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ABSTRACT 

Particle screening is a common and important process in many industries, including mining 

engineering, agricultural materials processing, recycling, and pharmaceuticals. Many industrial 

processes involve the classification of particles according to their sizes. Thus, extensive 

research attention has been paid to the sieving of granular materials, which include various 

fundamental particle behaviours, such as segregation, stratification, and packing, etc. 

Screening operation design, control, and optimisation are critical to the overall performance 

and profitability of the processing plant. Despite that screening is widely used, the 

understanding of the effects of the control variables relating to screen geometries, operational 

circumstances, and particle characteristics is still limited. A deeper comprehension of the 

process can improve screen performance and bring economic benefits.   

In screening, there are generally two processes for the sieving particles: 

stratification/percolation in the particle bed on screen mesh and the passage of through the 

screen apertures.  Spontaneous percolation is a common phenomenon and has been studied 

extensively. However, percolation under vibration has not been comprehensively studied 

previously. In this thesis, the effect of vibration on particle percolation is firstly studied as the 

first research component. The discrete element method (DEM) is used to investigate the 

percolation of small particles in a vibrated bed of large particles. When the size ratio is greater 

than 0.154 and spontaneous percolation does not happen vibration can enable percolation. The 

percolation velocity increases with the increase in vibration amplitude and frequency followed 

by subsequent decline. Furthermore, a machine learning model is used to predict percolation 

velocity. The percolation threshold size ratio can be calculated as a function of vibration 

conditions. Machine learning has also shown to be effective in the modelling of parameters 

proposed in current particle segregation theories. The combination of DEM, machine learning, 

and percolation theory can be explored further to model related industrial processes such as 

sieving and mixing. 

In spite of the widespread usage of vibrating screens in the industry, current process models 

face difficulty while considering the enormous controlling variables and complicated particle-

particle interactions. As the second component of the thesis, a new process model for vibrating 

screens is developed by using a combination of discrete element method simulation and 

physics-informed machine learning. The relationship between the passing rate and local 

condition is first established using machine learning on data generated by a series of controlled 
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DEM simulations while assuming that the particle passing through a section of a screen was 

dependent on the local screen and flow conditions. In particular, a universal local passing 

function is developed to predict the passing flow rates of different size particles on a screen 

segment, according to the segment's vibration conditions, inclination angle, and the inlet flow. 

Furthermore, the process model can be applied not only to the original simulated incline 

vibrating screen, but also to modified screens with different inclination angles and vibration 

conditions in different segments without affecting the local passing function. The model could 

help in the intelligent design, control of industrial screens and other particle classification 

processes. 

Furthermore, a multi-layer vibrating screen is the primary method for fine materials sizing in 

the process industry. The third component of the thesis develops a screening process model for 

the inclined double layer-vibrating screen using a combination of DEM simulation and 

machine learning, which is extended from the second component. The passing particles from 

the top layer and the upper stream flow of the bottom layer are considered for the bottom layer 

inlet. The process model for the entire screen can then be created by connecting different 

segments using mass continuity. According to local vibration conditions, incline angle and inlet 

flow, local passing functions are developed for top and bottom layer screens respectively to 

predict the passing rates of different size particles on a screen segment on the top layer and the 

bottom layer. This double-layer process model helps predict the passing of particles on a local 

part-by-part basis, which can be used for the development of smart operations for industrial 

screens. The work paves the way for the integration of DEM simulation, data modelling and 

process modelling that can guide the intelligent design and control of industrial screens. 

However, none of the previous studies examined screen choking in detail including the 

threshold of the controlling variable and the feed rate. Therefore, it is necessary to develop a 

more generalised model to predict the choking of the screen process. Considering the gap, in 

the fourth component of the thesis, a decision-making logical judgement model of screen 

process choking is developed by combining DEM simulation and machine learning 

classification. The particle inlet in a particular section of the screen and the flow controlling 

variables are regarded as dependent variables while building the database The machine learning 

database is generated by a series of controlled DEM simulations to create the choking logical 

model. The proposed logical binary function for screen choking can predict whether or not 

choking will occur under specific conditions. The safe operational conditions without choking 
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can be identified under different constraints by using this model. The logical choking model 

could also predict the complex feed threshold in the screening. 

One of the most important factors in screening is the particle's shape. Theoretical developments 

of particles contact force model and particles shape are receiving increasing attention in recent 

years for DEM. In the final research component of the thesis, a novel algorithm for simulating 

superellipse shaped particles and their packing is proposed. The method creates an explicit 

force models based on Fourier series for identical superellipses, which is the first in the 

literature. The results demonstrated that the explicit force model established by this method 

can be effectively used in DEM simulations. The method is applied for a wide range of 

superellipse shapes. The errors between the approximate Fourier series and the original 

solutions are analyzed and found to be small. The packing of superellipses is complexly 

dependent on squareness, aspect ratio and friction. These findings offer a novel approach for 

developing explicit force models for non-spherical particles while improving the understanding 

of non-spherical particle packing. It is an attempt to model non-spherical particle packing and 

could be implemented in the screening process in the future.  

In summary, the research in this thesis is useful for the fundamental understanding of the effect 

of particles’ contact force, operational conditions, particle properties, percolation and sieving 

on the screening process. Moreover, the novel process models based on artificial intelligence 

modelling, DEM simulation, and physics laws can help the design, control and optimisation of 

screening processes.
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1.1 Background to the study 

Screening is a technique for classifying materials based on particle size. Screening is essential 

for sizing separation in a variety of industrial sectors including metallurgy, powder technology, 

ceramics, agriculture and mining (Dong, K, Wang & Yu 2013; Dong, K, Yu & Brake 2009; 

Guises et al. 2009; Li, Z & Tong 2017; Qiao et al. 2018; Wang, C, Dong & Yu 2015; Wolff 

1954; Xiong et al. 2017; Yu, C et al. 2023; Zhao, L-L et al. 2019; Zhou, Z-Y et al. 2011). The 

screen consists of a deck surface with numerous apertures (Wolff 1954). Many researchers 

have investigated the effects of controlling parameters and analysed the  characteristics of 

screening processes (Asbjörnsson et al. 2016; Cleary, Paul W, Sinnott, Matthew D & Morrison, 

Rob D 2009; Cleary, Paul W., Sinnott, Matthew D. & Morrison, Rob D. 2009; Dong, HL et al. 

2012; Dong, K, Yu & Brake 2009; Liu, C et al. 2013; Wolff 1954). Many theoretical, 

experimental and numerical models were develop and used by industry to reduce production 

costs and process duration (Cleary, Paul W, Sinnott, Matthew D & Morrison, Rob D 2009; 

Cleary, Paul W., Sinnott, Matthew D. & Morrison, Rob D. 2009; Cleary, PW, Wilson & Sinnott 

2018; Dong, K, Yu & Brake 2009). However, the fundamental understanding of this process 

is still limited due to the complexity of screen geometry, operating conditions, particle packing 

and particle properties, which makes the existing screen models not general.  

In screening, particles are sieved with two main processes: stratification/percolation and the 

passage through apertures (Napier-Munn & Wills 2006). Previous research on the stratification 

process mostly concentrated on spontaneous percolation, which is small particles percolate 

through a static bed formed by large particles. Numerous parameters have been used to describe 

the percolation process in addition to percolation velocity. The distribution of percolating 

particles residence time changes with packing height, restitution coefficient and particle 

properties with bed geometry (Bridgwater, J, Cooke & Scott 1978; Bridgwater, J. , Sharpe & 

Stocker 1969; Li, J et al. 2010; Rahman et al. 2008; Williams & Shields 1967; Zhou, H et al. 

2016). Percolating particles are found to move in the radial direction while primarily moving 

downwards, which can be modelled as dispersion (Zhu et al. 2009). Particles with a high 

coefficient of restitution can move longer distances and with larger radial dispersion 

(Bridgwater, J & Ingram 1971; Bridgwater, J. , Sharpe & Stocker 1969). The density of 

materials also influences percolation of particles. The transverse dispersion decreases and 

longitudinal dispersion increases with the increase in particle density (Lominé & Oger 2009, 

2010). Denser particles percolate faster, so the particles made from materials such as steel 
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(Bridgwater, J, Cooke & Scott 1978) increases percolation velocity. Conversely, an increase in 

damping coefficient increases the percolation velocity and decrease radial dispersion (Zhu et 

al. 2009). In the percolation of cohesive fine particles, transverse dispersion is smaller than 

longitudinal dispersion for higher damping coefficient (Zhou, H et al. 2018). Furthermore, the 

percolation velocity for spontaneous percolation declines with a rise in rolling friction and size 

ratio. However, percolation under vibration has not been comprehensively studied, though in 

screening the vibration can influence the particle bed and enhance percolation of particles in a 

vibrated packed bed. Percolation under vibration helps to percolate particles with a large-size 

ratio. However, little research has been carried out on large size particle percolation than the 

spontaneous threshold (Bridgwater, J. , Sharpe & Stocker 1969; Hudson, Jansen & Linkson 

1969; Kudrolli 2004; Li, J et al. 2010; Rahman et al. 2008; Wilkinson & Edwards 1982). 

Particle screening is now routinely used in high-tonnage material separation applications in 

mineral, metallurgical, food processing and pharmaceutical industries (Esfandiary 2014; 

Jansen & Glastonbury 1968) (Delaney, Gary W. et al. 2012). In particular, the performance of 

these screens is found to be not only dependent on the screens but also very much dependent 

on the properties of the particles they handled. These particle properties include particle shape, 

particle size distribution, contact mechanics and surface characteristics. Therefore, the widely 

used macroscopic models in current industrial screening processes cannot be applied to 

different types of particles because the characteristics of granular particles are highly dynamic 

owing to the complex interactions between individual particles and screens. The rate of particle 

passage depends on the probability of passing through the aperture, vibration conditions, 

material properties, feeding conditions, inclination angle and screen configuration (Cleary, 

Paul W., Sinnott, Matthew D. & Morrison, Rob D. 2009; Cleary, PW, Wilson & Sinnott 2018; 

Dong, K, Wang & Yu 2013; Dong, K, Yu & Brake 2009). Different feed flow rate affects the 

passing of particles along the screen by changing the interaction dynamics between particles 

and bed depth. Most fine particles pass through the upper portion of the screen for lower feed 

rates, but these particles are evenly distributed across the screen for higher feed rates 

(Harzanagh, Orhan & Ergun 2018). The cut size of screening is higher under low vibration 

conditions and low inclination angle (Davoodi, A. et al. 2019; Harzanagh, Orhan & Ergun 

2018; Peng, Feng, et al. 2019; Zhao, L et al. 2011). The small-sized particles block the aperture 

hole due to better percolation. Conversely, excessive pegging reduces the flow rate and causes 

screen apertures to become blocked by particles that are similar to the mesh size (Delaney, 

Gary W. et al. 2012). Small particles pass primarily through the upper deck of the screen. 
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Moreover, the particle bed of the screen is thicker at the lower deck. The stratification process 

significantly affects screen performance at the lower deck (Davoodi, Ali et al. 2019). The 

dimension of screen length affects the performance of screens. Longer screen lengths result in 

higher screening efficiency (Liu, C et al. 2013; Wang, G & Tong 2011). Dynamic material 

accumulation in the feeding region also affects the passage of undersized particles where near-

mesh sized particles block the apertures of the screen. However, small particles may still travel 

across the interstitial gaps between large particles near the screen and pass through the 

apertures of the screen (Li, J et al. 2003; Zhang, B et al. 2016). The segregation ability of 

banana screens could be significant while being up to three to four times that of standard 

vibrating screens (Cleary, P et al. 2010; Dong, K, Esfandiary & Yu 2017; Dong, K, Yu & Brake 

2009; Gangfeng et al. 2016; Li, Z & Tong 2017; Wills & Finch 2016).  

Controlling and optimising screens is essential for application, which requires a fundamental 

understanding of the screening process. Effective ways to increase screen performance include 

reducing vibration amplitude/frequency and the incline angle of decks, using cyclical vibration 

rather than linear vibration and 5-deck banana screens rather than 3-deck banana screens 

(Dong, K, Yu & Brake 2009). The screening performance improves with the increase in deck 

length, which can be optimised theoretically. If the inclination of the discharge end is too small 

and the particle velocity amplitude is small, then the screening process would be ineffective. 

Considering the theoretical aperture size derived from rectangular slot apertures, a good fit 

could allow a larger top size of the material to fall through the deck (Asbjörnsson et al. 2016). 

Recently, physics-informed machine learning has become a promising means of minimising 

computational time, discretisation of PDEs, algorithms and higher-dimensional problems of 

hidden physics. Physics-informed learning integrates mathematical models and databases 

through machine learning or neural networks. It can design new frameworks, standardised 

models and new mathematical scales for hidden physics while improving the accuracy (Jordan 

& Mitchell 2015; Karniadakis et al. 2021; Raissi & Karniadakis 2018; Sarker 2021; Zhang, Y 

& Ling 2018). By using artificial intelligence and simulation techniques, critical non-linear 

problems can be solved with minimal experimental cost and time requirements (Laguitton & 

Leung 1989; Napier-Munn & Wills 2006). Computers can solve high-level critical problems 

that would take years for humans to solve. For the complex and less understood grinding 

process, the focus on offline data-driven modelling has increased in recent years. Based on the 

grinding process training data, various learning algorithms such as case-based reasoning, fuzzy 
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logic, machine learning, artificial neural networks and genetic algorithms have been used to 

map the process variables and particle size. Machine learning has been widely used in 

intelligent fitting, pattern recognition, parameter optimisation, result prediction and error 

detection during the screening process (Li, Y et al. 2020; Li, Z et al. 2019; Zhang, B et al. 

2016). Trained models help to predict results, reduce simulation duration and optimise 

controlling parameters of the screen. The SVM model was established to anticipate screen 

sieving efficiency with a cross-validation approach and to optimise parameters (Li, Z et al. 

2015; Zhang, B et al. 2016). The predicted performance of machine learning model was better 

than the existing test/simulation results and the relative error was significant (Li, Z et al. 2019; 

Zhang, B et al. 2016). For roller mills, the effectiveness of several machine learning methods 

in predicting the particle size has been examined. The neural network method demonstrated 

highest accuracy while considering the experimental data, classifier data and clinker flow as 

input parameters (Pani & Mohanta 2015). 

The shape of particles and contact mechanisms between them are important factors for process 

industries. The particle contact interaction, which is a crucial characteristic of granular matter, 

can become more complex when simulating differently shaped particles. Granular materials 

are naturally spherical, non-spherical and irregular in shape and size, which can influence the 

passing of particles, percolation and screen efficiency (Dong, K, Wang & Yu 2016; Guises et 

al. 2009; Lu, G, Third, JR & Müller, CR 2015; Zhou, Z-Y et al. 2011). While spherical particles 

pass with equal probability in any orientation, irregularly shaped near-mesh sized particles 

must orient themselves in a direction that permits them to pass. Another important 

consideration is contact force, which can be measured by the discrete element method (DEM) 

with the help of contact mechanics and overlap between particles of different shapes. Zhu et 

al. (Zhu, HP et al. 2007) described particle-to-particle and particle-to-fluid interaction forces 

(Figure 1-1). The calculation of different contact forces has been included in DEM simulations, 

which makes DEM more applicable to particulate research. For granular materials, ellipsoidal 

particles in DEM simulations are complex. The major challenge is the implementation of a 

stable contact detection algorithm with contact forces of elements and formation to DEM (Lin, 

X & Ng, TT 1995). The structural analysis of non-spherical particles and packings based on 

Voronoi cells was investigated by Dong et al. (Dong, K, Wang & Yu 2016). With a change in 

aspect ratio, ellipsoid and cylindrical particles exhibit distinct surface area data. A numerically 

stable contact detection algorithm based on the geometric potential concept was applied in 

DEM for ellipsoidal particles. The particle array with ellipsoids achieved lower porosity and a 
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larger coordination number under the same consolidation procedure (Lin & Ng 1997). A force 

model for spherical particles moving on a flat plane proposed the presence or absence of rolling 

friction in DEM. The difference between the two models was largely dependent on the sliding 

friction coefficient between spheres and the plane (Zhu & Yu 2006). Penetration depth, contact 

plane and contact point were taken into account in the qualitative comparison of contact force 

models for ellipsoidal particles. The differences between geometric potential and common 

normal method indicated that penetration depth and contact normal vectors changed identically 

with orientation angles while having differences for the contact point (Kildashti et al. 2018).  

 

 

Figure 1-1 Schematic illustration of the forces acting on particle i from contacting particle j 

and non-contacting particle k (capillary force here) (Zhu, HP et al. 2007). 

 

1.2 Research objectives 

The main objective of the present research is to study the industrial screening process of 

granular materials and provide improved macroscopic models for industrial applications, 

which includes the following objectives:  

a) To develop a DEM study and machine learning model for particle percolation under 

vibration. 
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b) To develop a process model of a vibrating screen based on DEM and physics-informed 

machine learning. 

c) To develop a process model for an inclined double-layer vibrating screen based on 

DEM and machine learning.  

d) To develop a logical model for choking judgement of an inclined vibrating screen based 

on DEM and machine learning.  

e) To develop an explicit contact force model for superellipse particles by the Fourier 

transform and its application in superellipse packing.  

The outcomes of this thesis include: (i) the percolation of particles under vibration and the 

machine learning modelling of percolation velocity to predict the size ratio threshold; (ii) a 

better understanding of screening process based on local passing of inclined and multi-deck 

screen and physics informed machine learning modelling to predict the particles passing; (iii) 

a logical model to predict the choking judgement of screen while combining the numerical 

results and machine learning and (iv) a novel contact force model for non-spherical particles 

by Fourier transformation and packing. Figure 1-2 shows the research roadmap of this thesis. 
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Figure 1-2 Research roadmap of thesis. 

 

1.3 Significance of the research 

Sieving and segregation of particles are one of the common and most crucial processes in 

modern granular industries. The industrial use of granular materials in mining engineering, 

agricultural materials processing, pharmaceutical industry has been increasing. Different types 

of industrial screens are also used in industries. The integration of experimental studies, 

theoretical development, numerical simulation and machine learning modelling could bring a 

better understanding and representation of cost management for the related industries.   

One example can clear lack of the area; spontaneous percolation is well known in inter particles 

collision and flow investigation. But vibrational percolation is a not well understood process 

in granular inter particles percolation phenomena in the literature. This process was studied by 

the DEM model. Based on the simulation results, machine learning models were used to model 

percolation velocity as a function of vibration conditions and size ratio. Using the machine 

learning model, the percolation threshold size ratios under different vibration conditions were 

obtained. These results have demonstrated that spontaneous percolation theory could 

encompass vibrated beds. This includes the effects of vibration amplitude and frequency on 

percolation velocity under different size ratios as well as the relationship between percolation 

and radial dispersion of percolating particles in a vibrated bed. The obtained knowledge can be 

used in both fundamental research and industrial applications. 

Different types of industrial screens (banana screen, horizontal screen, inclined vibrating 

screen, multi-deck screen) are used in mining and commercial industries for the segregation of 

materials/products. The screening processes are complicated and difficult to model due to 

numerous controlling variables in screen processes and screen geometries. To develop a 

process model for an inclined vibrating screen based on particle passing, the flow and passing 

of particles through local parts was numerically studied based on the DEM. The process model 

was proposed to predict the particle passing rate with the help of machine learning modelling. 

Furthermore, the machine learning model was linked to the DEM simulation results. To analyse 

screen performance, the machine learning model was then used to predict the passing of 

particles under different vibration conditions, feeding conditions and screen configurations. 
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The time-consuming simulation process can be minimised by using process models for 

industrial screens and other granular processing applications. 

On the other hand, the multi-deck screening process is more crucial than a single-layer screen 

for screen geometry, feeding of different layer materials and controlling variables. To develop 

a process model for an inclined double-layer vibrating screen, computational and machine 

learning were studied together. In the proposed model, the flow and sieving could be assumed 

to be steady for a segment base double-layer screen. A process model was developed by 

considering the inlet, passing and overflow, local particle properties and operational conditions 

for a combination of DEM and machine learning. The developed model can be used to predict 

the sieving performance of double-layer screen without choking while being under different 

conditions. In particular, the model could be applied with various feed rates, double-layer 

inclined screen and different apertures under different vibration conditions. 

None of the previous studies examined screen choking in detail including the threshold of the 

controlling variable and the feed rate. Therefore, it is necessary to develop a generalised model 

that can predict the choking of the screening process. Considering the gap, a decision-making 

choking logical model for the screening process was also investigated by combining DEM 

simulation and machine learning classification. To develop a decision-making choking logical 

model for the screening process, the particle inlet in a region of the screen and the flow 

controlling variables were considered as dependent variables. The choking logical model was 

established through machine learning (classification) of data generated by a series of controlled 

DEM simulations. The choking decision logical model was used to predict the choking 

condition and threshold of a screening case while considering the feed on the screen, vibration 

conditions and inclination angle. 

The majority of simulation research is for spherical-shaped particles. Irregular or non-

spherical-shaped theoretical developments are required. In the final component of this thesis, 

the contact detection algorithm of superellipse-shaped particles and packing analysis were 

introduced. With the help of DFT fitting and DEM analysis, the collision of irregularly shaped 

particles and theoretical concepts can be understood. The discrete solutions as a function of 

two angles were transformed into the frequency domain by using two-dimensional (2D) 

discrete Fourier transform (DFT). The transformed terms were sorted according to their 

magnitudes. Those below a certain value were filtered in the inverse discrete Fourier transform 

(IDFT). In addition, the packing of superellipses was simulated using the established explicit 
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force model. The study would help understand the screening process while considering non-

spherical particles in future. 

1.4 Thesis outline 

A critical review of the screening process and related models, including segregation, packing, 

percolation, screening principles, complex industrial screens, factors affecting screening, 

theoretical and mathematical models, are presented in Chapter 2. 

Chapter 3 presents the DEM study and machine learning model of particle percolation under 

vibration. Both spontaneous and vibrational percolation of particles were studied using DEM. 

Percolating particles with size ratios lower and higher than the spontaneous threshold were 

considered. The effects of vibration amplitude and frequency on the percolation velocity and 

radial dispersion coefficient were analysed. In addition, the correlations between the 

percolation velocity and the velocity amplitude of the vibration were investigated. Based on 

the simulation results, machine learning models were used to model percolation velocity as a 

function of vibration conditions and size ratio. Using the machine learning model, the 

percolation threshold size ratios under different vibration conditions were obtained.  

Chapter 4 develops a process model for particles passing along an inclined vibrating screen 

using computational and machine learning modelling. The DEM was used to simulate the 

particle flow along the screen. The existing process models of such screens are normally 

empirical, which could not consider non-uniform distribution of particles along the whole 

screen. This study developed a process model for inclined vibrating screens by combining 

DEM simulation and machine learning. The flow and passage in different segments of the 

screen were analysed based on the particle-scale information obtained from the simulation and 

mass continuity. By applying machine learning to this information, a segment model was then 

developed to predict the passing rates of different-sized particles based on the local conditions. 

For the prediction of passing rate, a local passing function was formed according to vibration 

conditions, incline angle and number of particles on the screen deck. Machine learning models 

(e.g., linear, SVM, GPR) were used to predict the passing of particles while considering DEM 

findings. The GPR squared exponential model (i.e., machine learning) is best at predicting the 

results of particles passing through the screen. The process model was then applied to various 

screen scenarios such as under different feeding conditions, two-deck screens with different 

inclination angles and vibration conditions. The process model was able to predict both the 
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overall and local passing of the screen under different operational conditions, which provided 

not only the partition curve, cut size and probable error to evaluate the overall performance but 

also guidance for process design, control, minimising simulation time, process and 

optimisation. 

Chapter 5 extends the process model to the inclined double-layer vibrating screen by 

combining DEM simulation and machine learning. The screening process along the whole 

screen under different operational conditions was simulated by the DEM. Particle flow and the 

passage of different layers and segments of the screen were analysed based on the particle-

scale information obtained from the simulations. By applying machine learning to the 

simulated data, a segment model was then developed to predict the passing rates of different-

sized particles based on the local conditions of both layers. Supervised machine learning 

models such as linear, support vector machine (SVM) and Gaussian process regressions (GPR) 

were used for training the database generated by the DEM. The GPR squared exponential 

model was found to be the best model. Finally, a process model for the whole screen was 

developed by linking the segment models. During the development of the segment model, the 

local flow conditions of different parts of the screen were considered and different operational 

conditions were applied to different parts of the screen. The process model was then applied to 

various vibration conditions on both layers and different feeding scenarios. The performance 

of the screen was analysed in terms of cut size and probable error, which provided guidance 

for process design, control and optimisation. The process model opens the door for the smart 

operation of industrial multi-layer screens. 

Chapter 6 presents a decision-making logical model of screening for the judgement of screen 

choking, which is also based on the combination of DEM and machine learning. To build the 

data model, the particle inlet in a particular area of the screen and the flow-controlling variables 

were considered as input variables. The logical choking model was established through 

machine learning of data generated by a series of controlled DEM simulations. The model can 

predict the threshold of controlling variables and feed of different-sized particles for screen 

choking or non-choking. The logical model will help to minimise the computational duration 

and cost of the screening process by predicting the judgement before any screening case. The 

logical model could also be applied to predict the judgement of choking with the change of 

vibration condition, feed rate and inclination angle. 
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Chapter 7 presents an explicit contact force model for superellipses by Fourier transform and 

application to superellipse packing with the DEM approach. DEM uses first principles to model 

the motion of each particle. Therefore, if the interactions between particles can be accurately 

modelled, the simulated results could be reliable. The most general interaction between 

particles is contact force. However, the method for calculating contact force for non-spherical 

particles has not been established yet (Lu, Third & Muller 2015; Zhong et al. 2016). The 

overlap and contact force between non-spherical particles with respect to orientation angles 

resemble intersecting waves. Therefore, the Fourier series was proposed to establish explicit 

force models by fitting them to a comprehensive force database. This idea was implemented to 

elliptical particles and its applicability was determined. The Fourier transform has been used 

to characterise complex shapes (Shen, Farid & McPeek 2009), despite being used to model the 

interaction between non-spherical particles. However, it might be challenging to fit a Fourier 

series with many terms. Conversely, the Fourier transform can be a more general technique to 

establish Fourier series and the packing of superellipses. The application of such methodology 

was presented to establish an explicit force model of superellipses and simulation of the particle 

packing as the first test and is expected to be extended to screening simulation in the future.  

Chapter 8 concludes this thesis. Potential future research suggestions are also included.  

It should be noted that a description of the DEM model is provided in each chapter. The 

governing equations are repeated, but the simulation circumstances are unique to each chapter. 

Chapters are in the form of publication or as preparation for submission. 
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2.1 Introduction 

Mixing and separation of granular materials according to their size using screens is a crucial 

process for industries such as mining, agriculture and pharmaceuticals (Cleary, PW 2009; 

Cleary, Paul W, Sinnott, Matthew D & Morrison, Rob D 2009; Djoković et al. 2017; Dong, K, 

Wang & Yu 2013; Jansen & Glastonbury 1968; Standish, Bharadwaj & Hariri-Akbari 1986; 

Wills & Finch 2016). The particles are sieved across a moving mesh surface, where the screen 

consists of a number of apertures. The particles must be able to arrange themselves above an 

opening as they pass across the screen. Furthermore, the particle’s force must be strong enough 

to convey it through the opening. Because of the enormous number of variables relating to 

screen geometries, operational circumstances and particle characteristics, feeding and passing, 

understanding of this process is currently limited. The performance of process industries might 

improve as a result of theoretical and experimental understanding of the process, which might 

also have a  significant influence on financial implications (Asmar et al. 2002; Cleary, P et al. 

2010; Cleary, Paul W., Sinnott, Matthew D. & Morrison, Rob D. 2009; Djoković et al. 2017; 

Dong, K, Esfandiary & Yu 2017; Taggart 1945; Wills & Finch 2016; Wolff 1954). 

Different industrial screens are used worldwide for different purposes and features of materials. 

Although efficiency decreases rapidly with fineness, industrial screening is extensively used 

for separation of particles between 300 mm and 40 μm (Wills & Finch 2016). Banana screens 

are commonly used in high-tonnage material separation, where capacity and efficiency are 

critical for granular material segregation (Cleary, P et al. 2010; Cleary, PW 2009; Dong, K, Yu 

& Brake 2009; Wills & Finch 2016). As one of the most effective methods of material 

classification, trommel screens are widely used in mining, metallurgy, chemical, construction, 

environmental protection and other industries (Sinnott, Cleary & Morrison 2017; Stesscl & 

Cole 1996). Gyratory, grizzly, and horizontal vibrating screens are commonly used for 

separating fine dry and wet materials during screening (Ardi et al. 2017; Dong, K & Yu 2012; 

Iwashita & Oda 1998; Li, J et al. 2003; Wolff 1954). 

The processing of particles in different industries could be improved through research into the 

passage and mixing of materials, material properties and contact mechanisms. Theoretical and 

empirical investigation could improve screen configuration and understanding of sieving 

(Cleary, PW 2009; Dong, K, Esfandiary & Yu 2017; Dong, K, Yu & Brake 2009). Optimisation 

and prediction analysis could reduce experimental cost and time requirements (Barrasso, 

Tamrakar & Ramachandran 2014; Li, Z et al. 2019; Mahdi & Holdich 2017; Zhang, B et al. 
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2016). Particle screening and innovation in granular material separation could also contribute 

to cost minimisation, value-addition opportunities, and integrated approaches for industrial 

applications. Mathematical knowledge of the sieving process, i.e., the probability of particles 

passing through screens, is crucial to the understanding of the performance of the screen 

(Standish 1985). The random path model of screens involves the probability of particles 

passing through the apertures of flat, rotating and dynamic casting screens (Jansen & 

Glastonbury 1968). Subasinghe et al. (Subasinghe, Schaap, W & Kelly, EG 1989) used a 

probabilistic method (Weibull distribution) to predict screening results.   

A comprehensive literature review is presented while considering different industrial screens, 

their geometrical comparison, operational conditions, and applications. The performance of 

screens was found to be not only dependent on the screens but also on the properties of particles 

they handled. These properties included particle shape, particle size distribution, vibration 

conditions, mechanics and surface properties. Therefore, the most used macroscopic models 

cannot be used with different types of particles in industrial screening. The characteristics of 

granular particles are dynamic owing to the complex interactions between individual particles 

as well as between particles and screens. Furthermore, machine learning is considered for 

particulate modelling, optimisation and linking particle-scale analyses with macroscopic 

screening theories. 

2.1.1  General screening processes 

A general screening process is show in Figure 2-1. the underflow of particles from the screen 

is facilitated by the segregation and stratification phenomena and the remaining particles move 

to the end of the screen (Figure 2-1). The particle mixture initially appears at the top of the 

screen. The materials or ‘feeds’ are passed through the screen. Some particles segregate 

through the apertures of the screen and the remaining particles move forward on the screen. 

After reaching the end of the screen, the materials are collected including the remaining 

materials from the previous deck of the screen (Asbjörnsson et al. 2016; Cleary, PW 2009; 

Cleary, Paul W, Sinnott, Matthew D & Morrison, Rob D 2009; Wolff 1954; Zhang, B et al. 

2016) (Delaney, Gary W. et al. 2012). If the particle size is small compared to the apertures, 

there is a good probability they will pass through the screen before being discharged at the end. 

When the particle size is relatively large, or similar to the apertures, there is a high probability 

that they will be rejected as overflow. Furthermore, if the particles move quickly, they may 

bounce from wire to wire and never pass through the apertures (Taggart 1945). 
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Figure 2-1 Simplified screen (Esfandiary 2014). 

 

During over-feeding, particles tend to spread around the feed box floor and fall onto the screen. 

The stratification process occurs when the screening surface vibrates, resulting in the material 

bed developing fluid-like properties. The larger particles rise to the top while the smaller 

particles pass through the gaps and make their way to the bottom of the bed. The separating 

process can be performed without stratification. However, there is an ideal bed height for 

stratification. A thin bed can reduce the effectiveness of screening, whereas a thick bed slows 

stratification, dampens bed movement, and diminishes separation accuracy. 

2.2 Industrial screen and application 

Mining industries, pharmaceuticals industries, food, plastics, recycling, and agricultural 

industries use screening processes for sizing separation (Cleary, PW 2009; Dong, K, Yu & 

Brake 2009; Jansen & Glastonbury 1968). The screen is usually a surface consisting of several 

decks and many different size apertures having uniform dimensional shapes. The main goal of 

the screening process optimisation is for reducing production costs and improving sieving rate. 
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Screening is also used for grading products, washing, dewatering, segregating, and mixing 

several materials within defined material size ranges. Various types of industrial screens are 

available for processing materials. In the agriculture sector, systematic sizing is important for 

food industries, especially for those that would be heated or cooled, as large differences in 

sizing may lead to over- or under-processing of the product. 

Table 2-1 Industrial screens and configuration (Wills & Finch 2016). 

Screen type Industry application Size 

Banana  Mineral process, sizing, separation, stockpile sizing, mill 

discharge and manufacturing  

2.1 × 5.8 m up to 

4.3 × 9.7 m 

Horizontal  Trash removal, sizing, stockpile sizing, mill discharge sizing, 

desliming, drain and rinse 

1.2 × 4.8 m up to 

4.3 × 9.7 m 

Gyratory  Fine particle screening such as dewatering of carbon in gold 

plants 

The nest of sieves up 

to approx. 2.7 m 

Roller  Classifying coarse, moist, sticky or clayey raw materials 1.1 × 2.0 m (approx.) 

Trommel  Mineral processing, municipal and industrial waste 7.3 × 16.6 m 

(approx.) 

Grizzly  Minerals, ore, blasted or ripped rock, gypsum, foundry 

materials and large stone process 

 

 

The banana screen (Figure 2-2a) is now widely used in the separation of high-tonnage materials 

where both capacity and efficiency are important. Banana screens have excellent segregation 

capacity that is up to three or four times that of regular vibrating screens. The steep 

configuration of sections allows the feed material to flow rapidly to the end of the screen. 

Furthermore, compared to a thick slow-moving bed, fine particles screen out more rapidly. A 

banana screen’s slope gets reduced at the discharge end to slow down the existing material and 

enable more efficient screening of close-range particles. 

A gyratory screen (Figure 2-2b) is a machine with vertical and gyratory motion. Gyratory 

screens are generally used for the separation of fine dry and wet materials. Roller-type screens 

(Figure 2-2c) are generally used for screening very sticky materials with 3–300 mm particles. 

Roller screens use a sequence or series of parallel-driven rolls (i.e., circular, elliptical, profiled) 

and discs to transport oversized particles across the series while the fine materials fall through 

the gaps between discs/rollers. 
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Trommel screening is one of the oldest screening methods. Trommel screens (Figure 2-2g) 

consist of a circular screen that rotates between 35% and 45% of the critical speed. The trommel 

contains a series of internal baffles and is positioned with a small inclination from horizontal 

to transfer material to the cylinder. Trommels can be configured to deliver a variety of product 

sizes by rotating trommel screens from finest to coarsest. Trommels are less expensive, 

vibration-free and more physically robust than vibrating screens, but typically have lower 

capacity since only a portion of the screen surface is in use at any given time. Grizzly screens 

are used to screen very rough materials on an inclined screen. The screens are made from 

parallel steel bars or rails that are spaced apart and aligned with the flow of materials (e.g., 

ore). Vibrating grizzly screens (Figure 2-2d) have a circular throw mechanism and are 

commonly inclined at an angle of 20 degrees. Grizzlies are most used in mineral processing to 

size the feed for primary and secondary crushers.  

Modular screens (Figure 2-2e) are made up of two or more separate screen modules connected 

in a series to create a larger screen from a collection of smaller pieces. This configuration has 

the advantage of allowing each screen module to be customised with its screen slope, screen 

surface type, vibration stroke and frequency. This enables the performance of different portions 

of the screen to be tuned separately. Horizontal vibrating screens have a horizontal or almost 

horizontal screening surface and hence require less headroom than inclined screens. Horizontal 

screens must be vibrated with a double- or triple-shaft vibrator that produces a linear or 

elliptical vibration. Horizontal screens (Figure 2-2f) are utilised in heavy medium circuits for 

sizing applications when screening efficiency is crucial. Resonance screens are a form of 

horizontal screen that consists of a screen frame coupled to a dynamically balanced frame with 

the same natural resonance frequency as the vibrating screen body via rubber buffers. 

Resonance screens minimise energy losses, and the quick return motion created by the resonant 

action gives the deck a lively action that encourages effective screening. 
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(a) Banana screen (b) Gyratory screen  

(c) Roller screen  
(d) Vibrating grizzly screen 

 
(e) Modular screen 

(f) Horizontal screen  
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(g) Trommel screen  

 

Figure 2-2 Different types of industrial screens (Wills & Finch 2016). 

 

2.3 Controlling variables of the screening process 

The degree of accuracy with which the material is separated into size fractions above or below 

the aperture size is known as screening efficiency. There are a number of factors that could 

influence the performance and efficiency of the screen. Figure 2-3 displays some of the variable 

factors of the screening process.  

 

 

Figure 2-3 Screening process and variables (Ogunmodimu et al. 2021). 
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2.3.1  Feed rate 

One of the major factors in screening is feed rate. The feed rate can change the output in an 

almost absolute separation. Screening in industry has greater demand for high feed rates for 

material processing. Therefore, the duration of particles on the screen is short and fine materials 

may not have sufficient time to reach the screen surface before the scope passes to discharge. 

Depth of bed is one of the defining factors of sieving performance. For lower feed rates and 

larger size materials, the flow of materials will be low because the particles tend to have 

unrestrained motion and the whole screen surface is not being used. For higher flow rates, 

closeness of the particles tends to restrain bouncing (as in Figure 2-4) and maximise exposure 

of passing materials to the screen apertures. With segregation or stratification for vibration, 

small particles pass to the bottom of the bed while large particles rise to the top. When 

calculating bed depth along the screen, bed depth will be proportional to the feed rate. 

 

 

Figure 2-4 Particles feeding along a screening surface (Subasinghe, G, Schaap, W & Kelly, E 

1989). 
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2.3.2  Screen angle 

Screening efficiency depends on the passing of particles. The likelihood of materials passing 

the screen is high when the material reaches the aperture perpendicularly. When a particle 

approaches with a shallow angle to the aperture, it will face a small effect on the aperture 

dimension. Near-mesh size particles have less chance to pass through the aperture. The angle 

of the screen also influences the velocity/speed of particles and duration on the screen. 

Therefore, the number of particles passing through the screen surface also changes. 

Table 2-2 The critical contact angle of a particle passing through the aperture in a single contact 

(Jansen & Glastonbury 1968).  

Aperture 

shape 

Angle of 

media 

Critical contact angle 

Square <900 cosαθ =
1+√1+8m2

4m
 , α1 and α2 are positive roots of: 

 4m2(k2 + 1)cosα −  4mk√1 + k2cosα − (4m2 − 1)(k2 −

1)cos2α + 2mk√k − 1cosα + m2k2 = 0 where k = tanγ 

Square 900 α = 00  

Square 900 cosα =
1+√1+8m2

4m
  

Square <900 k = cosγ, α1 and α2 are positive roots of: 

4m2(k2 + 1)cosα −  4m(k2 − 1)cos2α − (4m2 − 1)(k2 +
1)cos2α + 2m(k2 + 2)cosα + (m2k2 − 1) = 0  

Square <900 ψ is a complex function that decreases with the increase of 
dp

Dw
 

Rectangular 900 cosα =
1+√1+8m2

4m
, cosα′ =

1+√1+8M2

4M
, m =

2Da+Dw−dp

Dw+dp
 , M =

2Dah+Dw−dp

Dw+dp
  

Rectangular 900 α = 00  

Note. k = constant, m = constant, x = weight fraction of material remaining on the screen, W = weight of particles 

on the screen, 𝛼, 𝛼1, 𝛼2 = critical contact angle of a particle with a screen wire, 𝜃 = critical angle for circular 

vibration of a screen, 𝛾 = angle of incidence of particle path to the screen plane, 𝜇 = coefficient of static friction, 

𝜇′ = coefficient of sliding friction and ω = angular velocity of rotation or vibration coefficient. 
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2.3.3  Open area 

The likelihood of materials passing through a screen depends critically on its open area. The 

probability of particles passing through the screen aperture is proportional to the percentage of 

open area, which can be defined as the ratio of the net area of the apertures to the total area of 

the screening surface. When the open area of the screen deck is covered by the material, the 

maximum probability of a particle reaching an aperture could be achieved. In general, the open 

area decreases with the fineness of particles. Very thin and fragile wires or deck construction 

is needed to increase the open area of a fine screen. The classifiers replace screens for fine 

aperture sizes due to fragility and low throughput capacity. 

Table 2-3 Effect of parameters on the theoretical probability of particle passage through a 

screen aperture (Jansen & Glastonbury 1968). 

Aperture 

shape 

Angle 

of 

median 

Reflection Probability of passage in a single contact 

Square <900 Yes 
(
Da + Dw − (Dw + Dp)cosαθ

Da + Dw
)

× (
Da + Dw − (

Dw + Dp

2
) (sin(γ − α2) + sin (γ + α1))

Da + Dw
) 

 

Square 900 No (Da − Dp)
2

(Da + Dw)2
 

Square 900 Yes Da + Dw − (Dw + Dp)cosαθ

Da + Dw
 

Square <900 Yes 
(
Da + Dw − (Dw + Dp)cosαθ

Da − Dw
)

× (
Da + Dw − (

Dw + Dp

2 ) {
sin(γ − α2) + sin (γ + α1)

sinγ }

Da + Dw
) 

Square <900 Yes (Da + ψDw − Dp)[(Da + Dw)sinγ − {1 − ψ}cDw − Dp]

{Da + Dw}{(Da + Dw)sinγ}
 

Rectangular 900 Yes 
(
Da + Dw − (Dw + dp)cosα

Da + Dw
)(

Da + Dw − (Dw + dp)cosα
′

Dah + Dw
) 

Rectangular 900 No (Dμ − dμ)(Dμ′ − dp)

(Da + Dw)(Dah + Dw)
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Note. Da = length of the side of a square screen aperture, Dc = diameter of a circular aperture, Dw = diameter of 

screen wire, dp = particle diameter, g = gravitational acceleration, h = ratio of shorter side to longer side for a 

rectangular particle.  

 

2.3.4  Vibration  

Vibration modes used on screens include linear, horizontal, elliptical, and circular. The use of 

an accurate vibration mode assists stratification of feed materials while allowing fines and 

small particles to pass through the screen layer to the screen surface and larger particles to rise 

to the top. Excessive vibration intensity causes the particles to bounce, resulting in fewer 

effective presentations to the screen surface. Higher vibration can be applied to ‘cushion’ 

certain materials, which prevents particle bouncing at a high rate of feed. 

 

Figure 2-5 Stratification of particles on a screen (Wills & Finch 2016). 

 

2.3.5  Moisture 

The quantity of surface moisture in the feed and clay content has a significant impact on 

screening efficiency. Damp feeds screen poorly because they tend to clump together and ‘blind’ 

the apertures. Without taking extra precautions to avoid blinding, screening with aperture sizes 

less than 5 mm require completely dry material for improved output. Heated decks can be used 

to break the surface tension of water between the screen wire and the particles. 
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2.4 General characterization of particles properties 

Particulate materials are ubiquitous in many industrial applications such as mining, agriculture, 

and pharmaceuticals. In many industrial processes, raw materials are handled in granular 

format to separate materials of different sizes. Screening, also known as sieving, is an operation 

that utilises mechanisms such as particle-to-particle collision and particle-to-system collision 

to separate particles according to their sizes (Lin, X & Ng, TT 1995) while achieving mixing 

(Bridgwater, J. , Sharpe & Stocker 1969), sieving (Dong, K, Yu & Brake 2009) and 

stratification (Bridgwater, J & Ingram 1971; Rahman et al. 2008) via the passage of free 

particles through screen apertures (Bridgwater, J. , Sharpe & Stocker 1969; Dong, K, Wang & 

Yu 2013; Dong, K & Yu 2012; Dong, K, Yu & Brake 2009). Many factors including 

characteristics of the particles and the environment can affect the structure and dynamics of 

granular materials. A greater fundamental understanding of these processes through particle-

scale studies is required. 

2.4.1  Characteristic of particles   

Sieving is widely used for powder and granular particle classification. The method utilised is 

usually based on the size of the materials/particles and independent of other particle properties 

such as density, moisture, optical properties, arrangement of particles and surface roughness. 

A collection of macroscopic particles and discrete solids is referred to as granular material and 

is distinguished by energy loss at the points where the particles interact. The lower size limit 

for granular particles is 1 µm. Examples of granular materials are coal, nuts, sand, rice, 

cornflakes, snow, coffee powder, fertiliser, and ball bearings. The properties of powder differ 

from granular particles according to their size properties. As a result, the powder is more 

cohesive. 
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Figure 2-6 Examples of granular materials (Wikipedia). 

Granular material is commonly used in the commercial minerals industry, pharmaceutical 

industry, energy production and agriculture. Different properties of particles such as shape 

(e.g., sphere, non-sphere, polygonal, hexagonal) and condition (e.g., wet or dry) could 

influence the screening process. Fernandez studied the particle hydrodynamics (Fernandez et 

al. 2011) in screening.  Other complicated particles were also studied, including the cohesive 

non-spherical particles (Cleary, PW, Wilson & Sinnott 2018) and rock particles (Cleary, Paul 

W, Sinnott, Matthew D & Morrison, Rob D 2009; Cleary, Paul W., Sinnott, Matthew D. & 

Morrison, Rob D. 2009; Zhao, L et al. 2017). Zhao et al. (Zhao, L et al. 2016) analysed the 

screening of spherical and non-spherical particles and observed the effects of particle shape on 

the screening process.  

2.4.2  Particle size effect on screening process 

The difference in the size of the particles could change screening efficiency (Lu, G, Third, JR 

& Müller, CR 2015; Wang, X et al. 2018). Spherical particles pass with the same probability 

in any orientation. Near-mesh size particles with irregular shapes arrange themselves in a way 

that allows them to pass. In some orientations, elongated and slab-like particles might have a 

limited cross-section for passage and a large cross-section in other orientations. The rate of 

particle passage varies with the ratio of fine particles and the size. Furthermore, the rate of 

particle passage depends on the probability of passing through the screen aperture and the 

amount of free material on the screen surface (Soldinger 1999). The concept of particle size 
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particles. The fine particles must travel through the entire nest of the sieve and delay 

the screening process. Wet sieving may be required as tiny particles tend to stick to 

larger ones. 

• The number of particles on the sieve—The smaller the load or feed, the faster the 

analysis for the sieve. Feed that is too low leads to errors in weighing and unacceptable 

percentage losses. 

• The physical properties of the particles—Adhesion (i.e., stickiness caused by water) 

such as from excessive humidity, cohesion (i.e., tendency of particles to stick together 

and become granular) and other surface phenomena. Coating with powder can diminish 

cohesivity, which could reduce granule formation. 

• The method of shaking the sieve—Optimal sieve motion minimises the risk of aperture 

blockage and the probability of removing particles. 

•  Particle size—Large particle sieving is slower than compact particles. 

• The geometry of the sieving surface: Fractional open area. 

2.5 Evaluation of screening performance 

2.5.1  Screening efficiency 

Screening efficiency is defined as the ratio of the amount of material that passes through the 

aperture and discharges with the oversize product to the amount of undersized product fed into 

the screen initially. The effectiveness of the screen decreases if a higher number of undersized 

materials are discarded. To improve screening efficiency, the amount of thrown-away 

undersized material with the large material must be reduced. Various formulae are used to 

calculate screen efficiency depending on whether the oversize or undersized material fraction 

from the screen is used. The following information is required to calculate undersized or 

oversize screen efficiency. 

Screen efficiency based on oversized (𝜂𝑜) material is calculated by: 

𝜂𝑜 =
o [1 −  Mo]

f [1 −  Mf]
 

(Eq. 2.1)  

Screen efficiency based on undersized (𝜂𝑢) material is calculated by: 

𝜂𝑢 =
u × Mu

f ×  Mf
 

 (Eq. 2.2) 
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where o = mass flow rate of solid in the screen overflow, Mu = mass fraction of undersize in 

the underflow, f = mass flow rate of solid feed, u = mass flow rate of solid in the screen 

underflow, Mf = mass fraction of undersize in the feed, Mo = mass fraction of undersize in the 

overflow.  

Overall screen efficiency is calculated by multiplying these two efficiencies together: 

𝐸 = 𝐸𝑜 × 𝐸𝑢  (Eq. 2.3) 

Efficiency is the ratio of the amount of undersized material obtained by screening to the amount 

of undersized material available in the feed. It is calculated by the formula: 

𝐸(%) =
100(𝑒 − 𝑣)

𝑒(100 − 𝑣)
× 100 

 (Eq. 2.4) 

where 𝑒 = percentage undersize in feed and 𝑣 = percentage undersize in over product.  

The overall efficiency of the screening process can be calculated using (Harzanagh, Orhan & 

Ergun 2018): 

𝐸 =
𝑐 − 𝑓

𝑐(1 − 𝑓)
 

 (Eq. 2.5) 

where f is the fraction of material above the cut size in the feed and c is the fraction of material 

above the cut size in the oversize stream. 

2.5.2  Cut point 

Figure 2-8 shows the partition curve of oversize materials. The partition curve for an ideal 

separation is vertical, as in curve ‘a’, but the partition curve for a real separation of material 

process is represented in curve ‘b’ (Figure 2-8). The cut sizes (d25, d50 and d75) are also 

calculated based on the curve analysis. Various parameters can be used to identify deviation 

from the ideal screening curve. The cut size is always smaller than the apertures with the 

highest openings. The cut size is normally referred to as d50, i.e. the point on the partition curve 

at which 50% of particles have a possibility of reporting to the overflow. In an ideal classifier, 

particles that are larger than the d50 cut size will report to the coarse stream and smaller report 
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mean square of particle velocity fluctuations, which is similar to thermodynamic temperature. 

By definition, granular material contains macroscopic granular particles (i.e., limit: 1 µm) that 

are too large to display any significant thermal motion. The dominant velocity characteristics 

impose granular particle or material flow, particle motions and collisions between particles. 

Particle motion is quantified by the temperature and kinetic energy variation of particles. 

Temperature is the main factor that determines the flow of granular particles, which follows 

the same formula as the thermodynamic temperature of gas. Continuous input of external 

energy is required to maintain granular temperature. The amount of granular temperature 

depends on net energy, which is determined by the generation of energy by external vibration 

and the dissipation of energy by inelastic collisions. For the random motion of particles, 

granular temperature specifies the energy per unit mass of materials (Baldassarri et al. 2005). 

2.6.2  Forces 

For particulate system simulation, the relevant forces can be divided into three general 

categories: interaction forces, environmental forces and boundary forces. There are two 

categories of interaction forces that act on interacting particles: contact forces, which act on 

particles when they are in physical contact and non-contact forces, which take place even when 

particles are not in physical contact. 

 

 

Figure 2-9 Particulate system forces diagram. 
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In a particulate system, attractive interaction occurs in accordance with van der Waals forces, 

which originate from the polarisability of atoms that build up on particles. In addition, 

electrostatic interactions can influence particles. Gravitational force is a common 

environmental force exerted on particulate systems as a result of the gravitational field. 

2.6.3  Energy 

The concept of potential energy is used in calculating non-spherical particles (Brito et al. 2018; 

Mailman et al. 2009). When considering potential energy between two interacting particles, the 

gradient at the position of each particle can be evaluated to find the force on each particle. The 

sum of attractive and repulsive forces in interaction is the potential energy. Considering the 

expression of attraction, the magnitude of the interaction increases with the decline in 

separation between particles. Therefore, attraction would be the dominant effect at small 

separations. The Van der Waals energy is reduced at very large distances and repulsion energy 

decreases exponentially. Therefore, the total interaction energy is always attractive for very 

small and very large distances. Alternatively, there may be a range of distances over which 

repulsion forces dominate. 

 

2.7 Macroscopic theories of the screening process 

2.7.1  Particles process theory 

The process of particle sieving by screening is usually divided into two steps. First, the 

movement of undersize materials to the deck of the screen and second, materials passing 

through the apertures. When the material constructs a layer on the surface of the screen, contact 

between particles and the screen is established. As a result, they may pass through the screen. 

The top layer can replenish the contact layer and the rate of passing remains constant. This is 

called crowded screening and can be defined as: 

 
dN

s
dt

= −  
(Eq. 2.7) 

where the number of particles, N, is on the screen surface, s is the crowded screening rate 

constant and t is for time. When the materials construct a layer on the surface and do not 
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interfere with each other, the passing rate is proportional to the amount of material on the 

surface: 

 
dN

kN
dt

= −  
(Eq. 2.8) 

The sieving rate is k for separated screening. Solving (Eq. 2.8), the remaining particles on the 

screen represent a function of time: 

 0( ) kNN t N e−= −  
(Eq. 2.9) 

Here, 0N is the number of the initial particles. The orientation of particles for passing and the 

screen is small. Vibration will influence the movement of particles across the screen surface. 

The movement of the screen can be expressed by the dimensionless sieve number vk : 

 

2(2 )
v

A f
k

g


=  

(Eq. 2.10) 

where f is screen frequency, A is screen amplitude, and g is acceleration of gravity. It can be 

said that vk  is the relationship between acceleration of the screen and g. By using (Eq. 2.9), the 

grade and existing particles, or recovery, of batch stratification can be predicted based on the 

difference in screen kinetics. 

In a mixture containing two particles, 1N and 2N , the screen kinetics are respectively 1k  and 

2k , and the grade (g) and recovery for the first particle can be derived as: 

 
1

1 2

1

1 2

( )
k t

k t k t

N e
g t

N e N e

−

− −
=

+
 

(Eq. 2.11) 

and recovery: 

 1( ) k tr t e−=  
(Eq. 2.12) 

Similar equations can be derived for the second particle on the screen (i.e., oversize or 

undersize streams). 
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2.7.2  Probabilistic approach of sieving  

Probability and kinematic screening processes are used to analyse the passing of particles via 

multiple attempts to determine the influence of the feed rate, the effect of operating variables 

(Dong, K, Wang & Yu 2013; Kapur, Ball & Fuerstenau 1977; Soldinger 1999, 2000; Standish 

& Meta 1985; Subasinghe, G, Schaap, W & Kelly, E 1989), the particles remaining on the 

screen and the sieving speed of particles (Ferrara, Preti & Schena 1987; Standish 1985; 

Standish, Bharadwaj & Hariri-Akbari 1986; Standish & Meta 1985; Subasinghe, Schaap, W & 

Kelly, EG 1989). By using probability process, it is possible to determine the influence of the 

feed rate and the change in proportions of fine material (Soldinger 1999, 2000). Moreover, the 

sieving speed of undersized particles, the relationship between the sieving speed and the 

remaining materials are described in kinetic (Standish 1985; Standish & Meta 1985) modelling. 

The passage rate depends on the probability of particles passing through the apertures and the 

amount of free material on the screen surface (Soldinger 1999). The sieving process can be 

described by first-order relationships but can also be described by simple probabilistic analyses. 

In the case of screening, a probabilistic approach gives the fraction of material retained, 𝑌𝑑, as 

(Subasinghe, G, Schaap, W & Kelly, E 1989): 

 𝑌𝑑 = (1 − 𝑝)𝑁 (Eq. 2.13) 

where 𝑝 is the probability of passage of a particle of size, d, in a single attempt, and N is the 

number of attempts. It is generally assumed that for a vibratory screen with constant frequency 

and amplitude of vibration, for particles of all sizes, the number of attempts is proportional to 

the distance travelled along the screen (i.e., N is determined by the product of screen length, L, 

and the number of attempts per unit 𝑁𝐿, which is regarded as constant). However, as noted 

above, the rate of segregation determines the amount of a given size of material that is in contact 

with the screen surface, implying that 𝑁𝐿varies with screen length and particle size. The values 

of N can be back-calculated using (Eq. 2.13) rearranged as: 

 𝑁 =
ln (𝑌𝑑)

ln (1 − 𝑝)
 (Eq. 2.14) 

where 𝑝 =
[(𝑎+𝑤)𝑐𝑜𝑠𝜑−𝑤−𝑑](𝑎−𝑑)

(𝑎+𝑤)2𝑐𝑜𝑠𝜑
, a is the edge of a square aperture, 𝑤 is the wire diameter, and 

𝜑 is the inclination of the screen surface to the horizontal. 
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The probabilistic model is equivalent to a Weibull survival function with two parameters. 𝑌𝑑 =

exp {−𝐴(𝐿𝐵)}, A, B = constants, p = the probability of passage in a single attempt; N = the 

number of attempts and L = screen length (Subasinghe, Schaap, W & Kelly, EG 1989).  

Conversely, it is possible to determine the influence of feed rate and varying proportions of 

fine material: 

 Passage rate: 𝑃̇ = 𝑘(1 − 𝑃) 

For bottom layer: 𝑃̇ = 𝑘 ∙ 𝐵  
(Eq. 2.15) 

where P is the share of the original amount of fine particles that has passed through the 

apertures in the screen surface (Soldinger 1999) and B is the part of the original amount of fine 

particles gathered in the bottom layer (Soldinger 1999, 2000). 

High-density material has a higher probability of passage. The passage probability of particles 

can be defined as: 

 
𝑘𝑗 = 80(𝑒

(−
𝛽𝑑50
𝐴𝑝

)
− 𝑒−𝛽𝑑50/𝐴𝑝) (Eq. 2.16) 

where d50 is the mean particle size, Ap is the aperture size and β is the rate factor. 

2.7.3  Kinetic of sieving 

According to Standish (Standish 1985), for packing and sieving, matter kinetics of sieving is 

often studied considering the rate of sieving of near-mesh sized particles with the total feed or 

load on the sieve, which is found to not differ appreciably with time. Thus, the first-order rate 

law can be expressed as: 

 −
𝑑𝑊

𝑑𝑡
= 𝑘𝑊 (Eq. 2.17) 

where the weight of particles is W on the sieve, t is the time of sieving and k is the sieving rate 

constant. The equation can be used for the random path model of the low probability of particles 

passing or loading. Eq. 2.17 can also be considered in continuous screening applications 

because of the distance travelled across the screen (Jansen & Glastonbury 1968) and sieving in 

the presence of attrition (Gupta, Fuerstenau & Mika 1975). Eq. 2.17 also serves as a foundation 

for the standard rate technique of sieve analysis and a foundation for the mathematical model 
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of (Bandemer & Espig 1978), which is widely regarded as the greatest attempt of at an 

analytical treatment of sieving. Unfortunately, prior understanding of sieve function is required 

for its application, and the mathematics involved are rather difficult. For sieving different sized 

particles acting independently it can be written as:  

 −
𝑑𝑊1

𝑑𝑡
= 𝑘1𝑊1;  −

𝑑𝑊2

𝑑𝑡
= 𝑘2𝑊2;  𝑒𝑡𝑐. (Eq. 2.18) 

where 𝑘1 , 𝑘2, etc. are the constants of the sieving rate for each particle size. It should be noted 

that earlier treatments, which solely included sieving of near-mesh size particles were 

predicated on the hypothesis that W = const. When sieve residue decreases during the sieving 

process, and W ≠ constant, integrating (Eq. 2.18) for this case and collecting terms for any time 

results as: 

 
𝑊1

𝑊1
= (

𝑊2

𝑊2
)
𝑘1/𝑘2

= (
𝑊3

𝑊3
)
𝑘1/𝑘3

 (Eq. 2.19) 

The weights obtained in (Eq. 2.19) provide k ratios. This is done by first redefining (Eq. 2.17) 

as: 

 −
1

𝑎𝑟

𝑑𝑊𝑖

𝑑𝑡
= 𝑘𝑖

𝑊𝑖

𝑊
  

(Eq. 2.20) 

where ar is the sieve area, Wi/W is the weight fraction of particles of size di on the sieve and k* 

is the sieving rate constant with units such as kg/(m2s). Comparing (Eq. 2.17) and (Eq. 2.19) 

provides the relationship between the two forms of the rate constant: 

 𝑘𝑖 = 𝑘∗ 𝑎𝑟

𝑊
  

(Eq. 2.21) 

and the overall material balance, including the oversize stream, W1 is, for any time: 

 𝑊 = 𝑊1 + ∑𝑊𝑖

𝑛

1

 
(Eq. 2.22) 

Finally, combining (Eq. 2.22) and (Eq. 2.19), substituting the result of (Eq. 2.18), focusing on 

particles of size d1, integrating from W1.0 to W1 and rearranging the equation generates: 
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 𝑘1
∗𝑎𝑟𝑡 = 𝑊1 ln (

𝑊1.0

1
) + ∑𝑊𝑖.0

𝑛

1

𝑘1

𝑘𝑖
× [1 − (

𝑊1

𝑊1.0
)
𝑘𝑖/𝑘1

] 
(Eq. 2.23) 

𝑘1
∗ can be found constant by solving (Eq. 2.23), and (Eq. 2.19) can be evaluated with k (or k*). 

The composition of the undersize stream for any level of the weight fraction for passing. For 

length L, mean velocity down the screen and screening time are related and this relationship 

completes the identity between the first-order rate law for batch sieving (−d𝑊/d𝑡 =  𝑘𝑊) 

and for continuous screening (−d𝑊/d𝐿 =  𝑘𝑊) (Standish & Meta 1985).  

2.7.4  Stratification 

Stratification can be defined as the fall of undersized particles through the spaces between 

oversized particles resulting from the vibration of the screen. A well-integrated particle passage 

and stratification model was proposed by Soldinger (Soldinger 1999, 2000). Stratification is 

completed when fine particles are in the bottom layer. The particles have no further effect on 

the screening process. The rate of stratification is related to the number of remaining fine 

particles.  

Thus, the stratification can be described via the first-order rate process as: 

 𝑆̇ = 𝑐(1 − 𝑆) 
(Eq. 2.24) 

where 𝑆̇ is the time derivative of S →1 down the screen, 𝑆 = 𝑆0 at the initial case, and time 𝑡 =

0 and c denote the rate of stratification. Fine particles such as dust that do not appear in the 

bottom layer remain on coarser particles. For the constant c, stratification is: 

 𝑆 = 𝑐(1 − 𝑆0)𝑒
−𝑐 𝑡 (Eq. 2.25) 

According to Soldinger (Soldinger 1999), there are two different simultaneous processes 

during screening. One is stratification and the other is the passage of materials through the 

aperture in the screen surface. The term “misplaced particles” refers to fine particles that are 

below the range of the separation limit and coarse particles that are within the fine fraction. 

Both processes depend on other characteristics. The rate of stratification depends on the 

proportion of fine particles and the ratio of the particle sizes. Furthermore, the passage depends 

on the probability that particles will pass through the apertures and the number of fine particles 
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on the surface of the screen. The stratification rate varies with the proportion of fine material 

and the ratio of material size. Factors that impact the stratification output (Mosby, 1996) 

include:  

• with more particle size variation, stratification increases. 

• when overall particle size is smaller, stratification diminishes. 

• particle density differences and shape are less significant than variations in particle size. 

• the presence of liquids reduces stratification. 

2.7.5  Weibull distribution of particles passing with probabilistic theory 

Screening has been described with two first-order rate processes the segregation and passage 

of particles through the screen (Subasinghe, G, Schaap, W & Kelly, E 1989). The particle size 

distribution in the bed and vibration condition influence passing through the bed to reach the 

screen surface. Particle passing through the screen is reported with first-order rate process 

under conditions of constant probability of passing. 

Combining the two processes, the fraction of size i retained on the screen after length L 

(Subasinghe, G, Schaap, W & Kelly, E 1989) is: 

 𝐸𝑖𝑂 =
[𝑘𝑖𝐺 exp(−𝑘𝑖𝑃𝐿) − 𝑘𝑖𝑃exp (−𝑘𝑖𝐺𝐿)]

𝑘𝑖𝐺 − 𝑘𝑖𝑃
 𝑓𝑜𝑟 0 ≤ 𝑖 ≤ 𝐿𝐺  

(Eq. 2.26) 

where 𝑘𝑖𝐺 = rate constant for the size i segregating to the screen surface and 𝑘𝑖𝑃 = rate constant 

for the size i passing through the screen. 

𝑘𝑖𝐺and 𝑘𝑖𝑃 explain that if the particle size is smaller than the screen aperture, the segregation 

rate of particles decreases. For the near size particles, the passing rate constant increases as the 

particle size approaches the aperture size. The segregation rate increases and the passing rate 

constant approaches zero. For intermediate values of di/LA, the value of 𝑘𝑖𝐺  approaches the 

value of 𝑘𝑖𝑃 and a dynamic equilibrium exists between the two processes. With the values of 

𝑘𝑖𝐺  and 𝑘𝑖𝑃, the undersize particle size distribution of the screen can be estimated. The Weibull 

distribution function in the form of a Rosin-Rammler function is adequate to describe the 

screen products as (Subasinghe, G, Schaap, W & Kelly, E 1989): 
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 𝐸𝑖𝑂 = 𝑒𝑥𝑝 [(−
𝐿

𝐵
)
𝐴

] 
(Eq. 2.27) 

The constants A and B were fitted to third-order polynomials. 

 

2.8 Percolation  

Percolation is one of the major phenomena in granular material flow analysis. The inter-

percolation concept represents the behaviour of connected clusters in a random graph, which 

can clarify the relocation of smaller materials through an assembly of large materials (Tang, P 

& Puri 2005) resulting from gravity or another applied force. Inter-particle percolation for 

mixing (Bridgwater, J. , Sharpe & Stocker 1969) and stratification in sieving (Soldinger 1999) 

are widely adopted in industrial applications. Industrial materials with low cohesion including 

sodium carbonate, polymer chips, sand, mineral ores, cement, detergents, fertilizers, coal and 

food products are important. Comprehensive formation of the material may be minor in certain 

applications but might be significant in others. Gravity and strain are the major forces that 

cause small particles in the mixture to pass through larger particles during extensive mixing or 

percolation. The Flory–Stockmayer theory was the first to illustrate percolation processes 

(Sahini & Sahimi 1994). In the past, physical models were used to investigate percolation 

processes such as fluid flow in a porous medium for randomly blocked channels (Broadbent & 

Hammersley 1957).  

Mathematical analysis of percolation has bought novel theories and methods in a range of 

subjects such as physical science, epidemiology, and complex networks. In geology, 

percolation refers to the filtration of water through soil and permeable rocks (i.e., porous 

media). Even though disagreement between physical and numerical experiments still exists, 

numerical methods have been recently employed to improve the understanding of the inter-

particle percolation mechanism.  

The study of percolation is based on the fundamental knowledge of particle packing. Packing 

density, coordination number and radial distribution function are critical to understand particle 

flow behaviour in a packed bed. The flow of granular media is relevant to a wide range of 

industrial sectors related to sand, powders, food, coal and ore. Thus, analysis of gravitational 

flow of granular materials in mining applications has been reported by many authors (Chen, G 
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1997; Just & Free 1971; Rustan 2000). The flow of granular material is quite complex and not 

well understood, which makes modelling a difficult task (Campbell 1990; Hutter & Rajagopal 

1994; Jaeger, Nagel & Behringer 1996). 

2.8.1  Spontaneous percolation 

Smaller particles tend to drain through larger particles under the influence of gravity, which is 

known as the spontaneous inter-particle percolation phenomenon. The ability to control this 

phenomenon is very critical (Bridgwater, J. , Sharpe & Stocker 1969). Large particles can rise 

to the top or fall to the bottom depending on their physical properties and density (Kudrolli 

2004). The extent of percolation depends on the rate of strain and the relative size of particles 

(Scott & Bridgwater 1975). Percolation is determined by the gravitational force on particles. 

Therefore, it is inhibited by cohesive materials. Spontaneous particle percolation has been 

empirically studied to analyse percolation velocity, dimensionless distance distribution and 

residence time (Bridgwater, J & Ingram 1971; Bridgwater, J. , Sharpe & Stocker 1969). An 

experimental study on the dispersion of particles during spontaneous percolation shows that 

particles disperse radially with a linear trend (Figure 2-10) (Bridgwater, J. , Sharpe & Stocker 

1969). Examination of spontaneous inter-particle percolation of small beads through an 

unconsolidated porous media found that radial or transverse dispersion decreases and 

longitudinal dispersion increases with the increase in percolating particle density (Lominé & 

Oger 2009). 
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Figure 2-10 Typical dispersion of about 200 × 0.08 cm diameter steel bearing on the target 

plate. Where plate bed packing is 1.2 cm diameter glass spheres, bed height is 30 cm and bed 

diameter is 15 cm (Bridgwater, J. , Sharpe & Stocker 1969). 

Considering the study of spontaneous percolation of particles from a packed bed, the variation 

of percolating particle height with time was determined by the coefficient of restitution and the 

diameter ratio of the percolating particles to the packing (Li, J et al. 2010). The residence time 

distribution of percolating particles conformed to a diffusive mechanism (Figure 2-11). This 

could influence percolation velocity while increasing the height in free fall. 

 

Figure 2-11 Variation of height (H) with time (t) for a percolating particle under different 

coefficient of restitution and diameter ratio (Li, J et al. 2010). 

2.8.2  Vibration effect on percolation  

Vibrated beds are used in a variety of industries to handle bulk materials at large scales. To 

increase the contact efficiency inside the bed, it is necessary to understand particle percolation 

and segregation. Vibration helps to percolate particles with large size ratios (Hudson, Jansen 

& Linkson 1969; Kudrolli 2004). In numerous cases, the gravitational spontaneous percolation 

approach has been considered (Bridgwater, J. , Sharpe & Stocker 1969; Li, J et al. 2010; 

Rahman et al. 2008; Wilkinson & Edwards 1982). However, this approach is limited to large-

size ratio particle percolation. In vibration percolation, the material bed is influenced by the 

vibration, which leads to different percolation behaviour. However, no studies have 

comprehensively considered vibrational percolation for different amplitude, frequency and size 

ratios. Yu et al. (Yu, AB & Hall 1994) investigated the packing of fine powders subjected to 

tapping in an experimental setting and linked packing density with material characteristics such 

as particle shape and size distribution. Hudson et al. (Hudson, Jansen & Linkson 1969) carried 



42 

 

out an experimental analysis on particle segregation by vibration screen. They found that small 

particles passed through larger packed particles by percolation, which provided a basic concept 

for particle percolation flow rate and mixing. A linear cohesion contact model was used to 

study the segregation process of spherical and cubical wet particles under a vertical vibration 

(Zhao, L-L et al. 2019). Both the spherical and cubical wet particle systems present a hill-

shaped segregation pattern. The segregated large particles are uniformly gathered around the 

cylindrical container wall while the small particles are concentrated in the bottom layer and the 

middle of the container. 

Brazil-nut or reverse Brazil-nut segregation was obtained for different mixtures under 

vibration. Two experiments are shown in Figure 2-12. Theoretical findings (Breu et al. 2003) 

also predict a reverse Brazil-nut effect, where large particles sink to the bottom of the container. 

It is evident that the percolation for the Brazil-nut segregation occurred under vibration.  

 

 

Figure 2-12 Temporal evolution of the system: (a) initially 8 mm glass beads on top of 15 mm 

polypropylene, which show the classical Brazil-nut effect; (b) 10 mm bronze spheres on 4 mm 

glass beads showing the reverse Brazil-nut effect (Breu et al. 2003). 
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2.8.3  Percolation velocity 

The dimensionless percolation velocity of a particle moving down through a randomly packed 

bed of much larger particles under gravity is a function of different variables. According to 

Bridgwater (Bridgwater, J & Ingram 1971): 

 
 𝑣 = 𝑓 (𝑑, 𝐷, 𝒈, 𝜌𝑠, 𝜌𝑒 , 𝛼, 𝜇𝑠𝑡, 𝜇𝑠, 𝜀) (Eq. 2.28) 

where d and D are the diameters of percolating and packing spheres, g is the gravitational 

acceleration, 𝜌𝑠 and 𝜌𝑒 are the density of percolating and packing spheres respectively, α is the 

coefficient of restitution, 𝜇𝑠𝑡 and 𝜇𝑑  are the static and dynamic coefficients of friction between 

percolating and packing spheres respectively, and ε is the void ratio of packing. So 

dimensionless percolation velocity will be: 

 𝑉

√𝒈𝐷
= 𝑓 (

𝑑

𝐷
, , 𝜌𝑠 , 𝜌𝑒 , 𝛼, 𝜇𝑠𝑡 , 𝜇𝑠, 𝜀) (Eq. 2.29) 

 

 

2.8.4  Radial dispersion 

Percolating particles also move in the radial direction in the packed bed with a radial dispersion 

coefficient, Er, defined by the following equation: 

 𝑟2

4𝐸𝑟𝑡
= 𝑙𝑛 (

𝑁0

𝑁0 − 𝑁
) (Eq. 2.30) 

where N is the number of small particles with centres within the radius r at time t, N0 is the total 

number of percolated particles and r is the radius of annular rings containing N percolating 

particles (Bridgwater, J. , Sharpe & Stocker 1969).  
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screening models via the Weibull distribution. The model predicts the screening results of 

different systems by evaluating the relevant parameters of each system. The nature of the screen 

surface, particulate materials, random path model of flat and rotating screen as well as 

dynamics of the casting screen were found to be the most important factors that affect screening 

performance (Jansen & Glastonbury 1968). Trumic et al. (Trumic & Magdalinovic 2011) 

described the screening kinetics process of different types of raw materials under a range of 

influential factors such as dimensions of the screen, particle size distribution of the raw 

material, particle shape and thickness of the bed.  

The screening process is essential for industrial applications. It is beneficial to optimise the 

operational conditions to improve the efficiency of the process (Cleary, Paul W., Sinnott, 

Matthew D. & Morrison, Rob D. 2009; Dong, K & Yu 2012; Elskamp et al. 2017; Lu, G, Third, 

J & Müller, C 2015; Soldinger 2000; Zhao, L et al. 2016). DEM can handle complex geometries 

and vibrational conditions of screens. DEM can provide comprehensive information on the 

particle scale that may be difficult to obtain through experimentation. However, for irregular 

or non-spherical particles, greater conjecture is required to predict factors such as stratification 

of bed material, blinding of apertures and places where spherical particles fail. Thus, further 

in-depth systematic studies are required. DEM may generate knowledge to improve the design 

and control of sieving under a wide range of conditions include linking screen kinetics to 

operational conditions, screen geometries, particle properties and machine learning. 

A pilot-scale DEM study of vibrating screens was undertaken by Harzanagh et al. (Harzanagh, 

Orhan & Ergun 2018) for spherical and non-spherical particles. The irregular particles provided 

better predictions and reflection of actual phenomena such as stratification and segregation of 

particles from spherical particles, in which the spherical particles failed. Furthermore, the 

impact of inter-particle cohesion on flow and separation efficiency of screens was studied using 

DEM (Cleary, PW, Wilson & Sinnott 2018). High cohesion was found to reduce the screen 

performance. Conversely, reducing the vibration and inclination angle of screens enhances 

sieving performance (Dong, K, Wang & Yu 2013). Dong et al. reported that the shape of 

apertures could affect particle flow and separation in vibrating screens (Asbjörnsson et al. 

2016). The sieving performance was investigated in terms of the particles passage along the 

screen deck. The research also linked microscopic information with macroscopic sieving 

performance and focused on design, control as well as optimisation of the screening process.  
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A non-linear regression model with dependent and independent variables was developed by Li 

et al. (Li, Z et al. 2019) for non-spherical particles on vibrating banana screens using DEM, 

which determined optimal vibration conditions. Moreover, the particle bed of the screen 

remains thicker at the lower deck and the stratification process mainly affects the screen 

performance in the lower deck (Davoodi, Ali et al. 2019). Most of the fine particles pass 

through the first panel of the screen aperture for lower feed rates and the particles are evenly 

distributed across the screen for higher feed rates. The cut size of screening remains higher for 

low vibration conditions and inclination angle (Davoodi, A. et al. 2019; Harzanagh, Orhan & 

Ergun 2018; Peng, Feng, et al. 2019; Zhao, L et al. 2011). The dimension of screen length 

affects the performance of screen, i.e. longer screen lengths provide higher screening efficiency 

(Liu, C et al. 2013; Wang, G & Tong 2011). The performance of a banana screen can be 

improved by reducing vibrational frequency, amplitude and inclination angle of decks using a 

flatter greater than a three-deck banana screen (Dong, K, Yu & Brake 2009). The use of 

rectangular apertures affects the maximum size of particles passing through the banana screen 

(Asbjörnsson et al. 2016). For a small inclination of the discharge end, the screening process 

will be difficult to proceed for the too-small particle velocity amplitude. Moreover, screen 

efficiency increases with an increase in screen length (Liu, C et al. 2013). With the increase in 

frequency, amplitude and inclination angle, the bottom deck recovery remains higher than the 

top deck of industrial multi-deck screens. Excessive reduction in vibration amplitude can 

reduce screening recovery for reduced particle velocity and a reduction of processed material 

(Jahani, Farzanegan & Noaparast 2015). Moreover, the velocities of particles remain higher on 

top decks than on lower decks of the screen while increasing the penetration of fine particles. 

Conversely, the velocity of particles remains higher for the middle decks of a multi-deck 

banana screen than for the top and bottom decks (Cleary, Paul W., Sinnott, Matthew D. & 

Morrison, Rob D. 2009). 

Li et al. (Li, Z & Tong 2017) reported DEM simulation sieve analysis of banana screens with 

the inclination of decks and improved the study by Fibonacci sequence (Cleary, Paul W, 

Sinnott, Matthew D & Morrison, Rob D 2009). The experimental results showed that the 

screening performance efficiency of banana screens improved with Fibonacci sequence 

analysis by about 7%. Elliptical vibration screen-based theoretical and numerical DEM 

investigation was performed (Yin, Zhang & Han 2016). The elliptical-shaped screen exhibited 

a relatively high processing capacity with good screening efficiency when compared to the 

screening performance of different motion traces. To better simulate irregular particles, the 
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benchmark process model was extended for batch screening of the altered operational case 

(Elskamp et al. 2016). The banana screen increases the passage rate of fine fractions, and the 

screening model makes it possible to simulate the behaviour in a particular screen. With the 

increase in the passage of material, the local wear on the screen cloth increases (Asbjörnsson 

et al. 2016). Particle passage and recovery by banana screen remains higher for the top deck 

than the bottom deck (Cleary, PW 2009; Cleary, Paul W., Sinnott, Matthew D. & Morrison, 

Rob D. 2009; Jahani, Farzanegan & Noaparast 2015) as the top panel bed becomes well-

stratified following the lower flow speed of the shallow panel, which gives the particles more 

time to pass through the screen apertures. Using the developed phenomenological screening 

process, model optimisation of screen performance under different feeding conditions was 

adjusted according to the outcome of DEM simulations. The theoretical single deck banana 

screen process optimisation was analysed for screening efficiency and improved DEM for a 

dry contact soft-sphere model (Liu, C et al. 2013). The discharge would be small if the 

screening inclination of the discharge end is small. Green iron ore pellet classification by 

rolling screen was studied with the help of DEM simulation (Silva et al. 2018). Half of the 

screen with a very low friction wall could be simulated to save computing effort without 

significant loss or change of information. 

2.10 Artificial intelligence modelling for granular processing 

With the advancement of computing and the availability of massive data sets, artificial neural 

networks or machine learning modelling has the potential to explain complex non-linear 

relationships between parameters and aid predictions. Supervised machine learning has been 

used by several researchers for predicting results of numerical simulations (Barrasso, Tamrakar 

& Ramachandran 2014; Bui, Bui & Rutschmann 2019; He & Tafti 2019; Zhang, S-l et al. 2018; 

Zhao, Z et al. 2021).  

For problems that cannot be solved by data mining and output prediction, an artificial neural 

network (ANN) can be particularly beneficial. Considering the DEM findings, an ANN model 

was developed to estimate the porosity of gravel-bed rivers (Bui, Bui & Rutschmann 2019). 

The results showed that combining DEM and ANN was effective for the study of porosity and 

fine sediment infiltration process in gravel beds. An ANN was combined with population 

balance modelling (PBM) as a fundamental component of the kernel function. The coupled 

model exhibited changes in the average particle size and size dispersion over time as opposed 

to a constant aggregation rate kernel in the wet granulation process (Barrasso, Tamrakar & 
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Ramachandran 2014). Using relative neighbour particle locations, existing Reynolds number 

and void fraction information as inputs to the model by ANN, CFD-DEM simulations of dense 

fluid-particulate systems improved the drag force prediction accuracy (He & Tafti 2019). A 

BNN-based particle distribution model was proposed for a vibrating screen (Zhao, Z et al. 

2021). Particle distribution could be easily established by specifying the network’s excitatory 

and inhibitory inputs based on the structure of the screen and particle feeding.   

Even though physics-informed machine learning is partially understood and has uncertain and 

high-dimensional contexts, it is used to integrate data and mathematical physics models 

(Karniadakis et al. 2021). Machine learning, a subset of artificial intelligence, refers to 

computer learning from data without being explicitly programmed. Neural networks are a 

specific type of machine learning model, which are used to make brain-like decisions. Physics-

informed machine learning (ML) is a wide and open topic. Moreover, the ML model is not like 

curve fitted. Machine learning models are designed to make the most accurate predictions 

possible. On the other hand, statistical models are designed for inference about the relationships 

between variables (Bzdok, Altman & Krzywinski 2018). Data from DEM simulations of 

particle flow in a rotating drum under different operational circumstances were used to develop 

a data-driven model (Li, Y et al. 2020). The drum size, rotation speed, filling level and particle–

wall friction was considered for the training and the prediction was performed for particle flow 

in a rotating drum with a limited training data set. The CNN was trained and tested using the 

discharge DEM result in a hopper bin packing with high accuracy (Chen, S et al. 2018). For 

the grinding process of particles, neural network and SVR models were tested. The model 

allowed the identification of anomalous data and real-time prediction of cement Blaine based 

on the input variables (Pani & Mohanta 2015). Based on the experimental data, a support vector 

machine (SVM) model was developed to predict sieving performance. The prediction error of 

the LS-SVM model was tested by testing points, which was significantly less than the neural 

network and existing adaptive genetic algorithm (Zhang, B et al. 2016). Optimised non-linear 

regression modelling (PSO-SVM) was applied to the outcomes of linear vibrating screens to 

predict screening efficiency and solve the complex non-linear screen model (Zhang, B et al. 

2016). A novel screening process model was developed considering the local passing of 

particles for an inclined screen (Arifuzzaman, S. M., Dong, Kejun & Yu, Aibing 2022) and a 

double-layer vibrating screen (Arifuzzaman, S.M., Dong, Kejun  & Yu, Aibing 2022) based on 

physics-informed machine learning. The model was able to effectively assess the effects of the 

controlling variables on the sieving performance parameters than the DEM. 
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2.11 Methodology: Discrete Element Method    

Numerical modelling and simulation are popular topics in engineering research for time-

consuming, increase the quality of the products, to avoid costly experiments and predict results. 

Simulation is used in a vast area of engineering for the mathematical knowledge of the 

problems and computer’s computation power to solve real/critical problems in time. The DEM 

comes under the family of numerical methods that could compute the motion and the effects 

of a large number of small particles. To save time, cost and risk, numerical simulation of 

particles has become an ideal option in engineering. In particle physics, numerical simulations 

provide a vast area to develop ideas and validation of experimental results. DEM was 

developed by Cundall et al. (Cundall & Strack 1979) to understand rock mechanical problems 

and applied to granular materials. In the DEM technique, the motion of each particle is 

governed by Newton’s second law and is traced by an explicit numerical scheme (Cundall & 

Strack 1979). 

In recent years, research on discrete particle simulation techniques and computer technology 

has expanded rapidly across the world. DEM is increasingly used for particle flow modelling. 

Utilizing DEM modelling, the crushing process of virtual coal particles (Li, Y-W et al. 2019), 

particle dynamics and information at the particle scale can be understood (Zhu, HP et al. 2007). 

DEM can also provide both macroscopic and microscopic ‘measurements’ in granular systems 

and describe particles of non-spherical shapes (Lu, G, Third, JR & Müller, CR 2015). There 

are two types of discrete particle simulation for hard-particle and soft-particle models. The soft-

sphere method was originally developed by Cundall et al. (Cundall & Strack 1979). In this 

method, deformation of particles is allowed, which is then used to calculate elastic, plastic and 

frictional forces between particles. The motion of particles is described by Newton’s laws of 

motion. This model has the ability to handle numerous particle interactions, which is important 

for modelling quasi-static systems. The forces between particles cannot be explicitly 

considered in a hard-particle simulation because collisions are processed one at a time rather 

than instantly. To be specific, the hard-particle method is most useful in simulating rapid 

granular flows. In particular, the soft-sphere method has been extensively used to study various 

phenomena such as percolation of particles, particle packing, transport properties, mixing, 

granulation, heaping/piling process and hopper flow. 
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2.11.1  Governing equations  

Translation and rotation are the two types of motions in the DEM. For the matter of particle 

movement, the particle can contact neighbouring particles, the system wall and surrounding 

fluid particles. Momentum and energy are exchanged via those collisions. Therefore, the forces 

on a particle can be determined by its interaction with contacting particles and vicinal medium 

in a coarse particle system. For a fine particle system, non-contact forces such as the van der 

Waals electrostatic forces should also be considered. 

The motions are studied for each particle and governed by Newton’s second law of motion, as 

determined by Cundall et al. (Cundall & Strack 1979): 

 𝑚𝑖

𝑑𝒗𝑖

𝑑𝑡
= ∑(𝑭𝑖𝑗

𝑛 + 𝑭𝑖𝑗
𝑡 )

𝑗

+ 𝑚𝑖𝐠  (Eq. 2.31) 

 and 

 𝑰𝑖

𝑑𝝎𝑖

𝑑𝑡
= ∑(𝑻𝑖𝑗 + 𝑻𝑟,𝑖𝑗)

𝑗

  (Eq. 2.32) 

where 𝑚𝑖, 𝑣𝑖, 𝑰𝑖 and 𝜔𝑖 are the mass, translational velocity, moment of inertia and angular 

velocities of particle 𝑖 respectively. The gravitational acceleration is g, where the inertia of 

particle 𝑖 is a tensor vector but can be represented by using a body-fixed coordinate system 

(Džiugys & Peters 2001). 𝑭𝑖𝑗
𝑛  and 𝑭𝑖𝑗

𝑡  are the normal and tangential components of the contact 

force exerted on particle 𝑖 by particle 𝑗. 𝑻𝑖𝑗  and 𝑻𝑟,𝑖𝑗 are torques on particle 𝑖 from particle 𝑗 

resulting from the total contact force (the sum of the normal and tangential forces) and rolling 

friction. These equations are developed from spherical particle equations and are similar to 

those adopted in various studies of non-spherical particles.  

2.11.2  Force model  

Particle contact forces are considered as particle–particle and particle–wall when they are in 

physical contact. The most common contact force is collision force between particles.  

2.11.2.1  Spherical shape particles interaction  

Material properties including density, structure and mechanical properties are crucial along 

with the operating conditions of the component in engineering. Contact point determination is 

relatively easy for the symmetry of overlap (δ) between two particles. For two colliding 
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For non-spherical particles, the concept of normal contact is less precise than for spherical 

particles. In general, normal contact for non-spherical particles does not pass through the centre 

of gravity of the particles in contact. For non-spherical particles, the normal contact force deals 

with the moment and rotation effect. Single-point contact models will not be effective for the 

result with unphysical behaviour, as direction and magnitude over subsequent time steps may 

suddenly change for the contact force. In Figure 2-15, particle 2 is in contact with particle 1 

(fixed in space) with its two vertices p1 and p2. If it is assumed that the contact force only acts 

on p1, i.e. the point with the largest overlap between the two particles, particle 2 rotates in the 

subsequent time and the largest overlap between particles 1 and 2 may move to p2 during the 

next time. Thus, the point at which the contact force acts suddenly changes from p1 to p2. 

2.11.2.3  The collision force 

In contact mechanics, contact with particles and the interaction between particles is a complex 

issue. For the deformation of particles, contact between two particles is not at a single point 

but through a finite area, which is similar to the contact of two rigid bodies allowed to overlap 

slightly in the DEM. The calculation of the contact traction distribution across this area as well 

as the total force and torque acting on a particle are extremely complex because they are 

dependent on several geometrical and physical variables such as particle shape, material 

characteristics and particle movement state. To be computationally efficient and suitable for 

multi-particle systems, the DEM often uses simplified models or equations to calculate the 

forces and torques generated from particle interaction. A variety of approaches have been 

recommended for this. In general, linear models are the most intuitive and simple. Cundall et 

al. (Cundall & Strack 1979) proposed the linear spring–dashpot model. It is the most widely 

used linear model, where the spring is used for elastic deformation and the dashpot accounts 

for viscous dissipation. 

Normal force 𝑓𝑛 = −𝐾𝑛𝛿𝑛𝒏𝑐 − 𝐶𝑛(𝑣𝑐 ∙ 𝒏𝑐)𝒏𝑐 
        (Eq. 2.33) 

Tangential force  𝑓𝑡 = −𝐾𝑡𝑉𝑐
𝑡 − 𝐶𝑡(𝑣𝑐 × 𝒏𝑐) × 𝒏𝑐 

  (Eq. 2.34) 

Hertz (1882) (Hertz 1882) presented a theory to describe elastic contact in the normal direction 

between two spheres, assuming that normal force and normal displacement had a nonlinear 
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connection. A generic tangential force model was developed by Mindlin and Deresiewicz 

(Mindlin 1953), which showed that the force-displacement relationship was influenced by 

loading history as well as by the change in normal and tangential force or instantaneous 

displacement rates. It is not often used in DEM applications as the complete Hertz–Mindlin 

and Deresiewicz model is time-consuming for DEM simulations of granular flows containing 

a large number of particles. For DEM modelling, many simplified models based on the Hertz, 

Mindlin and Deresiewicz theories have been established. For example, Walton (Walton 1993) 

used an approximation of the Mindlin and Deresiewicz contact theory. He used a semi-latched 

spring force-displacement model in the normal direction and in the tangential direction. 

Normal force 
𝑓𝑛 = {

−𝐾1𝛿𝑛𝑛𝑐, 𝛿𝑛̇ ≥ 0

−𝐾2(𝛿𝑛 − 𝛿𝑛0)𝒏𝑐, 𝛿𝑛̇ < 0
 

(Eq. 2.35) 

Tangential force 
𝑓𝑡 =

{
  
 

  
 𝑓𝑡́ + 𝑘𝑡

0(1 −
𝑓𝑡 − 𝑓𝑡

∗

𝜇𝑓𝑛 − 𝑓𝑡
∗)

1
3∆𝑣𝑐

𝑡 

 𝑖𝑓 𝑣𝑐
𝑡 𝑖𝑛 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛

𝑓𝑡́ + 𝑘𝑡
0(1 −

𝑓𝑡 − 𝑓𝑡
∗

𝜇𝑓𝑛 + 𝑓𝑡
∗)

1
3∆𝑣𝑐

𝑡

 𝑖𝑓 𝑣𝑐
𝑡 𝑖𝑛 𝑜𝑝𝑝𝑜𝑠𝑖𝑡𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛

 
(Eq. 2.36) 

Thornton and Yin (Thornton & Yin 1991) proposed a more complex model to simulate 

tangential force. A more intuitive model was adopted by Langston et al. (Langston, Tüzün & 

Heyes 1994). They applied a direct force-displacement relationship for tangential force and 

Hertz’s theory for normal force. The model has been widely used to study the dynamic 

behaviour of granular materials because of its simplicity and intuitiveness: 

Normal force 𝑓𝑛 = −
4

3
𝐸∗√𝑅∗(𝛿𝑛)

3

2𝒏𝑐 − 𝐶𝑛(8𝑚
∗𝐸∗√𝑅∗𝛿𝑛)

1

2(𝑣𝑐 ∙ 𝒏𝑐)𝒏𝑐  (Eq. 2.37) 

Tangential force 

𝑓𝑡 = −𝜇|𝑓𝑛,𝑒|(1 − (1 −
|𝑣𝑐

𝑡|

𝛿𝑚𝑎𝑥
)
3

2)𝑣𝑐
𝑡 + 2𝐶𝑡(1.5𝜇𝑚 ∗

|𝑓𝑛,𝑒|√1−
|𝑣𝑐

𝑡|

𝛿𝑚𝑎𝑥

𝛿𝑚𝑎𝑥
)
1

2(𝑣𝑐 × 𝒏𝑐)𝒏𝑐  

   (Eq. 2.38) 

The inter-particle forces act at the point of contact between particles rather than at the mass 

centre of a particle while generating torque that rotates the particle. In general, two components 

of the tangential and asymmetrical normal traction distributions contribute to the torque. In 
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comparison to the tangential component, determining the contribution of the normal 

component, also known as rolling friction torque, is extremely difficult. Numerous DEM 

models assume rolling friction torque to be insignificant. However, torque demonstrated to 

have a major effect in several situations that involve the transition between static and dynamic 

states such as the development of the shear band (Iwashita & Oda 1998, 2000) and heaping 

(Zhou, YC et al. 1999).  

Rolling friction torque 
𝒎𝑟 = −𝑘𝑟𝜃𝑟 − 𝐶𝑟𝑑𝜃𝑟/𝑑𝑡 

   (Eq. 2.39) 

Tangential forces 

torque 

𝒎𝑡 = 𝑹 × 𝒇𝑡  (Eq. 2.40) 

and movement of a single particle on a plane (Zhou, YC et al. 1999; Zhu & Yu 2006): 

Rolling friction torque 
𝒎𝑟 = −min {𝜇𝑟|𝑓𝑛|, 𝜇𝑟́|𝜔𝑛|}𝜔̂𝑛 

      (Eq. 2.41) 

Tangential forces 

torque 

𝒎𝑡 = 𝑹 × 𝒇𝑡    (Eq. 2.42) 

 

2.11.2.4  Non-contact forces  

When fine particles and/or moisture are present, noncontact inter-particle interactions can have 

a substantial impact on particle packing and flow behaviour. In the past, empirical indexes such 

as the Hausner ratio, angle of repose and shear stress were often used to assess inter-particle 

forces (Hausner 1972). Although these indices can help explain particle behaviour in some 

cases, general quantitative application is still problematic. These issues can be solved by DEM 

because such forces can be considered directly. Non-contact forces frequently involve a 

mixture of three fundamental forces—the van der Waals force, capillary force and electrostatic 

force—all of which can act simultaneously or sequentially to varying degrees. 

2.11.2.5  The capillary force 

The capillary force between particles is a long-distance attractive force that might be observed. 

The amount of the force is proportional to the inverse of the inter-particle distance. It acts on 

particles that have menisci with nearby particles. Capillary force is largely related to surface 

tension at solid/liquid/gas contact. The force of reduced hydrostatic pressure in the bridge itself 

was developed by Zhu et al. (Zhu, HP et al. 2007):  
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 𝐹𝑙 = 2𝜋𝛾𝑅𝑠𝑖𝑛(𝜑) sin(𝜑 + 𝜃) + 𝜋𝑅2∆𝑝𝑠𝑖𝑛2(𝜑) 
(Eq. 2.43) 

Where 𝜃 is the contact angle, 𝜑 is the half-filling angle and 𝛾 is the liquid surface tension. The 

Laplace–Young equation, which states that the mean curvature of the meniscus profile is 

constant and proportional to Δ𝑝, could be used to calculate the decline in hydrostatic pressure 

in the bridge Δ𝑝. Liquid distribution among particles must be established to simulate capillary 

force in DEM simulations. Muguruma et al. (Muguruma, Tanaka & Tsuji 2000) assumed that 

liquid can transport among particles and distribute evenly among all gaps than the rupture 

distance. Conversely, Mikami et al. (Mikami, Kamiya & Horio 1998) considered that liquid is 

uniformly distributed among particles and liquid movement between particles can be ignored 

if the viscosity of the liquid is low. By combining these two assumptions, Yang et al. (Yang, 

Zou & Yu 2003) considered that liquid was uniformly spread and couldn’t be transferred 

between particles by mixing. A liquid bridge is formed when the particle gap is smaller than 

the rupture distance. The liquid assigned to a particle is equally dispersed among its liquid 

bridges. The idea of the DEM is to track the trajectory and rotation of each element in a time-

stepping simulation and to determine its location as well as orientation followed by computing 

the interactions between the elements and their surroundings. The element positions could be 

altered as a result of the interactions. In general, elements are individual particles, but they can 

also represent clusters.  

The fundamental DEM approach for dynamic Newtonian analysis is discussed in the following 

sections. The positions of particles are first recorded. These are used to determine particle 

interactions and subsequently used to analyse the following dynamics. Particle positions and 

velocities are calculated at regular intervals while other calculations such as contact force are 

only recorded during a contact. When applying DEM to the system, there are several key stages 

as below:  

• Searching the system for all particles and referencing them. 

• Calculating forces and moments for all particle–particle and particle–wall interactions 

using interaction laws. 

• Determining particle motion by employing Newton’s second law (i.e., accelerations, 

velocities and positions). 
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The input parameters for running the simulations could be divided into three categories: the 

vessel geometrical data, particle physical properties and desired output. The size and shape of 

the vessel are determined by geometrical data including the number of sections, diameter, 

height and angle of inclination of each section. Each model defines the position of the walls in 

relation to a global coordinate system. 
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3.1  Introduction 

Granular materials are important to various industries. However, they often consist of particles 

of different sizes. Many industrial processes involve classification of particles according to 

size, which has received much research attention (Cleary, PW 2000; Cleary, PW, Wilson & 

Sinnott 2018; Dong, K et al. 2010; Dong, K & Yu 2012; Feng, YQ & Yu 2007, 2010; Peng et 

al. 2018). Inter-particle percolation is a basic process that results in segregation of particles of 

different sizes (Bridgwater, J & Ingram 1971; Bridgwater, J. , Sharpe & Stocker 1969; Zhu et 

al. 2009). The process of small particles passing through an assembly of larger particles (Tang, 

P & Puri 2005) is widely encountered in industrial applications for mixing (Bridgwater, J. , 

Sharpe & Stocker 1969; Takabatake et al. 2018; Tsugeno et al. 2021) and sieving (Soldinger 

1999).  

Early in the 1970s, mono-size small particles percolating through a packed bed of mono-size 

large particles was studied by physical experimentation (Scott & Bridgwater 1975). Later, 

numerical models were also employed and studies were extended to a much wider range of 

controlling variables in percolation (Bridgwater, J, Cooke & Scott 1978; Bridgwater, J. , Sharpe 

& Stocker 1969; Zhou, H et al. 2016; Zhu et al. 2009), particularly with the DEM (Cundall & 

Strack 1979). Percolation velocity was found to be dependent on both particle properties and 

operational conditions. The key particle property is the size ratio of small to large particles. 

The size ratio needs to be lower than 0.154 to allow spontaneous percolation under gravity 

(Bridgwater, J, Cooke & Scott 1978; Zhu et al. 2009). Below this threshold, percolation 

velocity increases with decreasing size ratio. Other particle properties also affect the 

percolation velocity including density, restitution coefficient and friction coefficient 

(Bridgwater, J, Cooke & Scott 1978; Zhu et al. 2009). The distribution of residence time of 

percolating particles has also been well studied (Bridgwater, J, Cooke & Scott 1978; 

Bridgwater, J. , Sharpe & Stocker 1969; Rahman et al. 2008; Williams & Shields 1967). 

Percolating particles have been found to move in the radial direction, which can be modelled 

as a dispersion process (Zhu et al. 2009). Table 3-1 summarises the effects of controlling 

variables on percolation found in the literature. 

Most previous studies have focused on spontaneous percolation, which is limited by particle 

size ratio. In fact, vibration is normally used to facilitate particle segregation (Chen, F, Jelagin 

& Partl 2020; Hudson, Jansen & Linkson 1969; Kudrolli 2004; Qiao, Dong & Duan 2021; Qiao 
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et al. 2021). Under vibration, voids between large particles in the bed are increased, and the 

movement of large particles affects the percolation of small particles. Therefore, vibration and 

spontaneous percolation lead to different percolation behaviours. However, percolation 

behaviour in a vibrated bed has received limited research attention, so the effects of key 

variables, including vibration amplitude and frequency, and size ratio, are not yet well 

understood. Although the segregation of granular particles in mixtures under vibration has been 

examined (Breu et al. 2003; Dai, B-B et al. 2021; Qiao, Dong & Duan 2021; Qiao et al. 2021; 

Windows-Yule 2016), many previous studies have focused on analysing segregation 

parameters, and few have analysed percolation parameters in a vibrated bed.  

Table 3-1 List of studies on particle percolation. 

Controlling variables Percolation 

parameters 

Effects 

Size ratio Percolation 

velocity 

Decreases with increasing size ratio (Bridgwater, J, Cooke 

& Scott 1978; Zhou, H et al. 2016; Zhu et al. 2009) 

(Hudson, Jansen & Linkson 1969; Kou et al. 2020; Li, J et 

al. 2010; Rahman et al. 2008) 

Particle density  Increases with increasing particle density (Zhou, H et al. 

2018) (Lominé & Oger 2009) 

Restitution 

coefficient or 

damping coefficient 

Increases with increasing damping coefficient or 

decreasing restitution coefficient (Kou et al. 2020; Li, J et 

al. 2010; Rahman et al. 2008; Zhou, H et al. 2018; Zhu et 

al. 2009) 

Friction  Decreases with increasing friction (Kou et al. 2020; Zhou, 

H et al. 2016; Zhou, H et al. 2018) 

Cohesion Increases with increasing cohesive force (Zhou, H et al. 

2018) 

Particle shape Percolation velocity of cubic particles is lower than that of 

spherical particles (Kou et al. 2020) 

Size ratio Radial 

dispersion 

Decreases with increasing size ratio (Bridgwater, J. , 

Sharpe & Stocker 1969; Kou et al. 2020; Rahman et al. 

2008) 

Particle density Radial/transverse dispersion decreases, and longitudinal 

dispersion increases when particle density increases 

(Hudson, Jansen & Linkson 1969; Lominé & Oger 2009; 

Zhou, H et al. 2018) 

Particle shape Radial dispersion of cubic particles is lower than that of 

spherical particles (Kou et al. 2020) 



60 

 

Cohesive force Increases with increasing cohesive force (Zhou, H et al. 

2018) 

Machine learning is increasingly being used to model granular systems (Chen, S et al. 2018; 

He & Tafti 2019; Liao et al. 2021; Zhao, Z et al. 2021). Applications include artificial neural 

network (ANN) modelling for drag forces (He & Tafti 2019), biological neural network (BNN) 

modelling for particle distribution on mechanical screens (Zhao, Z et al. 2021), deep learning 

modelling for granular flow in hoppers (Chen, S et al. 2018) and support vector regression 

(SVR) for particle flow in rotating drums (Li, Y et al. 2020). These studies show that data 

models are very effective for complex granular systems, while different models may be suitable 

for different problems (Chen, S et al. 2018; Li, Y et al. 2020; Liao et al. 2021; Zhao, Z et al. 

2021). A major advantage of using data models to predict the collective behaviour of granular 

particles is that they are much less time-consuming than numerical simulations. However, it is 

worth noting that data modelling studies largely rely on data obtained by numerical 

simulations. 

The aim of the present study was to model the effects of vibration on particle percolation. The 

percolation of small particles in a vibrated bed of large particles was examined by using DEM 

simulations. Percolating particles with size ratios lower and higher than the spontaneous 

threshold were both considered. The effects of vibration amplitude and frequency on 

percolation velocity and radial dispersion coefficient were analysed. In addition, the 

correlations between percolation velocity and velocity amplitude of vibration were 

investigated. Further, based on the simulation results, machine learning was used to model the 

percolation velocity as a function of both vibration conditions and size ratio. Using the machine 

learning model, the percolation threshold size ratios under different vibration conditions were 

obtained.  

The study is organised as follows: Section 3.2 describes the numerical model and simulation 

conditions; Section 3.3 validates the model by comparing it with experimental studies; Section 

3.4 discusses the simulation results and presents the machine learning model for percolation 

velocity to calculate percolation threshold size ratios under different vibration conditions; and 

Section 3.5 concludes the study. 
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3.2  Methodology 

3.2.1  Governing equations 

In the present study, both spontaneous and vibrational percolation were investigated using 

DEM simulations. In the DEM, the motion of each particle is governed by Newton’s second 

law (Cundall & Strack 1979). For a spherical particle 𝑖, its translational motion and rotational 

motion are respectively determined by: 

 𝑚𝑖

𝑑𝐯𝑖

𝑑𝑡
= ∑(𝐅𝑖𝑗

𝑛 + 𝐅𝑖𝑗
𝑡 )

𝑗

+ 𝑚𝑖𝐠 (Eq. 3.1) 

 𝐼𝑖
𝑑𝛚𝑖

𝑑𝑡
= ∑(𝐌𝑖𝑗 + 𝐌𝑟,𝑖𝑗)

𝑗

 (Eq. 3.2) 

where 𝐯𝑖 and 𝛚𝑖 are the translational and angular velocities of particle i respectively; 𝑚𝑖 and 

𝐼𝑖 are the mass and moment of inertia of particle i respectively; g is the gravitational 

acceleration; 𝐅𝑖𝑗
𝑛 and 𝐅𝑖𝑗

𝑡  are the normal and tangential contact forces respectively. Here, the 

simplified Hertz–Mindlin and Deresiewicz models are used to calculate these forces as 

determined by (Langston, Tüzün & Heyes 1995; Zhu, H et al. 2007): 

𝑭𝑖𝑗
𝑛 = [(2𝐸/3(1 − 𝜎̃2))√𝑅̅𝛿𝑛

3/2

− 𝛾𝑛 (𝑚∗(3𝐸/(1 − 𝜎̃2))√𝑅̅𝛿𝑛
1/2

)
1/2

(𝑽𝑖𝑗 . 𝒏̂𝑖𝑗)] 𝒏̂𝑖𝑗 

(Eq. 3.3) 

𝑭𝑖𝑗
𝑠 = −𝜇𝑠|𝑭𝑖𝑗

𝑛 | [1 − (𝑚𝑖𝑛(𝛿𝑠, 𝛿𝑠,𝑚𝑎𝑥)/𝛿𝑠,𝑚𝑎𝑥)
3/2

] 𝜹̂𝑠 (Eq. 3.4) 

where 𝐸 is Young’s modulus, 𝜎̃ is the Poisson ratio, 𝛾𝑛 is the normal damping coefficient, and 

𝜇𝑟 and 𝜇𝑠 are the rolling and sliding friction coefficients respectively, 𝛿𝑛 is the relative normal 

displacement, 𝛿𝑠 is the total tangential displacement 𝛿𝑠,𝑚𝑎𝑥 is the maximum 𝛿𝑠 when the 

particles start to slide and 𝜹̂𝑠 is its unit vector; 𝑅̅ = 𝑅𝑖𝑅𝑗/(𝑅𝑖 + 𝑅𝑗), where Ri and Rj are the 

radii of the two particles respectively; 𝑚∗ = 𝑚𝑖𝑚𝑗/(𝑚𝑖 + 𝑚𝑗); 𝛿𝑠,𝑚𝑎𝑥 = 𝜇𝑠[(2 − 𝜎̃)/2(1 −

𝜎̃)]𝛿𝑛 and 𝒏̂𝑖𝑗 = (𝑹𝑖 − 𝑹𝑗)/|𝑹𝑖 − 𝑹𝑗|. 

In Eq. (Eq. 3.2), Mij is torque resulting from the contact force, and Mr,ij is the rolling resistance 

torque between two contact particles caused by elastic hysteretic losses or viscous dissipation, 

which can be determined by: 
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𝐌𝑟,𝑖𝑗 = −𝜇𝑟,𝑖𝑗𝑅𝑖|𝑭𝑖𝑗
𝑛 |𝝎̂𝑖 (Eq. 3.5) 

where 𝝎̂𝑖 = 𝝎𝑖/|𝝎𝑖|. Further details can be found in (Zhou, YC et al. 1999; Zhu, H et al. 

2007). In this work, only dry coarse particles are considered, hence the van der Waals force 

and capillary force are not included. 

Particle and wall interactions can also be calculated with the above equations (Eq. 3.3 and (Eq. 

3.4), in which the equivalent radius of the wall is regarded as infinitely large. The wall is 

modelled as a plane with the same material properties as the particles. Under vibration, the 

position and velocity of the wall are updated at every timestep, and the values are used to 

calculate particle–wall interactions. The time step is determined by 𝑑𝑡 = 0.1√𝑚/𝑘, where m 

is the mass of a particle and k is the estimated spring constant when the normal overlap is 10% 

of the particle diameter. This is based on the natural period of oscillation of the equivalent 

spring when using the Hertz contact force model (Hertz 1882). In a multi-size system, the time 

step is calculated for each type of particle and the minimum time step is used. Simulations were 

conducted using the university in-house DEM program, which has been validated for various 

systems (Amirifar et al. 2018, 2019; Dong, K, Wang & Yu 2013).  

3.2.2  Simulation conditions 

The setup used in the simulations is shown in Figure 3-1, which consists of a packed bed of 

large spherical particles and small spherical percolating particles. It should be noted that in 

simulating spontaneous percolation, and to be consistent with the experimental study, the large 

particles were packed into a cylindrical container (Bridgwater, J & Ingram 1971). Further, in 

simulating percolation in a vibrated bed, the periodic boundary conditions were used along x 

and y axes to avoid possible convection resulting from vibration, which can cause abrupt 

changes of segregation in vibrated beds (Qiao, Dong & Duan 2021; Qiao et al. 2021). 
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Young’s modulus, E 

(kg/(cm/s2)) 

1e7 

Density of particle, 𝜌 (kg/m3) 2980 (Ballotini spheres (Hudson, Jansen & Linkson 

1969)) 

Sliding friction coefficient, 𝜇𝑠 0.3 

Rolling friction coefficient, 𝜇𝑟 0.0001 

Damping coefficient, 𝛾𝑛 0.3 

Vibration amplitude, A/D 0.01–1.5 

Vibration frequency, f /Hz 1, 5, 10, 15, 20, 30, 35 

Size ratio, d/D 0.043–0.256 

 

 

3.3  Model validation 

3.3.1  Spontaneous percolation 

To validate the DEM model, simulations were first performed under similar conditions to the 

spontaneous percolation experiments conducted by Bridgwater et al. (Bridgwater, J & Ingram 

1971): packed bed ~31 cm in height, large particle number (ND) = 4000, large particle diameter 

(D) =1.17 cm, small particle number (N0) = 171 and small particle diameter (d) = 0.08 cm. As 

percolating particles of different materials were used in the experiments, in simulations 

different densities were used for the percolating particles in different cases. The normal 

damping coefficient was also calibrated to match the restitution coefficient determined in the 

experimental study (see Table 3-3). 

The dimensionless percolation velocity, according to the experimental study, was defined as: 

𝑉𝑝 =
〈𝑣𝑝,𝑖〉

√𝑔𝐷
 

(Eq. 3.6) 

where vp,i is the mean velocity of a percolating particle passing through the packed bed, 𝑔 is 

the gravitational acceleration and D is the diameter of the large particles. Vp is the mean value 

of vp,i. 

Table 3-3 Simulation conditions for spontaneous percolation. 
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Figure 3-4 Temporal evolution of the simulated vibrated binary mixtures based on experiments 

by Breu et al. (Breu et al. 2003): (a), a mixture of 8 mm glass beads (density: 2500 kg/m3) and 

15 mm polypropylene beads (density: 1500 kg/m3), which shows the Brazil-nut segregation 

after vibration (A = 4mm, f = 20Hz); (b), a mixture of 10 mm bronze spheres (density: 8900 

kg/m3) and 4 mm glass beads (density: 2500 kg/m3), which shows the reverse Brazil-nut 

segregation after vibration (A = 2mm, f = 30Hz). 

 

3.4  Results and discussion  

3.4.1  Effects of controlling variables on percolation velocity 

As discussed above, percolation velocity is a function of a number of variables even in a static 

packed bed (Bridgwater, J & Ingram 1971; Li, J et al. 2010; Rahman et al. 2008; Zhu et al. 

2009). The present work focuses on the effects of vibration conditions with different size ratios 

(d/D). 

3.4.1.1  Percolating particles with d/D lower than spontaneous percolation threshold 

First, the effect of vibration on percolation was studied with d/D much lower than the 

spontaneous percolation threshold of 0.154. Figure 3-5a and Figure 3-5b show the variations 

of Vp with changes in vibration frequency (f) and amplitude (A) respectively, for d/D = 0.085. 

Figure 3-5a shows that under a constant (A), there is a slight increase of Vp when f is just above 

0. However, when f > 5 Hz, Vp decreases with increasing f, showing an adverse effect of high 

f. Similar results can be found in Figure 3-5b: after A > 0.01 D, Vp decreases monotonically 

with increasing A. This is in accordance with previous studies in low-head screens, in which 

sieving performance decreased with an increase of vibration amplitude or frequency in the 

vertical direction (Dong, K & Yu 2012). Percolating particles are also affected by vertical 

vibration and may have more upwards movement than in a static bed. It is worth noting that 

the results of the present study show fluctuations, which is a common feature of properties of 

vibrated particle beds (Amirifar et al. 2018; Qiao, Dong & Duan 2021), indicating certain 

disordered behaviours of granular particles under vibration.  
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Figure 3-11 Radial dispersion of percolating particals (f =10 Hz, d = 0.1 D, A = 0.1 D), where 

blue particles and cycle are for 𝜟t = 0s, green particles and cycle for 𝜟t = 0.3s, and red particles 

and cycle for 𝜟t = 1.89s.  The three cycles enclose all particles at the corresponding times 

respectively. 

If the radial dispersion model is observed, the plot of r2 versus ln[N0/(N0−N)] will be a straight 

line with a gradient of 4𝐸𝑟𝛥𝑡 (Bridgwater, J. , Sharpe & Stocker 1969), where r is the radius 

of the circular region on the XY plane enclosing all percolating particles at 𝛥𝑡. Then the radial 

dispersion coefficient can be calculated using (Eq. 3.7. Figure 3-12 shows r2 versus 

ln[N0/(N0−N)] under different vibration conditions, which indicates that the radial dispersion 

model is still applicable to particle percolation in a vibrated bed, while dispersion is obviously 

affected by the vibration conditions. Here, 𝛥𝑡 = 1.89 s is used for all cases. 
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Figure 3-15 Gaussian process model (GPR) predicted percolation velocity versus simulated 

percolation velocity for the testing cases (30%). The GPR model is trained by using 70% 

simulation cases. 

In brief, GPR models are nonparametric, kernel-based, probabilistic models for supervised 

machine learning. A GPR model addresses the question of predicting the value of a response 

variable ynew, given new input vector xnew, and the training data {y=f(x), x∈ℝd}, which is 

assumed to be a Gaussian process with zero mean function and covariance function k(x, x′). A 

GPR model then considers the following equation: 

y =h(x)Tβ+f(x) (Eq. 3.8) 

where h(x) is a set of basic functions that transform the original feature vector x in ℝd into a 

new feature vector h(x) in ℝp, and β is a vector of coefficients. Then, an instance of response y 

can be modelled as: 

𝑃(𝑦𝑖|𝑓(𝑥𝑖), 𝑥𝑖)~𝑁(𝑦𝑖|ℎ(𝑥𝑖)
𝑇 , 𝛽 + 𝑓(𝑥𝑖), 𝜎

2) (Eq. 3.9) 

where σ2 is the noise variance, and the covariance function is usually parameterised by a set of 

kernel parameters θ, so 𝑘(𝑥, 𝑥′) is often written as 𝑘(𝑥, 𝑥′|𝜃). The exponential covariance 

kernel function used in the GPR is determined by: 

𝑘(𝑥𝑖, 𝑥𝑗|𝜃) = 𝜎𝑓
2exp (−

𝑟𝑚𝑙
𝜎𝑙

⁄ ) (Eq. 3.10) 

where 𝑟𝑚𝑙 = √(𝑥𝑖 − 𝑥𝑗)𝑇((𝑥𝑖 − 𝑥𝑗). 

The expected value of prediction ynew at a new point xnew given y, X and parameters β, θ and σ
2
 

can be determined by (Rasmussen & Williams 2006): 

𝑦𝑛𝑒𝑤 = ℎ(𝑥𝑛𝑒𝑤)𝑇𝛽 + ∑𝛼𝑖

𝑛

𝑖=1

𝑘(𝑥𝑛𝑒𝑤 , 𝑥𝑖|𝜃) 
(Eq. 3.11) 

where 𝛼 = (𝐾(𝑋, 𝑋|𝜃) + 𝜎2𝐼𝑛)
−1

(𝑦 − 𝐻𝛽). A detailed algorithm of the model can be found 

in the MATLAB document (MATLAB 2021a). 
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• For d/D smaller than the spontaneous threshold of 0.154, vertical vibration has an 

adverse effect on percolation and Vp decreases with increasing A and f. For d/D slightly 

larger than 0.154, vertical vibration can enable percolation that does not occur 

spontaneously. However, Vp increases with increasing A and f only when their values 

are relatively small. When A and f increase beyond certain values, Vp decreases with 

further increase of A and f.  

• Under a given d/D, Vp can be reasonably correlated with vibration velocity amplitude 

Vb, though the data shows certain fluctuations. The contour plot of Vp as a function of 

A and f can more comprehensively identify optimised vibration conditions for 

percolation velocity. Conversely, the contour plot also demonstrates that the 

dependency of Vp on the controlling variables is complex and not easily modelled by 

conventional methods.  

• The radial movement of percolating particles in the vibrated bed follows the radial 

dispersion model established for spontaneous percolation. Similar to the effects of 

vibration conditions on Vp, radial dispersion can be increased by vertical vibration when 

A and f are small. However, radial dispersion can be supressed by vibration when A and 

f are large. There is a positive correlation between the radial dispersion coefficient Er 

and Vp when Vp is relatively high. These findings are helpful to the design of screening 

processes. 

Machine learning was here applied to DEM simulated results. The Gaussian process regression 

model was found to be the best for modelling percolation velocity as a function of A, f and d/D 

together. Using a trained GPR model, the percolation threshold as a function of vibration 

condition was established for the studied system.  

These results have extended spontaneous percolation theory to encompass vibrated beds. This 

includes the effects of vibration amplitude and frequency on percolation velocity under 

different size ratios, and the relationship between vertical (percolation) and horizontal (radial 

dispersion) motion of percolating particles in a vibrated bed. This knowledge may be used to 

guide and model related processes such as screening and sieving. Machine learning is also 

shown to be effective for modelling proposed parameters in current theories of particle 

segregation. Therefore, supported by DEM simulation data, the combination of machine 

learning, DEM and percolation theory may be further explored to model related industrial 

processes such as sieving and mixing.  
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It is worth noting that in the machine learning model, input variables can include other 

controlling variables, such as other particle properties and system dimensions. Generally, more 

input variables result in higher dimensional data space in the machine learning model, which 

also requires much larger data sets. Therefore, for the application of the machine learning 

model to a specific system, the input variables need to be carefully considered to balance model 

capability with data size. For example, if the model is to be applied to a sieve shaker, whether 

particle properties should be considered depends on whether different particle mixtures are to 

be used in real applications. Further, greater understanding of the effects of vibrational 

conditions and size ratio on percolation behaviour could enhance qualitative guidance for 

process design. 

Nomenclature 

A Vibration amplitude 

d Percolating particle diameter 

D Packing particle diameter 

E Young’s modulus  

𝐸𝑟 Radial dispersion coefficient  

f Vibration frequency 

𝑭𝑖𝑗
𝑛  Normal contact force 

𝑭𝑖𝑗
 𝑡  Tangential contact force 

g Gravitational acceleration 

h(x) Basis function 

H  Vector of explicit basis function 

I Moment of inertia of particle 

m Mass of particle  

N Number of percolating particles within radius 𝑟 at time 𝑡 

ND Number of large particles 

N0 Number of percolating particles 

𝑟  Radius describing dispersion  

𝑟𝑚𝑙 Euclidean distance between xi and xj 

𝑅𝑖 Radius of particle i 

𝑅𝑗 Radius of particle j 

t Time  
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𝑉𝑏 Vibration velocity amplitude 

Vp Percolation velocity 

xi Predictor value 

xnew New input vector  

yi Response (target) value 

ynew Response variable  

  

Greek letters  

β Vector of coefficient 

𝛾𝑛 Normal damping coefficient 

𝛿𝑛 Relative normal displacement 

𝛿𝑠 Total tangential displacement 

θ Kernel parameter 

𝜌 Particle density  

𝜎̃ Poisson ratio 

σ2 Noise variance 

𝜎𝑓 Signal standard deviation 

𝜎𝑙 Characteristic length scale 

𝜇𝑟 Rolling friction coefficient 

𝜇𝑠 Sliding friction coefficient 

𝜔 Particle angular velocity  

  

Subscripts  

i Particle i 

j Particle j 

i j Between particles i and j 

  

Abbreviations  

GPR Gaussian process regression 

ML Machine learning 

RMSE Root mean square error 

 

 



 

 

 

 

 

 

 

 

 

 

 

 CHAPTER IV: Process model of vibrating screen based on 

DEM and physics-informed machine learning 
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4.1  Introduction 

Screens have been used to separate particles according to their sizes for a long time. They are 

widely used in various industrial sectors, from conventional civil, mineral processing and 

agriculture, to contemporary sectors such as pharmaceuticals and recycling (Dong, K, Wang & 

Yu 2013; Dong, K, Yu & Brake 2009). However, screening processes are complex and difficult 

to model because they involve many controlling variables. These variables can be generally 

divided into three categories: (i) screen geometry, such as aperture sizes and shapes 

(Asbjörnsson et al. 2016; Wolff 1954; Zhang, B et al. 2016); (ii) operational conditions, such 

as vibration and inclination angle; and (iii) particle properties, such as particle size distribution 

(Cleary, PW 2009; Dong, K, Yu & Brake 2009; Jansen & Glastonbury 1968) and moisture 

level (Wills & Finch 2016). The effects of these variables are complex and often interplay with 

each other. For example, using weaker vibration normally increases particle residence time and 

hence the passing of particles (Dong, K, Wang & Yu 2013; Dong, K, Yu & Brake 2009); 

however, if the vibration is too weak, undersized particles may not be able to percolate through 

the particle bed on the screen, and slow flow of particles can lead to screen choking (Esfandiary 

2014; Jansen & Glastonbury 1968). Another example is that particle size distribution may have 

critical effects as apertures in the screen can be more easily blocked by near-mesh size particles 

(Delaney, Gary W. et al. 2012).  

Although screening processes are complex, there are various process models proposed in the 

literature. Most models are based on probability theory (Dong, K, Wang & Yu 2013; Kapur, 

Ball & Fuerstenau 1977; Soldinger 1999, 2000; Standish & Meta 1985; Subasinghe, G, Schaap, 

W & Kelly, E 1989) and the kinetic approach (Ferrara, Preti & Schena 1987; Standish 1985; 

Standish, Bharadwaj & Hariri-Akbari 1986; Standish & Meta 1985; Subasinghe, Schaap, W & 

Kelly, EG 1989) and typical examples are listed in Table 4-1. In general, probability models 

consider the passing of particles resulting from a series of collisions of particles with the screen 

mesh, and in each collision a particle has a certain probability of passing through the aperture 

while the overall passing rate is the likelihood function for multiple attempts. This type of 

model normally ignores the effect of particle–particle interactions. Conversely, kinetic models 

(Standish 1985; Standish & Meta 1985) focus on modelling how fast undersize particles can 

be sieved and the relationship between sieving speed and the remaining materials. The passage 

rate depends on the probability that particles will pass through apertures and the amount of free 
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material on the screen surface (Soldinger 1999). Very few models consider both passing and 

material flow along a screen (Soldinger Stafhammar 2002).  

 

Table 4-1 List of screening process models in the literature. 

Model/study Note Mathematical model 

Probability 

model 

(Soldinger 1999, 

2000) 

Possible to determine the 

influence of feed rate and 

varying proportions of 

fine material 

Passage rate: 𝑃̇ = 𝑘(1 − 𝑃) 

For bottom layer: 𝑃̇ = 𝑘 ∙ 𝐵  

where P is share of the original amount of 

fine particles that has passed through 

apertures in the screen surface (Soldinger 

1999), B is the part of the original amount of 

fine particles gathered in the bottom layer 

(Soldinger 1999, 2000) 

Probability 

model (Calanog 

& Geiger 1973) 

The probability of 

passage is considerably 

smaller for cube shaped 

particles than spheres 

The probability of passing of a particle, 𝑃 =
(𝑎 − 𝑑)2/𝑎2, 𝑎 = screen opening and 𝑑 = 

particle diameter  

Probability 

model 

(Davoodi, Ali et 

al. 2019) 

High-density material 

has a higher probability 

of passage 

Passage probability: 

𝑘𝑗 = 80(𝑒
(−

𝛽𝑑50
𝐴𝑝

)
− 𝑒−𝛽𝑑50/𝐴𝑝)  

where d50 is the mean particle size, Ap is the 

aperture size, and β is the rate factor 

Kinetic and 

probabilistic 

model 

(Subasinghe, 

Schaap, W & 

Kelly, EG 1989) 

The probabilistic model 

is equivalent to a Weibull 

survival function with 

two parameters 

Weibull survival function ,  

Yd  = exp {−𝐴(𝐿𝐵)}, A and B are constants; 

L is the screen length, Yd  = fraction of 

material of size detained on the screen at a 

position L along the screen. 

Probabilistic 

model 

(Subasinghe, G, 

Schaap, W & 

Kelly, E 1989) 

To predict screening 

results covering different 

particle sizes, screen 

lengths, and different 

vibratory systems, with 

reasonable accuracy 

The fraction of material retained: 

𝑌𝑑 = (1 − 𝑝)𝑁 ,  

where p is the probability of passage in a 

single attempt; N is the number of attempts 

𝑝 =
[(𝑎+𝑤)𝑐𝑜𝑠𝜑−𝑤−𝑑](𝑎−𝑑)

(𝑎+𝑤)2𝑐𝑜𝑠𝜑
 , where a is the 

edge of a square aperture, w is the wire 

diameter, and 𝜑is the inclination of the 

screen 

Kinetic plus 

probability 

model (Ferrara, 

Preti & Schena 

1987) 

It is possible to obtain a 

single equation for screen 

oversize efficiency, 

which is valid for 

crowded, separate or 

mixed conditions and 

therefore very useful for 

characterising the 

Kinetics of the process: 

𝜕𝑤(𝑋, 𝑙) 𝜕𝑙⁄ = −𝑘(𝑋)𝑓(𝑋, 𝑙)  

where w(X, l) dX is the per unit width for 

particles of size from X to X+dX in layer l, 

f(X, l) is the particle concentration. 

 Probability of passage: 𝑘(𝑋) = 𝑤𝑐𝑛𝑝(𝑋) 

where 𝑤𝑐 is the critical flow rate and n the 

number of particle presentations per unit 
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screening process with 

few parameters 
length, 𝑝(𝑋) = (𝐷 − 𝑋)2 (𝐷 + 𝐵)2⁄ , D is 

the mesh aperture (square) and B the wire 

diameter 

Kinetic model 

(Standish, 

Bharadwaj & 

Hariri-Akbari 

1986) (Standish 

1985) 

The effect of operating 

variables on the kinetic 

constants 

−
𝑑𝑊

𝑑𝑡
= 𝑘𝑊, where W is the weight of 

particles on the sieve, k is the sieving rate 

constant 

Probability 

model (Dong, 

K, Wang & Yu 

2013) 

Interactions between 

particles and screen deck 

The probability of remaining particles 

𝑃(𝑁) = (1 − 𝑝)𝑁 , particles passing, 𝑝 =
(𝑎−𝑑)(acos(𝜃)−𝑑)

(𝑎+𝑏)2cos (𝜃)
, the weight percentage 

passing, 𝑊𝑝 = 1 − (1 − 𝑝)𝑁 

 

In recent decades, numerical simulations have played an increasing role in understanding 

particle-scale behaviour in screening processes. In particular, the DEM has been used to study 

various screening processes (Asbjörnsson et al. 2016; Cleary, PW 2009; Davoodi, A. et al. 

2019; Dong, K, Esfandiary & Yu 2017; Elskamp et al. 2016; Harzanagh, Orhan & Ergun 2018). 

With the help of particle-scale information provided by DEM simulation, the complex 

dynamics of particle flow (Lu, G, Third, JR & Müller, CR 2015; Zhu, HP et al. 2007) and 

particle passing have been investigated (Asbjörnsson et al. 2016; Davoodi, A. et al. 2019; 

Dong, K, Wang & Yu 2013; Harzanagh, Orhan & Ergun 2018; Zhao, L et al. 2011). However, 

DEM simulations require very high computational effort to study industrial scale screens with 

a large number of particles (Hoomans, Kuipers & van Swaaij 2000; Yan, Z et al. 2015). Thus, 

there have been attempts to link DEM studies with process models based on probability theory 

(Dong, K, Esfandiary & Yu 2017; Dong, K, Wang & Yu 2013); however, complex particle–

particle interactions remain difficult to model. 

For solving complex problems with high-dimensional data, artificial intelligence has been 

found to be advantageous in many fields (Laguitton & Leung 1989; Napier-Munn & Wills 

2006). Based on training data, various learning algorithms can be used to explore the mapping 

of the process variables, which can fit non-linear relationships in complicated granular systems 

(Barrasso, Tamrakar & Ramachandran 2014; Chen, S et al. 2018; Dai, W, Liu & Chai 2015; 

Li, Y et al. 2020, 2021; Pani & Mohanta 2015; Zhang, B et al. 2016). Artificial intelligence has 

also been increasingly used to study screening processes (Chen, Z et al. 2021; Li, Z et al. 2019; 

Li, Z et al. 2015; Shanmugam et al. 2021; Zhang, B et al. 2016; Zhao, Z et al. 2021), including 

modelling the effect of moisture content on coal sieving (Shanmugam et al. 2021), distribution 
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of particles on a vibrating screen (Zhao, Z et al. 2021) and intelligent fitting and controlling of 

parameter optimisation for screening processes (Li, Y et al. 2020; Li, Z et al. 2019; Zhang, B 

et al. 2016). Recently, physics-informed machine learning (i.e., kernel-based regression, neural 

networks) has emerged as a promising alternative of deep neural networking to avoid the need 

for large training databases. Integration of mathematical models and databases has enabled 

higher-dimensional problems of PDEs to be solved, faster training of database, new scalable 

mathematics, better accuracy and modelling of hidden physics (Karniadakis et al. 2021). 

Using these methods, it has been found that the sieving behaviours in different parts of the 

screen are different because of variations in the packed bed structure on the screen (Jiang, H, 

Zhao, Duan, Yang, et al. 2017; Jiang, H, Zhao, Qiao, et al. 2017). A screening process can be 

optimised by varying the conditions in different parts, such as with banana screens or ‘varied 

amplitude’ screens (Jiang, H, Zhao, Duan, Liu, et al. 2017; Jiang, H, Zhao, Duan, Yang, et al. 

2017; Jiang, H, Zhao, Qiao, et al. 2017). These studies indicate that screening behaviour should 

be considered based on local flow conditions. With this idea, the present study aimed to develop 

a segment-based process model by combining the DEM and machine learning. Assumptions 

included that on a screen segment, the local flow is steady and the relationship between local 

passing rate and local flow conditions can be modelled. Such relationships would be too 

complex to derive theoretical models, hence the model developed here used a combination of 

DEM and machine learning. The segments could then be linked by using mass continuity. 

Different operational conditions can be set for different segments to model multi-deck screens 

using the universal local passing function. Moreover, the ML predicts the local flow and 

passing on a vibrating screen and the partition curve is predicted by the link of local flows base 

on physics laws. The DEM model has been validated by good agreement with experimental 

data. 

The study is structured as follows: Section 4.2 addresses the DEM methodology and inclined 

screen simulation conditions. The process model of an inclined screen with segment-wise 

analysis is also defined in Section 4.3. In Section 4.4, process modelling is combined with 

machine learning to predict various feeding and vibration conditions and model optimisation. 

Section 4.5 concludes the study.  
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4.2  Methodology  

4.2.1  DEM Simulation  

 

4.2.1.1  Governing equations  

The DEM is used to simulate screening processes at the particle-scale and generate data for 

machine learning. In the DEM, the motion of each particle is governed by Newton’s second 

law (Cundall & Strack 1979). For a spherical particle 𝑖, its translational motion and rotational 

motion are respectively determined by: 

 𝑚𝑖

𝑑𝒗𝑖

𝑑𝑡
= ∑(𝑭𝑖𝑗

𝑛 + 𝑭𝑖𝑗
𝑠 )

𝑗

+ 𝑚𝑖𝐠 (Eq. 4.1) 

 𝑰𝑖

𝑑𝝎𝑖

𝑑𝑡
= ∑(𝑹𝑖𝑗 × 𝑭𝑖𝑗

𝑠

𝑗

− 𝜇𝑟𝑅𝑖|𝑭𝑖𝑗
𝑛 |𝝎̂𝑖) (Eq. 4.2) 

where 𝒗𝑖, 𝝎𝑖 , 𝑚𝑖 and 𝑰𝒊 are respectively the translational and angular velocities, the mass and 

the moment of inertia of particle 𝑖, g is the gravitational acceleration, 𝑹𝑖𝑗 is the vector pointing 

from the centre of particle 𝑖 to its contact point with particle j. 𝑭𝑖𝑗
𝑛  and 𝑭𝑖𝑗

𝑠  are the normal and 

tangential contact forces respectively, which can be determined as (Brilliantov et al. 1996; 

Langston, Tüzün & Heyes 1995):  

 𝑭𝑖𝑗
𝑛 = [

2

3

𝑌

1 − 𝜎̃2
√𝑅̅𝜉𝑛

3/2 − 𝛾𝑛

𝑌

1 − 𝜎̃2
√𝑅̅√𝜉𝑛(𝒗𝑖 ∙ 𝒏̂𝑖𝑗)] 𝒏̂𝑖𝑗 (Eq. 4.3) 

 𝑭𝑖𝑗
𝑠 = −𝜇𝑠|𝑭𝑛|[1 − (1 −

𝑚𝑖𝑛(𝜉𝑠, 𝜉𝑠,𝑚𝑎𝑥)

𝜉𝑠,𝑚𝑎𝑥
)3/2]𝝃̂𝑠 (Eq. 4.4) 

where Y is Young’s modulus, 𝜎̃ is the Poisson ratio, 𝛾𝑛 is the normal damping coefficient, 𝜇𝑠 

is the sliding friction coefficient, 𝜉𝑠 is the total tangential displacement and 𝑅̅ = 𝑅𝑖𝑅𝑗/(𝑅𝑖+𝑅𝑗), 

𝜉𝑠,𝑚𝑎𝑥 = 𝜇𝑠[(2 − 𝜎̃)/2(1 − 𝜎̃)]𝜉𝑛, 𝒏̂𝑖𝑗 = (𝑹𝒊 − 𝑹𝒋)/|𝑹𝒊 − 𝑹𝒋|. The second term of the torque 

results from the rolling resistance between two contact particles resulting in elastic hysteretic 

losses or viscous dissipation, where 𝜇𝑟 is the rolling friction coefficient and 𝝎̂𝑖 = 𝝎𝑖/|𝝎𝑖| 

(Zhou, YC et al. 1999; Zhu, HP et al. 2007). The above equations calculate the interaction 

between particles and the system wall (i.e., the contact between particles and a finite polygon 

surface). Van der Waals force and capillary force between particles are not considered because 
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the coarse particles are dry. The wall is modelled as a plane with the same material properties 

as the particles. Under vibration, the position and velocity of the wall are updated in every time 

step, and the values are used to calculate the particle–wall interactions. The time step is 

determined by 𝑑𝑡 = 0.1√𝑚/𝑘, where m is the mass of a particle and k is the estimated spring 

constant when the normal overlap is 10% of the particle diameter. This is based on the natural 

period of oscillation of the equivalent spring when using the Hertz contact force model (Hertz 

1882). In a multi-size system, the time step is calculated for each type of particle and the 

minimum time step is used. Simulations were conducted by our in-house DEM program, which 

has been used and validated in various systems in our previous studies (Amirifar et al. 2018, 

2019; Dong, K, Wang & Yu 2013; Dong, K, Yu & Brake 2009).  

4.2.1.2 Simulation conditions 

In the present study, a screen with an incline similar to a previous study was considered (Dong, 

K, Wang & Yu 2013). The deck consisted of a flat surface uniformly perforated with square 

apertures 3.5 × 3.5 mm spaced 3.0 mm apart. The left side of the deck was the feed end, while 

the right side was the discharge end. The length, width and thickness of the deck were 600 mm, 

26 mm and 2 mm respectively. Periodic boundary conditions were applied in the x-direction 

(i.e., front and rear) to reduce computational effort. The feed particles fell and hit the vibrating 

screen deck, particles passing through the deck to report to the underflow or flowing along the 

screen to the discharge end and reporting to the overflow (Figure 4-2). The particle size 

distribution, material properties and feed rate are listed in Table 4-2. The simulation data were 

collected only at the steady flow state, when the inlet flow rate was balanced with the sum of 

the underflow and overflow rates for particles of each size, with some fluctuations.  

Table 4-2 List of parameters used in the simulations. 

 
 

 d1 d2 d3 d4 d5 d6 d7 

Particle size, 𝑑𝑖 (mm) 1.10  

to 

1.25  

1.3 to  

1.45 

1.50 

to 

1.73 

1.8 to 

2.05  

2.5 to 

2.55  

3.05 

to 

3.2 

3.65 

to 

3.75 

Feed rate ni (num/s) n1 n2 n3 n4 n5 n6 n7 

3300 

to 

5300 

2050 

to  

3300 

1250 

to  

2000 

1000 

to 

1500 

400 

to  

950 

200 

to  

1250 

100 

to 

200 
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Particle density, (kg/m3) 7500 

Young's modulus (N/m2) 1 × 107 

Damping coefficient, γn Particle-particle:2 × 10− 4; particle-wall: 2 × 10− 4 

Sliding friction coefficient, 

μs 

Particle-particle: 0.3; particle-wall: 0.5 

Rolling friction coefficient, 

μr 

Particle-particle: 0.01; particle-wall: 0.01 

Vibration frequency (Hz), f 20, 25, 30, 35, 40, 50 and 60 

Vibration amplitude 

(mm), A 

1.5, 2.0, 2.5 and 3.0  

Vibration motion Sinusoidal, both along y and z directions. 

Incline angle (°), θ 7, 9, 11, 13, 15, 17 and 22 

 

 

Figure 4-1  Schematic of the simulated screen. 

 

(b) 
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Figure 4-2 Snapshot of simulation using the inclined vibrating screen with steady state 

(A = 2 mm, f = 30 Hz and 𝜃 = 11o). 

 

 

4.3  Process model of screen based on physics-informed machine learning 

Here a process model for vibrating screens is proposed based on physics-informed machine 

learning, using the inclined screen described above. As discussed previously, the passing of 

particles varies in different positions of the screen deck due to the difference in local conditions. 

Therefore, the local conditions of segments of the inclined screen were considered. As shown 

in Figure 4-3a, under steady state on segment j of the screen, particle passing behaviour was 

assumed to be uniform. In particular, input flow {𝑑𝑖, 𝐼𝑖}
𝑗, overflow {𝑑𝑖 , 𝑂𝑖}

𝑗 and passing flow 

{𝑑𝑖, 𝑃𝑖}
𝑗 of this segment were all constants, where di is the particle size of the ith component in 

the particle mixture, and Ii, 𝑂𝑖 and Pi are the flow rates of the input flow, overflow and passing 

of the ith component respectively. The superscript j refers to the segment number j.  

The passing rate was assumed to be dependent on the input flow, vibration conditions and 

inclination angle, so a function to predict the passing rate {Pi} is: 

 {𝑑𝑖, 𝑃𝑖}
𝑗 = 𝑓𝑃({𝑑𝑖, 𝐼𝑖}

𝑗, 𝐴, 𝑓, 𝜃)  (Eq. 4.5) 

where 𝑓𝑃({𝑑𝑖, 𝐼𝑖}
𝑗 , 𝐴, 𝑓, 𝜃) is defined as the local passing function. It is worth noting that this 

function may also be dependent on other variables, which could be extended in future work. 

The particle size distribution was considered as discrete rather than continuous, for more 

flexibility in describing different mixtures. Although discrete forms may involve a large 

number of variables in the equation, this can be readily accommodated by a data model. 

The input flow, overflow and passing flow of a segment should satisfy mass continuity, which 

is determined by: 

 {𝑑𝑖, 𝑂𝑖}
𝑗 = {𝑑𝑖, 𝐼𝑖}

𝑗 − {𝑑𝑖, 𝑃𝑖}
𝑗   (Eq. 4.6) 

Considering mass continuity between segments, the overflow of upstream segment j-1 should 

be equal to the input flow of segment j, and overflow of segment j equal to input flow of 

downstream segment j + 1, thus: 
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 {𝑑𝑖, 𝐼𝑖}
𝑗 = {𝑑𝑖, 𝑂𝑖}

𝑗−1   (Eq. 4.7) 

 {𝑑𝑖, 𝑂𝑖}
𝑗 = {𝑑𝑖, 𝐼𝑖}

𝑗+1   (Eq. 4.8) 

The model is illustrated in the flow chart in Figure 4-3b. If the inclined vibrating screen is 

divided into different segments with the local passing function 𝑓𝑃({𝑑𝑖, 𝐼𝑖}
𝑗 , 𝐴, 𝑓, 𝜃) in (Eq. 4.5), 

the sieving process can be predicted from the feed end to the discharge end, with the feed rate 

as the initial input flow of the first segment. However, 𝑓𝑃 has many input variables, which 

include particle properties and operational conditions, making the relationship is very 

complicated and non-linear. It would be difficult to develop this function in a conventional 

way. Therefore, in the present work, this function is developed by applying machine learning 

to the database generated by DEM simulation.  

For each simulation of the inclined screen described in Section 4.3, and in accordance with 

previous studies (Dong, K, Wang & Yu 2013; Standish 1985), the whole screen was divided 

into four segments from the feed end to the discharge end (Figure 4-2b). For each segment, 

input flow {𝑑𝑖, 𝐼𝑖}, output flow (overflow) {𝑑𝑖, 𝑂𝑖} and passing flow {𝑑𝑖, 𝑃𝑖} were calculated 

using the average of the DEM simulation data at the steady state. Then, different machine 

learning models were applied to the data, and the model with the highest accuracy was selected, 

which will be discussed in the following section. It is worth noting that the data from different 

segments were combined in the machine learning model training, so the model observes the 

assumption that fp depends only on local flow conditions. 

After fp was modelled by machine learning, it was used in the process model described by Eqs 

(Eq. 4.5–(Eq. 4.8). A MATLAB program was developed to calculate {Pi} on the first segment 

according to {Ii}, A, f and θ; then, the inlet for the second segment was calculated by (Eq. 4.6) 

and ((Eq. 4.7), and the passing rate {Pi} for the second segment was predicted using the 

machine learning model of fp but with the conditions of the second segment. The third and 

remaining segments were modelled using a similar procedure. It is worth noting that for each 

segment, not only {Ii} was different but also A, f and θ could be different on a multi-deck 

screen. These results are shown in detail in the following section. 
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4.4  Results and discussion  

4.4.1  Machine learning of local passing function fP 

As described above, the local passing function fp is used to predict by training machine learning 

models with the DEM simulation data. The input variables are {di}, {Ii} A, f, and θ for a 

segment. The simulated inclined screen is divided into four segments. For the first segment, 

{Ii} is the feed rate {ni}, while for other segments, {Ii} is calculated using (Eq. 4.8). The output 

variables of the model are {Pi}. The variables and their ranges are listed in Table 4-3. The total 

training data contains 900 sets of data obtained in 225 cases, as each simulation contains 4 sets. 

The data is trained with linear, SVM (Vapnik 1995) and GPR regression (Rasmussen & 

Williams 2006) ML models. The detailed algorithm of the models can be found in the 

MATLAB document (MATLAB 2021a, 2021b). 

The R-squared values of the considered models are listed in Table 4-4, from which it can be 

seen that the squared exponential GPR regression model is the best model with very high 

accuracy (R-squared is higher than 0.96). The DEM and ML results of particles passing (P1, 

P2, P3, P4, P5 and P6) of vibrating inclined screen are shown in Figure 4-4.  

 

Table 4-3 Input and output variables used for process model database. 

 

Input Used values Output 

A (mm) 1.5 , 2.0, 2.5 and 3.0 P1  (num /s) underflow of d1 

f (Hz) 20, 25, 30, 35, 40, 50, 60 P2  (num /s) underflow of d2 

𝜃 (o) 7, 9, 11, 13, 15, 17, 22 P3  (num /s) underflow of d3 

d1 (mm) 1.1, 1.2, 1.25  P4  (num /s) underflow of d4 

d2 (mm) 1.3, 1.4, 1.45 P5  (num /s) underflow of d5 

d3 (mm) 1.5, 1.68, 1.73 P6  (num /s) underflow of d6 

d4 (mm) 1.8, 2.0, 2.05 
  

d5 (mm) 2.5, 2.55 
  

d6 (mm) 3.05, 3.15, 3.2 
  

d7 (mm) 3.65, 3.70, 3.75 
  

I1 (num /s) 4.08 - 5327.7  
  

I2  (num /s) 5.28- 3301.74  
  

I3  (num /s) 9.52 - 2029.28 
  

I4  (num /s) 15.36 - 1523.52 
  

I5  (num /s) 22.14 - 923.82 
  

I6  (num /s) 30.16 - 1266.3 
  

I7  (num /s) 100 - 200   
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4.4.3  Application to complicated screens 

Though the database for training is from the simulation of the simple incline screen, if our 

assumptions for the local passing function hold, the process model can actually be used for 

screens with different vibration conditions and incline angles at different segments, which are 

similar to multi-deck screens and variable vibration amplitude/frequency screens. In the 

following, we will apply the process model to these kinds of screens.   

4.4.3.1  Varied inclination angle 

Banana screens or multi-deck screens with different slopes are commonly used in high-tonnage 

material separation applications. Generally, the inclination angle of the deck is around 30–40°  

at the feed end of the screen, and reduces to around 0–15° with three to five decks (Dong, K, 

Yu & Brake 2009). The steep deck at the feed end allows the feed material to rapidly spread 

over the first part of the screen, while the flat deck at the discharge end slows the particles to 

increase their residence time and improve screening efficiency (Dong, K, Yu & Brake 2009; 

Napier-Munn & Wills 2006; Wills & Finch 2016).  

Here, the process model was applied to two-deck screens with the same screen mesh and similar 

feeding materials as the incline screen, so that the local passing function obtained in the above 

study could still be used, while the different segments gained different inclination angles. As 

shown in Figure 4-11, the incline screen is “bent” into two equal-length decks. The first deck 

consisted of segments 1 and 2, which have the same inclination angle 𝜃1; the second deck 

consisted of segments 3 and 4, which have the same inclination angle 𝜃2. According to the 

design of banana screens, 𝜃1 should be larger than 𝜃2. The process model was applied to two-

deck screens with different 𝜃1 and 𝜃2 values. Some cases were also compared with the DEM 

simulation, and a simulation snapshot of one of these cases is shown in Figure 4-11b. 
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local conditions, machine learning was used to construct the local passing function based on 

the particle size distribution of the inlet flow, vibration conditions and inclination angle of the 

segment. The data used for the machine learning were obtained from DEM simulation. With 

the data model of the local passing function, the process model was developed using mass 

continuity between segments.  

The process model can predict the overflow partition curve in good agreement with DEM for 

the original simulated inclined screen under different operational conditions. However, the 

model was able to assess the effects of the controlling variables on the sieving performance 

parameters much more efficiently than the DEM. Thus, if training data were obtained on-site, 

the model could be used for real applications. 

In addition, the model was very flexible in handling different operational conditions in different 

parts of the screen, which could be used to model complex multi-deck screens with different 

vibration conditions and/or different slopes on different decks. It is worth noting that in 

constructing these different screens, the machine learning based local passing function was the 

same as that obtained from the original incline screen.  

This work paves the way for combining DEM simulation, data modelling and process 

modelling to guide smart design and control of industrial screens. 

Nomenclature 

A Vibration amplitude 

A1 Combination vibration amplitude for upper segment 

A2 Combination vibration amplitude for lower segment 

𝑑𝑖 Particle size (mm) 

Ep Probable error 

f Vibration frequency 

f1 Combination frequency for upper deck 

f2 Combination frequency for lower deck 

𝑓𝑃 Local passing rate function 

𝑭𝑖𝑗
𝑛  Normal contact force 

𝑭𝑖𝑗
 𝑡  Tangential contact force 

g Gravitational acceleration 
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I Moment of inertia of the particle 

Ii Feed particles rate from a segment 

m Mass of particle  

ni Number of feed particles rate  

Oi Overflow rate from a segment or feed to the downstream segment 

Pi Particles passing rate 

R2 Coefficient of determination 

𝑅𝑖 Radius of particle i 

𝑅𝑗 Radius of particle j 

t Time  

Y Young’s modulus  

  

Greek letters  

𝛾𝑛 Normal damping coefficient 

𝜉𝑛 Relative normal displacement 

𝜉𝑠 Total tangential displacement 

θ Inclination angle of the screen 

𝜃1 Combination inclination angle upper deck 

𝜃2 Combination inclination angle lower deck 

𝜌 Density (kg/m3) 

𝜎̃ Poisson ratio 

𝜇𝑟 Rolling friction coefficient 

𝜇𝑠 Sliding friction coefficient 

𝜔 Particle angular velocity (s−1) 

  

Subscripts  

i Particle i 

j Particle j 

i j Between particles i and j 

  

Abbreviations  

ANN Artificial neural network 
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DEM Discrete element method 

GPR Gaussian process regression 

SVM Support vector machine 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 CHAPTER V: Process model of inclined double layer vibrating 

screen based on DEM and machine learning 
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5.1  Introduction 

Screens are commonly used worldwide for the separation and sizing of materials according to 

the size, especially for granular materials in a variety of industrial sectors including mining and 

pharmaceuticals (Dong, K, Wang & Yu 2013; Dong, K, Yu & Brake 2009; Li, Z & Tong 2017; 

Qiao et al. 2018; Wolff 1954; Xiong et al. 2017). The screening processes are complicated and 

difficult to model while considering numerous controlling variables in screen processes and 

screen geometries (Asbjörnsson et al. 2016; Wolff 1954; Zhang, B et al. 2016).  

The multi-layer screen could perform size separation in mineral processing applications such 

as ore, coal, fine materials and granular materials  (Makinde, Ramatsetse & Mpofu 2015; Wills 

& Finch 2016). The multi-layer screen is used for high-tonnage materials where both capacity 

and efficiency are comparatively important (Makinde, Ramatsetse & Mpofu 2015; Peng, Jiang, 

et al. 2019). The multi-layer screen is known as the vibrating screen while having more than 

one screening layer. The feed is introduced to the top coarse screen on a multi-layer screen, 

where the undersize fall to the lower screen layer due to the different screen surface structures. 

As a result, it produces a range of sized fractions than a single screen. The steep configuration 

and layers of sections induce the rapid flow of feed materials at the end of the multi-layer screen 

while simultaneously separating fine materials. The multi-layer screen’s segregation capacity 

is significant, which was reported to be three or four times that of regular vibrating screens 

(Dong, K, Wang & Yu 2013; Dong, K, Yu & Brake 2009; Makinde, Ramatsetse & Mpofu 

2015; Peng, Jiang, et al. 2019; Wills & Finch 2016). 

The process is more critical than a single-layer screen while considering screen geometry, 

feeding of materials in different layers and controlling variables. The fine particles screen out 

more rapidly than a thick bed. At the discharge end of the multi-layer screen, the slope of screen 

reduces to slow down the existing material, to sieve the fine materials and to enable a better 

screening efficiency of the close-range particles (Cleary, PW, Wilson & Sinnott 2018; Dong, 

K, Wang & Yu 2013; Dong, K, Yu & Brake 2009; Makinde, Ramatsetse & Mpofu 2015; 

Napier-Munn & Wills 2006; Peng, Jiang, et al. 2019; Wills & Finch 2016). 

Fundamental models of particles passing through screen meshes are based on probability 

theory (Dong, K, Wang & Yu 2013; Kapur, Ball & Fuerstenau 1977; Soldinger 1999, 2000; 

Standish & Meta 1985; Subasinghe, G, Schaap, W & Kelly, E 1989) or the kinetic approach 

(Ferrara, Preti & Schena 1987; Standish, Bharadwaj & Hariri-Akbari 1986; Subasinghe, 

Schaap, W & Kelly, EG 1989). The probabilistic approach has been used to predict screening 
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results of different particle sizes, screen lengths and vibration conditions with reasonable 

accuracy (Subasinghe, G, Schaap, W & Kelly, E 1989). By using probability process, it is 

possible to determine the influence of the feed rate and the change in proportions of fine 

material (Soldinger 1999, 2000). The rate of passage depends on the probability that the 

particles will pass through the apertures and the amount of free material on the screen surface 

(Soldinger 1999). Moreover, the sieving speed of undersized particles, the relationship between 

the sieving speed and the remaining materials are described in kinetic (Standish 1985; Standish 

& Meta 1985) modelling. At very low vibrations, the screening process is known to lose 

efficiency because of choking (Esfandiary 2014). Furthermore, the probability of a particle 

passing through a screen is considerably lower for cube-shaped particles than spheres (Calanog 

& Geiger 1973). It is possible to obtain a single equation for screen efficiency, which would 

be valid for crowded, separate and mixed conditions, which would very useful for 

characterising the screening process with few parameters (Ferrara, Preti & Schena 1987).  

The screening process includes complex particle–particle and particle–wall interactions, which 

are difficult to study empirically. Recently, research on discrete particle simulation techniques 

and computer technology has expanded rapidly worldwide. The DEM is becoming more 

popular for modelling particle flow. For example, the DEM can model particle dynamics and 

obtain information at the particle scale (Zhu, HP et al. 2007). The DEM can also provide both 

macroscopic and microscopic view in granular systems and can consider particles with non-

spherical or irregular shapes (Lu, G, Third, JR & Müller, CR 2015). The primary limitation of 

the DEM is its high computational requirements. To minimise runtimes, the number of particles 

needs to be kept as small as possible. It is especially important to keep array sizes small for 

neighbouring particles (Asmar et al. 2002; Zhu et al. 2008).  

Many opportunities and challenges exist for the application of artificial intelligence (AI) in 

mineral processing. AI modelling can help to minimise the complex and computational 

requirements, solve critical non-linear problems and store data. Artificial neural network 

(ANN) modelling has been applied to rotating drums to predict particle flow characteristics 

and vibrating screen performance (Li, Y et al. 2021; Shanmugam et al. 2021; Zhao, Z et al. 

2021). Machine learning modelling has also been used to predict particle flow in rotating drums 

(Li, Y et al. 2020), monitor particle size in the grinding process (Pani & Mohanta 2014, 2015) 

and control parameters of ball mill prediction (Tang, J et al. 2010). Similarly, SVM modelling 

has been used to predict screen performance and optimise operation parameters (Li, Z et al. 
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2019; Li, Z et al. 2015; Zhang, B et al. 2016). Machine learning results often show a good fit 

with empirical results. The machine learning model also helps to identify abnormal data and 

determine estimation errors between test results and data drives. 

In recent work (Arifuzzaman, S. M., Dong, Kejun & Yu, Aibing 2022), a process model was 

used to examine inclined vibrating single-layer screens to better understand the sieving process. 

In the present study, a process model is proposed that combines DEM results and machine 

learning modelling of inclined double-layer screens to further understand the local sieving 

process. The proposed model assumes steady flow across a double-layer screen. The process 

model considers the inlet, passage, overflow, local particle properties and operational 

conditions. The developed model could be used to predict sieving performance under different 

conditions. In particular, the model could be applied with various feed rates, screen inclines, 

aperture shapes and vibration conditions.  

The study is structured as follows: Section 5.2 represents the DEM methodology and screen 

simulation conditions. The process model of an inclined double-layer screen and deck-to-deck 

local function analysis is defined in Section 5.3. In Section 5.4, a double-layer screening 

process model with various feeding and vibration conditions is optimised and underperforming 

machine learning prediction studies are demonstrated. The conclusions are presented in Section 

5.5.  

 

5.2  Simulation method and conditions 

5.2.1  Discrete element method (DEM)  

For particle flow along an inclined double layer screen, the DEM was used to trace the motion 

of individual particles according to mutual interactions. In the DEM, the motion of each particle 

is governed by Newton’s second law (Cundall & Strack 1979). For a spherical particle 𝑖, its 

translational motion and rotational motion are respectively determined by: 

𝑚𝑖

𝑑𝒗𝑖

𝑑𝑡
= ∑(𝑭𝑖𝑗

𝑛 + 𝑭𝑖𝑗
𝑠 )

𝑗

+ 𝑚𝑖𝐠 
 (Eq. 5.1) 
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𝑰𝑖

𝑑𝝎𝑖

𝑑𝑡
= ∑(𝑹𝑖𝑗 × 𝑭𝑖𝑗

𝑠

𝑗

− 𝜇𝑟𝑅𝑖|𝑭𝑖𝑗
𝑛 |𝝎̂𝑖) 

 (Eq. 5.2) 

where 𝒗𝑖, 𝝎𝑖 , 𝑚𝑖 and 𝑰𝒊 are the translational and angular velocities, mass and moment of inertia 

of particle 𝑖 respectively, g is the gravitational acceleration, 𝑹𝑖𝑗  is the vector pointing from the 

centre of particle 𝑖 to the contact point with particle j. 𝑭𝑖𝑗
𝑛  and 𝑭𝑖𝑗

𝑠  are the normal and tangential 

contact forces respectively, which can be determined as (Brilliantov et al. 1996; Langston, 

Tüzün & Heyes 1995):  

𝑭𝑖𝑗
𝑛 = [

2

3

𝑌

1 − 𝜎̃2
√𝑅̅𝜉𝑛

3/2 − 𝛾𝑛

𝑌

1 − 𝜎̃2
√𝑅̅√𝜉𝑛(𝒗𝑖 ∙ 𝒏̂𝑖𝑗)] 𝒏̂𝑖𝑗 

 (Eq. 5.3) 

𝑭𝑖𝑗
𝑠 = −𝜇𝑠|𝑭𝑛|[1 − (1 −

𝑚𝑖𝑛(𝜉𝑠, 𝜉𝑠,𝑚𝑎𝑥)

𝜉𝑠,𝑚𝑎𝑥
)3/2]𝝃̂𝑠 

 (Eq. 5.4) 

where Y is Young’s modulus, 𝜎̃ is the Poisson ratio, 𝛾𝑛 is the normal damping coefficient, 𝜇𝑠 

is the sliding friction coefficient, 𝜉𝑠 is the total tangential displacement and 𝑅̅ = 𝑅𝑖𝑅𝑗/(𝑅𝑖+𝑅𝑗), 

𝜉𝑠,𝑚𝑎𝑥 = 𝜇𝑠[(2 − 𝜎̃)/2(1 − 𝜎̃)]𝜉𝑛, 𝒏̂𝑖𝑗 = (𝑹𝒊 − 𝑹𝒋)/|𝑹𝒊 − 𝑹𝒋|. The second term of the torque 

results from the rolling resistance between two contact particles resulting in elastic hysteretic 

losses or viscous dissipation, where 𝜇𝑟 is the rolling friction coefficient and 𝝎̂𝑖 = 𝝎𝑖/|𝝎𝑖| 

(Zhou, YC et al. 1999; Zhu, HP et al. 2007). The above equations ((Eq. 5.1-(Eq. 5.4) calculate 

the interactions between particles and the system wall (i.e., contact between particles and a 

finite polygon surface). Van der Waals force and capillary force between particles are not 

considered because the coarse particles are dry. The wall is modelled as a plane with the same 

material properties as the particles. Under vibration, the position and velocity of the wall are 

updated in every time step, and the values are used to calculate the particle–wall interactions. 

The time step is determined by 𝑑𝑡 = 0.1√𝑚/𝑘, where m is the mass of a particle and k is the 

estimated spring constant when the normal overlap is 10% of the particle diameter. This is 

based on the natural period of oscillation of the equivalent spring when using the Hertz contact 

force model (Hertz 1882). In a multi-size system, the time step is calculated for each type of 

particle and the minimum time step is used. Simulations were conducted using the university 

in-house DEM program, which has been validated for various systems (Amirifar et al. 2018, 

2019; Dong, K, Wang & Yu 2013; Dong, K, Yu & Brake 2009). 



126 

 

5.2.2  Simulation condition 

In the present study, an inclined double layer screen was considered (Dong, K, Wang & Yu 

2013). The deck consisted of a flat surface uniformly perforated with (i) top layer (L1) square 

apertures of size 3.5 × 3.5 mm spaced 3.0 mm apart and (ii) rectangular apertures of size 3.5 × 

1.75 mm spaced 3.0 mm apart. The left side of the deck was the feed end while the right side 

was the discharge end. The length, width (in the x-direction), and thickness of the deck were 

600 mm, 26 mm and 2 mm, respectively. Periodic boundary conditions were applied in the x-

direction (i.e., front and rear) to reduce computational effort. The screening study was initiated 

by discharging the mixture of particles (𝑑𝑖) and feeding to the top deck of the inclined double-

layer screen (Figure 5-1). The screen was then vibrated under the vibrational conditions. The 

particle size distribution, material properties and feed rate of the particles are listed in Table 

5-1. Step 1, the feed particles fall and hit the vibrating screen (L1) deck, particles pass through 

the decks and report to the underflow, or flow along the screen to exceed the discharge end and 

report to the overflow, as shown in Figure 5-1. Step 2, the particles fall from the top layer (L1) 

as the feed for the bottom layer (L2). Similarly, particles pass through the decks from the 

bottom layer and report to the underflow, or flow along the screen to exceed the discharge end 

and report to the overflow, as shown in Figure 5-1b. The simulated data were only collected at 

the steady state in this analysis. Periodic boundary conditions were applied in the x-direction 

(i.e., front and rear) to reduce the computational effort. 

Table 5-1 List of parameters used in the simulations. 

 

 d1 d2 d3 d4 d5 d6 d7 

Particle size, 𝑑𝑖 (mm) 1.10 

to 

1.25  

1.3 to  

1.45 

1.50 

to 

1.73 

1.8 to 

2.05  

2.5 to 

2.55  

3.05 

to 

3.2 

3.65 

to 

3.75 

Feed rate ni (num/s) n1 n2 n3 n4 n5 n6 n7 

3300 

to 

5300 

 

2050 

to  

3300 

 

1250 

to  

2000 

 

1000 

to 

1500 

 

400 

to  

950 

 

200 

to  

1250 

100 

to 

200 

Particle density, (kg/m3) 7500 

Young's modulus (N/m2) 1 × 107 

Damping coefficient, γn Particle-particle:2 × 10− 4; particle-wall: 2 × 10− 4 
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vibration conditions, inclination angle and aperture size, then a function to predict the passing 

rate {Pi} can be determined by: 

 {𝑑𝑖 , 𝑃𝑖}
𝑗 = 𝑓𝑃({𝑑𝑖, 𝐼𝑖}

𝑗, 𝐴, 𝑓, 𝜃)  (Eq. 5.5) 

Where 𝑓𝑃({𝑑𝑖, 𝐼𝑖}
𝑗 , 𝐴, 𝑓, 𝜃) is defined as the local passing rate function. For a multi-layer screen 

with different apertures in each layer, the passing rate is also dependent on the aperture 

dimensions. Theoretically, the local passing rate function should also include aperture 

dimensions as variables. But to obtain a comprehensive function, numerous cases with different 

aperture dimensions should be simulated. For the double layer screen in the present work, the 

local passing rate function for the single top layer inclined screen was already developed 

(Arifuzzaman, S. M., Dong, Kejun & Yu, Aibing 2022). The bottom layer screen had decreased 

the aperture dimensions. Therefore, another local passing rate function was trained for this 

layer. Hence, there were two local passing rate functions, 𝑓𝑃1({𝑑𝑖, 𝐼𝑖}
𝑗, 𝐴1, 𝑓1, 𝜃) and 

𝑓𝑃2({𝑑𝑖, 𝐼𝑖}
𝑗 , 𝐴2, 𝑓2, 𝜃), for the top and bottom layer screens, respectively. 

The input flow, overflow and passing flow should satisfy mass continuity, which is determined 

by: 

 {𝑑𝑖, 𝑂𝑖}
𝑗 = {𝑑𝑖, 𝐼𝑖}

𝑗 − {𝑑𝑖, 𝑃}𝑗  (Eq. 5.6) 

Considering mass continuity between the segments, the overflow of upstream segment j-1 

should be equal to the input flow of segment j, and the overflow of segment j equal to the input 

flow of the downstream segment j + 1, that is: 

for the top layer screen, 

 {𝑑𝑖 , 𝐼𝑖}
𝑗,𝐿1 = {𝑑𝑖, 𝑂𝑖}

𝑗−1,𝐿1  (Eq. 5.7) 

 {𝑑𝑖 , 𝑂𝑖}
𝑗,𝐿1 = {𝑑𝑖, 𝐼𝑖}

𝑗,𝐿1 − {𝑑𝑖, 𝑃}𝑗,𝐿1  (Eq. 5.8) 

and for the bottom-layer screen, 

 {𝑑𝑖 , 𝐼𝑖}
𝑗,𝐿2 = {𝑑𝑖, 𝑂𝑖}

𝑗−1,𝐿2 + {𝑑𝑖, 𝑃𝑖}
𝑗,𝐿1  (Eq. 5.9) 

 {𝑑𝑖 , 𝑂𝑖}
𝑗,𝐿2 = {𝑑𝑖, 𝐼𝑖}

𝑗,𝐿2 − {𝑑𝑖 , 𝑃𝑖}
𝑗,𝐿2   (Eq. 5.10) 
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The model is further illustrated in layer screen with segment-wise in Figure 5-2. If the vibrating 

screen is divided into different segments and the local passing rate functions have been 

obtained, 𝑓𝑃1({𝑑𝑖, 𝐼𝑖}
𝑗 , 𝐴1, 𝑓1, 𝜃) and 𝑓𝑃2({𝑑𝑖, 𝐼𝑖}

𝑗 , 𝐴2, 𝑓2, 𝐴𝑥, 𝐴𝑦, 𝜃), the sieving process from 

feed end to discharge end can be predicted, with the feed rate as the initial input flow of the 

first segment. In this process model, two local passing functions are considered for the double 

layer screen. Ideally, the aperture size can be included in the function, but it needs considerable 

data for different apertures. In this work, only two apertures were considered, and hence two 

functions were used. 

However, fp has many input variables, such as particle properties and operational conditions, 

which makes the relationship very complex and non-linear. It would be very difficult to develop 

this function in a conventional way. In this work, the function was built by applying machine 

learning to the database generated by DEM simulation. Each screen layer was divided into four 

segments from the feed end to the discharge end (Figure 5-2b). For each segment of the top 

layer screen, its input flow rate {𝑑𝑖 , 𝐼𝑖}
𝑗,𝐿1, output flow (i.e., overflow) rate {𝑑𝑖, 𝑂𝑖}

𝑗,𝐿1 and 

passing flow rate {𝑑𝑖, 𝑃}𝑗,𝐿1 were calculated as the mean value in the steady state. Similarly, 

for each segment of the bottom layer screen, its input flow rate {𝑑𝑖, 𝐼𝑖}
𝑗,𝐿2, output flow rate 

{𝑑𝑖, 𝑂𝑖}
𝑗,𝐿2 and passing flow rate {𝑑𝑖 , 𝑃𝑖}

𝑗,𝐿2
 were calculated. Different machine learning 

models were then applied to the data. The model with the highest accuracy was used, which 

will be discussed in the following section. Different segments were combined together in the 

machine learning model training. Therefore, the model has the assumption that fp depends only 

on local flow conditions.  

After fp1 and fp2 were modelled by machine learning, they were used in the process model 

described by (Eq. 5.5) – (Eq. 5.10). A MATLAB program was developed to calculate {Pi} on 

the first segment according to the given {Ii}, A1, f1, Ax, Ay and θ; then, the inlet for the second 

segment was calculated by (Eq. 5.7) – (Eq. 5.8), and the passing rate {Pi} for the second 

segment was predicted using the machine learning model of fp1 but with the conditions for the 

second segment. The third and remaining segments were modelled using a similar procedure. 

To calculate {Pi} for the bottom layer, the top layer of passing particles was considered on the 

first segment according to the given {Ii}, A2, f2, Ax, Ay and θ; then, the inlet for the second 

segment was calculated by (Eq. 5.9)–(Eq. 5.10) considering the top layer passing and upper 

stream flow of particles to the lower deck. The passing rate {Pi} for the second segment was 
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5.4  Results and discussion  

5.4.1  Machine learning model of process model for particles passing  

As described above, the local passing functions fp1 and fp2 were used for prediction by training 

machine learning models with the DEM simulation data. The input variables were {di}, {Ii}, A 

and f for both layers of a segment. The simulated inclined screen was divided into four 

segments. For the first segment, {Ii} was the feed rate {ni}, while for other segments {Ii} was 

calculated using (Eq. 5.7) – (Eq. 5.10). The output variables for the training were {Pi}. The 

variables and their ranges are listed in Table 5-2. The total training data contained (i) 640 sets 

of data for the top layer, obtained from 160 cases and (ii) 480 sets of data for the bottom layer, 

obtained from 120 cases, each simulation with four sets. The database was trained with linear, 

SVM and GPR regression machine learning models. The GPR models are nonparametric 

kernel-based probabilistic models for supervised machine learning. The GPR models work well 

on small datasets and can provide uncertainty measurements on predictions as well as allow 

prediction without prior fitting. The comparison of DEM and machine learning results of 

particles passing through the double-layer vibrating inclined screen are shown in Figure 5-4. 

Table 5-3 and Table 5-4 represent the performance of the machine learning models for particles 

passing along the screen. The squared exponential GPR model demonstrated higher accuracy 

in predicting results. 

Table 5-2 Input and output variables used for process model database. 

 

Top layer input Used values Output Underflow 

A1 1.5, 2.0, 2.5 and 3.0 P1 underflow of d1 

f1 20, 25, 30, 40, 50, 60 P2 underflow of d2 

𝜃 11 P3 underflow of d3 

d1 1.1, 1.2, 1.25  P4 underflow of d4 

d2 1.3, 1.4, 1.45 P5 underflow of d5 

d3 1.5, 1.68, 1.73 P6 underflow of d6 

d4 1.8, 2.0, 2.05 
  

d5 2.5, 2.55 
  

d6 3.05, 3.15, 3.2 
  

d7 3.65, 3.70, 3.75 
  

n1 4.08 - 5327.7 
  

n2 5.28- 3301.74 
  

n3 9.52 - 2029.28 
  

n4 15.36 - 1523.52 
  

n5 22.14 - 923.82 
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n6 30.16 - 1266.3 
  

n7 100 - 200   

Bottom layer input Used values Output Underflow 

A2 2.0, 2.5, 3.0, 3.5 P1 underflow of d1 

f2 20, 25, 30, 35, 40 P2 underflow of d2 

𝜃 11 P3 underflow of d3 

d1 1.1, 1.2, 1.25    

d2 1.3, 1.4, 1.45   

d3 1.5, 1.68, 1.73   

d4 1.8, 2.0, 2.05 
  

d5 2.5, 2.55 
  

d6 3.05, 3.15, 3.2 
  

d7 3.65, 3.70, 3.75 
  

n1 686.56 – 4391.86 
  

n2 445.64 – 2846.08 
  

n3 254.72 – 1862.18 
  

n4 160.92 - 1645.92 
  

n5 43.5 – 778.2 
  

n6 2.16 - 506.48 
  

 

The R-squared values of the considered models are listed in Table 5-3 and Table 5-4, from 

which it can be seen that the squared exponential GPR regression model is the best model with 

very high accuracy (average R-squared is 0.95 for the top layer and 0.91 for the bottom layer). 

 

Table 5-3 Performance of the machine learning models for particles passing along the screen 

of top layer. 

Machine learning model 

for top layer (L1) 

R2  of 

P1 

R2 of 

P2 

R2 of 

P3 

R2 of 

P4 

R2 of 

P5 

R2 of 

P6 

Average 

Linear regression 0.94 0.93 0.90 0.83 0.62 0.53 0.792 

Interaction linear 

regression 

0.98 0.98 0.96 0.93 0.80 0.74 

0.898 

Robust linear regression 0.94 0.93 0.89 0.83 0.61 0.51 0.785 

Stepwise linear regression 0.98 0.98 0.96 0.93 0.78 0.72 0.892 

Rational Quadratic GPR 0.99 0.99 0.98 0.97 0.89 0.76 0.93 

Squared exponential GPR 0.99 0.99 0.99 0.97 0.89 0.89 0.95 

Matern 5/2 GPR 0.99 0.99 0.98 0.96 0.89 0.76 0.928 

Exponential GPR 0.99 0.99 0.98 0.96 0.88 0.75 0.925 

Linear SVM 0.93 0.91 0.88 0.80 0.57 0.48 0.762 

Quadratic SVM 0.98 0.97 0.96 0.92 0.76 0.72 0.885 

Cubic SVM 0.99 0.99 0.98 0.96 0.85 0.75 0.92 

Fine Gaussian SVM 0.91 0.92 0.92 0.90 0.81 0.74 0.867 

Medium Gaussian SVM 0.98 0.98 0.97 0.94 0.79 0.68 0.89 

Coarse Gaussian SVM 0.95 0.94 0.91 0.82 0.54 0.38 0.757 
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particles in feed. For medium undersized particles, the passage is better than the large 

number of mesh-sized particles.  

• The screen performance decrease with the increase of amplitude/frequency for top 

layer. On the other hand, screen performance of bottom layer increases with the increase 

of amplitude/frequency of top layer and again decreases for the higher value. Similarly, 

bottom layer screen performance decreases with the increase of frequency/amplitude.  

 

Nomenclature 

A1 Vibration amplitude for top layer 

A2 Vibration amplitude for bottom layer 

𝑑𝑖 Particle size (mm) 

𝐷𝑖 Screen deck 

Ep Probable error 

f1 Frequency for top layer 

f2 Frequency for bottom layer 

𝑭𝑖𝑗
𝑛  Normal contact force 

𝑭𝑖𝑗
 𝑡  Tangential contact force 

g Gravitational acceleration 

I Moment of inertia of the particle 

Ii Feed particles rate from a segment 

m Mass of particle  

ni Number of feed particles rate  

Oi Overflow rate from a segment or feed to the downstream segment 

P Function of passing rate 

Pi Particles passing rate 

𝑅𝑖 Radius of particle i 

𝑅𝑗 Radius of particle j 

t Time  

Y Young’s modulus  

Greek letters  

𝛾𝑛 Normal damping coefficient 
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𝜉𝑛 Relative normal displacement 

𝜉𝑠 Total tangential displacement 

θ Inclination angle of the screen 

𝜌 Density (kg/m3) 

𝜎̃ Poisson ratio 

𝜇𝑟 Rolling friction coefficient 

𝜇𝑠 Sliding friction coefficient 

𝜔 Particle angular velocity (s−1) 

Subscripts  

i Particle i 

j Particle j 

i j Between particles i and j 

Abbreviations  

ANN Artificial neural network 

DEM Discrete element method 

GPR Gaussian process regression 

ML machine learning 

RMSE Root mean square error 

SVM Support vector machine 

 

 



 

 

 

 

 

 

 

 

 

 

 

 CHAPTER VI: Judgement model for choking of vibrating 

screen based on DEM and machine learning 
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6.1  Introduction 

Screening is a common method of granular or particle material size classification. The 

performance of screening depends on the stratification and passing of particles. Screens have 

many adjustable controlling parameters and are considerably less well understood 

(Asbjörnsson et al. 2016; Cleary, PW 2009; Cleary, Paul W, Sinnott, Matthew D & Morrison, 

Rob D 2009; Davoodi, A. et al. 2019; Dong, K, Esfandiary & Yu 2017; Dong, K et al. 2010; 

Dong, K, Wang & Yu 2013; Dong, K, Yu & Brake 2009; Elskamp et al. 2016; Harzanagh, 

Orhan & Ergun 2018; Jansen & Glastonbury 1968; Soldinger 1999). Choking of screen is one 

of the common obstacles for a quality sieving/performance of screen. In general, the choking 

problem occurs for large amounts of inlets, lower value of vibrational conditions, mesh-design 

of screen, configuration of screen, distribution of particles, packed bed, and inclination angle 

(Arifuzzaman, S. M., Dong, Kejun & Yu, Aibing 2022; Davoodi, Ali et al. 2019; Delaney, 

Gary W. et al. 2012; Dong, K, Yu & Brake 2009). 

The particles accumulate on the screen for the lower value of vibration condition and 

inclination angle, which makes the screening process unsteady or choke (Dong, K, Yu & Brake 

2009). The choking of screen also depends on the  rate of passage probability that the particles 

will pass through the apertures and the amount of free material on the screen surface (Soldinger 

1999). Size distribution of particles along the screen is one of the vital factors screen 

performance. The feed also has properties which will affect the efficiency of screen operation 

or choking and these include, feed flow rate, feed solids, and the amount of near sized material 

in the feed (Meyers & Mylec 2000). The presence of large amount near aperture sized particles 

is not effective for better screening and the apertures in the screen become blocked by near-

mesh-sized particles, and choking occurs (Delaney, Gary W. et al. 2012). High-density material 

has a higher probability of passage (Davoodi, Ali et al. 2019). Packing of bed is one of the vital 

factors for screen choking. Too thick a bed depth preventing stratification and restricting access 

of finer particles to the screen surface (Meyers & Mylec 2000). At very low vibration, the 

screening process is known to lose efficiency because of choking (Esfandiary 2014). 

Lengthways straight wires and enlacements form long rectangular mesh; self-cleaning ability 

is created by the oscillation of the lengthways wires avoiding the screen choking and due the 

large free open area the screen has high sorting performance (WovenWireScreens). 

For particle scale investigation, discrete element method (DEM) is a popular method that can 

enhance resolution to view distinct physical properties. Higher resolution provides alternatives 

to time-consuming physical testing in the initial stages of screen design (Davoodi, A. et al. 
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2019). Some process models of screening linking DEM modelling have analysed particle–

particle interaction (Dong, K, Esfandiary & Yu 2017; Dong, K, Wang & Yu 2013) using 

probability theory. Conversely, DEM simulation is significantly limited and time consuming 

(Hoomans, Kuipers & van Swaaij 2000; Yan, Z et al. 2015) for particle numbers and properties, 

and calculation with explicit scheme.  

Advances in artificial intelligence modelling are used in mineral processing to minimise 

computational power, duration of simulation and data storage. Many opportunities and 

challenges exist for the application of artificial intelligence in granular processing. Recent 

research (Barrasso, Tamrakar & Ramachandran 2014; Dai, W, Liu & Chai 2015; He & Tafti 

2019; Karniadakis et al. 2021; Li, Y et al. 2021; Li, Z et al. 2019; Mahdi & Holdich 2017; 

Mishra 2021; Shanmugam et al. 2021; Zhang, B et al. 2016; Zhao, Z et al. 2021) includes data-

driven modelling using machine learning (ML) and neural networks on simulated or 

experiment results. Artificial neural network modelling has been applied in coal preparation to 

know the permeability of porous media (Mahdi & Holdich 2017), to predict particle flow 

characteristics in rotating drums (Li, Y et al. 2021), and to predict the screening efficiency of 

coal with varying moisture content (Shanmugam et al. 2021). Machine learning modelling has 

been used to predict sustainable value in the mineral processing industry (Li, Y et al. 2020; Li, 

Z et al. 2019; Li, Z et al. 2015; Pani & Mohanta 2015; Zhang, B et al. 2016), to predict particle 

flow in rotating drums (Li, Y et al. 2020), to monitor particle size (Pani & Mohanta 2014, 

2015), to control parameter prediction of ball mills (Tang, J et al. 2010), and to know the 

percolation velocity and threshold of particles under vibration conditions (Arifuzzaman et al. 

2022). Physics-informed machine learning presents an alternative to deep neural networking 

to avoid training big databases. The modelling helps understanding of the hidden physics, new 

frameworks and standardised benchmarks, as well as new mathematics (Arifuzzaman, S. M., 

Dong, Kejun & Yu, Aibing 2022; Karniadakis et al. 2021). The physics-informed supervised 

machine leaning model is able to predict the overflow partition curve directly and local passing 

of screen (Arifuzzaman, S. M., Dong, Kejun & Yu, Aibing 2022). Classification learning is a 

supervised machine learning concept which basically categorizes a set of data into category 

and the classifier has been used for the classification of sand particles (Li, L & Iskander 2022).  

However, there are few studies proposed a quantitative model of screen choking with 

considering wide range of operational conditions and inlet of screen. Taking into account the 

gap of modelling for choking of screen, a model is needed to investigate the choking of screen 

with considering the operational conditions and feed. With this idea, this paper focuses to 
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develop a decision-making logical model for choking of screen by combining DEM simulation 

and machine learning. The particle inlet in a section of a screen and the flow controlling 

variables are regarded as dependent variables to construct the database. The machine learning 

(ML) database is generated by a series of controlled DEM simulations to create the choking 

logical judgement model. The choking judgement of a screen can be predicted by the logical 

model  with considering the feed on the screen, vibration condition, and inclination angle. The 

logical model also be modelled to predict the vibration condition threshold, inclination angle, 

and the complex feed threshold for choking judgement. The rest of the study is structured as 

follows: Section 6.2 describes the DEM methodology and the inclined vibrating screen 

simulation condition. The choking judgement model of screen based on machine learning are 

defined in Section 6.3. In Section 6.4, the judgement of choking of screen for vibration 

condition and feed threshold analysis underperforming machine learning prediction studies are 

demonstrated, and Section 6.5 concludes the paper.  

 

6.2  Simulation method and conditions 

6.2.1  Discrete element method (DEM)  

For particles flow along the inclined double layer screen, the discrete element method was used 

to trace the motion of individual particles in a considered system according to their mutual 

interaction. In DEM, the motion of each particle is governed by Newton’s second law (Cundall 

& Strack 1979). For a spherical particle 𝑖, its translational motion and rotational motion are 

respectively given by: 

 𝑚𝑖

𝑑𝒗𝑖

𝑑𝑡
= ∑(𝑭𝑖𝑗

𝑛 + 𝑭𝑖𝑗
𝑠 )

𝑗

+ 𝑚𝑖𝐠 
(Eq. 6.1) 

 𝑰𝑖

𝑑𝝎𝑖

𝑑𝑡
= ∑(𝑹𝑖𝑗 × 𝑭𝑖𝑗

𝑠

𝑗

− 𝜇𝑟𝑅𝑖|𝑭𝑖𝑗
𝑛 |𝝎̂𝑖) 

(Eq. 6.2) 

where 𝒗𝑖, 𝝎𝑖 , 𝑚𝑖 and 𝑰𝒊 are, respectively, the translational and angular velocities, the mass 

and the moment of inertia of particle 𝑖, g is the gravitational acceleration, 𝑹𝑖𝑗is the vector 

pointing from the centre of particle 𝑖 to the contact point of it with the particle j. 𝑭𝑖𝑗
𝑛  and 𝑭𝑖𝑗

𝑠  

are the normal and tangential contact forces respectively, which can be given as (Brilliantov et 

al. 1996; Langston, Tüzün & Heyes 1995):  
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𝑭𝑖𝑗

𝑛 = [
2

3

𝑌

1 − 𝜎̃2
√𝑅̅𝜉𝑛

3/2 − 𝛾𝑛

𝑌

1 − 𝜎̃2
√𝑅̅√𝜉𝑛(𝒗𝑖 ∙ 𝒏̂𝑖𝑗)] 𝒏̂𝑖𝑗 

 

(Eq. 6.3) 

 𝑭𝑖𝑗
𝑠 = −𝜇𝑠|𝑭𝑛|[1 − (1 −

𝑚𝑖𝑛(𝜉𝑠, 𝜉𝑠,𝑚𝑎𝑥)

𝜉𝑠,𝑚𝑎𝑥
)3/2]𝝃̂𝑠 

(Eq. 6.4) 

where Y is the Young’s modulus, 𝜎̃ is the Poisson ratio, 𝛾𝑛 is the normal damping coefficient, 

𝜇𝑠 is the sliding friction coefficient, 𝜉𝑠 is the total tangential displacement, and 𝑅̅ =

𝑅𝑖𝑅𝑗/(𝑅𝑖+𝑅𝑗), 𝜉𝑠,𝑚𝑎𝑥 = 𝜇𝑠[(2 − 𝜎̃)/2(1 − 𝜎̃)]𝜉𝑛,  𝒏̂𝑖𝑗 = (𝑹𝒊 − 𝑹𝒋)/|𝑹𝒊 − 𝑹𝒋|. The second 

term of the torque results from the rolling resistance between two contact particles due to elastic 

hysteretic losses or viscous dissipation, where 𝜇𝑟 is the rolling friction coefficient and  𝝎̂𝑖 =

𝝎𝑖/|𝝎𝑖| (Zhou, YC et al. 1999; Zhu, HP et al. 2007). The above equations calculate the 

interaction between particles and the system wall (the contact between particles and a finite 

polygon surface). The Van der Waals force and the capillary force between particles are not 

taken into account because the coarse particles are dry. The wall is modelled as a plane with 

the same material properties of the particles. Under vibration, the position and velocity of the 

wall are updated in every timestep, and the values are used in calculating the particle-wall 

interactions. The time step is determined by 𝑑𝑡 = 0.1√𝑚/𝑘, where m is the mass of a particle 

and k is the estimated spring constant when the normal overlap is 10% of the particle diameter. 

This is based on the natural period of oscillation of the equivalent spring when using the Hertz 

contact force model. In a multi-size system, the time step is calculated for each kind of particles 

and the minimum time step is used. Simulations are conducted by our in-house DEM program, 

which has been used and validated in various systems in our previous studies (Amirifar et al. 

2018, 2019; Dong, K, Wang & Yu 2013; Dong, K, Yu & Brake 2009). 

 

6.2.2  Simulation condition 

In this study, an inclined screen similar to that used in our previous study is considered 

(Arifuzzaman, S. M., Dong, Kejun & Yu, Aibing 2022; Dong, K, Wang & Yu 2013). A 

simulation starts with no particles on the screen. With the increase of time, more and more 

particles are fed from the feed side of the screen and fall on the vibrating screen deck. The 

particles in the considered simulation domain will increase with time at first, but then the 

simulation will enter either the steady flow state or unsteady flow state. The steady flow state 

means the inlet flow rate is generally balanced with the sum of the underflow and overflow 



153 
 

rates for particles of each size, although there are small fluctuations, as shown in Figure 6-1 (a) 

and (b). The particle size distribution, material properties and feed rate are given in Table 6-1. 

These parameters have been validated in our previous study in terms of the percentage passing 

distribution and the average particle residence time (Arifuzzaman, S. M., Dong, Kejun & Yu, 

Aibing 2022; Dong, K, Wang & Yu 2013). Consequently, the particle number of each size 

particles will no longer increases with time in average. On the other hand, the unsteady flow 

state means the total outflow cannot balance the inlet flow, so particles in the system keep 

increasing, and chocking happens as shown in Figure 6-1 (c) and (d). 

The particle size distribution is a major fact for the choking of screen, which deals with the 

passing of particles, collision among particles and screen, and flow of particles etc. For 

simulation, the feed conditions are divided the undersize particles into three categories 

(Arifuzzaman, S. M., Dong, Kejun & Yu, Aibing 2022) to predict partition number: small 

undersize particles, medium undersized particles, and near-mesh undersize particles and more 

details can be found in section 6.4.2. The process model (Arifuzzaman, S. M., Dong, Kejun & 

Yu, Aibing 2022) needs to consider logical model to predict the partition curves for several 

feeding, otherwise it cannot consider chocking.  

 

Table 6-1 List of parameters used in the simulations. 

 

 d1 d2 d3 d4 d5 d6 d7 

Particle size, 𝑑𝑖 (mm) 1.10  

to 1.25  

1.3 to  

1.45 

1.50 

to1.73 

1.8 to 

2.05  

2.5 to 

2.55  

3.05 to 

3.2 

3.65 to 

3.75 

 

Feed rate ni (num/s) 

n1 n2 n3 n4 n5 n6 n7 

3300 

to 

5300 

2050 

to  

3300 

1250 

to  

2000 

1000 

to 

1500 

400 

to  

950 

200 

to  

1250 

100 

to 

200 

Particle density, (kg/m3) 7500 

Young's modulus (N/m2) 1 × 107 

Damping coefficient, γn Particle-particle:2 × 10− 4; particle-wall: 2 × 10− 4 

Sliding friction coefficient, μs Particle-particle: 0.3; particle-wall: 0.5 

Rolling friction coefficient, μr Particle-particle: 0.01; particle-wall: 0.01 

Vibration frequency (Hz), f 8, 10, 12, 14, 15, 18, 20, 25, 29, 30, 35, 40, 50 and 60 

Vibration amplitude (mm), A 0.7, 1, 1.5, 2.0, 2.5, 3.0 and 3.50  

Vibration motion Sinusoidal, both along y and z directions. 

Incline angle (°), θ 5, 6, 7, 9, 10, 11, 13, 15, 17 and 22 
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6.3  Machine learning decision model for choking judgement 

Here, we propose a logical judgement model for choking of an inclined vibrating screen based 

on machine learning. In particular, the input flow {𝑑𝑖, 𝐼𝑖} of the screen, where di is the particle 

size of the ith component in the particle mixture, and Ii is the flow rate of the input flow of the 

ith component, respectively. We assume choking is dependent on the input flow, vibration 

conditions and inclination angle; then, a function (δ) to predict the choking status can be given 

by: 

 

 
𝛿 = 𝛿({𝑑𝑖, 𝐼𝑖}, 𝐴, 𝑓,  𝜃) (Eq. 6.5) 

It can be seen that δ has many input variables, which include both particle properties and 

operational conditions. Therefore, the relationship is complicated and non-linear. It will be 

extremely challenging to develop this function in a conventional way. In this study, we build 

this function by applying the database generated by DEM simulation. 

 

 

6.4  Results and discussion  

 

6.4.1  Machine learning model of choking condition prediction for inclined vibrating 

screen  

As described above Section 6.3, the logical choking function δ is used to predict choking by 

machine learning with the DEM simulation data. The input variables are {di}, {Ii} A, f, and θ 

for screening. The output variables of the model is choking condition {δ}. The total training 

data contains 331 simulation cases. The data are trained with linear, SVM, KNN, ESD, Tree 

and GPR regression ML models. The detailed algorithm of the models can be found in the 

MATLAB document (MATLAB 2022). The accuracy percentage of the considered models are 

listed in Table 6-3, from which it can be seen that the Cubic SVM regression model is the best 

model with very high accuracy (%).  

 

Table 6-2 Input and output variables used for logical model database. 

 

Input Used values Output / judgement 
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A (mm) 0.7 - 3.5 Choking / non-choking 

 f (Hz) 8 - 60 

𝜃 (o) 5 - 22 

d1 (mm) 1.1 - 1.25  

d2 (mm) 1.3 - 1.45 

d3 (mm) 1.5 - 1.73 

d4 (mm) 1.8 - 2.05 

d5 (mm) 2.5 - 2.55 

d6 (mm) 3.05 - 3.2 

d7 (mm) 3.65 - 3.75 

I1 (num /s) 15.2 - 18500.75  

I2  (num /s) 17.76- 9932.32  

I3  (num /s) 20.72 - 7525.42 

I4  (num /s) 48.6 - 4782.23 

I5  (num /s) 42.64 - 2452.65 

I6  (num /s) 20.14 - 1664.54 

I7  (num /s) 100 - 200 

Number of cases (193 not-choking and 138 choking)  

 

Table 6-3 Performance of the machine learning models and accuracy to predict the choking of 

screen. 

Model of Classification Learner Accuracy (%) 

Linear discriminant 84.3 

Linear SVM 85.4 

Fine Tree 82.2 

Medium Tree 85.2 

Coarse Tree 91.3 

Linear SVM 85.3 

Quadratic SVM 86.9 

Cubic SVM 97.8 

Fine Gaussian SVM 88.2 

Medium Gaussian SVM 81.4 

Coarse Gaussian SVM 73.2 

Fine KNN 75.3 

Medium KNN 81.5 

Coarse KNN 74.5 

Cosine KNN 76.2 

Cubic KNN 81.3 

Weighted KNN 84.5 

Ensemble Boosted Trees 85.5 

Ensemble Bagged Trees 85.5 

Ensemble Subspace Discriminant 88.5 

Ensemble Subspace KNN 85.4 

Ensemble RUS Boosted Threes 85.7 
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Figure 6-2 provides the confusion matrix to understand the performance of the trained ML 

classifier model. In Figure 6-2 (a), the top row shows 93% of the none-chocking cases from 

simulation data are correctly classified, while the other 7% none-chocking cases are falsely 

predicted as positive. The bottom row shows 75% of the choking cases from simulation data 

are correctly classified, while the other 25% cases are falsely predicted as negative. The 

confusion matrix shows summary rows underneath in Figure 6-2 (b). Positive predictive values 

are shown in green for the correctly predicted results in each class, and false discovery rates 

are shown below it in red for the incorrectly predicted results in each class. Table 6-4 shows 

some false positive and negative cases with DEM results and classification model. The positive 

predictive values (PPV) and true positive rate (TPR) are defined as, 

 
PPV =  

Number of true positives

Number of true positives + Number of false positives
 (Eq. 6.6) 

 

 
TPR = 

True positive

True positive + false negaitive
 (Eq. 6.7) 

 

 

  

  

(a) 
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Figure 6-2 Confusion matrix of trained model (1= choking, 0 = not choking) 

Table 6-4 Some false positive and negative cases with DEM results and classification model. 

Case no DEM result Judgement model result Matching 

1. A=2.5mm, f=40Hz, θ = 5o 0 1 False positive 

2. A=2.5mm, f=20Hz, θ = 5o 1 0 False negative 

3 A=2.5mm, f=12Hz, θ = 11o 1 0 False negative 

4. A=1.5mm, f=20Hz, θ = 13o 1 0 False negative 

5. A=1.5mm, f=14Hz, θ = 11o 1 0 False negative 

6. A=2mm, f=20Hz, θ = 9o 0 1 False positive 

7. A=3mm, f=40Hz, θ = 5o 0 1 False positive 

8. A=1.5mm, f=20Hz, θ = 11o 0 1 False positive 

9. A=2.5mm, f=26Hz, θ = 11o 1 0 False negative 

10. A=3.5mm, f=40Hz, θ = 5o 0 1 False negative 
 

 

Figure 6-3 illustrates the numbers of simulation results with confusion matrix instead of 

percentages. The confusion matrix shows the trained classification model; the classifier has 

performed well and classified the screen results of this true class correctly. Among 331 

simulation results, 288 cases are well classified.  

 

(b) 
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Figure 6-3 Confusion matrix simulation results observation (1= choking, 0 = not choking) 

 

Figure 6-4 shows the receiver operating characteristic curve with true and false positive rates. 

The ROC curve shows the true positive rate versus false positive rate for the trained classifier 

(Cubic SVM).  The larger area under the curve values indicates the classifier performance.  A 

false positive rate of 0.25 indicates that the Cubic SVM classifier assigns 25% of the simulation 

results incorrectly to the positive class. The true positive rate of 0.93 indicates that the classifier 

assigns 93% of the results correctly to the positive class. 
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Figure 6-4 Receiver operating characteristic curve after training the database. 

 

6.4.2  Application of ML model: Judgement of choking in screening  

6.4.3  Judgement of choking for inclined vibrating screen 

The trained model is used for the prediction of choking judgement by using the logical choking 

function δ. The Choking judgement model is used to obtain the ranges of operational 

conditions that cause choking and do not cause choking respectively, including vibration 

amplitude and frequency and the inclination angle. It is also tested under different particle size 

distributions. Here we consider three size distributions as listed in Table 6-5 (Arifuzzaman, S. 

M., Dong, Kejun & Yu, Aibing 2022). Here we divide the undersize particles into three 

categories: (i) small undersize particles, whose sizes are less than 50% of aperture size; (ii) 

medium undersized particles, whose sizes are equal to or greater than 50% but smaller than 

85% of aperture size; and (iii) near-mesh undersize particles, whose sizes are equal or greater 

than 85% but less than 100% of aperture size. The category of each size component is given in 

Table 6-5. 

 

Table 6-5 List of feeding materials with different particle size distributions. 

 Component i 1 2 3 4 5 6 7 

 Category small 

undersize 

small 

undersize 

small 

undersize 

medium 

undersize 

medium 

undersize 

near-mesh 

undersize 

oversize 

 Feed Size (mm), 

di 

1.1 1.33 1.67 2 2.5 3.1 3.7 

Feed-1 

(total feed 

rate = 

39347.7034

8mm3/sec) 

Feed Rate 

(num/sec), ni 

5300  3300  2000  1500 800 550 200 

Volume ratio 9.39% 10.33% 12.40% 15.97% 16.63% 21.80% 13.48% 

Feed-2 

(40663.763

77 mm3/sec) 

 

Feed Rate 

(num/sec), ni 

4400 3200 1900 1200 950 700 200 

Volume ratio 7.54% 9.69% 11.39% 12.36% 19.11% 26.85% 13.04% 

Feed-3  

(41457.692

14mm3/sec) 

Feed Rate 

(num/sec), ni 

3300 2050 1250 1200 745 1100 200 

Volume ratio 5.55% 6.09% 7.35% 12.12% 14.70% 41.39% 12.79% 

 

Figure 6-5 (a) shows the choking judgement phase diagram of the screen with the change of 

vibration frequency and inclination angle for Feed-1. For the lower vibration frequency (f < 

20Hz), the screening shows choking and even with the larger inclination angle. For 20Hz ≤ f 

< 25Hz, the screening shows choking for lower inclination angle (θ = 5o), which is the 
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Figure 6-8 Choking judgement phase diagram comparison for three types of feed; (a) variation 

of inclination angle and vibration amplitude (f = 20Hz); (b) variation of vibration frequency 

and amplitude (θ =11o). 

(b) 

 

(a) 
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Figure 6-9 shows the snapshots of simulation for Feed-2 and Feed-3 for A = 1.8 mm, f = 20 Hz 

and θ=11o. The packed bed on the screen for these two feed conditions, from which we can see 

why Feed-2 is the worst with more medium undersize particles, but Feed-3 is better than Feed-

2, although with more near-mesh size particles. Which is also satisfying the Figure 6-9 

conditions. 

 

 

 

 

Figure 6-9 Snapshot of simulation of the inclined vibrating screen; (a) Feed-2 and (b) Feed-3 

for A = 1.8 mm, f = 20 Hz and θ =11o. 

(a) 

 

(b) 
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6.4.5  Choking judgement for multi-deck screen 

Although the database for training is from the simulations of the simple incline screen, the 

logical choking model should be able to be used for screens with different vibration conditions 

and inclination angles at different segments, which are similar to multi-deck screens and 

variable vibration amplitude/frequency screens. In the following, we will apply the logical 

model to these kinds of screens.  For multi-deck screen, the judgement of choking model in the 

flow chart is illustrated in Figure 6-15. The judgement of choking of two-deck screens with 

different inclination angles are considered. At the initial stage, the input ({𝑑𝑖, 𝐼𝑖}
1, 𝐴, 𝑓, 𝜃1) for 

deck-1 is considered. If the screening is choking by using the logical function 

𝛿1({𝑑𝑖, 𝐼𝑖}
1, 𝐴, 𝑓, 𝜃1), the judgement is choking for the deck-1. But, if the screening is not 

choking, the process model (Arifuzzaman, S. M., Dong, Kejun & Yu, Aibing 2022) will predict 

the inlet for the deck 2 or segment -3. This processs will apply again for the deck 2. The input 

({𝑑𝑖, 𝐼𝑖}
3, 𝐴, 𝑓, 𝜃2) for deck-2 is considered. If the screening is choking for deck-2 by using the 

logical function  𝛿2({𝑑𝑖 , 𝐼𝑖}
3, 𝐴, 𝑓, 𝜃2), the judgement is choking for the deck-2 and stop the 

screeing. But, if the screening is not choking, the logical model will predict the non-choking 

judgement.  
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6.5  Conclusions 

In this study, a logical judgement model for choking analysis an inclined vibrating screen is 

proposed by combining the DEM and machine learning. Operational parameters of screening 

such as particles size, inlet, and inclination angle are considered comprehensively to construct 

the logical function for choking prediction.  

The logical machine-learning model can directly predict the choking judgement of screen under 

different operational conditions, and the predicted results are in good agreement with DEM 

results. However, the model can predict the threshold of controlling variables and feed of 

different sized particles for choking or non choking of screen. The logical ML model will help 

to ensure the perfect decision before any screening.  

In addition, the logical model also provides few vital observations for choking of the screen. 

The screening chokes for the lower values of vibration conditions and this choking problem 

can be removed by increasing the vibration frequency and amplitude. The logical ML model 

functioned correctly to predict the choking judgement of the multi-deck screen. A low value of 

inclination angle is not effective for the decks of the multi-deck screen. The stratification of 

particles jam, and choking occurs. Similarly, the multi-deck screen chokes with lower values 

of the vibration condition. 

Use of the machine learning and DEM combination logical model is a smart way make 

decisions about screen choking. The logical ML model will be helpful to optimise screening 

cases before any experiment or simulation work is conducted. The model can be applied to 

other granular processing industries for decision-making purposes. 

Nomenclature 

 

A vibration amplitude 

𝑑𝑖 particles size (mm) 

𝐷𝑖 screen deck 

Ep probable error 

f vibration frequency 

𝑭𝑖𝑗
𝑛  normal contact force 

𝑭𝑖𝑗
 𝑡  tangential contact force 
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g gravitational acceleration 

I moment of inertia of the particle 

Ii Feed particles rate from a segment 

m mass of particle  

ni number of feed particles rate  

Oi overflow rate from a segment or feed to the downstream segment 

𝑅𝑖 radius of particle i 

𝑅𝑗 radius of particle j 

t time  

Tc feed threshold 

Y Young’s modulus  

  

Greek letters  

δ logical function for choking or not 

𝛿1 logical function for choking or not for deck 1 

𝛿2 logical function for choking or not for deck 2 

𝛾𝑛 normal damping coefficient 

𝜉𝑛 relative normal displacement 

𝜉𝑠 total tangential displacement 

θ inclination angle of the screen 

𝜃1 inclination angle of deck 1 

𝜃2 inclination angle of deck 2 

𝜌 density (kg/m3) 

𝜎̃ Poisson ratio 

𝜇𝑟 rolling friction coefficient 

𝜇𝑠 sliding friction coefficient 

𝜔 particle angular velocity (s−1) 

  

Subscripts  

i particle i 

j particle j 

i j between particles i and j 
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Abbreviations  

ANN artificial neural network 

DEM discrete element method 

GPR Gaussian process regression 

ML machine learning 

RMSE root mean square error 

SVM support vector machine 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 CHAPTER VII: Explicit contact force model for 

superellipses by Fourier transform and application to 
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7.1  Introduction 

Particulate materials are ubiquitous in nature and are also commonly handled in many 

industries, such as civil engineering, metallurgy, mining, chemical and pharmaceutical sectors 

(Basinskas & Sakai 2016; Chu, Chen & Yu 2016; Cundall & Strack 1979; Govender et al. 

2019; Kureck et al. 2019; Sakai et al. 2015; Zhong et al. 2016; Zhu et al. 2008). Owing to their 

discrete nature, continuous modelling of collectives of particles is still in development (Hou et 

al. 2019; Zheng & Yu 2014), while DEM (Cundall & Strack 1979; Lu, Third & Muller 2015; 

Zhu, HP et al. 2007; Zhu et al. 2008) is a cost-effective method of numerically studying this 

type of material with individual particles considered. The DEM uses first principles to model 

the motion of each particle, and if the interactions between particles can be accurately modelled 

the simulated results can be reliable. The most general interaction force between particles is 

contact force. However, calculation of contact force for non-spherical particles has not yet been 

fully solved (Lu, Third & Muller 2015; Zhong et al. 2016).  

In the DEM, contact force is calculated based on contact mechanics (Johnson 1985; Zhu, HP 

et al. 2007). There are theoretical equations to describe contact force between non-spherical 

particles; however, to implement these equations in DEM they need to be adapted. Normally, 

although contacting particles are considered deformed in contact mechanics, in the most 

commonly used soft-particle DEM models, particles are assumed to be non-deformable, but 

overlap is allowed. The overlap is then linked to the parameters of contact mechanics to 

calculate the contact force that makes the particles resist overlap. The relationship between 

geometrical overlap and contact force involves contact mechanics, which is not discussed here 

in depth. The other aspect, geometrical overlap calculation, is also non-trivial (Feng, YT, Han 

& Owen 2012, 2017). Different methods have been proposed to find the geometrical overlap 

between non-spherical particles, which can be linked to different representations of particle 

shape (Dong, KJ, Wang, CC & Yu, AB 2015; Lu, Third & Muller 2015). Some methods 

approximate a particle with multiple elements and calculate the overlap based on the sum of 

that between the sub-elements (Favier et al. 1999; Vu-Quoc, Zhang & Walton 2000). For 

polyhedral, polygon and cylindrical particles, the overlap can be obtained by considering 

contact between different elements including edges, face and vertexes (Feng, YT, Han & Owen 

2017; Govender et al. 2019; Kodam et al. 2010). Recently, the common plane method was 

proposed to simplify such procedures (Nezami et al. 2004; Vorobiev 2012). Similarly, methods 

have been proposed that adapt the problem to find the shortest distance between two bodies 
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(Wachs et al. 2012). For smooth surface particles or angular particles tailored with pseudo-

potential, the overlap is normally found based on the surface equations of the particles by the 

geometric potential (GP) method (Boon, Houlsby & Utili 2013; Houlsby 2009; Lin, X & Ng, 

T-T 1995; Podlozhnyuk, Pirker & Kloss 2017; Zhou, Z-Y et al. 2011) or the common normal 

(CN) method (Cleary, PW, Stokes & Hurley 1997; Kildashti, Dong & Samali 2018; Lin, X & 

Ng, T-T 1995; Wellmann, Lillie & Wriggers 2008).  

Except for the multi-sphere method, in most methods the overlap needs to be solved by 

numerical iteration during every time step in the DEM. This increases the computational effort; 

however, numerical divergence and diffusion may also need to be considered. Therefore, an 

explicit solution to overlap may overcome these difficulties and help determine the contact 

mechanics between non-spherical elements. Theoretical analysis of granular systems may also 

be adopted where explicit equations are required, such as analysis of collective or higher-order 

dynamics (Jiang, XC et al. 2011; Wu & Fuxreiter 2016).  

Non-spherical particles contact model is still an open problem. Fast Fourier Transform (FFT)-

based methods are approaches to converting surface displacements and tractions into the spatial 

frequency domain, where the contact problems such as to solve both the normal and tangential 

contact problems (Chen, WW 2013). Theoretically, the Fourier transform can be used for 

infinite-domain and the Fourier series for periodic problems, but most contact problems do not 

satisfy these conditions. For example, a point-contact problem has its pressure only on a small 

region of contacting surfaces. If the FFT is directly used to solve such a problem, the results 

near the borders have notable errors. In order to reduce the periodicity error, (Ju & Farris 1996) 

substantially extended the domain, (Ai & Sawamiphakdi 1999) decomposed the total pressure 

into a smooth portion and a zero-mean fluctuating portion. 

In a previous study (Kildashti, Dong & Samali 2019), the overlap and contact force between 

non-spherical particles with respect to orientation angles were observed to be like intersecting 

waves. Based on this finding, Fourier series has been used to establish explicit force models by 

fitting the comprehensive force database.  This idea has been applied to elliptical particles and 

showed its applicability. Interestingly, Fourier transform has been used to characterise complex 

shapes (Shen, Farid & McPeek 2009), but has never been used to model the interaction between 

non-spherical particles before. However, fitting a Fourier series with a large number of terms 

may be difficult. Conversely, Fourier transform can be a more general technique to establish 
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such Fourier series. In the present study, a method was proposed to establish an explicit force 

model by Fourier transform instead of direct fitting. The packing of non-spherical particles has 

received increasing attention (Delaney, Gary W & Cleary 2010; Delaney, Gary W., Hilton & 

Cleary 2011; Donev, Cisse, et al. 2004; Meng, Jiao & Li 2016; Wang, C, Dong & Yu 2015; 

Zhao, J et al. 2012; Zhou, Z-Y et al. 2011); however, there are few studies on the packing of 

superellipses. Therefore, the methodology is used to establish an explicit force model of 

superellipses and simulation of particle packing of such particles.  

The remainder of the chapter is organised as follows. Section 7.2 elaborates on the general 

methodology and how it is applied to superellipses. Section 7.3 evaluates the accuracy of the 

established explicit force model and the simulation of the packing of superellipses with the 

model. The results demonstrate that the explicit force model for a given shape can be effectively 

established and used in the DEM by the proposed methodology. Further, the packing of 

superellipses shows similar features to that of ellipses and ellipsoids or polygons and cylinders 

with different shape parameters. The correlations between the packing fraction, coordination 

number and circularity were also examined. These results demonstrate the capability of using 

Fourier transform to establish explicit force models for non-spherical particles, and also 

provide new understanding of non-spherical particle packing. 

 

7.2  Methodology 

7.2.1  Definition of superellipse 

In mathematics, the superquadrics are a family of geometric shapes defined by formulas that 

resemble those of ellipsoids and other quadrics, except that the squaring operations are replaced 

by arbitrary powers. They can be seen as the three-dimensional relatives of the superellipses. 

The term may refer to the solid object or to its surface, depending on the context.  Superellipses 

are similar to superqudric shapes but not a subset of super quadrics. A superellipse can be 

defined as: 

|
𝑥

𝑎
|
𝜂

+ |
𝑦

𝑏
|
𝜂

= 1 
(Eq. 7.1) 
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where 𝜂 is ‘squareness’, as the increase of 𝜂 makes the shape closer to square; a and b are the 

semi-axes along the x-axis and y-axis respectively. Regarding symmetry, a superellipse with a 

and b is a rotation of one with b and a. Thus, here only 𝑎 ≥ 𝑏 is considered. Consequently, the 

aspect ratio, defined as α = a / b, is always equal to or greater than 1. Also only superellipses 

with 𝜂 > 1, that is, convex particles without multiple contact points between two particles, 

were considered. Figure 7-1 shows all superellipse shapes considered here with changes of 𝜂 

and α covering a wide range of shapes from circle to nearly square. Therefore, the application 

of the proposed method on this series may be representative for a wide range of shapes. 

 

 

𝜂 = 1.5 𝜂 = 2.0 𝜂 = 2.5 𝜂 = 3.0 

𝛼 = 1.0 

    

𝛼 = 1.5 

    

𝛼 = 2.0 

 
 

  

𝛼 = 2.5 

   
 

𝛼 = 3.0 
    

Figure 7-1 Superellipse shapes characterized by the aspect ratio and the squareness. 

Normally for a particle the geometrical parameters that need to be considered in DEM include 

area (or volume in 3D), A, and the moment of inertia, I. For a superellipse, these can be 

determined by: 
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𝐴 = 4𝑎𝑏
(Γ(1 + 1

𝜂⁄ ))
2

𝛤(1 + 2
𝜂⁄ )

 

(Eq. 7.2) 

 

𝐼𝑧𝑧 = 𝑎𝑏(𝑎2 + 𝑏2)𝜂𝐵 (
3𝜂

2
,
𝜂

2
) 

(Eq. 7.3) 

where Γ and B are the Gamma Function and the Beta Function respectively. 
 

For a point (x,y) on the surface of the superellipse, the normal vector of the tangent plane 𝐧 

that cross this point can be given by its gradient: 

𝐧 =
∇𝑓(𝑥, 𝑦)

|∇𝑓(𝑥, 𝑦)|
 

(Eq. 7.4) 

where 𝑓(𝑥, 𝑦) = |
𝑥

𝑎
|
𝜂

+ |
𝑦

𝑏
|
𝜂

− 1. 
 

Alternatively, the superellipse equation can be determined using an intermediate value 𝜑: 

𝑥(𝜑) = |cos𝜑|
2
𝜂 ∙ 𝑎 sgn(cos𝜑)

𝑦(𝜑) = |sin𝜑|
2
𝜂 ∙ 𝑏 sgn(sin𝜑)

 

0 ≤ 𝜑 < 2𝜋 

(Eq. 7.5) 

 

 

By combining (Eq. 7.4) and (Eq. 7.5), the tangential plane with the normal vector n (nx, ny) at 

a point related to 𝜑 can be determined by: 

𝑛𝑥 =
𝜕𝑓

𝜕𝑥
/𝐾 =

𝜂

𝑎
|cos𝜑|

2(𝜂−1)
𝜂 sgn(cos𝜑)/𝐾 

𝑛𝑦 =
𝜕𝑓

𝜕𝑦
/𝐾 =

𝜂

𝑏
|sin𝜑|

2(𝜂−1)
𝜂 sgn(sin𝜑)/𝐾 

(Eq. 7.6) 

where K is a normalised parameter that makes ‖𝐧‖ = 1, and ‖ ‖ is the normal operator. 

Thus, for a tangent plane with normal vector n, its intersection point with the superellipse 

surface can be found by solving 𝜑 first using the following equation: 
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𝜑 = atan2[|
𝑛𝑦𝑏

𝜂
|

𝜂
2(𝜂−1)

sgn(𝑛𝑦), |
𝑛𝑥𝑎

𝜂
|

𝜂
2(𝜂−1)

sgn(𝑛𝑥)] 

(Eq. 7.7) 

Then x and y can be obtained by (Eq. 7.5). This will be used in the CN method discussed in the 

following section. 

7.2.2  Contact force for superellipses  

There are different ways to calculate the contact force between two non-spherical particles. 

Here, particles whose surfaces can be described by a continuous function representation (CFR) 

are considered. For these particles, according to Hertz contact theory (Johnson 1985), the 

contact force between two particles can be determined by:  

𝐹𝑛𝑖𝑗𝐧̂ = −
4

3
𝐸𝑐√𝑅𝑚(𝑑𝑛)

3/2 𝐧̂ 
(Eq. 7.8) 

where 𝐸𝑐 = (
1−𝜈𝑖

2

𝐸𝑖
+

1−𝜈𝑗
2

𝐸𝑗
)
−1

 and 
1

𝑅𝑚
=

1

𝑅𝑖
+

1

𝑅𝑗
, 𝑅𝑖 and 𝑅𝑗 are the principal relative radii of 

curvature, 𝑑𝑛 is the penetration depth and 𝐧̂ is the normal vector of the contact plane. Note that 

for 2D shapes, (Eq. 7.8) may be slightly different for different shapes (Kildashti, Dong & 

Samali 2019), which has not yet been established for superellipses in the literature. Here, (Eq. 

7.8) is ad-hoc extended to superellipses by accurately considering dn and 𝐧̂, but approximating 

Ri and Rj by the radii of the circumscribed circles of the two particles. The theoretical form 

of  (Eq. 7.8) for superellipses needs further study; however, the methodology introduced here 

can be general for different force models (Kildashti, Dong & Samali 2019). 

The overlap parameters 𝑑𝑛 and 𝐧̂ are normally linked with penetration points on the surface of 

two particles respectively. There are different methods to find the penetration points according 

to different concepts, the most commonly used being the GP and CN methods. In previous 

studies, the CN method was found to provide good agreement with sub-particle FEM modelling 

of these parameters (Kildashti, Dong & Samali 2018; Kildashti et al. 2018). Therefore, here 

CN is adopted, which is briefly introduced below. 
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which will be transformed by discrete Fourier transform later. The concept of ODDS is briefly 

introduced here.  

Contact between two superellipses (i, j) was considered in the body-fixed coordinate system of 

particle i, as schematically shown in Figure 7-2b. For equal shaped particles, dn and 𝐧̂ should 

be dependent on (𝐿𝑖𝑗 , 𝜃 , 𝜙), where 𝑳𝒊𝒋 pointing from the centre of particle i to the centre of 

particle j. 𝐿𝑖𝑗is the length and θ is the direction angle of Lij as shown in Figure 7-2b. 𝜙 denotes 

the rotation of particle j. Without loss of generality, 𝐿𝑖𝑗 is replaced with a dimensionless 

parameter defined as the overlap ratio: 𝛿ℎ =
ℎ𝑚𝑎𝑥−𝐿𝑖𝑗

ℎ𝑚𝑎𝑥
, where ℎ𝑚𝑎𝑥 denotes the maximum 

distance between particles i and j at the onset of contact. To establish dn and 𝐧̂ as functions of 

(𝛿ℎ, 𝜃 , 𝜙), all possible conditions were considered, that is, the full range of angles as a series 

of discrete values (i.e., 0°, 1°, … , 359°). Further, for 𝛿ℎ, at each orientation (𝜃 , 𝜙), overlap 

parameters at different pre-set 𝛿ℎ were calculated and correlated by a Taylor series of 𝛿ℎ up to 

order 2 to 3, considering that 𝛿ℎ is small in DEM. With such a database, calculation of the 

overlap at arbitrary orientation (𝜃 , 𝜙) and centre distance (Lij) can be just an interpolation of 

the stored solution without solving any higher-order equations. This method has been realised 

(Dong, KJ, Wang, CC & Yu, AB 2015) and used in previous studies (Dong, K, Wang & Yu 

2016; Wang, C, Dong & Yu 2015). Here, the database was used to build an explicit equation 

that could be used without the database. 

Actually, for an ellipse, which is similar to a superellipse, it is found that 𝐧̂ is complicatedly 

dependent on (𝜃 , 𝜙) but changes slightly with 𝛿ℎ  (Kildashti, Dong & Samali 2019). Then by 

knowing 𝐧̂1  at δh = 5% and 𝐧̂0 at δh = 0%, 𝐧̂ at other δh can be linearly interpolated, while in 

extreme cases in which δh > 5%, 𝐧̂1 can be used as 𝐧̂. After obtaining 𝐧̂, Pi and Pj can be easily 

found according to (Eq. 7.7). Therefore, the calculation of the overlap was changed to  and 𝐧̂0 

according to θ, ϕ and 𝛿ℎ, where 𝛿ℎ is dependent on hmax(θ, ϕ). 

Figure 7-3 shows the dependency of hmax on orientation angle. In a previous study, a 2D Fourier 

series was used to fit such relationships (Kildashti, Dong & Samali 2019). The Fourier series 

is determined by: 
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𝐹(𝜃𝐿 , 𝜙) = ∑ ∑ [𝐴𝑚𝑛 cos
𝜋𝑚𝜃

𝜃𝑚
cos

𝜋𝑛𝜙

𝜙𝑚

𝑁

𝑛=0

𝑀

𝑚=0

+ 𝐵𝑚𝑛 sin
𝜋𝑚𝜃

𝜃𝑚
cos

𝜋𝑛𝜙

𝜙𝑚
+𝐶𝑚𝑛 cos

𝜋𝑚𝜃

𝜃𝑚
sin

𝜋𝑛𝜙

𝜙𝑚

+ 𝐷𝑚𝑛 sin
𝜋𝑚𝜃

𝜃𝑚
sin

𝜋𝑛𝜙

𝜙𝑚
]  

(Eq. 7.10) 

where 𝐹 is the interpolated function of contact information parameters, 𝜃𝑚 and 𝜙𝑚 define the 

boundary of the domain, and 𝑀 and 𝑁 are the number of terms used to generate the Fourier 

series.  

  

 

Figure 7-3 hmax as a function of θ and ϕ  with η=2.5 and α = 2.   

To fit (Eq. 7.10), a nonlinear regression program has been used previously (Kildashti, Dong & 

Samali 2019). Such regression can be time-consuming and difficult if M and N are large. Here, 

a methodology using Fourier transform to establish such series without regression was 

proposed. As is known, discrete Fourier transform coverts finite equally spaced data of function 

into the same length sequence as discrete samples. An inverse discrete Fourier transform can 

establish the full Fourier series using the transformed terms to calculate the original data. 

Generally discrete Fourier transform is determined by:  
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𝑥𝑝,𝑞 = ∑ ∑ 𝑋𝑗,𝑘

𝑛−1

𝑘=0

𝑒−2𝜋𝑖𝑝𝑗/𝑚𝑒−2𝜋𝑖𝑞𝑘/𝑛

𝑚−1

𝑗=0

 

(Eq. 7.11) 

And the corresponding inverse discrete Fourier transform can be determined by: 

𝑋𝑗,𝑘 =
1

𝑛𝑚
∑ ∑ 𝑥𝑝,𝑞

𝑛−1

𝑞=0

𝑒2𝜋𝑖𝑝𝑗/𝑚𝑒2𝜋𝑖𝑞𝑘/𝑛

𝑚−1

𝑝=0

 

(Eq. 7.12) 

Here, discrete Fourier transform was conducted on the database of hmax as a function of (𝜃 , 𝜙), 

where θ = 0,1,2, ...,359, and ϕ =0,1,2,...,359. Let Xj,k = hmax, j = θ and k = ϕ; correspondingly, 

m = n = 360. By applying (Eq. 7.11), {xp,q} can be obtained where p and q are also both running 

from 0 to 359. Note that xp,q are complex numbers. After {xp,q} are obtained, the original data 

hmax can be obtained by using inverse discrete Fourier transform with (Eq. 7.12).  

Table 7-1 lists the sorted xp,q for Xij = hmax (θ, ϕ) with η = 2.5 and α = 2.5 in descending order 

of |xp,q| with the first 20 terms. Figure 7-4 further shows the first 100 |xp,q| terms. It can be seen 

that there are few high peaks and others are rather low. Therefore, in (Eq. 7.12), only using xp,q 

terms with high magnitudes, a simplified series with limited terms can be used to approximate 

Xj,k. Here, the approximate series of (Eq. 7.12), was constructed by using terms with |xp,q| higher 

than threshold λxmax, where xmax is the maximum |xp,q| or the second maximum if the maximum 

is p = q = 0, which gives the mean value of 𝑋𝑗,𝑘; and 0 < λ < 1. Thus, the inverse discrete 

Fourier transform series was approximated by: 

𝑋̅𝑗,𝑘 =
1

𝑛𝑚
∑ ∑ 𝛿𝑝,𝑞𝑥𝑝,𝑞

𝑛−1
𝑞=0 𝑒2𝜋𝑖𝑝𝑗/𝑚𝑒2𝜋𝑖𝑞𝑘/𝑛𝑚−1

𝑝=0      (Eq. 7.13) 

where 𝛿𝑝,𝑞 = 1 if |𝑥𝑝,𝑞| > 𝜆𝑥𝑚𝑎𝑥, or 𝛿𝑝,𝑞 = 0 if |𝑥𝑝,𝑞| ≤ 𝜆𝑥𝑚𝑎𝑥. 

Table 7-1 Presentation of xp,q in descending order of |xp,q| for hmax, η = 2.5 and α = 2.5. 

No. p q Real Image |xp,q| 

1 2 0 7.58E+03 -1.83E-04 7582.063 

2 2 358 7.58E+03 -1.83E-04 7582.063 

3 358 0 7.58E+03 1.83E-04 7582.063 

4 358 2 7.58E+03 1.83E-04 7582.063 

5 4 358 2.72E+03 2.38E-04 2722.682 
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As here j and k are integral values with the unit degree, if θ and ϕ are between (j, j + 1) and (k, 

k+1) respectively, 𝑋̅(𝜃, 𝜙) can be calculated by linear interpolation by: 

 𝑋̅(𝜃, 𝜙) = [ 1 − ∆𝜃 ∆𝜃][
𝑋̅𝑗,𝑘 𝑋̅𝑗,𝑘+1

𝑋̅𝑗+1,𝑘 𝑋̅𝑗+1,𝑘+1

] [
1 − ∆𝜙

∆𝜙
] (Eq. 7.14) 

where 𝑗 ≤ 𝜃 < 𝑗 + 1 and ∆𝜃 = 𝜃 − 𝑗; 𝑘 ≤ 𝜙 < 𝑘 + 1 and ∆𝜙 = 𝜙 − 𝑘. 

If λ is smaller, the series will be more accurate, but there will be more included terms. Different 

λ will be tested and errors evaluated later. Further, the described procedures can also be applied 

to the x and y components of 𝐧̂1 and 𝐧̂0 respectively, which are denoted as nx1, ny1, nx0 and ny0 

respectively. 

7.2.4  Implementation of explicit force model in DEM for simulating superellipse 

packing 

In the DEM, two types of motion, translational and rotational, are considered for each particle. 

These are governed by Newton’s second law of motion, as stated by (Cundall & Strack 1979): 

( ) gFF
v

i

j

t

ij

n

ij
i

i m
td

d
m ++=

 
       (Eq. 7.15) 

and 

( ) +=
j

ijrij
i

i
td

d
,

 
TT

ω
I        (Eq. 7.16) 

where mi, vi and ωi are the mass and translational and angular velocities of particle i 

respectively, Fij
n and Fij

t are the normal and tangential components of the contact force exerted 

on particle i by particle j respectively, g is the gravitational acceleration, Ii is the moment of 

inertia of particle i, which is a tensor but can be simplified by using a body-fixed coordinate 

system (Džiugys & Peters 2001). Here, in 2D only Izz is considered for superellipses, Tij and 

Tr,ij are the torque on particle i from particle j, resulting from the total contact force (i.e., the 

sum of the normal and tangential forces) and rolling friction respectively. The equations for 

calculating these forces and torques are listed in Table 7-2. These equations are extended from 

those for spherical particles (Dong, KJ, Wang, CC & Yu, AB 2015), and are similar to those 

adopted in various studies on non-spherical particles (Dong, KJ, Wang, CC & Yu, AB 2015; 
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Zhou, Z-Y et al. 2011). Compared with previous studies, here dcn and 𝐧̂  will be directly 

calculated from the explicit solution without solving any equations at each time step. 

Table 7-2 List of equations for force calculation in DEM. 

Force or torque Equation 

Normal elastic force, 𝑭𝑖𝑗
𝑐𝑛 −

4

3
𝐸𝑐√𝑅𝑚(𝑑𝑛)

3/2 𝐧̂     

Normal damping force, 𝑭𝑖𝑗
𝑑𝑛 −𝛾𝑛(8𝐸𝑐√𝑅𝑚𝑑𝑛𝑚𝑖𝑗)

1/2
(𝒗𝑖𝑗 ∙ 𝐧̂)𝐧̂  

Tangential damping force, 𝑭𝑖𝑗
𝑑𝑡  

−𝛾𝑡 (6𝜇𝑚𝑖𝑗|𝑭𝑖𝑗
𝑐𝑛| (1 − 𝑚𝑖𝑛(𝜉𝑡 , 𝜉𝑡,𝑚𝑎𝑥)𝑡

)
1/2

/𝜉𝑡,𝑚𝑎𝑥)
1/2

(𝒗𝑖𝑗 ∙ 𝐭̂)𝐭̂ 

Tangential elastic force, 𝑭𝑖𝑗
𝑐𝑡  

−𝜇|𝑭𝑖𝑗
𝑐𝑛| [1 − (1 − (𝑚𝑖𝑛(𝜉𝑡 , 𝜉𝑡,𝑚𝑎𝑥)/𝜉𝑡,𝑚𝑎𝑥))

3/2

] 𝐭̂  

Torque by contact forces, 𝑻𝑖𝑗 𝒓𝑖𝑗 × (𝑭𝑖𝑗
𝑛 + 𝑭𝑖𝑗

𝑡 )  

Torque by rolling friction, 𝑻𝑟,𝑖𝑗 −𝜇𝑟𝑟𝑖𝑗|𝑭𝑖𝑗
𝑐𝑛|𝝎𝒊   ̂   

𝑁𝑜𝑡𝑒. 𝐸𝑐  is the composite Young’s modulus; 𝑅𝑖 and 𝑅𝑗 are radii of the circumscribed circles for particles 𝑖 and 

𝑗 respectively; 𝒓𝑖𝑖 is the vector pointing from the centre of particle 𝑖 to the contact point with particle 𝑗; 𝛾𝑛 and 

𝛾𝑡  are the normal and tangential damping coefficients respectively; 𝜇 and 𝜇𝑟 are the sliding and rolling friction 

coefficients respectively; 𝑑𝑛 is the penetration depth; 𝜉𝑡  is the total tangential displacement, at each time step it is 

added to 𝑣𝑡,𝑖𝑗 ∙ ∆𝑡 and 𝜉𝑡,𝑚𝑎𝑥 = 𝜇𝑠[(2 − 𝜎̃)/2(1 − 𝜎̃)]𝜉𝑛; 𝐧̂ and 𝐭̂ are the normal vector of the contact plane and 

the unit vector along the tangential direction respectively; and 𝒗𝑖𝑗 = 𝒗𝑗 − 𝒗𝑖 + 𝝎𝑗 × 𝒓𝑖 − 𝝎𝑗 × 𝒓𝑗𝑖 , 𝒗𝑡,𝑖𝑗 =

(𝒗𝑖𝑗 × 𝒏̂) × 𝒏̂, 𝝎𝑖̂ = 𝝎𝑖/|𝝎𝑖|. 

 

To use the approximate series, the included terms in the series are first loaded to the program. 

The rotation of each particle was traced as common practice in DEM simulations of non-

spherical particles. Therefore, when considering two particles in contact, θ and ϕ can be readily 

calculated. Then the corresponding series are used to calculate the overlap parameters. The 

program also caches the results in the last step, so if the variations of θ and ϕ are small the grid 

terms in (Eq. 7.14) may not need to be updated. 

The established DEM was used to simulate the packing of superellipses as listed in Figure 7-1. 

The parameters adopted in the DEM simulations are listed in Table 7-3. The material properties 

are the same as those used in previous studies of particle packing (Dong, K, Wang & Yu 2016; 

Dong, KJ, Wang, CC & Yu, AB 2015; Wang, C, Dong & Yu 2015). Packing was formed by 

randomly generating a given number of identical superellipses in a rectangular box of height 

150D and width 30D without any overlap and then settling the particles under gravity. The 

total area of each particle was the same for different superellipse shapes, but the number of 
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particles differed as the areas of these particles were different. The final packing heights were 

all about 45D. 

Table 7-3 List of parameters used in DEM simulation. 

Parameter Value 

Particle size (diameter of the circumscribed circle) D 5 mm 

Particle density, 𝜌𝑃 2.5 × 103kg/m3  

Particle number 1500–5000 

Young’s modulus, Y 107 Pa 

Poisson’s ratio 0.29 

Superellipse aspect ratio, 𝛼  1.0, 1.5, 2.0, 2.5, 3.0 

Superellipse squareness, η 1.5, 2.0, 2.5, 3.0 

Normal damping coefficient, 𝛾𝑛 0.3 

Tangential damping coefficient, 𝛾𝑡 0.3 

Sliding friction coefficient, 𝜇 0.05, 0.3, 0.5 

Rolling friction coefficient, 𝜇𝑟 0.005 

Time step, ∆𝑡 1.0 × 10−5𝑠  

 

 

7.3  Results and discussion 

7.3.1  DFT results 

Figure 7-5 shows the transformed terms for nx0 and ny1 for the same shape in Figure 7-4 in the 

descending order of |xpq|. It can be further seen that for all parameters, there are few 

distinguishing peaks, which reveals that it is applicable to filter low peak terms. 

 







200 

 

presented as absolute difference, while for 𝐧̂1 and 𝐧̂0 the errors are presented as absolute angle 

difference. Different λ was used in the figure. It can be seen that with λ = 0.02, the average 

error for the hmax prediction was below 0.006D and that for n1 was below 2 degrees, which are 

rather small and thus indicated that the approximations are accurate. It can also be seen that the 

error generally increased with an increase of α and deviation of η from 2.  

 

 

Figure 7-7  Comparison of hmax and nx0 calculated by the approximate series and the original 

data. Dashed line represents y = x. 
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nearly zero in the simulations. These results show that the explicit force model can present 

stable results without numerical divergence or diffusion. 

 
(a)                                     (b)                                         (c) 

                                     
(a-1)                                   (b-1)                                      (c-1) 

Figure 7-9 Simulated packing of superellipses: (a) η=1.5, α = 3.0; (b) η = 2.5 and α = 2.0; and 

(c) η =3.0, α = 1.0; a-1, b-1 and c-1 are the magnified centre regions of a, b and c respectively. 

The packing fraction, ρ, is calculated by the total volume of the particles divided by the total 

space they occupy. The total space is the product of packing height and container width. To 

mitigate the effect of boundaries, the top and bottom layers of 3D in a packing were discarded 

in the analysis. Figure 7-10a shows the packing fraction obtained by using different λ in the 

approximate series for different ellipses. Using λ = 0.01 and λ = 0.02, the results were very 

close, while using λ = 0.05, the results were more different than the other two series. 

Considering this and also the previous error analysis, λ = 0.02 was used in subsequent 

simulations. In addition, the packing fractions of ellipses were also compared with the previous 

data obtained from the FEM simulations (Guises et al. 2009). The simulation conditions were 

set as the same as in the reference, determined by: Young’s modulus 25.8 GPa; Poisson ratio 

0.17; particle density 2650 kg/m3; equivalent area sizes of particles 20 cm; and container width 

6 m. Figure 7-10b shows that using the approximate series with λ = 0.02, the simulated packing 
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Figure 7-14 Mean coordination number as a function of aspect ratio. Symbol shapes:  

△, η = 1.5; ●, η = 2.0;◇, η = 1.5, and ■, η = 3.0. Symbol colors: green, μ=0.05; red, μ=0.3; and 

blue,  μ=0.5. 

7.3.3  Discussion of the extension of the method 

Thus far, the proposed method has been applied to particles of the same shape and size. 

Theoretically, it can also be applied to particles of different shapes and sizes. For interactions 

between two types of particles, a database to store the overlap parameters with discretised 

orientation angles can be built, as was shown in a previous study (Dong, K, Wang, C & Yu, A 

2015). Then discrete Fourier transform can be applied to each database and simplified Fourier 

series can be obtained for different binary interactions. Figure 7-15 demonstrates simulation of 

the packing of a mixture of two types of superellipses: shape I with η = 3.0 and α = 1.0, and 

shape II with η = 1.5 and α = 3.0. Here, a new force database and related simplified Fourier 

series were developed for the interaction between shape I and shape II. Together with the 

previously obtained explicit force models for interactions between two shape I superellipses 

and between two shape II superellipses, the packing of the mixture was simulated. This 

simulation would be time-consuming if there were many different types of particles, either in 

size or shape. This problem may be tackled in future by combining the model with other 

methods, such as establishment of the relationship between overlap parameters and particle 

size ratio. Conversely, the method used here is much faster than using the CN method directly 

in the program (i.e., to solve (Eq. 7.9) when calculating each pair of particles for each time 

step). In the simulations undertaken in the present study, the method was generally 6–8 times 

faster. 
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Figure 7-15 Simulated packing of a binary mixture of superellipses: blue particles, η = 3.0, 

α = 1.0; white particles, η = 1.5, α = 3.0.  

 

7.4  Conclusions 

In the present study, a novel method was developed to establish explicit contact force models 

for superellipses. The method is based on discrete Fourier transform of the key overlap 

parameters as a function of orientation, and then transformed terms with magnitudes lower than 

a threshold were filtered in a corresponding inversed Fourier transform. The filtered inverse 

Fourier series was used to approximate the original data. 

The method was applied to a wide range of superellipse shapes. The approximate series were 

evaluated with different filtering thresholds. It was found that the series was quite accurate 

when fewer than 40 terms included. The proposed method, although applied to 2D particles 

here, can be extended to 3D shapes by using higher-order Fourier transform, which could be 

computational demand but such calculation is always an offline one-off calculation. In 

addition, Fourier series is demonstrated to be a good candidate for the general form of 

interparticle forces for non-spherical particles by naturally considering the effect of orientation. 

Therefore, the methodology can also be useful for other interaction problems for non-spherical 
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bodies, such as in biology where, in which Fourier series have been used to represent complex 

shapes (Shen, Farid & McPeek 2009). 

Here, the explicit force model has been implemented in DEM and used to simulate the packing 

of superellipses. It is shown that using the explicit force model the packing of the non-spherical 

particles can be stably simulated. The simulated packing fractions of the ellipses are in good 

agreement with the previous FEM simulations. The packing behaviors of superellipses are 

complicatedly dependent on the squareness, aspect ratio and friction of the particles. Generally 

when the squareness is close to 2, the effect of the aspect ratio on the packing of superellipses 

can be similar to that of ellipses or ellipsoids. However, with the squareness deviating more 

from 2.0, the packing features can be more similar to those of cylinders and polygons. The 

difference caused by the squareness can be more significant when the sliding friction 

coefficient increases. The results can improve our understanding on the packing of non-

spherical particles. 
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8.1  Conclusions 

The present study aimed to increase the understanding of the industrial screening process by 

using DEM simulation and machine learning modelling. Thus, the study focused on 

understanding the fundamentals of the complicated screening processes by investigating the 

process model with different controlling factors through particle-scale analysis. The particle-

scale analysis was also linked to several macroscopic models and screening processes such as 

percolation of particles under vibration, the local passing of particles from the screen, choking 

of screening, non-spherical shaped particles contact detection and packing and machine 

learning modelling. The computational and theoretical analyses as well as machine leaning 

helped to clarify the use of particle-scale analysis and screening processes in several areas. 

Conclusions from the study are as follows: 

• The percolation of small particles through a packed bed of large particles under 

vibration along the vertical direction was investigated by combining simulation and 

machine learning. For size ratios slightly larger than 0.154, vertical vibration enabled 

percolation that did not occur spontaneously. For size ratios smaller than the 

spontaneous threshold of 0.154, vertical vibration had an adverse effect on percolation. 

The percolation velocity decreased for the higher vibration amplitude and frequency. 

The radial movement of percolating particles in the vibrated bed also followed the radial 

dispersion model established for spontaneous percolation. Considering the effects of 

vibration conditions on percolation velocity, radial dispersion increased by vertical 

vibration when amplitude and frequency were small. There was a positive correlation 

between the radial dispersion coefficient and percolation velocity when percolation 

velocity was relatively high. These findings may help optimise the design of screening 

processes in various industries. Machine learning was also applied to the DEM 

simulated results to predict the percolation velocity and size ratio threshold. These 

results extended the previous spontaneous percolation theory to vibrated beds including 

the effects of vibration amplitude and frequency on percolation velocity under different 

size ratios. The relationship between the vertical motion and the horizontal motion of 

percolating particles in a vibrated bed can be used to guide and model related processes 

such as screening and sieving. Machine learning was also shown to be effective in the 

modelling of parameters proposed in current theories of particle segregation (sieving 

and mixing).  
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• A physics-informed machine learning process model was developed for an inclined 

vibrating screen and then applied to screens with different inclination angles, vibration 

conditions and different segments of the screen. Machine learning was used to construct 

a local passing function based on the particle size distribution of the inlet flow, vibration 

conditions and inclination angle of the segment. The data used for machine learning 

were obtained from numerical simulation. Considering the data model of the local 

passing function and the mass continuity between segments, a process model was 

developed. The process model was able to predict the overflow partition curve, which 

was in good agreement with the original simulated screen under different operational 

conditions. However, the model assessed the effects of the controlling variables on the 

sieving performance parameters more efficiently than DEM. If on-site training data 

were obtained, the model could be used for real applications. In addition, the model was 

found to be very flexible when handling different operational conditions in different 

parts of a screen. Therefore, it could be used to model complex multi-deck screens with 

different vibration conditions and/or different slopes at different decks. In constructing 

these different screens, the machine learning-based local passing function was found to 

be the same as that obtained from the original screen. The combination of DEM 

simulation, data modelling and process modelling could guide smart design and provide 

superior control of industrial screens. 

 

• A process model for the complicated multi-deck screen was proposed by combining the 

DEM and machine learning to provide detailed quantitative predictions for particles 

passing through the overall screen, each layer of the multi-deck screen and each 

segment of the screen layer. The machine learning and process model were able to 

optimise the inclined double-layer vibrating screen with various feeding scenarios, 

vibration conditions for both layers, changes of aperture shape and feeding of the 

bottom layer from the top layer and upper stream flow. The inlet for the bottom layer 

is the passing particles from the top layer as the upper stream particles flow to the lower 

decks. The proposed process model was further developed for double-layer screens to 

predict the local passing rate of particles. Machine learning modelling optimises the 

time-consuming simulation process by predicting results rapidly and accurately while 

considering the local passing of a double layer screen. The current machine learning 

model may help to predict the results without choking within the range of the training 
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dataset. The screen performance of the top layer decreased with the increase in vibration 

amplitude/frequency. Similarly, the bottom-layer screen performance increased with 

the increase in vibration frequency but decreased at higher values. Varied size particles 

and amounts affected the performance of the screening process and the process model 

worked well for result prediction. For the bottom layer, aperture size was smaller than 

the top layer and the performance of the screen was not effective when the feed 

contained mostly small undersize particles. Screen performance increased for mostly 

large or near-mesh-sized particles with the increase in vibrational frequency and 

amplitude. The data model showed the smart solution for complicated multi-deck 

screening. The process can be applicable to the other screens and granular processing. 

 

• A logical modelling of choking judgement of an inclined vibrating screen was proposed 

by combining the DEM and machine learning. Operational parameters of screening 

processes such as particle size, inlet and inclination angle were considered 

comprehensively to construct the logical function for choking judgement. The logical 

machine learning model can directly predict the choking judgement of screen under 

different operational conditions. The predicted results were in good agreement with 

DEM. However, the logical model can predict the threshold of controlling variables 

such as vibration conditions and feed ratio of different-sized particles for choking or 

non-choking of the screen. The logical machine learning model will help to minimise 

the computational duration and cost of screening process by predicting the decision 

before any screening. In addition, the logical model also shows a few vital observations 

for the choking of the screen. The screening process choked for the lower values of 

vibration conditions and the choking condition can be removed by increasing the 

vibration frequency and amplitude. Lower value of the inclination angle was not 

effective for the decks of the multi-deck screen. The combination of machine learning 

logical model and DEM is a smart way to find out the choking of the screening. A 

similar model can be applied to other granular processing industries for decision-

making purposes. 

 

• A novel contact force model was developed while considering the overlap and contact 

force between non-spherical particles. A Fourier series was proposed to establish 

explicit force models by fitting a comprehensive force database. The method was 

developed to establish an explicit contact force model for superellipses. The method 
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was based on discrete Fourier transform of the key overlap parameters as a function of 

orientation, and then filtering the transformed terms with magnitudes lower than a 

threshold in corresponding inversed Fourier transform. The method was applied to a 

wide range of superellipse shapes.  In addition, the Fourier series was demonstrated to 

be a good candidate for considering inter-particle forces between non-spherical 

particles by naturally accounting for the effect of particle orientation. The explicit force 

model was also implemented in the DEM and used to simulate the packing of 

superellipses. Using the explicit force model, simulation of non-spherical particle 

packing was demonstrated to be stable. These results improved our understanding of 

the packing of non-spherical particles and future screening process works. 

 

The current research demonstrates the particle scale analysis to understand the percolation of 

particle under vibration, process modelling of screening under various settings, logical doled 

of choking prediction of the screen, and contact force model of non-spherical particles. 

Moreover, numerical studies are also linked with machine learning to develop a smart way for 

results prediction. Such knowledge is critical for improving the design and control of many 

types of industrial sieving operations. 

 

8.2  Recommendations for future work 

In the present study, a comprehensive numerical and machine learning investigation was 

undertaken to enhance the understanding of the industrial screening process for granular 

materials. In this thesis, the machine learning models were applied to particle percolation 

processes (Chapter 3, paper published) and screening processes (Chapter 4 (paper published) 

and 5) and choking judgement modelling in Chapter 6. As a new method to combine machine 

learning and DEM simulation, the method can be extended to other similar processes. Based 

on this work, further studies are proposed: 

i. A process model of an inclined vibrating screen can be extended based on DEM and 

machine learning for non-spherical-shaped granular materials. Differently shaped 

particles will be considered as the feed. The passing of differently shaped particles 

along the screen will be analysed for local parts while considering the effects of 

vibration conditions, inclination angle and feeding variation.  
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ii. The concept from Chapter 5 can be applied to develop a process model of the multi-

deck screen for non-spherical shaped granular materials sieving while combining the 

DEM and machine learning. Differently shaped particles flowing along the screen 

layers will be considered as the feed. The sieving for differently shaped particles will 

be analysed under different vibration conditions, inclination angle and the threshold of 

passing along the screen.  

 

iii. Logical choking modelling for inclined double-layer vibrating screens can be applied 

based on DEM and machine learning. The particle shape and the cohesive force 

between wet fine particles will be considered. With the help of decision-making 

choking modelling, the choking judgement of a double-layer screen condition may be 

rapidly identified. This may enable the controlling variables to be fixed before 

simulation or empirical study.  

 

iv. Percolation of non-spherical shaped particles under vibration can be extended to 

understand stratification phenomena of screening with different shaped materials. 

Specifically, the percolation velocity, dispersion of particles, particle cohesion, 

vibration motion and aspect ratio threshold of non-spherical shaped particles for 

spontaneous and vibration percolation could be investigated with the help of DEM and 

machine learning.  

 

v. The findings of the present thesis can be used further in solving cohesive particles 

percolation under vibration conditions. The percolation velocity, dispersion of particles 

and size ratio threshold for spontaneous and vibration percolation could be investigated 

with the help of DEM and machine learning. 

 

vi. The screening process can be extended for coal preparation with the presence of clay. 

CFD-DEM coupling will be performed to investigate the particles passing under 

various controlling variables. Artificial intelligence modelling will be applied to predict 

the passing of particles and develop a smart design for the screening process. 

 

vii. Granular materials packing (black and red seed) analysis will be performed to find the 

loose and dense packing while combining DEM and artificial intelligence modelling. 
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Different parameters including particle size ratio and other particle shapes can be 

considered to generalize the technique. 

 

viii. The algorithm introduced in Chapter 7 (explicit contact force model) can be extended 

for ellipsoid particle packing by Fourier. Higher-order Fourier transform of 3D could 

be computationally demanding. However, such calculations are always important to 

understand the non-spherical shaped particle screening. The contact model can be 

applied to the particle percolation and screening process.   
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