By Lemma 3.4, we have

Vs 1 —~ 1=~ 5~ — 3
Lscs (3 ) = —75703) - Dalp?) + 5 Dalp) + Em(%) - zm(%). (3.19)
By Lemma 3.5, we have that D, vanishes on F(p?, p*), which implies
B+ 6Bty 15 L)« 125 £ -
9Da(p?) + 6D4(p%) 15D4< ﬁ) +12D4( \/§) —0. (3.20)

Note the distribution relation D4(p*) = 8D4(p?) + 8D4(~p?) = 8D4(p?) — 8D4(p*) implies that

— 8 —
Dy(p*) = §D4(p2). (3.21)
Combining (3.19), (3.20) and (3.21), we obtain
T\ 1 T=
LSC3,2(§> = —Eﬂ(@) - 5D4(p ). (3.22)
Write p1/? := 2™1/24 and
V6 - V2
r:=|1-pl= 5 .
By Lemma 3.3 and Lemma 3.4, we have
5 5 3~ —
LS4<?> = 773 - §D4(p5) +6D4(rp'/?), (3.23)
s 1 —~ 1~ 1~ — _
Lscs( g ) =~ 763) = Da(p) + 3Da(p%) + 3Da(p%) + 2Da(rp!"?) - 2Du(r*p?), (3.24)
57 5 1~ 1~ - — _
LSCg,z<F> = =576 + 5 Da(p) - E1)4(,02) — Dy(p°) + 2D4(rp®?) — 2D4(r?p®). (3.25)

By substituting first (3.1), (3.5), then (3.18), (3.22), (3.23), (3.24) and (3.25), the left-hand side of (1.1) is trans-
formed as follows:

ay @ o§ G
Z an+ 16" £ @n+ 15160
41 by s 5m s 51
== LS4(§> + 9Lsc3,2<§) +18 L&;(F) 18 Lsc3,2<g) +36 LSC3,2<?) —187¢(3)

= 2 70(3) + 36Du(p) ~ 5 Da(p?) ~ T2Da(p®) + T2Da(rp™") + T2Da(rp*) - 36D,

Since B(4) = Im(Liy(i)) = D4(p?), the conjectured formula in (1.1) is reduced to
3
16

By the distribution relation

Da(p) - —Da(p*) - %54(;)3) — 2D4(p%) + 2D4(rp'?) + 2Da(rp*?) - Da(r?p®) 2 0. (3.26)

Dy(r?p®) = 8D4(rp®/?) + 8Da(-rp*’?) = 8D4(rp®/?) — 8Da(rp®?),
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it remains to show that
2Di(rp'"?) - 8Ds(rp") + 2Da(rp*?) + 8Du(rp®") £ ~Dia(p) + = Da(p?) + 4 Da(p*) + 2Du(p%).  B27)

By specializing Lemma 3.5 to various choices of x, y, we obtain further relations between D,. In particular,
since D4 vanishes on both $F(p?, p) and $F(p?, p°), we have respectively

5D4(p) - 3D4(p*) + 3D4(rp’?) - Da(rp®*) - 2D4(rp®*) + 3Da(rp®?) = 0, (3.28)
-3D4(p®) + 5D4(p°) - 2D4(rp*’*) - 3D4(rp**) + 3D4(rp>*) + Da(rp®’?) = 0. (3.29)

By adding (3.28) and (3.29), we have
Dy(rp"/?) — 4D4(rp**) + Da(rp®/*) + 4D4(rp®’*) = -5D4(p) + 6D4(p®) — 5D4(p°).
Therefore, (3.27) is reduced to
~9D4(p) - s Di(p") + 5 Da(p*) ~ 12D(p) L 0. (330)
By the distribution relations, we have
Dy(p?) = 8D4(p) + 8Da(-p) = Da(p®) = 8D4(p) - 8Da(p°), (3.31)
Di(p*) = 21Ds(p) + 27Du(p%) + 27D(p") = Di(p®) = 2. Da(p) + 20 Da(p®). (332)

Equations (3.31) and (3.32) establish (3.30). Therefore, the proof of (1.1) is complete.

4 Proof of (1.2)

Let

V541
0=

be the golden ratio. Setting p = 2and z = % in (2.3) and (2.5), we have 0 = log ¢ and

OZO: L _ L Lshs(21og ¢) 4.1)
Z anrpaen 2 o8 '
o) 2n

( n )Hzn
Z m = -2 Lshchy 2(21og ¢) + 4 Lshchy 3(log ¢) + 4 Lshchy 2 (log ). 4.2
n=1

Lemma 4.1. The following expressions for Lshs(x), Lshchy 3(x) and Lshchy 2 (x) hold for all x € (0, +00):

Lsha(x) = —Ds(e™) — 2D5(1 - &™) - %xlog2<2 sinh g) + Da(D), 43)
B Xy 90T 1 1 2 X\ =
Lshchy 3(x) = ~Da(-e™) 2D3<m) ;xlog (z coshi) + Ds(1), (4.4)

_ 1=~ —2X 1= -2X . —-X "‘( )
Lshchy 2(x) = 8D3(€ ) 2D3(1 e )Y+ D3(1-e)+ Ds3 T3 ex

- %xlog(z sinh %) log(z cosh %) - 253(1). (4.5)

Remark 4.2. Using the shorthand (t) := D3(1 — t) — D3(1 — 1/t) and adding suitable 3-term relations for D3,
Lemma 4.1 can be stated more succinctly and uniformly as follows:

. R . (e for (j, k) = (3,1),
Lshch; k(x) + 3 log"1(2 sinh(z» log"‘1<2 COSh(E)) = 1 L(p(e¥) - 2p(e¥) - 2(e™))  for (j, k) = (2,2),
Y(-e¥) for (j, k) = (1, 3).
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Proof. Suppose x € (0, +00). Let fi(x) be the difference between the left-hand and right-hand sides of (4.3).
Clearly, limy_, f1(x) = 0. By the definitions of Ds and Lshs, and the simple identity

log(z sinh(iz()) = ; +log(1-e™),

we may rewrite fi(x) as

X t 2
£i00 = - I(E +log(1 - e’f)> dt + Liz(e™) + X Lig(e™) + 2 Liz(1 — e™)
0
—2log(1 — ™) Liz(1 — e7™) + xlog?(1 — e™) + 11—2)(3 - {(3).

Then a straightforward computation gives f (x) = 0, which completes the proof of (4.3).
Let f2(x) be the difference between the left-hand and right-hand sides of (4.4). We have

lim f,(x) = Da(~1) + 2D'3<1) —Ds(1) =
x—0 2
by the following identities:
Dy(-1) = —253(1) and 53(%) - 253(1). 4.6)

(The first identity in (4.6) follows from the duplication relation D3(1) = 4D3(1) + 4D3(~1). See [10, (6.12) and
(1.16)] for the second.)
By the definitions of D3 and Lshchy 3, and the identity log(2 cosh(%)) = ¥ +1og(1 + e™), we may rewrite

fa(x) as

([t N
fz(x):—J(E+log(1+e )) dt + Lig(—e™) + X Lig(—e )+2L13<1+e_x)
Xyt 1 % 3 -X 2 -X i 3 _
+2log(1+e )L12<—1+e_x>+310g (1+€7) + xlogh(l + ) + 72 - £3).

Then a straightforward computation gives f, (x) = 0, which completes the proof of (4.4).
Observing that log(2 sinh x) = log(2 sinh(%)) +log(2 cosh(%)), we have

X X

Lsh3(2x) = -2 J logz(sinh t)ydt =-2 I(log(sinh é) + 10g<cosh %))Zdt
0 0

=2 LShg(X) +4 LShChz,z(X) +2 LShCth(X).

Therefore,
LShChz 2(X) ! LShg(ZX) L LShg(X) - 1 LShCh1 3(X) 4.7

Equation (4.5) follows immediately by suhst1tut1ng (4.3) and (4.4) into (4.7), and using the duplication relation
53(6_2X) = 453(€_X) + 453(—e"‘). O

Specializing Lemma 4.1 at x = log ¢ and x = 21og ¢ and simplifying the golden ratio combinations via

1_¢72:¢71’ 1+¢2 \/_¢1 1- ¢4 \/_(pz

we directly find
Lehs 2log ) = D5 25 ) =205 5 ) + Do)
i 15(3)-15(5)5(3)5(5) 50
Lshch; 3(log ¢) = ( (%) —log ¢ + Dy(1),

Lshchy 2 (log @) =

OOI\]
[\JIH

(%) 2log 9 3 Ds(D).

52
()
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Then, by substituting the duplication relation
— 1 ~ /1 1 1
Da(-5)=-Ds(5)+ D3(¢—>
and the following evaluation of D3(¢~2) (see [10, (6.13) and (1.20)]):
— /1 4
Dg(ﬁ) = 2D5(1),

into the above equations, we obtain

Lshs(2log ¢) = ~2D3 (%) + %53(1), 4.8)
11y 1=/V5\ =/1\ ~/¢\ 3=
LShChz 2(210g¢) gD ( 4> ED:;(F) +D3<$) +D3(%) - ZDg(l), (4.9)
Lshchy 5(log ¢) = ~D. (%) ~log' g + D3(1) (4.10)
1-/1
Lshchy 2(log 9) = 5 Ds (5) —log ¢ - —D3(1) @.11)
By substituting first (4.1), (4.2), then (4.8)—(4.11), the left-hand side of (1.2) is transformed as follows:

00 (Zfl) 00 Zn)Hzn

7 nzzo 2n+ 1)3(—16)" Z 4 (2n +1)2(-16)"

= —g Lsh3(21og ¢) — 10 Lshchy 2(21og ¢) + 20 Lshchy 3(1og ¢) + 20 Lshchy 2 (log @)

5D3< ! >+ 5D3< \@> - 353(1) - 1053(1) + %Dg(l)

¢* ¢? ¢ V5 5
Since D3(1) = {(3) and the right-hand side of (1.2) is 14{(3), the conjectured identity (1.2) is equivalent to
5-/1 VBy L= (1 — ¢\ 34
D3(¢4>+5D3( ¢Z)_3D3<6)_10D3(ﬁ)+_D3(1) (4.12)

We shall prove this by specializing a suitable D3 functional equation.

Lemma 4.3. The following linear combination G(x) vanishes identically under Ds:

_ )3 _ _
(1_1)()3(2f+x)]+6[‘g_23]‘ [(1-1;()3]_15[(1 1X-)(21x+X)]_15[(1—i))(2]

_18[(21—;;)2] +18[_(1—x)1(2—x)] _3[(1—x)1(1+x)] _10[12_—2;(] _10[%]

G(x) = 5[

X X 1-x 1-x 1-2x 1-x
+15[_1—2x]+15[1—x]_24[_1+x]+24[1+x]+45[ 1—x]_54[_2—x]
1 1 1 1
+36[2 x]+6[1 x]_18[1+x]+42[_1—x]_34[1]‘

Proof. The proof strategy is exactly the same as for Lemma 3.5; we apply the tensor criterion in (3.17) in the case
m = 3. This shows that D3(G(x)) is constant. To fix the constant, we specialize to x = 0. We find (simplifying only
with inversion at the moment) that

D5(G(0)) = 18D5(~1) - 3653(—%) + 653<—1> +30D5(0) 18[~)3<1

: 4) + 1653(%) _11D5(1).

This time, using the duplication relation D3(}) = 4D3(}) + 4D3(~3) to eliminate D3() and simplifying with
D3(0) = 0, we obtain

D3(G(0)) = 18D3(~1) - 10853(—%) + 653(—%) - 5653(%) —11D5(1).
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But we can show this vanishes by using (4.6) and the well-known identity (see [10, p. 179])

—/ 1 ~ /1 49 -
D ——)—18D (——) = —Ds(1).
3< 3 s\ 3 1 3(1)
With this, the functional equation in the lemma is now proven. O

Now consider D3(G(-¢~1)). We first put all real arguments into the interval [0, 1] by applying the duplication
relation and inversion relation

D3(x*) =4(D(x) + D(-x)), D3(x™") = D3(x).
Then we obtain exactly
0=D5(G(-¢7) = ~2D5( ~ ) - 25D V5 1505 L) + 5005( L) - 34D51
= D3(G(-¢ ))__Z 3(E>_ 3<W>+ 3(a)+ 3(@)— 3(1).
This is -5 times the left-hand side of (4.12); hence the left-hand side of (4.12) is equal to exactly 0. The proof
of (1.2) is complete.

Remark 4.4. It should be noted that the functional equation in Lemma 4.3 has been concocted to give a simple
proof of (4.12) in the previous lines. This functional equation can be broken down into a number of smaller
functional equations, with slightly more structured coefficients. Specifically, Lemma 4.3 is a combination of the
following four linearly independent functional equations (irreducible within the selected set of arguments):

53(_[ 1-2x ]+3[1—2x]+3[(1—x)(1+x)]+3[ 1 ]

1-x3a+0l la=x? 1-2x -0 +x)
-l g ) el el ) -0

53<_[_8:22]+[(1—1)()3]+3[(21—_;)2]_3[_(1—x)1(2—x)] +9[_;:i]
_12[_1ix]_g[lix]_G[Zix]jLGm):O’
R el R I s R s B P B Pt R R

53([1)—(;(]+[11_—2:]+[_1—X2x]_m):0' “13)

Each of these can be proven in exactly the same way as Lemma 4.3 itself. In fact, the last one (4.13) is (up to
inversion) a re-parameterization of the 3-term [10, equation (6.10)] functional equation

D3(x) + D3(1 - x) + Da(1 — x™1) = D3(1), with x — 1L

Remark 4.5. We originally discovered the proof of (1.2) by expressing (4.1) and (4.2) in terms of colored multiple
zeta values by applying Au’s mechanism developed in [2]. Then (1.2) also follows from the computer-aided proof
using Au’s Mathematica package. For the detailed definition and introduction of colored multiple zeta values,
see [17, Chapters 13-14].
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