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4 CHAPTER 15. MONTE CARLO FOR PROTEIN STRUCTURES

1 Introduction

In the previous chapter, Chapter “Molecular Dynamics”, we have considered
protein simulations from a dynamical point of view, using Newton’s laws.
In this Chapter, we first take a step back and return to the bare minimum
needed to simulate proteins, and show that proteins may be simulated in a
more simple fashion, using the partition function directly, as given in Chap-
ter “Thermodynamics of Protein Folding”. We will assume basic knowledge
on thermodynamics and statistical mechanics, as introduced there as well. It
is particularly important to understand the relation between free energy and
probability, in order to understand this chapter. This means we do not have
to calculate explicit forces, velocities, moments and do not even consider
time explicitly. Instead, we heavily rely on the fact that for most systems
we will want to simulate, the system is in a dynamic equilibrium; and that
we want to find the most stable states in such systems by determining the
relative stabilities between those states.

2 Proteins in equilibrium

Firstly, we will briefly revise our conceptual understanding of a dynamic
equilibrium. In equilibrium, for each state in the system the number of
particles moving into that state is equal to the number of particles moving
from that state to a different state.

Proteins in solution are dynamic systems, see Figure 15.1. Proteins
constantly unfold and refold. Once in equilibrium, the number of proteins
moving from a folded to an unfolded state equals the number of proteins
moving from an unfolded to a folded state, such that the fraction of folded
and unfolded proteins will remain constant over time. We will see later in
this chapter, that this also needs to hold for simulations in equilibrium; this
is concept is called ‘detailed balance’ (see Panel “Detailed balance” later in
this chapter for more detail).

In this Chapter we will consider two systems: i) particles freely moving
in a box; see Figure 13.2 in Chapter “Thermodynamics of Protein Folding”,
and ii) a simplified protein chain freely moving; see Figure 12.2 in Chapter
“Introduction to Protein Folding”.

In the first system, we consider the two macrostates: the colour sepa-
rated and mixed states; here the positions of the particles define the specific
configurations or microstates. In the second system we consider the folded
and unfolded macrostate; here the positions of the particles (residues) in
the chain define the specific configurations or microstates; for definitions of
micro- and macrostates see Chapter “Thermodynamics of Protein Folding”
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https://arxiv.org/abs/1801.09442
https://arxiv.org/abs/1801.09442
https://arxiv.org/abs/1801.09442
https://arxiv.org/abs/1801.09442
https://arxiv.org/abs/1801.09442
https://arxiv.org/abs/1801.09442
https://arxiv.org/abs/1801.09442


3. THE PURPOSE OF SIMULATIONS 5

Figure 15.1: Proteins in equilibrium. Proteins are non-static entities. Over time,
proteins constantly unfold and refold. When the proper folding of proteins is ex-
perimentally determined by for example by measuring the activity of the protein,
the average behaviour over the ensemble of protein configurations in solution is
determined rather than the behaviour of individual molecules. An equilibrium sim-
ulation of a single particle over time is equivalent to measurements on an ensemble
multiple proteins in equilibrium - provided that they do not interact.

3 The Purpose of Simulations

Before we go into the technical details of simulations, we first reconsider
what we typically want to learn from them. In Monte Carlo and Molecular
Dynamics simulations, the main goal is to understand what the most sta-
ble state of the system is under certain conditions. For example, one can
determine the stability of a certain fold, calculate the interaction strength
of protein-protein or protein-ligand interactions, or the phase of the parti-
cles in the system under different conditions. If these interaction strengths
are known, one can for example calculate the concentration needed for two
proteins to start binding at a given temperature. In addition, determining
the transition states between the most stable states in a system can recover
mechanisms of function, when for example considering a binding or a fold-
ing process. The most stable state of a system is defined as the state with
the highest probability and the lowest free energy. As discussed in Chapter
“Thermodynamics of Protein Folding”, the free energy FA and probability
pA of a macrostate A are related as:

FA = −kBT ln (pA) (1)

where kB is the Boltzmann constant, T is the temperature in Kelvin and pA
is the probability of state A.

Moreover, as we previously discussed that the difference in free energy
between two states calculated over a statistical ensemble approximates the
difference in Gibbs free energy (i.e., ∆FA,B ≈ ∆GA,B), we also have:

© Feenstra & Abeln, 2014-2023 Intro Prot Struc Bioinf

https://arxiv.org/abs/1801.09442
https://arxiv.org/abs/1801.09442


6 CHAPTER 15. MONTE CARLO FOR PROTEIN STRUCTURES

Figure 15.2: Free energy of a protein in a 3D cubic lattice model of a protein at
high and low temperature. Left: at low temperature, the system with the largest
number of native contacts is the most stable. The low enthalpy has the largest
influence on the free energy of the system, and therefore the configuration with
the largest number of favourable interactions is the most stable. Right: at high
temperature, the state with the largest entropy has the lowest free energy and is
therefore more stable than the native state.

∆GA,B ≈ −kBT ln
pA
pB

(2)

This means that once we have sampled the statistical ensemble of con-
figurations appropriately, we can make a good estimate of the relative free
energy between states.

Figure 15.2 illustrates the difference in free energy between the folded
and unfolded state at two different conditions. It is this relative free energy
that determines the stability of the respective states.

Note that, with any simulation technique, it is only possible to calcu-
late relative free energies. If we wanted to get absolute free energies - we
would need to calculate the full partition function, which is (computation-
ally) intractable. Nevertheless, absolute free energies may be estimated from
reference points for which the full partition function can be calculated. Such
calculation go beyond the scope of this book, but are described in Frenkel
and Smit (2002).

4 Comparison to experiments

Similar to simulations, relative free energies between well defined states can
be obtained from experiments. Differences in enthalpy (∆H) can also be
measured directly between states(e.g., Kardos et al., 2004).

With some experiments, we can obtain information about the configura-
tional ensemble of proteins in solution. For example, Hydrogen-Deuterium

Intro Prot Struc Bioinf © Feenstra & Abeln, 2014-2023



5. MONTE CARLO ALOGRITHM 7

exchange experiments can reveal the fraction of surface exposed residues of
an ensemble in solution (Englander and Mayne, 2017). In simulations, we
can estimate such observables on the macrostate through ensemble averages,
by averaging over the microstates:

⟨a⟩ =
∑

i aipi∑
i pi

(3)

From a simulation, we can simply calculate an ensemble average ⟨a⟩, by
averaging a certain property a over all the sampled microstates (or config-
urations) i. See Chapter “Thermodynamics of Protein Folding” Section 6.2
for a more detailed explanation of ensemble averages.

5 Monte Carlo Alogrithm

The Monte Carlo algorithm can be used in simulations with a constant
number of particles, volume and temperature, also referred to as NVT en-
semble; see Chapter “Thermodynamics of Protein Folding” Section 7. In
the Metropolis Monte Carlo algorithm one can sample the partition func-
tion directly, which means we do not need to consider forces, velocities or
time. What we do need in order to sample the partition function, is a way
to obtain the potential energy of specific configurations.

5.1 Potential energies

We can calculate the potential energy Ei for a micro state i, if we consider
all pairwise interactions between the particles:

Ei =
1

2

k=N∑
k=0

l=N∑
l=0

ϵ(k,l)C(k,l) (4)

Here ϵ(k,l) are the pairwise interaction energies between particles k and
l, and C(k,l) indicates if the two particles interact with each other, which
would depend on the distance of the two particles.

We can also use continuous interaction potentials, such as the Lennard-
Jones potential. In that case, the pairwise particle interaction energies
(ϵ(k,l)) also depend on the distances between particles as shown in Figure 14.4
in Chapter “Thermodynamics of Protein Folding”.

5.2 Sampling the partition function

As explained in Chapter “Thermodynamics of Protein Folding”, the parti-
tion function Z can be used to calculate the free energy and describe the
state of the system (i.e the macrostate). From the Boltzmann distribution
we have:

© Feenstra & Abeln, 2014-2023 Intro Prot Struc Bioinf
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8 CHAPTER 15. MONTE CARLO FOR PROTEIN STRUCTURES

pi =
e
− Ei

kBT

Z
(5)

where Z =
∑

i e
− Ei

kBT .

If we know all the possible configurations (microstates) of the system,
it is possible to calculate the absolute free energy landscape of the system
from Equation 12 in Chapter “Thermodynamics of Protein Folding”. Note
that for a continuous three-dimensional system (R3) with a constant finite
number of particles the partition function becomes an integral over the full
three-dimensional space, rather than a sum over all possible configurations.

However, in a simulation, computation of the full partition function is
intractable. Instead, we aim to sample those configurations (microstates)
with the largest contribution to the total free energy; from Equation 5 we can
see that the microstates with the highest probabilities are the microstates
with low energies. However the contribution low energy microstate become
smaller at high temperatures.

5.3 The Metropolis Monte Carlo algorithm

The Monte Carlo algorithm is a stochastic algorithm that only depends on
the potential energy of the system. The temperature, volume and number
of particles in the system are kept constant. Additionally, the algorithm
assumes the system is in equilibrium.

The key idea in the Monte Carlo algorithm is to make sure the probabil-
ities of the sampled (micro)states follow the Boltzmann distribution. This
can be achieved in a simple manner: by generating a random move, and
consistent rule - the Boltzmann acceptance criterion.

In the algorithm random moves are proposed to change the configura-
tion of the system: randomly chosen particles are moved by a random, but
typically small, displacement, as shown in Figure 15.3. Now we have two
configurations, the ‘old’ configuration and the ‘new’ configuration. For both
configurations we can calculate an explicit potential energy, using Equa-
tion 4. These energies of the microstates can be used to calculate the Boltz-
mann factor B:

B = e
−Enew−Eold

kBT (6)

where Enew is the energy of the new state, Eold is the energy of the previous
state, kB is the Boltzmann constant and T is the temperature.

When the new configuration has a lower energy than the old configura-
tion, i.e., Enew <= Eold we always accept the move, note that in that case
B > 1. If, on the other hand Enew > Eold we use the Boltzmann factor and
a random variable r ∈ [0, 1] to determine if the move will be accepted: the
move will only be accepted if r < B.

Intro Prot Struc Bioinf © Feenstra & Abeln, 2014-2023
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5. MONTE CARLO ALOGRITHM 9

Figure 15.3: Trial move in a Monte Carlo simulation. Based on whether the change
in energy of a random configurational change is favourable or not, it will be either
accepted or rejected as the new state of the system. Unfavourable moves are ac-
cepted with a probability equal to the Boltzmann factor. Here a coarse-grained
model of a protein on a 2D square lattice is shown to exemplify the algorithm.

Note that in the latter case, the system will actually get a more un-
favourable energy after the move. At high temperatures, the Boltzmann
factor will be close to one even if the energy difference between the old
and new state is large; hence, at high temperatures the majority of moves
will be accepted. This will lead to the enthalpic contribution becoming less
dominant. This can be directly compared to the classical thermodynamics
relation ∆G = ∆E − T∆S, which states that the entropy becomes more
dominant at higher temperatures. The full MC algorithm is listed in Fig-
ure 15.4.

To obtain a correct sampling of the partition function, sampling needs
to be performed after every move, regardless of whether it is accepted or
rejected; this means that for a rejected move, we count (sample) the old
configuration again (!). Note that this may make more intuitive sense if you
consider a state that is already close to the free energy minimum (e.g., a
folded state, and try to move away from this state (e.g., partially unfold the
protein), which may be rejected in most trial moves. In this case, the low
free energy state (e.g., folded state) will be sampled very often - but only if

© Feenstra & Abeln, 2014-2023 Intro Prot Struc Bioinf



10 CHAPTER 15. MONTE CARLO FOR PROTEIN STRUCTURES

1 # num cycles : how many cy c l e s o f random sampling
2 # N: number o f p a r t i c l e s ( or r e s i du e s )
3 # V: volume
4 # T: the temperature
5 # C: i n i t i a l c on f i gu r a t i on o f the p a r t i c l e s ( p ro t e in )
6 de f monte car lo ( num cycles ,N,V,T,C) :
7 c o n f i g o l d = C
8 f o r x in range ( num cycles ) :
9 # pick a p a r t i c l e ( r e s i du e ) to d i s p l a c e

10 # randint ( ) i s random in t e g e r genera tor
11 x = randint (0 , l en (N)−1)
12 # move the chain by gene ra t ing
13 # a new con f i gu r a t i on f o r p a r t i c l e x
14 # note that the new con f i g u r a t i on i s generated
15 # with in a constant volume (V)
16 conf ig new = gen e r a t e c on f i g ( c on f i g o l d , x ,V)
17 # ca l c u l a t e the o ld and new i n t e r a c t i o n en e r g i e s
18 # fo r p a r t i c l e x
19 E new = Energy ( conf ig new )
20 E old = Energy ( c o n f i g o l d )
21 # ca l c u l a t e Boltzmann fac to r , g iven kT
22 bo l t z = exp(−(E new − E old )/k∗T)
23 # acceptance c r i t e r i o n :
24 acc = min ( 1 . 0 , bo l t z ) )
25 # rand ( ) g i v e s random number between 0 and 1
26 # accept move i f rand ( ) i s sma l l e r than the
27 # acceptance c r i t e r i o n
28 i f ( rand ( ) < acc ) :
29 # move i s accepted
30 c o n f i g o l d = conf ig new
31 system Energy += (E new − E old )
32 #end i f
33 #sample at every step , to c a l c u l a t e p i
34 sample ( c o n f i g o l d )
35 # end f o r loop
36 # end Monte Carlo

Figure 15.4: Monte Carlo algorithm for molecular simulations in pseudo code
Python style.

Intro Prot Struc Bioinf © Feenstra & Abeln, 2014-2023



5. MONTE CARLO ALOGRITHM 11

we also sample the old configuration after a rejected move.
From the simulation, the probability for a particular macrostate can be

determined by calculating the fraction of configurations within the state, and
those sampled outside of this state. Subsequently, the relative free energy
of that state can be calculated using Equation 1.

As the simulation should be in equilibrium, in theory the starting state
of the system should not matter. In practice, it is wise to check if there is
indeed no flux during the simulation: if the simulation starts from a high
free energy (unlikely) state, it may get stuck in a local minimum for a while,
effectively not sampling the partition function evenly.

Detailed balance

Detailed balance is a way of making sure equilibrium is kept in a
Monte Carlo simulation. In other words, it ensures there is no net
flux between states over time. Hence the number of accepted moves
from a state S1 to state S2 needs to equal the number of accepted
moves from the state S2 into that state S1, for any two states S1 and
S2 in the system. This can be expressed as follows:

NS1 ∗ Pacc (S1, S2) = NS2 ∗ Pacc (S2, S1) (7)

Here NS1 and NS2 represent the number of times states A and B
are visited, respectively, and Pacc (i, j) is the probability that the
move from state i to state j is accepted. One can show that the
Boltzmann acceptance criterion used in the Monte Carlo algorithm,

Pacc (S1, S2) = min

(
e
−

Ej−Ei
kBT , 1

)
adheres to this rule.

Note that NS1 and NS2 can be replaced by the probabilities that
the states are visited, i.e., pi and po, respectively.

Monte Carlo -  “detailed balance”

• In equilibrium the number of accepted trial moves from and to a 
state need to be equal

• Stronger:
•  

 
   

  

Check
:

Here, we will simply demonstrate that the Monte Carlo acceptance
criterion satisfies detailed balance with the simple example shown
above. We consider a system with two particles in solution and only
two possible states: either they are separated and do not interact
(left) or they are bound and have a favourable interaction, with an
interaction energy −ϵ (right). In this case we have two states: S0

© Feenstra & Abeln, 2014-2023 Intro Prot Struc Bioinf



12 CHAPTER 15. MONTE CARLO FOR PROTEIN STRUCTURES

(separated) and S1 (bound), hence E0 = 0 and E1 = −ϵ. For sim-
plicity, we can set kBT = 1. Using the probabilities from Equation 5
, we get p0 = e0/(e0 + eϵ), p1 = eϵ/(e0 + eϵ), Pacc(S0 → S1) = 1 and
Pacc(S1 → S0) = e−ϵ. Substituting this into Equation 7 gives:

e0

e0 + eϵ
∗ 1 =

eϵ

e0 + eϵ
∗ e−ϵ (8)

Since e0 = eϵ ∗ e−ϵ = 1, the left and right hand side of the equation are
equal. Therefore, the system is in equilibrium and detailed balance is
satisfied.

For Monte Carlo simulations it is essential that detailed balance
is kept, else the results of the simulation will be non-physical as the
partition function will not be sampled correctly. Note that there are
many ways to break detailed balance, for example by not sampling
after rejected moves.

6 Applications of Monte Carlo for proteins

6.1 A simple protein lattice model

Full-atomistic simulations are computationally very demanding; in fact so
demanding that it is still computationally too expensive to simulate the fold-
ing of proteins or realistic size (∼100 residues) that form fully hydrophobic
cores, as explained at length in Chapter “Molecular Dynamics”. Therefore,
it is very useful to simplify such a system into a lattice model (Sali et al.,
1994; Coluzza et al., 2003; Coluzza and Frenkel, 2004; Abeln and Frenkel,
2008, 2011; Abeln et al., 2014; van Dijk et al., 2016). The residues are
placed onto a regular cubic-lattice, which means we have a discrete rather
than a continuous three dimensional space. This greatly reduces the num-
ber of possible configurations for the protein chain. Nevertheless, for real
size proteins the number of possible configurations is still computationally
intractable, even on a discrete lattice.

Figure 15.5 shows an example of a 3D lattice model. Two residues are
considered in contact when the are on neighbouring positions on the lattice
but are not linked with a peptide bond. Using this criterion, all pairwise
interactions can be determined using

Ck,l =

{
1 if k and l are in contact

0 otherwise
(9)

The strength of the interactions are defined in the matrix in Figure 15.5.
Now we can calculate the full potential energy over a specific configuration
using Equation 4. The model can be simulated with a Monte Carlo algorithm
as shown in Figure 15.4. To generate a new configuration, we should only

Intro Prot Struc Bioinf © Feenstra & Abeln, 2014-2023
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6. APPLICATIONS OF MONTE CARLO FOR PROTEINS 13

consider moves, that are feasible on the cubic lattice. A set of possible moves,
that do not break the chain, on a cubic lattic, are shown in Figure 15.6.

+-+
-++

+
+++--hydrophobic

polar (hydrophilic)
negative charge 
positive charge 

A)

B)

Figure 15.5: Simple 3D lattice model of a protein. A) a folded and unfolded
configuration on the cubic lattice. The residues in the protein are placed on a 3D
grid. Note that on the cubic lattice a residue has a maximum of four contacts with
other residues - this is relatively similar for the average contact number of residues
in real proteins. B) Schematic interaction energies. For simplicity, the amino acid
pair potential is schematically shown in terms of interaction energies (ϵ(k,l)) for
Hydrophobic residues indicated in yellow, polar residues in grey, positively charged
residues in red and negatively charged residues in blue.

Monte Carlo and lattice models can be used to determine the most stable
states of a protein under different physiological conditions. Dijkstra et al.
(2018), applied a Monte Carlo algorithm to a 3D protein lattice model to
study the stability of a protein at different temperatures. Due to the sim-
plified model, it becomes possible to obtain very extensive sampling of the
conformational landscape, and allows details of the free energy landscape to
be mapped out, as shown in Figure 15.7. The model describes three main
states: the native folded state, molten globule state, and unfolded state.
As shown in Figure 15.7, the native, molten globule and folded states are
all present at lower temperatures, whereas at high temperatures only the

© Feenstra & Abeln, 2014-2023 Intro Prot Struc Bioinf



14 CHAPTER 15. MONTE CARLO FOR PROTEIN STRUCTURES

Figure 15.6: Moves on a cubic lattice. Three different moves on a cubic lattice are
shown: the corner flip, crankshaft and point rotation. Each of the moves ensure the
chain is not broken after the move. In order to keep detailed balance the reverse
move needs to be equally probable as the forward move.

unfolded state has a low free energy.

Using such simulations, we can observe behaviour that is very similar to
proteins in experimental settings: at high temperatures proteins unfold, due
to the chain entropy. In this particular work, it was shown that proteins
with the same fold, but with a different sequence, could have very different
folding pathways and different intermediate molten-globule like states.

6.2 Other applications in bioinformatics

Fragment based structure prediction methods typically use Monte Carlo sim-
ulations to assemble decoy structures from the structural fragments (Song
et al., 2013), see also Chapter “Introduction to structure prediction”. Here,
Monte Carlo sampling is used as a search and optimisation technique. The
simulation starts at a medium to high temperature, which is decreased step-

Intro Prot Struc Bioinf © Feenstra & Abeln, 2014-2023
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6. APPLICATIONS OF MONTE CARLO FOR PROTEINS 15

folded

molten globule

coil

Figure 15.7: Free energy landscape as a function of the number of native and non-
native contacts in a lattice model, with the free energy values shown as heatmap
colors (dark red is very low free energy; white is high free energy). At a high
number of native contacts, the protein is in its native folded state (top left in the
plots). At intermediate values of native and non-native contacts, the protein is in a
molten globule state. At very low numbers of native and non-native contacts, the
protein is an unfolded, coil-like state. The figure shows that at a low temperature
(left), the free energy is low for the folded state, the molten-globule state and the
unfolded state. At even lower temperatures (not shown here), both the molten
globule state and the unfolded state become unstable. At high temperature (right)
the free energy is lowest when there are very few native and non-native contacts in
the protein, indicating that the unfolded state is the most stable.

wise throughout the procedure until T = 0 and an energy minimum is
reached. This process is called ‘simulated annealing’.

Simulated annealing is also used in homology model building by MOD-
ELLER (Sali and Blundell, 1993), and in proposing moves via Molecular
Dynamics. Here, the goal is to optimise a configuration that adheres to
structural constraints from a template structure, see also Chapter “Practi-
cal Guide to Model Generation”.

It is important to note that such optimisation procedures are funda-
mentally different from molecular simulation approaches that try to sample
the partition function. In simulated annealing only the (potential) energy
is minimised, and not the free energy. In other words, entropy is not con-
sidered in the simulated annealing derived predictions. Moreover, typically
non-physical energies are included in the energy function, such as distant
constraints on specific residues. It is important to realise that we cannot use
such optimisation techniques to consider folding or binding mechanisms.

© Feenstra & Abeln, 2014-2023 Intro Prot Struc Bioinf
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16 CHAPTER 15. MONTE CARLO FOR PROTEIN STRUCTURES

Hybrid MC & MD simulations

Proteins are very long molecules (polymers, or polypeptides). This
means that any moves along the chain are generally correlated: neigh-
bouring atoms in the chain cannot move independently from each
other. This means that Monte Carlo moves on single atoms or residues
– in case of coarse grained models – can be very inefficient. One way
of overcoming this is to generate collective moves; in structure pre-
diction the fragment based approach of Rosetta (Song et al., 2013)
is very efficient. For molecular simulations, often a hybrid approach
gives extremely efficient sampling (Woo et al., 2004; Pool et al., 2012;
Yang et al., 2016): here, the smaller moves are implemented as a se-
ries of MD steps. These trajectories may then be rejected or accepted
according to the rules based on the Boltzmann factor, making the
higher level moves stochastic. The advantage of such an approach is
that a multitude of enhanced sampling techniques can easily be ap-
plied within a high level MC simulation, using low level MD moves
and a force field parametrised for MD. In such hybrid simulations,
time development and (hydro)dynamics are not conserved.

7 Enhanced sampling techniques

As explained in previous sections, the relative free energy of a state can be
calculated from the fraction of time spent in that state during a simulation.
Low free energy states correspond to a high probability of sampling. This
means that during a simulation, mainly the most stable states are sampled.
On the other hand, sampling of high energy states is much more difficult:
in severe cases, there may be no sampling of such states all together. This
is particularly troublesome if these higher energy states lie in between two
stable states, since such states form a ‘barrier’ between two stable states.
An example of this was already shown in Figure 12.3. In order to calculate
the relative free energy of the two stable states, it is essential to also sample
the path connecting them. There are different tricks that can be applied to
improve sampling in these regions and obtain a free energy landscape over
the entire region of an order parameter.

Here, we will discuss two methods for enhanced sampling: Umbrella
Sampling and Replica Exchange/Parallel Tempering. Both methods can
be applied within MD simulations as well as MC, but are more easily im-
plemented in MC. Moreover, the exchange steps in Replica Exchange are
essentially Monte Carlo moves.

Intro Prot Struc Bioinf © Feenstra & Abeln, 2014-2023
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7.1 Umbrella Sampling in MC

Umbrella Sampling is one of the more simple enhanced sampling techniques.
In Umbrella sampling, a value of the order parameter (e.g., the distance be-
tween two interacting proteins) is chosen around which one wants to sample.

In a Monte Carlo simulation this is extremely easy to implement. The
only thing we need is a good order parameter. If for an order parameter x we
want to sample a barrier region between a and b, we need to ensure that the
path sampled by the MC algorithm rejects any steps going to a microstate
where x < a or x > b. Remember that the (sampling) probability of a state
has a direct relation with the free energy of that state: from Equation 10 in
Chapter “Thermodynamics of Protein Folding” we can derive pA = eFA/kBT ,
where FA is the free energy relative to the other sampled states. Now,
we can easily understand that the sampling probability of a state will go
up, if the system is not allowed to visit the low free energy states of the
system. In other words, if we choose the interval between a and b to be
small enough, such that sampling is focused on the high free energy states
only, the probability of sampling the barrier goes up. Now we can split the
entire free energy landscape in multiple intervals. For each interval, we can
approximate a free energy curve, which can be stitched together in a final
step. Generally, the steeper the slope of the free energy curve with respect
to the order parameter, the more intervals we need. Once we have all the
free energy curves for the the intervals, we need to stitch them together, this
can be done by curve fitting; this will work much better, if there is overlap
between the intervals. For more details, please see Frenkel and Smit (2002)

Umbrella sampling using quadratic potentials

In MD simulations, we cannot simply reject moves or add a ”hard wall”.
Instead, an artificial energy penalty is added around a selected point, such
that it becomes very unfavourable for a protein to deviate far from this
point. This penalty is called the ‘Umbrella potential’ (EUmbrella) and takes
the form of a quadratic equation:

Eumbrella = kumbrella (d− d0)
2 (10)

where a higher value of kumbrella indicates a steeper penalty for deviating
distance d− d0 from the selected point d0.

Now we can draw such umbrellas over the entire range of the order pa-
rameter of interest, as shown in Figure 15.8. The name ‘Umbrella sampling’
originates from the shape of the penalty curve.

Finally, to obtain the true free energy landscape from the different simu-
lations, the obtained energies need to be corrected for the umbrella potential.
This can be done using

⟨A⟩ =
⟨Aw ⟩w
⟨ 1
w ⟩w

(11)
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Figure 15.8: Schematic overview of an umbrella sampling for an MD simulation
(see main text for further details). (A) Choice of the reaction coordinate (RC). (B)
Apply umbrella potentials on selected values of the RC. d0 is the minimum of the
umbrella in terms of the RC (C) Individual sampling around selected coordinates.
(D) Density of sampling along the RC for each simulation. (E) Using weighted
histogram analysis method (WHAM). (F) Joining the local free energy landscapes
into a complete free energy landscape around the RC. Note that the sampling
overlap is essential to create the final free energy landscape.
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where A is the property of interest and w the weights of the sampling. The
correctness of the final fit, stitching the intervals together to obtain a free
energy curve can be improved using the WHAM method (Grossfield, 2003).

Umbrella sampling procedure

The umbrella sampling procedure can be summarised as follows (Figure 15.8):

A First, a reaction coordinate needs to be defined and an estimate of a
range of values of this reaction coordinates that captures the relevant
protein dynamics needs to be made.

B Subsequently, multiple points within this range of the reaction coordi-
nate are chosen to initiate the simulations. On each of these starting
points, an umbrella potential is applied that adds an energy penalty
to the simulation whenever the value of the reaction coordinate devi-
ates from the starting point. The penalty is zero at the starting point,
and increases quadratically as the distance from this value of the re-
action coordinate increases (Eumbrella = kumbrella (d− d0)

2), though
other functions for the energy penalty may be chosen as well.

C While running the simulations, at each point the value of the reaction
coordinate and corresponding umbrella energy is sampled.

D After the simulations are completed, the density of sampling along the
reaction coordinate is calculated for each simulation.

E Using weighted histogram analysis method (WHAM), the free energy
profile can be corrected for the added umbrella potential and a local
free energy landscape can be created.

F Using the overlap in the regions of the reaction coordinate that were
sampled between simulations, the local free energy landscapes can be
stitched together into a complete free energy diagram of the sampled
region of the reaction coordinate. Note that the sampling overlap
between simulations is necessary to be able to create the final free
energy landscape. If overlap is insufficient or lacking in any area,
additional simulations need to be run initiated in this area to obtain
a higher sampling density.

Replica Exchange or Parallel tempering

Parallel tempering, also known as temperature replica exchange, is
another enhanced sampling technique. The key idea is that some
transitions may be more easily sampled at different, typically higher,

© Feenstra & Abeln, 2014-2023 Intro Prot Struc Bioinf
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temperatures than the temperature of interest.
This approach consists of letting a number simulation boxes run

simultaneously, while each box visits different temperatures during
the parallel tempering procedure. These simulations are referred to
as replicas, that can run in parallel. At fixed time intervals (MD)
or number of steps (MC), attempts are made to exchange tempera-
tures between the different simulation boxes. Attempting to exchange
temperatures between replicate simulations follows a Monte Carlo pro-
cedure, which is best described as performing a Monte Carlo move in
temperature space.

With this Monte Carlo move, we need to ensure that detailed bal-
ance is observed, such that we have equal probabilities for the forward
and backward swaps. It can be shown that the following rule for
accepting moves, indeed keeps detailed balance.

Pacc(S1 → S2) = min(1, e(β1−β2)(E1−E2)) (12)

Here the variable βi =
1

kTi
. Note that β is often used instead of T,

to make manipulation of equations in thermodynamics easier. Ei are
the potential energies of the states to be swapped. A formal proof to
show this acceptance rule adheres to detailed balance, which can be
found in more details in(Frenkel and Smit, 2002).

A little care needs to be taken, how the temperatures of the dif-
ferent simulation replicas are chosen. It is important that the tem-
peratures are swapped sufficiently. As a rule of thumb, one accepted
exchange out of three trials is considered reasonable. A replica ex-
change procedure can be considered to be finished if all replica boxes
have visited all temperatures several times. Then, the system has
heated up and cooled down several times. If swaps between specific
temperatures do not occur during the procedure, this suggests that
these temperature may lie close to a transition point, and typically
the interval between temperatures need to be made smaller, to allow
for sufficient sampling.

8 Monte Carlo vs. Molecular Dynamics

Now we have considered two simulation protocols, Molecular Dynamics
(MD) and Monte Carlo (MC), both can be used to study the same proper-
ties of a system, namely the stability of states and the transitions between
them. Using either technique, the free energy landscape can be calculated
along a chosen order parameter (or multiple order parameters). However, in
practice it is not possible to sample a complete folding pathway of a real-size
protein in a full-atomistic model with either of the two techniques. Thus, we
cannot exhaustively cover the whole free energy landscape, and we typically
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refer to the simulation process as sampling states in the free energy land-
scape. Both techniques should maintain detailed balance, and sample the
Boltzmann distribution. A short summary of main differences is provided
in Table 1.

MC is an intrinsically stochastic method that depends on random moves
to determine a simulation path. To calculate the next state of a system, only
the energy difference between the old and the new state needs to be known.
Any forces, velocities, momenta, and time are ignored in MC. This large
simplification of the system makes MC simulations much faster to execute
and much easier to code than MD.

MC simulations natively sample an NVT ensemble, while MD on the
other hand natively samples an NVE ensemble, see also Frenkel and Smit
(2002) for more details.

MD is theoretically a deterministic simulation, however, in practice, due
to limits in computational precision, and the use of a thermostat and/or
barostat, MD is it is not deterministic.

Most biological systems are naturally exposed to an environment with
constant temperature, i.e., they exist within larger systems with constant
exchange of heat between the system and its surroundings, leading to a
constant temperature of the considered system. Therefore, NVT is often a
more natural choice. This means that for most practical cases we will need
a thermostat in MD simulations; this (re)tunes the velocities of particles in
such a way that the temperature is kept constant throughout the simulation.

Since MD captures dynamics explicitly, it is possible to include effects
such as hydrodynamics (e.g., movements of water in direct vicinity to a mov-
ing part of the protein). In MC, because the forces, speeds, and momenta
of all the particles are not known, collective moves, incorporating multiple
particles, often need to be added explicitly to speed up the simulation.

Lastly, due to the simplicity of the MC algorithm, it is much more
straightforward to implement enhanced sampling techniques (see section
below) in an MC simulation. If we want to consider large systems, such as
proteins that (re)fold, enhanced sampling techniques are essential to allow
even sampling within a range of the order parameter during the simulation.

9 Key points

• When a system is in equilibrium we do not have to simulate velocities
and time explicitly in order to obtain relative free energies

• Monte Carlo samples the partition function of systems in equilibrium
• Monte Carlo is a stochastic sampling method
• It is straightforward to use enhanced sampling techniques in the Monte
Carlo framework

• Molecular simulations need to keep detailed balance in order to adhere

© Feenstra & Abeln, 2014-2023 Intro Prot Struc Bioinf
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MC MD

algorithm stochastic deterministic

native ensemble NVT NVE

advantages easier to code explicit dynamics

easier to implement
enhanced sampling

time development

disadvantages need collective moves for
efficient sampling

need integrable forces

fewer simulation packages
available

thermostat required for
NVT

Table 1: Monte Carlo (MC) versus Molecular Dynamics (MD) simulations.

to statistical mechanics
• In structural Bioinformatics many ideas of molecular simulation are
used, sometimes with shortcuts that mean the sampled ensembles may
be non-physical.

10 Further reading

• Vlugt et al. (2008)
• Frenkel and Smit (2002)
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