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Abstract

Behavioral Cloning (BC) aims at learning a policy that mim-
ics the behavior demonstrated by an expert. The current the-
oretical understanding of BC is limited to the case of finite
actions. In this paper, we study BC with the goal of providing
theoretical guarantees on the performance of the imitator pol-
icy in the case of continuous actions. We start by deriving a
novel bound on the performance gap based on Wasserstein
distance, applicable for continuous-action experts, holding
under the assumption that the value function is Lipschitz con-
tinuous. Since this latter condition is hardy fulfilled in prac-
tice, even for Lipschitz Markov Decision Processes and poli-
cies, we propose a relaxed setting, proving that value function
is always Hölder continuous. This result is of independent
interest and allows obtaining in BC a general bound for the
performance of the imitator policy. Finally, we analyze noise
injection, a common practice in which the expert’s action is
executed in the environment after the application of a noise
kernel. We show that this practice allows deriving stronger
performance guarantees, at the price of a bias due to the noise
addition.

1 Introduction
The degree of interaction of the human in the ecosystem
of artificial intelligence is progressively becoming more and
more prominent (Zanzotto 2019). In this setting, the human
plays the role of an expert that, with different tools, interacts
with the artificial agents and allows the agent to leverage
their knowledge to improve, quicken, and make the learning
process more effective (Jeon, Milli, and Dragan 2020).

Imitation Learning (IL, Osa et al. 2018) can be consid-
ered one of the simplest forms of interaction between a hu-
man and an artificial agent. This kind of interaction is uni-
directional since the human expert provides the agent with
a set of demonstrations of behavior that is optimal w.r.t. an
unknown objective. The agent, on its part, aims to learn a
behavior as close as possible to the demonstrated one. Clas-
sically, we distinguish between two realizations of IL: Be-
havioral Cloning (BC, Bain and Sammut 1995) and Inverse
Reinforcement Learning (IRL, Arora and Doshi 2021). BC
aims at mimicking the behavior of the agent by recover-
ing a policy that matches as much as possible the expert’s
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demonstrated behavior. Instead, IRL has the more ambitious
goal of reconstructing a reward function that justifies the ex-
pert’s behavior. Thus, it aims at representing the expert’s in-
tent rather than their behavior. In this sense, IRL is more
challenging than BC, as its output, the reward function, is a
more powerful tool that succeeds in being deployed even in
the presence of a modification of the environment.

Although IL techniques have been successfully applied to
a large variety of real-world applications (e.g., Asfour et al.
2008; Geng, Lee, and Hülse 2011; Rozo, Jiménez, and Tor-
ras 2013; Likmeta et al. 2021), their theoretical understand-
ing in terms of performance of the imitation policy is cur-
rently limited. Recently, in (Xu, Li, and Yu 2020), a first
analysis of the error bounds has been provided for BC and
Generative Adversarial Imitation Learning (Ho and Ermon
2016). However, these results involve the presence of an f -
divergence (Rényi et al. 1961), usually total variation (TV)
or KL-divergence, between the expert’s policy and the imita-
tor one. Consequently, they are significant only when the ac-
tion space is finite, while becoming vacuous for experts with
continuous actions. To further argue on the limitation of this
analysis, consider the case in which BC is reduced to min-
imize the mean squared error (MSE) between the expert’s
action and the imitator one. Even in this simple scenario, as
we shall see, the current analysis based on TV cannot relate
MSE with the performance of the imitator policy. This rep-
resents a relevant limitation since many of the applications
of IL are naturally defined with continuous-actions context.

Original Contributions In this paper, we aim to take a
step forward to a more comprehensive theoretical under-
standing of BC. Specifically, we devise error bounds that
relate the performance difference JπE ´JπI between the ex-
pert’s policy πE and the imitator one πI to their divergence.
Our bounds are based on the Wasserstein distance (Villani
2009) and, for this reason, are meaningful even in the pres-
ence of continuous-action spaces (Section 3). Our work con-
tains the following contributions:
1. We will prove a performance bound for standard BC

in case of Lipschitz reward-transition for the MDP (see
(Rachelson and Lagoudakis 2010)) and Lipschitz conti-
nuity of the value function.

2. Since the latter assumption is often violated in practice,1,
1It is well-known that the value function is Lipschitz continuous
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we extend the result by only requiring Lipschitzness of
the MDP, even if it requires a weaker performance bound.
We also show that, the less regularity on the value func-
tion, the slower the convergence of BC (Section 4).

3. Finally, we focus on a popular practice employed in imi-
tation learning, i.e., noise injection (Laskey et al. 2017a).
In this setting, the expert’s action, before being executed
in the environment, is corrupted with noise to make the
imitation process more robust. We show that noise in-
jection allows achieving stronger theoretical guarantees
at the price of competing against a noisy expert, which
could have a lower performance (Section 5).

In particular, in the second point, we show that the value
function of a Lipschitz MDP is always Hölder continuous,
with a suitable choice of the exponent depending on the
properties of the MDP and policy. This represents a result of
independent interest that overcomes a well-known limitation
of the Lipschitz continuity of the value function (Rachelson
and Lagoudakis 2010; Pirotta, Restelli, and Bascetta 2015),
with possible applications outside BC.

2 Preliminaries
In this section, we provide the background (Section 2.1) and
the foundations of Markov Decision Processes (Section 2.2).

2.1 Mathematical Background
Notation Let X be a set and F be a σ-algebra over X , we
denote with PpX q the set of probability measures over the
measurable space pX ,Fq. Let x P X , we denote the Dirac
delta measure centered in x as δx. Let f : X Ñ R be a
function, we denote the L8-norm as }f}8 “ supxPX fpxq

and with }f}i the Li-norm for i P t1, 2u.
Lipschitz Continuity Let pX , dX q and pY, dYq be two

metric spaces and L ą 0. A function f : X Ñ Y is said to
be L-Lipschitz continuous (L-LC) if:

dYpfpxq, fpx1qq ď LdX px, x1q, @x, x1 P X .

We denote the Lipschitz semi-norm of function f as }f}L “

supx,x1PX ,x‰x1 dYpfpxq, fpx1qq{dX px, x1q. In the real space
(X Ď Rn), we use the Euclidean distance, i.e., dX px, x1q “

}x ´ x1}2. For probability measures (X “ PpΩq), the most
intuitive distance is the total variation (TV), defined as:

TVpµ, νq “ sup
}f}8ď1

ˇ

ˇ

ˇ

ˇ

ż

Ω

fpωq pµ ´ νq pdωq

ˇ

ˇ

ˇ

ˇ

@µ, ν P PpΩq

However, with continuous deterministic distributions, the
TV takes its maximum value 1 (Figure 1). Thus, we intro-
duce L1-Wasserstein distance (Villani 2009), defined as:

Wpµ, νq “ sup
}f}Lď1

ˇ

ˇ

ˇ

ˇ

ż

Ω

fpωqpµ ´ νqpdωq

ˇ

ˇ

ˇ

ˇ

@µ, ν P PpΩq

It is worth noting that, for deterministic distributions, we
have Wpδx, δx1 q “ dX px, x1q.

under the demanding assumption that γLpp1 ` Lπq ă 1 (Rachel-
son and Lagoudakis 2010) requiring the Lipschitz constants of the
transition model Lp and of the policy Lπ to be very small.

Hölder Continuity The notion of Lipschitz continuity is
generalized by Hölder continuity. Let pX , dX q and pY, dYq

be two metric spaces and L,α ą 0. A function f : X Ñ Y
is said to be pα,Lq-Hölder continuous (pα,Lq-HC) if:

dYpfpxq, fpx1qq ď LdX px, x1qα, @x, x1 P X .

It is worth noting that: (i) Lipschitz continuity is obtained by
Hölder continuity for α “ 1; (ii) only constant functions are
pα,Lq´HC for α ą 1; (iii) in bounded domains, the higher
the value of α the more restrictive the condition.

Convolution Let f, g : Rn Ñ R be two functions, their
convolution is defined for all x P Rn as:

pf ˚ gqpxq :“

ż

Rn

fpx ´ yqgpyqdy “

ż

Rn

fpyqgpx ´ yqdy.

We introduce the following regularity assumption regarding
the probability measures.
Definition 1. A probability measure L P PpRnq is L-TV-
Lipschitz continuous (L-TV-LC) if:

TVpLp¨ ` hq,Lp¨qq ď L}h}2, @h P Rn.

Under this assumption, we can prove that the convolution
regularizes bounded and possibly irregular functions.
Proposition 1. Let f : Rn Ñ R be a function such that
}f}8 ď M , and let L P PpRnq be an L-TV-LC probability
measure that admits density function ℓ : Rn Ñ Rě0. Then,
the convolution f ˚ ℓ is 2LM -LC continuous.

2.2 Markov Decision Processes
A discrete-time discounted Markov Decision Process (MDP,
Puterman 2014) is a 6-tuple M “ pS,A, p, r, γ, µq where
S and A are the measurable sets of states and actions,
p : S ˆ A Ñ PpSq is the transition model that defines the
probability measure pp¨|s, aq of the next state when playing
action a P A in state s P S , r : S ˆ A Ñ R is the re-
ward function defining the reward rps, aq upon playing ac-
tion a P A in state s P S , γ P r0, 1q is the discount factor,
and µ P PpSq is the initial-state distribution. The agent’s
behavior is modeled by a policy π : S Ñ PpAq, which as-
signs a probability measure πp¨|sq of the action to be taken
in state s P S . When the policy is deterministic, we denote
with πpsq the action played in state s P S . A policy de-
termines a γ-discounted visitation distribution, defined as:
dπpsq :“ p1 ´ γq

ř`8

t“0 γ
t Ppst “ s|π, µq for every s P S .

Value Functions The state-action value function (or Q-
function) which quantifies the expected discounted sum of
the rewards obtained under a policy π, starting from a state
s P S and fixing the first action a P A:

Qπps, aq :“ Eπ

«

`8
ÿ

t“0

γtrpst, atq

ˇ

ˇ

ˇ

ˇ

s0 “ s, a0 “ a

ff

, (1)

where Eπ denotes the expectation w.r.t. to the stochastic pro-
cess at „ πp¨|stq and st`1 „ pp¨|st, atq for all t P N. The
state value function (or V-function) is defined as V πpsq :“
Ea„πp¨|sqrQπps, aqs, for all s P S . Given an initial state dis-
tribution µ, the expected return is defined as:

Jπ :“ E
s„µ

rV πpsqs “
1

1 ´ γ
E

s„dπ,a„πp¨|sq

rrps, aqs.
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Figure 1: Comparison between TV and Wasserstein dis-
tances for two Gaussian distributions µ and ν. Left:
TVpµ, νq « 0.38, Wpµ, νq “ 1, Center: TVpµ, νq « 1,
Wpµ, νq “ 1, Right: TVpµ, νq « 1, Wpµ, νq “ 0.4

Lipschitz MDPs We now introduce notions that will allow
us to characterize the smoothness of an MDP (Rachelson
and Lagoudakis 2010). To this end, we assume that the state
space S and action space A are metric spaces endowed with
the corresponding distance functions dS and dA.
Assumption 1 (Lipschitz MDP). An MDP M is pLp, Lrq-
LC if, for all ps, aq, ps1, a1q P S ˆ A it holds that:

Wppp¨|s, aq, pp¨|s1, a1qq ď Lp

`

dSps, s1q ` dApa, a1q
˘

,
ˇ

ˇrps, aq ´ rps1, a1q
ˇ

ˇ ď Lr

`

dSps, s1q ` dApa, a1q
˘

.

Assumption 2 (Lipschitz Policy). A (Markovian stationary)
policy π is Lπ-LC if, for all s, s1 P S it holds that:

Wpπp¨|sq, πp¨|s1qq ď LπdSps, s1q.

Note, if instead of the Wasserstein metric, we had used the
TV, these assumptions would be way more restrictive, not
holding for deterministic environment/policies with continu-
ous state-action spaces (Munos and Szepesvári 2008). Under
Assumptions 1 and 2, provided that γLpp1 ` Lπq ă 1, the
Q-function Qπ is LQ-LC with LQ ď Lr

1´γLpp1`Lπq
(Rachel-

son and Lagoudakis 2010, Theorem 1).

3 Bound for Imitating Policies Based on
Wasserstein Distance

The high-level goal of this work is to find a theoretical
guarantee for the imitator policies learned with BC. Specif-
ically, we want to bound the difference in expected return
JπE ´ JπI between the imitator policy πI learned with BC
and the expert policy πE in terms of a distributional diver-
gence between the corresponding action distributions.

The best-known results for this kind of analysis, in the
case of discrete action spaces, are proved in (Xu, Li, and Yu
2020) and we report it below for completeness.2

Theorem 2 (Xu, Li, and Yu (2020), Theorem 1). Let πE be
the expert policy and πI be the imitator policy. If |rps, aq| ď

Rmax for all ps, aq P S ˆ A, it holds that:

JπE ´ JπI ď
2Rmax

p1 ´ γq2
E

s„dπE

rTVpπEp¨|sq, πIp¨|sqqs.

2The result reported in (Xu, Li, and Yu 2020) involves the KL-
divergence and is obtained, via Pinsker’s inequality, from the one
we report that is tighter (Appendix A.2 of Xu, Li, and Yu (2020)).

As anticipated, this result is not suitable for continuous
action spaces, since the TV between different policies would
take its maximum value 1 whenever one of the two policies
is deterministic. The following example clarifies the issue.
Example 1. Suppose that the action space is a real space
A Ď Rn and that both expert πE and the imitator πI poli-
cies are deterministic. A common way to perform BC is to
minimize the mean squared error (MSE) between the expert’s
action and the imitator one. Suppose we are able to provide
the following guarantee on the MSE, for some ε ą 0:

E
s„dE

”

}πEpsq ´ πIpsq}
2
2

ı

ď ε2. (2)

However, this condition provides no guarantee in TV. In-
deed, by taking πIpsq “ πEpsq ` ε?

n
1n, being 1n the

vector of all 1s, Equation (2) is fulfilled, but we obtain:
Es„dπE rTVpπEp¨|sq, πIp¨|sqqs “ Es„dπE r1tπEpsq ‰

πIpsqus “ 1, where 1 is the indicator function.

3.1 A Bound Based on Wasserstein Distance
Even if the existing analysis of Xu, Li, and Yu (2020) cannot
be applied in continuous action spaces, as shown in Exam-
ple 1, it is not hard to leverage the regularity of the MDP to
effectively bound the performance difference JπE ´ JπI .
Theorem 3. Let πE be the expert policy and πI be the im-
itator policy. If that state-action value function QπI of the
imitator policy πI is LQπI -LC, then it holds that:

JπE ´ JπI ď
LQπI

1 ´ γ
E

s„dπE

rWpπIp¨|sq, πEp¨|sqqs.

Proof. Using the performance difference lemma (Kakade
and Langford 2002), we have:

JπE ´ JπI “
1

1 ´ γ
E

s„dπE

„

E
a„πEp¨|sq

rAπI ps, aqs

ȷ

,

where AπI ps, aq “ QπI ps, aq ´ V πI psq is the advantage
function. The inner expectation can be written as:

E
a„πEp¨|sq

rAπI ps, aqs

“

ż

A
QπI ps, aqpπEpda|sq ´ πIpda|sqq

ď sup
sPS

}QπI ps, ¨q}L WpπEp¨|sq, πIp¨|sqq,

where the inequality follows from the definition of Wasser-
stein metric. The result is obtained by observing that
supsPS }QπI ps, ¨q}L ď }QπI }L ď LQπI .

A similar bound was previously derived by (Pirotta,
Restelli, and Bascetta 2015, Theorem 1) and (Asadi, Misra,
and Littman 2018, Theorem 2). However, (Pirotta, Restelli,
and Bascetta 2015) assume that the policy is LC w.r.t. a
policy parametrization. Instead, the result of (Asadi, Misra,
and Littman 2018) involves the transition model instead of
the policy and requires a bound uniform over S ˆ A on
the Wasserstein distance between the true and the estimated
models. Let us now revisit Example 1 in light of Theorem 3.
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Figure 2: State value functions of Example 2. Left: the
bound of (Rachelson and Lagoudakis 2010) hold and it is
tight. Right: the bound of (Rachelson and Lagoudakis 2010)
does not hold, but our bound based on Hölder continuity
holds, for different values of α P p0, 1q.

Example 1 (continued). Under Equation (2) , we can pro-
vide an effective guarantee on the Wasserstein distance:

E
s„dπE

rWpπEp¨|sq, πIp¨|sqqs “ E
s„dπE

r}πEpsq ´ πIpsq}1s

ď Es„dπE r}πEpsq ´ πIpsq}22s
1
2 ď ε,

where in the first inequality, we used Jensen’s inequality.
Comparing Theorem 3 with Theorem 2, we no longer re-

quire the uniform bound Rmax on the reward function, but
we introduce an additional assumption on the regularity of
the imitator Q-function QπI . Clearly, we should find suit-
able assumptions under which LQπI is finite. As we antic-
ipated in Section 2.2, the only known result that provides
such an estimate under the assumption of Lipschitz MDP
and Lipschitz policy with Wasserstein metric is (Rachel-
son and Lagoudakis 2010), where the authors proved that,
if γLpp1 ` Lπq ă 1 is satisfied, LQπ can be chosen as:

LQπ :“
Lr

1 ´ γLpp1 ` Lπq
. (3)

However, we argue that condition γLpp1 ` Lπq ă 1 is very
demanding and often unrealistic. Indeed, to fulfill it we need
at least one of these conditions to be satisfied:
(i) γ ! 1: in practice, it is almost always false, since the

discount factor is often chosen to be close to 1;
(ii) Lp ă 1: this is a very unrealistic assumption, since it

would make all the states shrink exponentially when the
same actions are performed;

(iii) Lπ « 0: the action depends very little on the state so
that there is a very limited possibility of controlling the
environment (this condition alone is not even sufficient).

3.2 The Tightness of the Value Function Lipschitz
Constant

It is legitimate to question whether the value LQπ of Equa-
tion (3), widely employed in the literature (e.g., Rachelson
and Lagoudakis 2010; Pirotta, Restelli, and Bascetta 2015;
Asadi, Misra, and Littman 2018), is a tight approximation
of the Lipschitz semi-norm }Qπ}L. In this section, we prove
that the result cannot be improved, at least when requiring
the Lipschitz continuity of the value function. Example 2

shows that the value function Qπ can be made non-LC even
when the MDP and the policy are LC, while Theorem 4
proves that a bound like that of Theorem 3 cannot be ob-
tained for a generic Lipschitz MDPs and policies.
Example 2. Let M be an MDP and π be a policy defined
as follows, given the constants Lp, Lr ą 0:
• S “ r´1, 1s;
• A “ t0u;
• The dynamic is deterministic. From every state s P S ,

performing action 0, the only possible, the environment
moves to the state s1 “ clippLps,´1, 1q.3 This means that
ppds1|s, aq “ δclippLps,´1,1qpds1q;

• rps, aq “ Lrs;
• The initial state distribution is µ “ Unipr0, 1sq (not influ-

ential for the derivation that follows).
This MDP is pLp, Lrq-LC and the policy has Lipschitz con-
stant equal to Lπ “ 0, since there is one action only. Equa-
tion (3) ensures that the state value function V π (that is
equal to the state-action value function Qπ since there is
one action only) is LC with constant:

LV π “
Lr

1 ´ γLp
.

Since the state space is one dimensional, we can compute
the state value function V π exactly:

V πpsq “ Lr

`8
ÿ

k“0

γk clip
`

Lk
ps,´1, 1

˘

, @s P S.

As shown in Figure 2 left, the point of maximal slope s “ 0.
Even if we have employed the specific values Lp “ 1.15,
Lr “ 1, and γ “ 0.75, it is simple to see that this property
is valid in general. Moreover, we have plotted in orange the
line which passes through the origin, having slope equal to:

LV π “
Lr

1 ´ γLp
“

1

1 ´ 0.75 ¨ 1.15
« 7.27,

which is the tangent line to the state value function in s “ 0,
as it also can be found analytically:

BV π

Bs
p0q “ Lr

`8
ÿ

k“0

γkLk
p “

Lr

1 ´ γLp
.

This means that, in this case, the choice of the Lipschitz con-
stant provided by the theory (Equation 3) is actually tight.

What happens if we reach the hard edge of γLpp1`Lπq “

γLp ą 1, where Equation (3) does not guarantee any prop-
erty? For instance, by taking Lp “ 1.15, Lr “ 1, and
γ “ 0.9, we lose any Lipschitz property, finding a deriva-
tive which is unbounded, as shown in Figure 2 right.

Note that, in this example, we are able to find a non-LC
state value function even in the apparently simple case of
A “ t0u, where Lπ “ 0. Therefore, this example also
shows that the dynamics of the system alone is enough to
make the state value function irregular. Furthermore, the
same example can be adapted to prove that, for a generic
Lipschitz MDP and a pair of Lipschitz policies, a bound like
the one of Theorem 3 cannot be obtained in general.

3clippx, a, bq is the clipping function, i.e., maxtmintx, bu, au.
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Theorem 4. There exist an pLp, Lrq-LC MDP and an Lπ-
LC policy π such that for every finite constant C ą 0, (even
depending on Lp, Lπ , and Lr), there exists an Lπ-LC policy
π1 such that:

Jπ ´ Jπ1

ě C E
s„dπ

rWpπp¨|sq, π1p¨|sqqs.

The proof is reported in Appendix. If we set π “ πE

as the expert policy and π1 “ πI as an imitator policy,
Theorem 4 shows that, even if the MDP and the policies
are LC, we cannot, in general, upper bound the perfor-
mance difference JπE ´ JπI with the expected Wasser-
stein distance Es„dπ rWpπEp¨|sq, πIp¨|sqqs. This is in line
with the fact that, without additional assumptions, e.g., when
γLppLπ ` 1q ă 1 does not hold, Theorem 4 is vacuous.
Therefore, these bounds cannot be improved in the frame-
work of Lipschitz continuity, however, a weaker notion of
regularity can be used to generalize the previous theorems.

4 Hölder Continuity Is All We Need
In this section, we propose an approach for overcoming the
limitations of the Lipschitz continuity, discussed in the pre-
vious section. In Section 4.1, we show that the state-action
value function Qπ is always Hölder continuous, provided
that the MDP and the policy are LC. Then, in Section 4.2,
we apply these findings to BC, deriving a bound on the per-
formance difference JπE ´ JπI in terms of the Wasserstein
distance that holds for every LC MDP and policy.

4.1 The Hölder Continuity of the Value Function
The first step to improve the result of (Rachelson and
Lagoudakis 2010) is to observe that, like in Example 2, even
when the value function is not Lipschitz continuous, it keeps
being continuous. This observation is not, in principle, ac-
counted for by the previous analysis, which provides no re-
sult when γLpp1 ` Lπq ą 1. This suggests that employ-
ing a notion of regularity that is stronger than continuity
but weaker than Lipschitz continuity, as Hölder continuity,
might lead to an improvement of the analysis. Indeed, we
are able to prove the following generalization.
Theorem 5 (Hölder-continuity of the Q-function). Let M
be an pLp, Lrq-LC MDP, let π be an Lπ-LC policy, and let

0 ă α ă α :“ min

"

1,
´ log γ

logpLpp1 ` Lπqq

*

.

If the state space S and the action space A admit finite di-
ameter4 diampSq and diampAq, respectively, then the state-
action value function Qπ is pα,LQπ,αq´HC with a Hölder
constant bounded by:

LQπ,α :“
Lr pdiampSq ` diampAqq

1´α

1 ´ γpLpp1 ` Lπqqα
.

The proof is reported in Appendix.Furthermore, we can
easily obtain the Hölder constant of the state value function
V π .

4The diameter of a metric space pX , dX q is defined as:
diampX q “ supx,x1PX dX px, x1

q.

Proposition 6 (Hölder-continuity of the V-function). Let π
be an Lπ-LC policy. If the state-action value function Qπ is
pα,LQπ,αq-HC, then the corresponding state value function
V π is pα,LV π,αq-HC with:

LV π,α :“ LQπ,αpLπ ` 1qα.

These result represent a generalization of those of
(Rachelson and Lagoudakis 2010), which are obtained by
setting α “ 1.

Moreover, this Theorem 5 implies that the value functions
of an LC MDP and policy is always continuous, since any
HC function is also continuous, regardless of its constants,
as it seemed from the previous example. Coming back to
Example 2, we can perform further analyses.
Example 2 (continued). We can use Theorem 5 to provide
an upper bound on the value function even if the Lipschitz
continuity does not hold. The critical exponent is given by:

α “ ´
log γ

logpLpp1 ` Lπqq
« 0.72.

For every value of α ă α, the state value function V π is
pα,LV π,αq´HC. As we can see in Figure 2 right, for small
α, the bound provided by LV π,α|s|α is tight for s Ñ 1.

4.2 A More General Bound Based on Wasserstein
Distance

Similarly to what we have done in Section 3, to a result of
regularity, we are able to associate a result about the loss of
BC, bounding the difference in performance between two
policies with their Wasserstein distance. Indeed, thank to
Theorem 5, we can prove the following bound.
Theorem 7 (Optimal Error Rate for BC). Let πE be the ex-
pert policy and πI be the imitator policy. If that state-action
value function QπI of the imitator policy πI is pα,LQπI ,αq-
HC, then it holds that:

JπE ´ JπI ď
LQπI ,α

1 ´ γ
E

s„dπE

rW pπEp¨|sq, πIp¨|sqq
α

s .

Furthermore, if the MDP M is pLp, Lrq-LC and the im-
itator policy πI is LπI

-LC, the bound is tight for what con-
cerns the exponent α that cannot be improved above the crit-
ical value α of Theorem 5.

The proof is reported in Appendix.As expected, a low
value of α leads to a looser bound. Unfortunately, this
bound, despite being tight in the exponent, is difficult to
manage in practice. Indeed, in order to minimize the right-
hand side, Es„dπE rWpπEp¨|sq, πIp¨|sqqαs, one should know
the value α in advance. However, α ď α depends on the Lip-
schitz constants of the environment and of the policy, which
are usually unknown. Therefore, no imitation learning algo-
rithm can be trained to minimize this error explicitly. Fortu-
nately, we can see that, weakening this result, we can obtain
a more practical guarantee. Since 0 ă α ă 1, we can apply
Jensen’s inequality to obtain:

JπE ´ JπI ď
LQπI ,α

1 ´ γ
E

s„dπE

rW pπEp¨|sq, πIp¨|sqqs
α
. (4)

In this formulation, we minimize the expected Wasser-
stein distance only, and the knowledge of α is not needed,
but its value impacts the kind of guarantee we can provide.
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Remark 1. If we perform BC in a pLp, Lrq-LC MDP and
with a LπI

-LC imitator policy πI , the best possible perfor-
mance guarantee (from Equation 4) is given by:

JπE ´ JπI ď Opεαq,

where ε is the square root of the imitation MSE, i.e., ε2 “

Es„dπE r}πEpsq ´ πIpsq}22s as defined in Example 1, and
α ă α “ ´

log γ
logpLpp1`LπI

qq
, the critical exponent.

Therefore, a very low value of α, corresponding to lack
of regularity, can badly influence the possibility of learning
a good imitator policy.

5 Noise Injection
BC may struggle when the regularity assumptions are lack-
ing. However, in practice, using a noisy expert policy may
significantly help the learning process (Laskey et al. 2017b).
This empirical benefit is justified by the intuition that noise
helps in exploring the neighborhood of the expert trajecto-
ries. In this section, we formulate this empirical evidence
in a mathematically rigorous way. Indeed, we show how to
break the barrier enforced by Theorem 7, whose result is ob-
tained by a deterministic expert. Clearly, these advantages
come with the price that a noisy expert might experience a
loss in expected return compared to the deterministic one.

5.1 Noise Injection: A Mathematical Formulation
The simplest form of noise injection is realized by adding to
the expert’s action aE,t a noise component ηt. In particular,
assuming that the action space is real, i.e., A Ď Rn, we have:

@t P N :

$

’

&

’

%

at,E „ πEp¨|stq

ηt
iid
„ L

at “ at,E ` ηt

, (5)

where tηtutPN is a noise sequence whose components are
independent between each other and from the sequences
of states and actions, and identically distributed by law
L P PpAq. If L admits a density function, we can express
the density function of the played action at as the convolu-
tion of the expert policy density function πE and the density
function ℓ of the noise law L. Note that the formalization
in Equation (5) encompasses distributions that do not corre-
spond to the intuitive idea of noise (e.g., when L is a discrete
law). To obtain a meaningful result, we enforce the follow-
ing assumption.
Assumption 3. The law of the noise L admits a density
function w.r.t. a reference measure ℓ : Rn Ñ Rě0 and is
TV-LC (see Definition 1) with constant Lℓ.

Under this assumption, denoting with πE,ℓ the policy with
noise injection, i.e., at „ πE,ℓp¨|stq, we have that:

πE,ℓpa|sq “

ż

Rn

πEpa1|sqℓpa ´ a1qda1, @ps, aq P S ˆ A.

This represents the convolution of the policy density func-
tion πE and the noise density function ℓ. In other words, this
shows that the action taken by the expert policy aE,t is aver-
aged over the noise probability distribution.

Assumption 3 covers the most common types of noise,
like the Gaussian or the uniform ones. In fact, we can prove
that every univariate unimodal distribution satisfies Defini-
tion 1.Considering multivariate Gaussian noise, we directly
derive the Lℓ constant.
Example 3. Suppose the noise is sampled from a zero-mean
Gaussian distribution N p0,Σq with covariance matrix Σ,
the previous integral writes, for all ps, aq P S ˆ A:

πE,ℓpa|sq “

ż

Rn

πEpa1|sq
e´ 1

2 pa´a1
q
TΣ´1

pa´a1
q

p2πqn{2detpΣq1{2
loooooooooooomoooooooooooon

ℓpa´a1q

da1,

where we recognise the Gaussian n-variate density ℓ. As-
sumption 3 is verified since, for h P Rn:

TVpN ph,Σq,N p0,Σqq ď

c

1

2
KLpN ph,Σq,N p0,Σqq

“
1

2
}h}Σ´1 ď

1

2
a

sminpΣq
}h}2,

where we used Pinsker’s inequality and sminp¨q denoted the
minimum singular value of a matrix. In particular, if Σ is
diagonal as σ2I , we have that Lℓ “ 1{p2σq.

It is worth noting that, in the diagonal covariance case,
Lℓ is proportional to σ´1. This suggests that, the smaller the
impact of the noise L, i.e., the smaller the standard deviation
σ, the higher the constant Lℓ. Indeed, as σ decreases, the
regularization effect of the noise becomes less relevant (in
the limit σ Ñ 0, noise injection vanishes).

5.2 A Bound Based on Wasserstein Distance for
Noise Injection

We are now able to prove a performance guarantee for BC
with noise injection. The idea is based on a simple yet in-
teresting fact. We can use the noise to smooth a bounded
function, as in Proposition 1. Applying this approach to the
state-action value function, leads to the following result.
Theorem 8. Let πE be the expert policy and πI be the imi-
tator policy. Let us suppose that we have injected a noise of
density function ℓ, satisfying Assumption 3 to obtain a noisy
expert πE,ℓ and a noisy imitator πI,ℓ. If |QπI ps, aq| ď Qmax

for all ps, aq P S ˆ A, it holds that:

JπE,ℓ ´ JπI,ℓ ď
2LℓQmax

1 ´ γ
E

s„dπE,ℓ

rWpπEp¨|sq, πIp¨|sqqs.

The proof is reported in Appendix.Some observations
are in order. First, note the similarity with Theorem 3,
with the only difference being the substitution of LQπ with
2LℓQmax. Second, we require no smoothness assumption
(e.g., Lipschitz continuity) on the environment or on the
policy. Yet, if in the previous result of Theorem 3 the con-
stant LQπ could easily become infinite, now, the constant
2LℓQmax can be easily bounded by 2LℓRmax

p1´γq2
, since Qmax ď

Rmax

1´γ . From an intuitive perspective, the need for smooth-
ness in the environment is replaced with an assumption on
the density function of the noise. Lastly, we note that on
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Figure 3: The performance of the expert Jπ as a function of the standard deviation of the noise σ. The performance is measured
on 40 episodes int environment repeated for 20 different random seeds (nuance represents the 95% non-parametric c.i.).

the right-hand side of the formula, the error is measured by
the Wasserstein distance of the non-noisy policies. This is
advisable since it implies that the intrinsic error due to the
noise does not affect the bound besides the γ-discounted vis-
itation. We show in Appendix that this quantity is always
smaller than its counterpart involving the noisy policies.
Remark 2. If we perform BC injecting a noise ηt of density
function ℓ and satisfying Assumption 3, we have the follow-
ing performance guarantee:

JπE,ℓ ´ JπI,ℓ ď Opεq,

where ε is the MSE of the imitation policy as in Remark 1.
In comparison with Remark 1 for standard BC, we can

appreciate that, here, the exponent α disappeared. Indeed,
we have a performance bound that decreases linearly in the
MSE. In many cases, when the environment is not intrin-
sically very smooth, or the expert policy is irregular, the α
parameter can be very small, slowing down the convergence
significantly. Instead, a liner decay is a relevant improve-
ment of the v speed. Furthermore, as already noted, no as-
sumption of regularity is required in Theorem 8, so that the
last result has a much wider range of applications.

6 Practical Considerations
In the previous sections, we have seen that the use of noise
injection allows having a much better performance guaran-
tee than standard BC (see Remarks 1 and 2). Still, in prac-
tice, what matters is to have an imitator policy that is good
itself rather than an imitator that is simply good in mim-
icking a given policy. Therefore, if with the noise injection
we negatively affect the performance of the expert, i.e., if
JπE,ℓ ! JπE , the results given about noise injection could
become useless. On the contrary, we argue that adding noise
to the expert’s action to a certain extent, does not particularly
affect performance. In Figure 3, we show the results of test-
ing this statement on some of the most common continuous-
actions environments of the OpenAI gym (Brockman et al.
2016) library. In this simulation,5 we first train an expert pol-
icy with DDPG (Lillicrap et al. 2015), TD3 (Fujimoto, Hoof,
and Meger 2018) and PPO (Schulman et al. 2017) in the fol-
lowing OpenAI gym environments:

5Details can be found in Appendix.

• Pendulum-v0: this environment has a continuous ac-
tion space r´2, 2s. The objective is to apply torque on a
pendulum to swing it into an upright position. The whole
system is very regular, as it is governed by simple differ-
ential equations, and is also deterministic, except for the
initial position of the pendulum, which is random.

• LunarLanderContinuous-v2: this environment
has a continuous action space r´1, 1s2. Here, we have
to make a rocket land safely in a landing pad. The dy-
namics is quite complex, and stochasticity is present to
simulate the effect of the wind.

• BipedalWalker-v3: this environment has a contin-
uous action space r´1, 1s4. Here we have to make a
bipedal robot walk. The dynamics is even more complex,
but the whole system is deterministic.

Then, we evaluated the performance of these experts with
noise injection with Gaussian noise with different standard
deviations. As we can see in figure 3, even when the noise
increases until it is close to the radius of the action space,
at least in seven cases out of nine, the performance does not
suffer significant drops. Intuitively, this can be explained by
the fact that we applied an i.i.d. zero-mean noise sequence
that is independent of the state and the action. Thus, its effect
does not accumulate over the horizon.

7 Conclusions
In this paper, we have addressed BC for continuous-action
environments from a theoretical perspective. We have shown
that the existing theoretical guarantees on BC are not suit-
able when dealing with continuous actions. Thus, we have
derived a first bound for the performance guarantees, under
the assumption that the imitator value function is Lipschitz
continuous. Since this latter assumption is demanding (i.e.,
it is not guaranteed even when the underlying MDP and pol-
icy are LC), we have relaxed it by studying the continuity
properties of the value function. As a result of independent
interest, we have proved that the value function is always
Hölder continuous, under the milder assumption that the un-
derlying MDP and policy are LC. Then, we have applied
these findings to obtain a general bound for the performance
gap of BC, which we have proved to be tight. Finally, we
have formalized noise injection and we have shown the ad-
vantages of this practice when applied to BC.
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