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A simple yet expressive prediction model is an essential ingredient in model-based control and esti-
mation. Models derived from fundamental physical principles may fail to capture the complexity of the
actual system dynamics. A potential solution is the use of a physics-informed, or gray-box model that ex-
tends a physics-based model with a data-driven part. Learning the latter might be challenging, due to
noisy measurements and lack of full state information. This work presents a method based on Moving
Horizon Estimation (MHE) for simultaneous state estimation and training of a black-box submodel, such
as a neural network. The method can be used in offline training or applied online for adaptation without
any prior knowledge than the white-box submodel. We analyze the capabilities of the method in a two
degree of freedom robotic manipulator case study, also showing how it can be used for online adaptation
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1. Introduction

In model-based control and estimation, such as Model Predic-
tive Control (MPC) and Extended Kalman Filtering (EKF), a funda-
mental component is a model of the system dynamics that is ac-
curate, yet as simple as possible. In industrial systems it is often
hard to capture the real-world dynamics exactly by using physical
principles only, due to three types of issues: (i) modeling simplifi-
cations, (ii) part-to-part variations, and (iii) time-varying changes
of the system dynamics due to the environment or wear and
tear of components. Due to increasing closed-loop performance
and estimation quality requirements, addressing these issues be-
comes even more pressing. One potential solution that has at-
tracted great attention, due to the success of machine learning
and increasing computational resources, is learning-based control,
see [5,11,14]. Learning-based control incorporates principles from
machine learning in the control strategy, and the use of machine
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learning ideas in control-oriented modeling has been investigated
in the past [8,18,22]. Offline learning can be used to address is-
sue (i) and (ii), and ideas have been proposed to cope with issue
(iii), see [3,17,19] and is what is often called lifelong learning. For
example, lifelong learning in robotics has been a topic of research
for decades [27] and is still active today [26]. Many ideas rely on
the use of black-box models, that is, disregard all physical knowl-
edge and rely only on models derived from data [1,9,19]. However,
a more appealing approach is the use of physics-informed learn-
ing, e.g. gray-box modeling where available knowledge from phys-
ical principles is preserved and extended with a data-driven com-
ponent [15,25]. Recently, non-parametric structures such as Gaus-
sian processes have gained attention and have been used widely
in gray-box models [6,17,19]. Despite their many advantages, their
applicability is often restricted by their limited scalability.

In this paper, we propose a framework in which parametric
function approximations of the data-driven component are used.
The proposed state and parameter estimation approach consists
of an optimization-based training algorithm based on a Moving
Horizon Estimation (MHE) concept. In MHE, an optimization prob-
lem is solved over a window covering a limited number of past
measurements, which moves over time in a receding horizon fash-
ion [23,24]. Based on such a window of past measurements, MHE
can be used to estimate both the current state and parameter
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values. A core advantage of MHE is the possibility to add con-
straints in a natural way, which is not possible in classical estima-
tion methods based on recursive formulations such as EKF. Further-
more, MHE is more robust to inaccurate initial conditions than EKF
and, by suitable numerical implementations, MHE is often feasible
for embedded real-time applications [16]. A key feature of MHE is
its ability to summarize and preserve existing knowledge through
the so-called arrival cost, which makes it quite suitable for model
adaptation.

A MHE-based approach for online adaptation of learning-based
models was proposed in [4]. However, a fixed learning-rate was
used to adapt the model, thus not relying on prior information
through the arrival cost. Moreover, the authors assume that all the
states are measurable and only consider the noise-free case. Since
they rely on black-box modeling, the online optimization prob-
lem becomes hard to solve in a real-time setting, due to the non-
negligible size of the neural network that is needed to capture the
entire model for systems with complex nonlinearities.

The main contribution of this paper is to introduce the de-
scribed framework for concurrent state estimation and learning of
the black-box submodel. The method can directly deal with noisy
data and problems where not all the states are measured and is in-
herently suited for safe online learning due MHE-framework used.
Furthermore, preserving the physical knowledge allows one to use
function approximations of rather limited size, thereby enhancing
the potentials for real-time use.

The paper is organized as follows. Section 2 introduces the
learning problem and formulates the MHE-based learning frame-
work based on neural networks to model the “black-box” part of
the system. Section 3 presents the algorithm for learning gray-box
models by MHE. Simulation results are shown in Section 4 and
conclusions are drawn in Section 5.

2. Background and problem formulation

We consider a dynamical system governed by the (partially un-
known) discrete-time dynamics

Xier1 = S (Xks Ug, P(Zk, K)) + Uy (1a)

where x € R™ is the state vector, u € R™ the control input, p € R"»
is a vector of parameters that are a function of z, as well as the
time k where z, € R"™2 may collect states, inputs, and other exoge-
nous signals to model degradation and environmental effects that
can change over time, and vy is a state-noise term that we assume
normally distributed with zero-mean and covariance Q. The in-
dex k denotes the sampling instant. The (partially unknown) out-
put equation of the system is defined as

Vi = 8Xk, (2, K)) + vy (1b)

where y € R is the output vector and v, the measurement noise,
that we assume normally distributed with zero-mean and covari-
ance R. We represent the unknown part of the model as p: R" x
Z — R™ in (1).

The fundamental challenge is to derive a model of the unknown
p(zy, k) and adapt it as the system evolves. Such a setup fits well
to many physics-informed models combining ideas from physics-
based modeling and data-driven approaches, for example in the
(quite common) case of known integrators combined with static
nonlinearities. Accordingly, the prediction model used in this work
is defined as

Rist = F(Re ter fun (Wi, 2)) (2a)
with the associated output equation

Vi = &(Re, fan (Wi, i) (2b)

[m5G;July 14, 2023;14:27]

European Journal of Control xxx (Xxxx) XXx

where fyy(Wy,z;) is a feedforward neural network (NN) with n;
layers described by

Vo =2
14} =A1U0+b1
vy = A fi(h) + by

UnL—l = AnL—anL—Z (VnL—Z) + an—Z
D ="VUn 1 (3)

In (2), vector wj, collects all the weights A; and bias terms b; ap-
pearing in (3), A; € R"*"i-1, with n; indicating the number of neu-
rons in ith layer of the network, defining the weights, b; € R"
defining the bias of the ith layer. v; is the vector containing the
outputs of neurons of the ith layer, and f; the activation func-
tion used in the ith layer. The hyper-parameters describing the NN
model structure, once the inputs and outputs of the neural net-
work have been selected, are {n;}, n;, and {f;}. The subscript on
w,, indicates that the NN parameters might change over time to
capture the time dependence in p(z, k).

The NN fyy shall capture the function of p(z, k) that, besides
physical parameters, could also represent disturbances and model
mismatches between the true dynamics f, g and their model f ,8.

Neural networks are well known to be universal function ap-
proximators, and indeed a NN with two nonlinear layers can ap-
proximate any arbitrary nonlinear function [28]. Note that the
choice of a feedforward NN is without loss of generality in our ap-
proach: other black-box models for p could be adopted, such as
polynomial functions and other universal function approximators,
without substantial changes.

The main challenge of this paper is to develop a method to
make the gray-box model in (2) matching (1) as much as possible,
where the goodness of such a matching is measured by the differ-
ence between y, and y; based on input and output data. More for-
mally, considering the formulation of the gray-box model defined
by (2) and the fact that only noisy input/output data are available,
the learning problem can be stated as

k

gﬂ%}gz(yj’yj) (4a)
st R = f(Rj.uj. By) (4b)
Vi =§(’3j, f’j) (4c)
i = fun(w;. 2;) (4d)
Xjmin < Xj < Xjmax (4e)
Pimin < fan(Wj, Zj) < Pjmax (4f)

where the loss ¢(y;,y;) penalizes the dissimilarity between the
output measurement y; and its estimate y;, ¢:RY xRY — R.
Egs. (4e) and (4f) introduce possible constraints on states and pa-
rameters derived from physics. The time dependence in w; is in-
troduced to model the fact that the relation between p; and z; may
vary over time as well. Solving (4) corresponds to solving the full
information estimation problem at each time step, which becomes
intractable as k grows. As we show in the next section, MHE pro-
vides a meaningful way of reducing such a complexity while pre-
serving all the past information cumulated between time 0 and k.
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3. Moving horizon estimation for neural network learning

We consider the following adaptation of the MHE
scheme [16] to the combined state-estimation and network
parameter learning problem

k

minr(w) + Z IVi(v; =913

X1, W

j=k—L
Rt — Xyt
+|[Peer | W—W_ (5a)
2
st R =fRu,p)i=k—L... k=1 (5b)
S.t. _)’/\jzg(ﬁj,ﬁ]),_]:k—l,,,k (SC)
S.t. ﬁjZfNN(W,fj),jZk—L,..‘,k (Sd)
St Xjmin <Xj <Xjmax. j=k—L, ...,k (5e)
S.L. Pjmin < Saun(w, 2]) = Dj max> j=k—-L ...k (5f)

where r(w) is a term introduced to regularize the learning
problem, e.g. to prevent overfitting by introducing ¢; or ¢;-
regularization, Z; may collect X;, u;, and other measured exogenous
signals, and L is the size of the estimation window.

The weight matrices VjTVj and Pl P, in the cost func-
tion (5a) can be interpreted as inverses of covariance matrices [16],

in particular V; could be seen as the inverse Cholesky factor R;% of
a given covariance matrix R;. The term in (5a) related to P_; is the
so-called arrival cost and has the role of preserving the knowledge
obtained by previous measurements that are not considered in the
current estimation window, that are summarized in vectors X,_j,
Pr_1, and P,_; itself. In particular, matrix PILLPH quantifies the
trust in current estimates x;_;, p,_;. By a good selection of the ar-
rival cost, one can get a good approximation of the full-information
estimation [24]. We use the efficient method proposed in [16] (Sec-
tion 2.1 Equation (7)) to update the arrival cost. To enable adap-
tation of NN parameters, a related noise variable is employed in
the arrival cost update despite the model assumption of constant
NN parameters over the estimation window in (5) and the selected
parameter covariance, Q, can be considered as a tuning parameter.
By setting the horizon L = 1 in (5) and using the arrival cost update
from [16], the MHE is equivalent to the square-root formulation of
the EKF [2].

For comparison, we will also consider the following standard
MHE formulation from [16]

k - _ 2
min Vi(yi =912 + | Py | Mt Xkt 6
P Z ” j(y] .VJ)”Z + k L|: P— DL ( a)
j=k—L 2
st R =fRu,p)j=k—L... k=1 (6b)
9i=8R).j=k-L... k (6¢c)
Xj,minf)?jij.max»j:k_l‘w-wk (Gd)
Pmin < D < Pmax (6e)

that attempts to directly estimate vector p without associating an
explicit model to it.
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To possibly increase the performance of the numerical solution
to (5) and (6), the MHE problems are solved in the so-called non-
condensed version (a.k.a. “direct multiple shooting”) where all state
variables are free and the equality constraints (5b) and (6b) are en-
forced by the solver rather than explicitly taken into account in the
cost and constraint functions i.e., the condensed the problem for-
mulation (a.k.a. “direct single shooting”) [12]. The formulation pre-
sented in (5) is only considering neural network parameters, but
could easily be extended to estimate slowly-varying parameters.

In our setup (5), the part of the arrival cost related to the neu-
ral network parameters w can be seen as an adaptive learning-rate.
It can be tuned by setting the covariance on the neural network
parameters, Qy, in the arrival cost update. Note also that with
constraint (5f) one can attempt to explicitly constrain the learned
model in a way that is meaningful from the point of view of the
physics of the system and the formulation in (5) could easily be
extended to explicitly constrain the neural network parameters.

Since MHE is a method developed for online state and param-
eter estimation, the formulation in (5) can be directly applied in
an online setting to continuously adapt w in (2) to changes in
the way p depends on z;. The method can even be cold started
without a pre-trained neural network and rely on the knowledge
contained in the white-box model while adapting to the unknown
model mismatch online. In case of online learning, using a pre-
trained neural network is preferable if training data are available
prior to deployment. In the following, we present how the MHE
scheme can be used as an offline training algorithm to obtain such
a network. Given a training dataset Dy = {(ug, o) ... (Un_1, YNn—1)}
of N input/output pairs, consider again Problem (4) for k=N —1
and constant parameter vector w

N-1

min g (yi %) (7a)
St Repr = F® e Pr) (7b)
Jk= g()?kv I3k) (7¢)
Pr = fan (W, z;) (7d)
Xi.min < Xk < X max (7e)
Prmin < fun (W, Z) < P max (7f)

Such a reduced problem can be solved using different nonlinear
programming solvers [20], but requires processing the entire data
set in one shot, as the cost function of the problem is not separable
due to the dynamic constraints in (7b). The gradient of the cost
function can be evaluated efficiently by backpropagation through
time [29], although this could lead to the problem of vanishing or
exploding gradients [13].

We propose to solve the training problem (7) by processing the
training dataset Dy for a number N, of epochs using the MHE for-
mulation (5). In each epoch, the data is processed sequentially by
the MHE (5); after each epoch, the part of the arrival cost related
to the state estimates is reset while the knowledge obtained on
the neural network parameters is kept for the next training epoch,
that is

-1/2 0
P 0 8
0 |: 0 [Pk—L]nx:,nx:] ( )

The approach can be interpreted as a mini-batch algorithm with
batches of length L for learning a recurrent model with hidden
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states, where the loss function used in each batch is updated re-
cursively.

Before starting a new epoch, the covariance matrix associated
with the neural network parameters is possibly scaled as Q, <«
«Qy, with 0 < o < 1. After the N, epochs have been processed, the
average of {w,} obtained over the last epoch is taken as initial pa-
rameters for fyy, which avoids possible biases of the network to-
wards better explaining the last part of the training data set Dy.
The proposed method is summarized in Algorithm 1 where M de-

Algorithm 1 Physics-informed learning of NN submodel.
1: Inputs: Quo, Qw, Qwyyier L Neo € Qx, Qoo R %o, Dy=
{(uk,yk)}f;(}:
2: Initialize:
Xavier initialization [10]:

o U[——6 V6 _0-
A~ Ul e b= 0
V_Vo (—Ai,bi, i=1,..., ng;

Covariance initialization:
Q71/2 0
Py < | 0 ;
0 0 -1/2
V; <« R-(1/2) Vj;

Offline MHE learning - Dy # ¢

3: forh=1,...,N, do:

4 fork=L,...,N-1 do:

5 Update x;_;, Wy_;, P,_;according to [19];
6: Solve MHE problem in (5);
7: end for

8 MSE, = ylly —jlI3;

9 if MSEy < € then

10: Break;

11: end if

12: Reset the MHE:

13: X, < Xo;

. Q' 0 }
1 PO - |: 0 [Pka]nx;nx: '
15: Quw < aQy;

16: end for
17 W < N Z Wi.
k=0

Online MHE learning

18: QW < Qwonline

19: for k=0,...,M -1 do:

20:  Update x;,_;, W,_; andP,_; according to [19];
21: Solve MHE problem in (5);

22: end for

notes the number of measurements processed in the online phase.

To monitor the progress during training, the Mean Square Er-
ror (MSE) on the output estimates obtained at each stage during
training using wj is evaluated. This is used to possibly stop the
algorithm early, before the maximum number of epochs has been
reached in case MSEy < €, where € > 0 is a prescribed tolerance.
The initial state can be obtained from prior knowledge or esti-
mated using the white-box model.

4. Numerical example

We apply the proposed training algorithm to learn a model of a
two degree of freedom robotic manipulator on simulated data. The
robotic manipulator can be seen in Fig. 1. Algorithm 1 is first used
to train a gray-box model, showing its estimation and prediction

[m5G;July 14, 2023;14:27]
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Fig. 1. Two degree of freedom robotic manipulator used in numerical example.
capabilities. Using the pre-trained neural network, we also show
how the MHE in (5) can be used for online adaptation.

4.1. Dynamics

The equation of motion is derived based on the recursive
Newton-Euler equations [7, Chapter 6.5]
6 =M"(0)(r —V(B.0) - GO) — (¢+cq(6.6))0) (9)

where M(0) is the mass matrix

12m; + 2111,m; cos(6,) 12m;
M(Q) = +112(m1 +m2) -l—lllzmz COS(@z) (10)
12my + l1,m; cos(6,) 2m,

V(8. 6) is the vector collecting the velocity terms
: —myly 1y sin(6;)02 — 2m, 141, sin(6,)6,6,
V(6.6) = malilp 2)05 !
( ) |: mzl1 12 Sln(92)912

G(0) is the vector collecting all terms containing the gravitational
constant, g

_ | m2hgcos (6 + 62) + (mq + my)ligcos(6)
GO) = |: mylgcos(6, + 6,) j| 12

(11)

¢ is the nominal damping, c; is a nonlinear damping acting on the
joints, m; and m, are the joint masses, and [; and I, denotes the
length of the joints (see Fig. 1). The state vector consists of the
vectors 6 of joint angles and 6 of joint velocities

X = [91 92 é] éz]T (13)

The dynamics of the system can be expressed by the system of
ODE’s

. 6
X=f(x,u)+vx=[é + Vx (14)
where vy is a state noise term with zero mean and covariance ma-
trix Qx, while 6 is computed from (9). The measured output of the
system is the vector of joint angles

1 0 0 O
y=g(x)+vy:|:0 1 0 O}xﬂ/y (15)

where vy is an output noise term with zero mean and covari-
ance R. The dynamics are discretized using a fourth-order Runge-
Kutta scheme with sampling time T; = 0.05s. In our numerical ex-
periments we set the covariance matrices Qx = 0.0012] € R*** and
R = 0.005%] € RZ*2, We also set

ca(X) = ¢1 8in(0h) + €26 + 301 + caby (16)
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1.25
1.00 S
0.75
0.50

Fig. 2. Illustration of the (unknown) nonlinear damping, c,, for fixed values of 6, =
7 and 6, = —1.5.

where ¢y =025M5 ¢, = 0.25%, €3 = —0.1’\151"&32, and ¢4 =
—0.1”’"‘522. Eq. (16) is unknown during training and c; acts as p

in (1).rqf'jhe nonlinear damping is illustrated in Fig. 2 for a fixed val-
ues of @ and 6,. Furthermore, we use ¢ = 5%, the joint masses
my = myp = 2.5kg, and joint lengths [; = 0.5m and [, = 0.25m. For a
more detailed understanding of the dynamics in (9), see [7, Chap-

ter 6.5-8].
4.2. White-box model for data collection

We consider a white-box model of the dynamical equa-
tions in (9), in which the nominal damping ¢ is used while the un-
known damping caused by c; is neglected, for controlling the sys-
tem while generating the data. Hence, the dynamics of the white-
box model are

6 =M"6)(r - V(©.6) - G©H) - ) (17)

4.3. Gray-box model for estimation and control

Regarding the gray-box model, we introduce a neural network
which takes the state vector as the input and gives an estimate of
¢4 as the output

Ca(®) = fun(w, %) (18)

Therefore, the dynamics of the gray-box model used in training
and for estimation and control becomes

6 =M"1(0)(t -V(B.0) - GO) — (¢+4(6.6))0) (19)

We consider a neural network with vy € R4, vour € R, n; =3,
and v; € RS, which results in a parameter vector w € R3 that must
be learned. Furthermore, we use sigmoid activation functions f; =
Jﬁ. This structure was found to be sufficient for capturing the
dynamics of ¢y, but for more complex systems it might be worth
to analyze the NN structure and dimensions considering the trade-
off between performance and computational complexity. However,
one could use a larger network during offline training and use ¢;-
regularization to prune the network by removing NN parameters
below a certain threshold.

4.4. Model for standard MHE

For the MHE in (6) used for comparison we consider the fol-
lowing model which assumes c; to be constant

6 =M1(0)(t - V(©0.0) - G(O) — (E+E)b) (20)

[m5G;July 14, 2023;14:27]
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Neural Network parameters, w

0 5 10 15 20 25 30 35 40 45 50
Epochs

Fig. 3. Convergence of the neural network parameter vector w during training.

4.5. Offline training using MHE

The gray-box model can be pre-trained offline with the algo-
rithm provided in Section 3. To this end, training data are collected
by tracking random set points for both joints using an MPC con-
troller based on the white-box model (17). Each constant set-point
value is kept for 12.5s. To fully explore the state space, N = 20000
samples are collected for training while 5000 samples are kept
for testing the model. Offline training is carried out over N = 50
epochs and the parameter covariance Qy = (5-1072)2] € R37%37 js
used, with o =0.9. We use Qo = (1-1073)2] € R4, Quo = (1-
1071)21 € R7*%7 and the initial state xo=[0 0 0 O]T. More-
over, the ¢;-regularization term wj||@||; is used with wj; =1.
10-5. Unless otherwise stated, the horizon length L = 10 is used
for MHE throughout the rest of the paper. No bound on %; and p;
as in (5) is imposed. Fig. 3 shows how the neural network param-
eters evolve during training and tend to converge. One interesting
finding is that a relatively good prediction performance is obtained
very quickly, so that the learned parameters could be used already
after a few epochs.

Two neural networks with the same dimensions are trained for
comparison by using the ODYS Deep Learning Toolset [21]. A neu-
ral network is trained with full knowledge of the states and cy i.e.
the true states and values of c; obtained in simulation are used
as inputs and outputs of the NN respectively in training. This can
be seen as the best possible achievable performance and serves as
a baseline for comparison. As a second term of comparison, an-
other neural network is trained by means of a two-step proce-
dure. Firstly, the training data are processed using standard MHE in
(6) to simultaneously estimate the states and c;. Secondly, the neu-
ral network is trained using the estimated states as input and the
estimated values of c; as output. We remark that obtaining reason-
able results required a very carefully tuning. Finally, a third term of
comparison is obtained by training a NN with an EKF [3] instead of
MHE in Algorithm 1. As performance index, the MSE between the
estimate by the neural network, ¢;, and the true value c; is used

N-1
MSE, = % 3 (ca, — )’ (21)
k=0
For a fair comparison, we use the true states contained in the test
dataset and feed them directly to the NN’s. From Fig. 4, it is ap-
parent that the neural network trained using MHE is comparable
in performance with the neural network trained with full-state in-
formation. Both neural networks are able to reconstruct ¢y, which
is not possible for the neural network trained with the afore-
mentioned two-step procedure. The MSE for the neural network
trained using the proposed method is 6.29-10~% and the MSE for
the neural network trained with full information is 1.61-10~4. The
neural network trained using EKF has an MSE of 1.08-10~2 and
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Table 1

MSE,, on test data for offline training methods. Obtained by evaluating the neural
networks on the true states from simuation.

Method True “2-step” EKF MHE
MSE, 1.61-10°4 1.07-10" 1.08-102 6.29-104
2.0

Nonlinear damping, ¢,
o
o

—0.5 T NNtr‘uél
- - NNQ*StE’,p
—-1.0
—— NNuyunp
-5 . NNggr
72'8()0 210 220 230 240 250
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Fig. 4. Comparison of estimation capabilities of nonlinear damping, ¢4, for neural
networks obtained using different training methods.
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Fig. 5. Comparison of parameter estimation between gray-box model MHE and
standard MHE.

the neural network trained using state estimates and c; has an
MSE of 1.01 - 10~ The results are summarized in Table 1.

4.6. Comparison in terms of estimation and prediction

As estimation and predictive capabilities are crucial for using
the model in control applications such as MPC, we evaluate the
ability of the gray-box model to perform such tasks. The gray-box
model obtained in Section 4.5 is used for state estimation without
online adaptation of the neural network. For comparison, we con-
sider a MHE based on the formulation in (6) to estimate the state
and c4, and compare the MSE of state and c; estimates. For the
MHE using the gray-box model, the MSE on the states is MSEy =
2.37-1075 while standard MHE gives MSE, = 1.03 - 10~3. The MSE
on ¢4 is MSE;, = 1.67 - 103 for the gray-box model and MSE,, =
0.26 for the standard MHE. In Fig. 5 it can be seen how using the
gray-box model improves estimation of c; significantly. Further, the
average and maximum computational time was decreased when
using the gray-box model which is very relevant for real applica-
tions. In terms of one-step-ahead prediction quality, the gray-box
model provides an MSE, = 2.37 - 10>, while using a constant ¢,
gives MSEy = 1.52-10~3. Moreover, doing prediction on a longer
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Table 2

Results in estimation, prediction and closed-loop nonlinear MPC.
Scenario White-box Standard MHE Gray-box
MSE, - 0.26 1.67-10-3
MSE, -Estimation 1.03.102 1.03.10°3 2.37-107°
MSE, -1-step prediction 1.19-10°2 1.52.1073 2.37 -107°
MSE, -10-step prediction 4.41.10°2 1.10-10°2 8.70-10~°
MSE;s, -Nonlinear MPC 0.40 0.39 0.37

horizon, which is the case in MPC, leads to even greater prediction
errors by using a static estimate of c¢;. In a 10-step ahead predic-
tion, the gray-box model provides an MSE = 8.70 - 10>, while us-
ing a constant ¢; gives MSE, = 1.10 - 102 which is comparable to
what is obtained with the white-box model, see Table 2. The re-
sults obtained in this section underline the potential of gray-box
models trained by the proposed framework to achieve high ac-
curacy, that can improve the performance in estimation and con-
trol obtained for example with MHE and MPC. We highlight this
by comparing the results obtained in closed-loop simulation with
MHE and nonlinear MPC (NMPC) based on the white-box model, a
model using a constant ¢, over the estimation and prediction hori-
zon obtained by (6), and the gray-box model respectively. Random
set points changing every 12.5s are tracked. Further, we impose
state constraints on the joint velocities, that is —27% < ¢; <2
and —1.5% 592 < 1.5%. The MSE obtained on the set points
is MSEsp = 0.40 for the white-box model, MSEs; = 0.39 using a
constant estimate of ¢; over the horizon in MHE and MPC, and
MSEsp = 0.37 using the gray-box model i.e., the gray-box model
reduces the MSE on the set point tracking by 5.6% with respect
to using the standard formulation in (6). For control applications
with high precision requirements such as robotic manipulators, an
improvement of 5.6% is significant especially if the impact on end-
effector position is considered. Further, the improvement in closed-
loop MPC performance is mainly seen during transients (i.e. both
models performs well in steady state) which is not reflected prop-
erly in the MSE, see Fig. 6b. As seen in Fig. 6d the NMPC based on
the gray-box model is operating closer to the constraints, thanks
to the capabilities of the model to better predict the impact of the
unknown damping on the acceleration of the joints, which explains
the improved performance during transients.

4.7. Online adaptation using MHE

In this section we show how the MHE scheme in (5) performs
in an online setting for adaptation. We use the pre-trained gray-
box model from Section 4.5 but change the coefficients in (16). The
covariance used for adaptation are Q, = (5-107>)2[ e R37%37_ After
125s, the nonlinear damping coefficients are slowly changed lin-
early over the following 250s and kept constant for the rest of the
simulation to mimic wear and tear on the system. The new values
are ¢ = 0.15 M5 ¢y — 0.45Nm5 ¢ — 0 2Nms ang ¢y = 0.0MMm,

For comparison, ¢, is also evaluated with the pre-trained neu-
ral network. From Fig. 7 it is seen how the MHE is capable of cop-
ing with the changes and provide a better estimate of ¢; than the
neural network relying on the parameters obtained in offline train-
ing. Evaluating the neural network with the pre-trained parame-
ters yields MSE., = 4.34 - 10-1, while the adaptive neural network
gives MSE., =9.12- 10-3 The results in Fig. 7 and the MSE confirm
the applicability of (5) for online adaptation of gray-box dynami-
cal models containing neural networks. In this work only slowly
changing coefficients in (16) have been considered, however it ex-
pected that the method will perform similarly well under rapid
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Fig. 7. Values of ¢; calculated by the pre-trained neural network and the neural
network adapted online by MHE.

changes, e.g. step changes, since the standard MHE in (6) has been
seen to handle step changes during parameter estimation well.

5. Conclusions and future work

In this paper we have proposed a moving horizon estimation
scheme to learn and adapt gray-box models from noisy input-
output data in which neural networks are used to model hidden
dynamics. The approach can be used offline to reconstruct a model
by processing a given input/output dataset over multiple epochs
and is also inherently suited for online adaptation. The key in-
gredient to be able to process the dataset in short batches is the
use of a properly defined arrival cost. A further feature offered
by MHE is its natural ability to handle constraints on estimated
quantities throughout the learning process, possibly enhancing es-

timation quality by enforcing known physical limitations. While
promising results have been achieved, many interesting research
challenges lie ahead. One promising line of research is to exploit
the knowledge contained in the arrival cost. With an uncertainty
estimate on all neural network parameters, the optimization prob-
lem to be solved online could be reduced to a subset of all the
neural network parameters. This would allow to decrease the MHE
computation time or to handle larger neural networks. Another in-
teresting topic to investigate is the adaptive tuning of the artificial
covariance matrix of the neural network parameters; discovering a
suitable adaptation mechanism is expected to be useful for both
offline training and online adaptation.
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