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Abstract: 
 In this communication, introduce the split Mersenne and Mersenne-Lucas hybrid quaternions, also 

obtaining generating functions and Binet formulas for these hybrid quaternions and investigating some 

properties among them. 
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Introduction: 
 Number theory is one of the most 

fascinating fields in Mathematics. One can see a 

variety of problems
1,2

. In 1644, a French 

Mathematician, Marin Mersenne defined a number 

of the form  𝑀𝑛 ≡ 2𝑛 − 1, 𝑛 is an integer. 

Mersenne numbers are binary repunits. There have 

been many studies on the Mersenne sequences
 3

. 

The Mersenne - Lucas sequences are defined as  

𝑀𝐿𝑛 = 2𝑛 + 1, 𝑛 ≥ 2 with  𝑀𝐿0 = 2,  𝑀𝐿1 = 3 4. 
The hybrid numbers were introduced by Ozdemir 

5
 

in 2018 and it is a composition of dual, complex, 

hyperbolic numbers satisfying the relation         

𝑖ℎ = −ℎ𝑖 = 𝑖 + 𝜀  
6,7

. It is of the form 

ℋ = 𝑧0 + 𝑧1𝑖 + 𝑧2𝜀 + 𝑧3ℎ, 

where 𝑧0, 𝑧1, 𝑧2, 𝑧3 ∈ ℝ and 𝑖, 𝜀, ℎ are operators 

such that 𝑖2 = −1, 𝜀2 = 0, ℎ2 = 1. 
 In 1843, the Irish Mathematician, William 

Rowan Hamilton described quaternions as the 

quotient of two vectors in three-dimensional space 

represented as 𝒬 = 𝑎 + 𝑏𝑖 + 𝑐𝑗 + 𝑑𝑘, where 

𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝ and  𝑖2 = 𝑗2 = 𝑘2 = −1, 𝑖𝑗𝑘 = −1,
𝑖𝑗 = −𝑗𝑖 = 𝑘, 𝑗𝑘 = −𝑘𝑗 = 𝑖, 𝑘𝑖 = −𝑖𝑘 = 𝑗. 

Quaternions are non-commutative. For more details 

on quaternions, one can see 
8-10

. Note that, the split 

quaternions have been introduced by James    

Cockle 
11

  in 1849 and they form a four-dimensional 

non-commutative, associative algebra over the real 

numbers with bases 1, i, j, k  has the form         

𝑞 = 𝑎0 + 𝑎1i + 𝑎2j + 𝑎3k, where 𝑎0, 𝑎1, 𝑎2, 𝑎3 ∈ ℝ 

and i2 = −1, j2 = 𝑘2 = 𝑖𝑗𝑘 = 1, ij = −ji = k,
jk = −kj = −i, ki = −ik = j 12

. Our interest 

centers on associating split quaternions and hybrid 

numbers on the Mersenne and Mersenne-Lucas 

sequences. 

Preliminaries: 

Definition. 1: The Mersenne quaternions and 

Mersenne-Lucas quaternions are defined by 

𝑀�̃� = 𝑀𝑛 + 𝑖𝑀𝑛+1 + 𝑗𝑀𝑛+2 + 𝑘𝑀𝑛+3 

𝑀𝐿�̃� = 𝑀𝐿𝑛 + 𝑖𝑀𝐿𝑛+1 + 𝑗𝑀𝐿𝑛+2

+ 𝑘𝑀𝐿𝑛+3 

Definition. 2: The split Mersenne quaternions and 

split Mersenne-Lucas quaternions are defined as 

𝑆𝑀�̃� = ∑ 𝑀𝑛+𝑠ℯ𝑠
3
𝑠=0   

and  

𝑆𝑀𝐿�̃� = ∑ 𝑀𝐿𝑛+𝑠ℯ𝑠

3

𝑠=0

 

Definition. 3: Binet’s formula for split Mersenne 

quaternions and split Mersenne-Lucas quaternions 

have the form 

𝑆𝑀�̃� = 2𝑛𝒜 − ℬ and 𝑆𝑀𝐿�̃� = 2𝑛𝒜 + ℬ 

where 𝒜 = ∑ 2𝑠ℯ𝑠
3
𝑠=0 , ℬ = ∑ ℯ𝑠

3
𝑠=0  

Definition. 4: The Mersenne hybrid numbers and 

Mersenne-Lucas hybrid numbers are defined as 

𝑀ℋ𝑛 = 𝑀𝑛 + 𝑖𝑀𝑛+1 + 𝜀𝑀𝑛+2 + ℎ𝑀𝑛+3 
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           𝑀𝐿ℋ𝑛 = 𝑀𝐿𝑛 + 𝑖𝑀𝐿𝑛+1 + 𝜀𝑀𝐿𝑛+2 +
                               ℎ𝑀𝐿𝑛+3   

where 𝑖, 𝜀, ℎ are hybrid units. 

Definition. 5: For 𝑛 ≥ 0, the 𝑛th split Mersenne 

hybrid quaternion sequence {𝑆𝑀ℋ𝑛
̃ }  is defined by 

𝑆𝑀ℋ𝑛
̃ = 𝑀ℋ𝑛ℯ0 + 𝑀ℋ𝑛+1ℯ1 + 𝑀ℋ𝑛+2ℯ2 +

                  𝑀ℋ𝑛+3ℯ3   

             = (𝑀𝑛 + 𝑖𝑀𝑛+1 + 𝜀𝑀𝑛+2 + ℎ𝑀𝑛+3)ℯ0 

                 +(𝑀𝑛+1 + 𝑖𝑀𝑛+2 + 𝜀𝑀𝑛+3 + ℎ𝑀𝑛+4)ℯ1 

                 +(𝑀𝑛+2 + 𝑖𝑀𝑛+3 + 𝜀𝑀𝑛+4 + ℎ𝑀𝑛+5)ℯ2 

                 +(𝑀𝑛+3 + 𝑖𝑀𝑛+4 + 𝜀𝑀𝑛+5 + ℎ𝑀𝑛+6)ℯ3 

where 𝑖, 𝜀, ℎ are hybrid units and ℯ0, ℯ1, ℯ2, ℯ3, are 

split quaternion basis. 

The split Mersenne hybrid quaternions can be 

rewritten by 

𝑆𝑀ℋ𝑛
̃ = 𝑆𝑀�̃� + 𝑖𝑆𝑀𝑛+1

̃ +  𝜀𝑆𝑀𝑛+2
̃ + ℎ𝑆𝑀𝑛+3

̃  

Definition. 6: The 𝑛th split Mersenne-Lucas hybrid 

quaternion sequence {𝑆𝑀𝐿ℋ𝑛
̃ } is defined as  

𝑆𝑀𝐿ℋ𝑛
̃ = 𝑀𝐿ℋ𝑛ℯ0 + 𝑀𝐿ℋ𝑛+1ℯ1 + 𝑀𝐿ℋ𝑛+2ℯ2 +

                     𝑀𝐿ℋ𝑛+3ℯ3  

= (𝑀𝐿𝑛 + 𝑖𝑀𝐿𝑛+1 + 𝜀𝑀𝐿𝑛+2 + ℎ𝑀𝐿𝑛+3)ℯ0 

    +(𝑀𝐿𝑛+1 + 𝑖𝑀𝐿𝑛+2 + 𝜀𝑀𝐿𝑛+3 + ℎ𝑀𝐿𝑛+4)ℯ1 

    +(𝑀𝐿𝑛+2 + 𝑖𝑀𝐿𝑛+3 + 𝜀𝑀𝐿𝑛+4 + ℎ𝑀𝐿𝑛+5)ℯ2 

    +(𝑀𝐿𝑛+3 + 𝑖𝑀𝐿𝑛+4 + 𝜀𝑀𝐿𝑛+5 + ℎ𝑀𝐿𝑛+6)ℯ3 

where 𝑖, 𝜀, ℎ are hybrid units and ℯ0, ℯ1, ℯ2, ℯ3 are 

split quaternion basis. 

The split Mersenne hybrid quaternions can be 

rewritten by 

𝑆𝑀𝐿ℋ𝑛
̃

= 𝑆𝑀𝐿�̃� + 𝑖𝑆𝑀𝐿𝑛+1
̃

+  𝜀𝑆𝑀𝐿𝑛+2
̃ + ℎ𝑆𝑀𝐿𝑛+3

̃  

Definition. 7: For n ≥ 0, Binet’s formulas for the 

split Mersenne hybrid quaternions and split 

Mersenne-Lucas hybrid quaternions are 

 𝑆𝑀ℋ𝑛
̃ = 2𝑛𝛼∗𝒜 − 𝛽∗ℬ   and   

 𝑆𝑀𝐿ℋ𝑛
̃ = 2𝑛𝛼∗𝒜 + 𝛽∗ℬ 

where 𝒜 = ∑ 2𝑠ℯ𝑠
3
𝑠=0 , ℬ = ∑ ℯ𝑠

3
𝑠=0 , 

𝛼∗ = (1 + 2𝑖 + 22𝜖 + 23ℎ),   

𝛽∗ = (1 + 𝑖 + 𝜖 + ℎ). 

Theorem. 1: The generating functions for the split 

Mersenne hybrid quaternions and the split 

Mersenne-Lucas hybrid quaternions are 

𝑓(𝑡) =
𝑆𝑀ℋ0

̃ (1−3𝑡)+𝑆𝑀ℋ1
̃ 𝑡

1−3𝑡+2𝑡2   

and 

𝑔(𝑡) =
𝑆𝑀𝐿ℋ0

̃ (1−3𝑡)+𝑆𝑀𝐿ℋ1
̃ 𝑡

1−3𝑡+2𝑡2   

Proof: Let  𝑓(𝑡) = ∑ 𝑆𝑀ℋ𝑛
̃ 𝑡𝑛∞

𝑛=0  

Multiplying this equation by 1, 3𝑡, 2𝑡2 respectively 

and summing these equations, 

(1 − 3𝑡 + 2𝑡2)𝑓(𝑡) 

= 𝑆𝑀ℋ0
̃ + (𝑆𝑀ℋ1

̃ − 3𝑆𝑀ℋ0
̃ )𝑡

+ (𝑆𝑀ℋ2
̃ − 3𝑆𝑀ℋ1

̃

+ 2𝑆𝑀ℋ0
̃ )𝑡2

+ (𝑆𝑀ℋ3
̃ − 3𝑆𝑀ℋ2

̃

+ 2𝑆𝑀ℋ1
̃ )𝑡3  + ⋯

+ (𝑆𝑀ℋ𝑛
̃ − 3𝑆𝑀ℋ𝑛−1

̃

+ 2𝑆𝑀ℋ𝑛−2
̃ )𝑡𝑛 

= 𝑆𝑀ℋ0
̃ + (𝑆𝑀ℋ1

̃ − 3𝑆𝑀ℋ0
̃ )𝑡

+ ∑(𝑆𝑀ℋ𝑛
̃ − 3𝑆𝑀ℋ𝑛−1

̃

∞

𝑛=2

+ 2𝑆𝑀ℋ𝑛−2
̃ )𝑡𝑛 

𝑓(𝑡) =
𝑆𝑀ℋ0

̃ (1−3𝑡)+𝑆𝑀ℋ1
̃ 𝑡

1−3𝑡+2𝑡2  is the generating function 

for the split Mersenne hybrid quaternions. 

And let 𝑔(𝑡) = ∑ 𝑆𝑀𝐿ℋ𝑛
̃ 𝑡𝑛∞

𝑛=0  

Multiplying this equation by 1, 3𝑡, 2𝑡2 respectively 

and summing these equations,  

(1 − 3𝑡 + 2𝑡2)𝑔(𝑡) 

= 𝑆𝑀𝐿ℋ0
̃ + (𝑆𝑀𝐿ℋ1

̃ − 3𝑆𝑀𝐿ℋ0
̃ )𝑡

+ ∑(𝑆𝑀𝐿ℋ𝑛
̃

∞

𝑛=2

− 3𝑆𝑀𝐿ℋ𝑛−1
̃

+ 2𝑆𝑀𝐿ℋ𝑛−2
̃ )𝑡𝑛 

𝑔(𝑡) =
𝑆𝑀𝐿ℋ0

̃ (1−3𝑡)+𝑆𝑀𝐿ℋ1
̃ 𝑡

1−3𝑡+2𝑡2  is the generating 

function for split Mersenne-Lucas hybrid 

quaternions. 

Theorem. 2: Let  𝑚, 𝑛 be any positive integers and 

𝑚 ≥ 𝑛 then 

i. 𝑆𝑀ℋ�̃�𝑆𝑀𝐿ℋ𝑛
̃ + 𝑆𝑀𝐿ℋ𝑚

̃ 𝑆𝑀ℋ𝑛
̃ =

2[2𝑚+𝑛(𝛼∗)2(𝒜)2 − (𝛽∗)2(ℬ)2] 

ii. 𝑆𝑀ℋ�̃�𝑆𝑀𝐿ℋ𝑛
̃ − 𝑆𝑀𝐿ℋ𝑚

̃ 𝑆𝑀ℋ𝑛
̃ =

2𝑛+1[2𝑚−𝑛𝛼∗𝛽∗𝒜ℬ − 𝛽∗𝛼∗ℬ𝒜] 
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Proof: 

i. 𝑆𝑀ℋ�̃�𝑆𝑀𝐿ℋ𝑛
̃ + 𝑆𝑀𝐿ℋ𝑚

̃ 𝑆𝑀ℋ𝑛
̃  

= (2𝑚𝛼∗𝒜 − 𝛽∗ℬ)(2𝑛𝛼∗𝒜 + 𝛽∗ℬ)
+ (2𝑚𝛼∗𝒜
+ 𝛽∗ℬ)(2𝑛𝛼∗𝒜 − 𝛽∗ℬ) 

= 2𝑚+𝑛(𝛼∗)2(𝒜)2 − 2𝑛𝛽∗𝛼∗ℬ𝒜
+ 2𝑚𝛼∗𝛽∗𝒜ℬ
− (𝛽∗)2(ℬ)2

+ 2𝑚+𝑛(𝛼∗)2(𝒜)2

− (𝛽∗)2(ℬ)2

+ 2𝑛𝛽∗𝛼∗ℬ𝒜
− 2𝑚𝛼∗𝛽∗𝒜ℬ 

= 2[2𝑚+𝑛(𝛼∗)2(𝒜)2 − (𝛽∗)2(ℬ)2] 

ii. 𝑆𝑀ℋ�̃�𝑆𝑀𝐿ℋ𝑛
̃ − 𝑆𝑀𝐿ℋ𝑚

̃ 𝑆𝑀ℋ𝑛
̃  

= (2𝑚𝛼∗𝒜 − 𝛽∗ℬ)(2𝑛𝛼∗𝒜 + 𝛽∗ℬ)
− (2𝑚𝛼∗𝒜
+ 𝛽∗ℬ)(2𝑛𝛼∗𝒜 − 𝛽∗ℬ) 

= 2𝑚+𝑛(𝛼∗)2(𝒜)2 − 2𝑛𝛽∗𝛼∗ℬ𝒜
+ 2𝑚𝛼∗𝛽∗𝒜ℬ
− (𝛽∗)2(ℬ)2

− 2𝑚+𝑛(𝛼∗)2(𝒜)2

+ (𝛽∗)2(ℬ)2

− 2𝑛𝛽∗𝛼∗ℬ𝒜
+ 2𝑚𝛼∗𝛽∗𝒜ℬ 

= 2𝑛+1[2𝑚−𝑛𝛼∗𝛽∗𝒜ℬ − 𝛽∗𝛼∗ℬ𝒜] 

Theorem. 3: Let  𝑚, 𝑛 be any positive integers then 

𝑆𝑀ℋ�̃�𝑆𝑀𝐿ℋ𝑛
̃ + 𝑆𝑀ℋ𝑛

̃ 𝑆𝑀𝐿ℋ𝑚
̃

= 2[2𝑚+𝑛(𝛼∗)2(𝒜)2

− (𝛽∗)2(ℬ)2]
− 2𝑛𝑀𝐿𝑚−𝑛(𝛽∗𝛼∗ℬ𝒜
− 𝛼∗𝛽∗𝒜ℬ) 

Proof: 

𝑆𝑀ℋ�̃�𝑆𝑀𝐿ℋ𝑛
̃ + 𝑆𝑀ℋ𝑛

̃ 𝑆𝑀𝐿ℋ𝑚
̃  

= (2𝑚𝛼∗𝒜 − 𝛽∗ℬ)(2𝑛𝛼∗𝒜 + 𝛽∗ℬ)
+ (2𝑛𝛼∗𝒜
− 𝛽∗ℬ)(2𝑚𝛼∗𝒜 + 𝛽∗ℬ) 

= 2𝑚+𝑛+1(𝛼∗)2(𝒜)2 − 2𝑛𝛽∗𝛼∗ℬ𝒜(1
− 2𝑚−𝑛) + 2𝑛𝛼∗𝛽∗𝒜ℬ(1
+ 2𝑚−𝑛) − 2(𝛽∗)2(ℬ)2 

= 2[2𝑚+𝑛(𝛼∗)2(𝒜)2 − (𝛽∗)2(ℬ)2]
− 2𝑛𝑀𝐿𝑚−𝑛(𝛽∗𝛼∗ℬ𝒜
− 𝛼∗𝛽∗𝒜ℬ) 

 

 

Theorem. 4: Let 𝑛 be any positive integer then 

𝑆𝑀𝐿ℋ𝑛
̃ 2

− 𝑆𝑀ℋ𝑛
̃ 2

= 2𝑛+1[𝛼∗𝛽∗𝒜ℬ + 𝛽∗𝛼∗ℬ𝒜] 

Proof:  

𝑆𝑀𝐿ℋ𝑛
̃ 2

− 𝑆𝑀ℋ𝑛
̃ 2

 

= (2𝑛𝛼∗𝒜 + 𝛽∗ℬ)2 − (2𝑛𝛼∗𝒜 − 𝛽∗ℬ)2 

= (2𝑛𝛼∗𝒜 + 𝛽∗ℬ)(2𝑛𝛼∗𝒜 + 𝛽∗ℬ)
− (2𝑛𝛼∗𝒜
− 𝛽∗ℬ)(2𝑛𝛼∗𝒜 − 𝛽∗ℬ) 

= 22𝑛(𝛼∗)2(𝒜)2 − 2𝑛𝛽∗𝛼∗ℬ𝒜
+ 2𝑛𝛼∗𝛽∗𝒜ℬ
+ (𝛽∗)2(ℬ)2

− 22𝑛(𝛼∗)2(𝒜)2

− (𝛽∗)2(ℬ)2

+ 2𝑛𝛽∗𝛼∗ℬ𝒜
+ 2𝑛𝛼∗𝛽∗𝒜ℬ 

= 2𝑛+1𝛼∗𝛽∗𝒜ℬ − 2𝑛+1𝛽∗𝛼∗ℬ𝒜 

= 2𝑛+1[𝛼∗𝛽∗𝒜ℬ + 𝛽∗𝛼∗ℬ𝒜] 

Theorem. 5: Let 𝑛, 𝑖, 𝑗 be any positive integers then 

i. 𝑆𝑀ℋ𝑛+𝑖
̃ 𝑆𝑀ℋ𝑛+𝑗

̃ − 𝑆𝑀ℋ𝑛
̃ 𝑆𝑀ℋ𝑛+𝑖+𝑗

̃ =

2𝑛𝑀𝑖(2𝑗𝛽∗𝛼∗ℬ𝒜 − 𝛼∗𝛽∗𝒜ℬ) 

ii. 𝑆𝑀𝐿ℋ𝑛+𝑖
̃ 𝑆𝑀𝐿ℋ𝑛+𝑗

̃ −

𝑆𝑀𝐿ℋ𝑛
̃ 𝑆𝑀𝐿ℋ𝑛+𝑖+𝑗

̃ = 2𝑛𝑀𝑖(𝛼∗𝛽∗𝒜ℬ −

2𝑗𝛽∗𝛼∗ℬ𝒜) 

Proof: 

i. 𝑆𝑀ℋ𝑛+𝑖
̃ 𝑆𝑀ℋ𝑛+𝑗

̃ − 𝑆𝑀ℋ𝑛
̃ 𝑆𝑀ℋ𝑛+𝑖+𝑗

̃  

= (2𝑛+𝑖𝛼∗𝒜 − 𝛽∗ℬ)(2𝑛+𝑗𝛼∗𝒜

− 𝛽∗ℬ)

− (2𝑛𝛼∗𝒜 − 𝛽∗ℬ)(2𝑛+𝑖+𝑗𝛼∗𝒜

− 𝛽∗ℬ) 

= −2𝑛𝛼∗𝛽∗𝒜ℬ(2𝑖 − 1)
+ 2𝑛+𝑗𝛽∗𝛼∗ℬ𝒜(2𝑖 − 1) 

= 2𝑛𝑀𝑖(2𝑗𝛽∗𝛼∗ℬ𝒜 − 𝛼∗𝛽∗𝒜ℬ) 

 

ii. 𝑆𝑀𝐿ℋ𝑛+𝑖
̃ 𝑆𝑀𝐿ℋ𝑛+𝑗

̃ − 𝑆𝑀𝐿ℋ𝑛
̃ 𝑆𝑀𝐿ℋ𝑛+𝑖+𝑗

̃  

= (2𝑛+𝑖𝛼∗𝒜 + 𝛽∗ℬ)(2𝑛+𝑗𝛼∗𝒜

+ 𝛽∗ℬ)

− (2𝑛𝛼∗𝒜 + 𝛽∗ℬ)(2𝑛+𝑖+𝑗𝛼∗𝒜

+ 𝛽∗ℬ) 

= 2𝑛𝛼∗𝛽∗𝒜ℬ(2𝑖 − 1)

− 2𝑛+𝑗𝛽∗𝛼∗ℬ𝒜(2𝑖 − 1) 

= 2𝑛𝑀𝑖(𝛼∗𝛽∗𝒜ℬ − 2𝑗𝛽∗𝛼∗ℬ𝒜) 

 



Open Access     Baghdad Science Journal                                 P-ISSN: 2078-8665 

2023, 20(1 Special Issue) ICAAM: 311-317                                                            E-ISSN: 2411-7986 

 

314 
 

Theorem. 6: Let 𝑚, 𝑛 be any positive integers then 

i. 𝑆𝑀ℋ𝑚−1
̃ 𝑆𝑀ℋ𝑛

̃ + 𝑆𝑀ℋ�̃�𝑆𝑀ℋ𝑛+1
̃ =

2𝑚+𝑛−1𝑀𝐿2(𝛼∗)2(𝒜)2 −
2𝑛𝑀𝐿1𝛽∗𝛼∗ℬ𝒜 − 2𝑚−1𝑀𝐿1𝛼∗𝛽∗𝒜ℬ +
2(𝛽∗)2(ℬ)2 

ii. 𝑆𝑀𝐿ℋ𝑚−1
̃ 𝑆𝑀𝐿ℋ𝑛

̃ + 𝑆𝑀𝐿ℋ𝑚
̃ 𝑆𝑀𝐿ℋ𝑛+1

̃ =
2𝑚+𝑛−1𝑀𝐿2(𝛼∗)2(𝒜)2 +
2𝑛𝑀𝐿1𝛽∗𝛼∗ℬ𝒜 + 2𝑚−1𝑀𝐿1𝛼∗𝛽∗𝒜ℬ +
2(𝛽∗)2(ℬ)2 

Proof: 

i. 𝑆𝑀ℋ𝑚−1
̃ 𝑆𝑀ℋ𝑛

̃ + 𝑆𝑀ℋ�̃�𝑆𝑀ℋ𝑛+1
̃  

= (2𝑚−1𝛼∗𝒜 − 𝛽∗ℬ)(2𝑛𝛼∗𝒜
− 𝛽∗ℬ)
+ (2𝑚𝛼∗𝒜
− 𝛽∗ℬ)(2𝑛+1𝛼∗𝒜
− 𝛽∗ℬ) 

= 2𝑚+𝑛−1(𝛼∗)2(𝒜)2(22 + 1)
− 2𝑛𝛽∗𝛼∗ℬ𝒜(2
+ 1)
− 2𝑚−1𝛼∗𝛽∗𝒜ℬ(2
+ 1)
+ 2(𝛽∗)2(ℬ)2 

= 2𝑚+𝑛−1𝑀𝐿2(𝛼∗)2(𝒜)2

− 2𝑛𝑀𝐿1𝛽∗𝛼∗ℬ𝒜
− 2𝑚−1𝑀𝐿1𝛼∗𝛽∗𝒜ℬ
+ 2(𝛽∗)2(ℬ)2 

 

ii. 𝑆𝑀𝐿ℋ𝑚−1
̃ 𝑆𝑀𝐿ℋ𝑛

̃ + 𝑆𝑀𝐿ℋ𝑚
̃ 𝑆𝑀𝐿ℋ𝑛+1

̃  

= (2𝑚−1𝛼∗𝒜 + 𝛽∗ℬ)(2𝑛𝛼∗𝒜
+ 𝛽∗ℬ)
+ (2𝑚𝛼∗𝒜
+ 𝛽∗ℬ)(2𝑛+1𝛼∗𝒜
+ 𝛽∗ℬ) 

= 2𝑚+𝑛−1(𝛼∗)2(𝒜)2(22 + 1)
− 2𝑛𝛽∗𝛼∗ℬ𝒜(2
+ 1)
− 2𝑚−1𝛼∗𝛽∗𝒜ℬ(2
+ 1)
+ 2(𝛽∗)2(ℬ)2 

= 2𝑚+𝑛−1𝑀𝐿2(𝛼∗)2(𝒜)2        
+ 2𝑛𝑀𝐿1𝛽∗𝛼∗ℬ𝒜
+ 2𝑚−1𝑀𝐿1𝛼∗𝛽∗𝒜ℬ
+ 2(𝛽∗)2(ℬ)2 

Theorem. 7: Let 𝑛, 𝑟, 𝑠 be any positive integers 

then 

𝑆𝑀ℋ𝑛+𝑟
̃ 𝑆𝑀𝐿ℋ𝑛+𝑠

̃ − 𝑆𝑀ℋ𝑛+𝑠
̃ 𝑆𝑀𝐿ℋ𝑛+𝑟

̃

= 2𝑛(𝑀𝑟 − 𝑀𝑠)[𝛼∗𝛽∗𝒜ℬ
+ 𝛽∗𝛼∗ℬ𝒜] 

Proof: 

𝑆𝑀ℋ𝑛+𝑟
̃ 𝑆𝑀𝐿ℋ𝑛+𝑠

̃ − 𝑆𝑀ℋ𝑛+𝑠
̃ 𝑆𝑀𝐿ℋ𝑛+𝑟

̃  

= (2𝑛+𝑟𝛼∗𝒜 − 𝛽∗ℬ)(2𝑛+𝑠𝛼∗𝒜 + 𝛽∗ℬ)
− (2𝑛+𝑠𝛼∗𝒜
− 𝛽∗ℬ)(2𝑛+1𝛼∗𝒜 + 𝛽∗ℬ) 

= 22𝑛+𝑟+𝑠(𝛼∗)2(𝒜)2 − 2𝑛+𝑠𝛽∗𝛼∗ℬ𝒜
+ 2𝑛+𝑟𝛼∗𝛽∗𝒜ℬ
− (𝛽∗)2(ℬ)2

− 22𝑛+𝑟+𝑠(𝛼∗)2(𝒜)2

+ (𝛽∗)2(ℬ)2

+ 2𝑛+𝑟𝛽∗𝛼∗ℬ𝒜
− 2𝑛+𝑠𝛼∗𝛽∗𝒜ℬ 

= 2𝑛[𝛼∗𝛽∗𝒜ℬ(2𝑟 − 2𝑠) + 𝛽∗𝛼∗ℬ𝒜(2𝑟

− 2𝑠)] 

= 2𝑛[𝛼∗𝛽∗𝒜ℬ + 𝛽∗𝛼∗ℬ𝒜](2𝑟 − 2𝑠 − 1
+ 1) 

= 2𝑛(𝑀𝑟 − 𝑀𝑠)[𝛼∗𝛽∗𝒜ℬ + 𝛽∗𝛼∗ℬ𝒜] 

Theorem. 8: (Catalan’s Identity) Let 𝑛 ≥ 0, 𝑟 ≥ 0 

be integers such that 𝑟 ≤ 𝑛 then 

𝑆𝑀ℋ𝑛+𝑟
̃ 𝑆𝑀ℋ𝑛−𝑟

̃ − 𝑆𝑀ℋ𝑛
̃ 2

= 2𝑛−𝑟𝑀𝑟[𝛽∗𝛼∗ℬ𝒜
− 2𝑟𝛼∗𝛽∗𝒜ℬ] 

𝑆𝑀𝐿ℋ𝑛+𝑟
̃ 𝑆𝑀𝐿ℋ𝑛−𝑟

̃ − 𝑆𝑀𝐿ℋ𝑛
̃ 2

= 2𝑛−𝑟𝑀𝑟[2𝑟𝛼∗𝛽∗𝒜ℬ
− 𝛽∗𝛼∗ℬ𝒜] 

where 𝒜 = ∑ 2𝑠𝑒𝑠
3
𝑠=0 , ℬ = ∑ 𝑒𝑠

3
𝑠=0  

Proof: 

𝑆𝑀ℋ𝑛+𝑟
̃ 𝑆𝑀ℋ𝑛−𝑟

̃ − 𝑆𝑀ℋ𝑛
̃ 2

 

= (2𝑛+𝑟𝛼∗𝒜 − 𝛽∗ℬ)(2𝑛−𝑟𝛼∗𝒜 − 𝛽∗ℬ)
− (2𝑛𝛼∗𝒜
− 𝛽∗ℬ)(2𝑛𝛼∗𝒜 − 𝛽∗ℬ) 

= 2𝑛𝛼∗𝛽∗𝒜ℬ(1 − 2𝑟) − 2𝑛−𝑟𝛽∗𝛼∗ℬ𝒜(1
− 2𝑟) 

= 2𝑛−𝑟𝛽∗𝛼∗ℬ𝒜𝑀𝑟 − 2𝑛𝛼∗𝛽∗𝒜ℬ𝑀𝑟 

= 2𝑛−𝑟𝑀𝑟[𝛽∗𝛼∗ℬ𝒜 − 2𝑟𝛼∗𝛽∗𝒜ℬ] 

𝑆𝑀𝐿ℋ𝑛+𝑟
̃ 𝑆𝑀𝐿ℋ𝑛−𝑟

̃ − 𝑆𝑀𝐿ℋ𝑛
̃ 2

 

= (2𝑛+𝑟𝛼∗𝒜 + 𝛽∗ℬ)(2𝑛−𝑟𝛼∗𝒜 + 𝛽∗ℬ)
− (2𝑛𝛼∗𝒜
+ 𝛽∗ℬ)(2𝑛𝛼∗𝒜 + 𝛽∗ℬ) 

= −2𝑛𝛼∗𝛽∗𝒜ℬ(1 − 2𝑟)
+ 2𝑛−𝑟𝛽∗𝛼∗ℬ𝒜(1 − 2𝑟) 

= 2𝑛𝛼∗𝛽∗𝒜ℬ𝑀𝑟 − 2𝑛−𝑟𝛽∗𝛼∗ℬ𝒜𝑀𝑟 

= 2𝑛−𝑟𝑀𝑟[2𝑟𝛼∗𝛽∗𝒜ℬ − 𝛽∗𝛼∗ℬ𝒜] 
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Theorem. 9: (Cassini’s Identity) For any integer  

𝑛 ≥ 0, 

𝑆𝑀ℋ𝑛+1
̃ 𝑆𝑀ℋ𝑛−1

̃ − 𝑆𝑀ℋ𝑛
̃ 2

= 2𝑛−1[𝛽∗𝛼∗ℬ𝒜
− 2𝛼∗𝛽∗𝒜ℬ] 

𝑆𝑀𝐿ℋ𝑛+1
̃ 𝑆𝑀𝐿ℋ𝑛−1

̃ − 𝑆𝑀𝐿ℋ𝑛
̃ 2

= 2𝑛−1[2𝛼∗𝛽∗𝒜ℬ
− 𝛽∗𝛼∗ℬ𝒜] 

Proof:  By substituting 𝑟 = 1 in Catalan’s identity, 

these results are obtained. 

Theorem. 10: (d’Ocagne’s Identity) Let 𝑚, 𝑛 be 

any positive integers then 

𝑆𝑀ℋ�̃�𝑆𝑀ℋ𝑛+1
̃ − 𝑆𝑀ℋ𝑚+1

̃ 𝑆𝑀ℋ𝑛
̃

= 2𝑚𝛼∗𝛽∗𝒜ℬ
− 2𝑛𝛽∗𝛼∗ℬ𝒜 

𝑆𝑀𝐿ℋ𝑚
̃ 𝑆𝑀𝐿ℋ𝑛+1

̃ − 𝑆𝑀𝐿ℋ𝑚+1
̃ 𝑆𝑀𝐿ℋ𝑛

̃

= 2𝑛𝛽∗𝛼∗ℬ𝒜
− 2𝑚𝛼∗𝛽∗𝒜ℬ 

Proof: 

𝑆𝑀ℋ�̃�𝑆𝑀ℋ𝑛+1
̃ − 𝑆𝑀ℋ𝑚+1

̃ 𝑆𝑀ℋ𝑛
̃  

= (2𝑚𝛼∗𝒜 − 𝛽∗ℬ)(2𝑛+1𝛼∗𝒜 − 𝛽∗ℬ)
− (2𝑚+1𝛼∗𝒜
− 𝛽∗ℬ)(2𝑛𝛼∗𝒜 − 𝛽∗ℬ) 

= 2𝑛𝛽∗𝛼∗ℬ𝒜(1 − 2)
− 2𝑚𝛼∗𝛽∗𝒜ℬ(1 − 2) 

= 2𝑚𝛼∗𝛽∗𝒜ℬ − 2𝑛𝛽∗𝛼∗ℬ𝒜 

𝑆𝑀𝐿ℋ𝑚
̃ 𝑆𝑀𝐿ℋ𝑛+1

̃ − 𝑆𝑀𝐿ℋ𝑚+1
̃ 𝑆𝑀𝐿ℋ𝑛

̃  

= (2𝑚𝛼∗𝒜 + 𝛽∗ℬ)(2𝑛+1𝛼∗𝒜 + 𝛽∗ℬ)
− (2𝑚+1𝛼∗𝒜
+ 𝛽∗ℬ)(2𝑛𝛼∗𝒜 + 𝛽∗ℬ) 

= 2𝑛𝛽∗𝛼∗ℬ𝒜(2 − 1)
− 2𝑚𝛼∗𝛽∗𝒜ℬ(2 − 1) 

= 2𝑛𝛽∗𝛼∗ℬ𝒜 − 2𝑚𝛼∗𝛽∗𝒜ℬ 

Theorem. 11: The recurrence relation for 𝑛th split 

Mersenne hybrid quaternions and split Mersenne-

Lucas hybrid quaternions are 

𝑆𝑀ℋ𝑛
̃ = 3𝑆𝑀ℋ𝑛−1

̃ − 2𝑆𝑀ℋ𝑛−2
̃  

and 

𝑆𝑀𝐿ℋ𝑛
̃ = 3𝑆𝑀𝐿ℋ𝑛−1

̃ − 2𝑆𝑀𝐿ℋ𝑛−2
̃  

Proof: 

3𝑆𝑀ℋ𝑛−1
̃ − 2𝑆𝑀ℋ𝑛−2

̃  

= 3(𝑀ℋ𝑛−1ℯ0 + 𝑀ℋ𝑛ℯ1 + 𝑀ℋ𝑛+1ℯ2

+ 𝑀ℋ𝑛+2ℯ3)
− 2(𝑀ℋ𝑛−2ℯ0

+ 𝑀ℋ𝑛−1ℯ1 + 𝑀ℋ𝑛ℯ2

+ 𝑀ℋ𝑛ℯ3) 

= (3𝑀ℋ𝑛−1 − 2𝑀ℋ𝑛−2)ℯ0

+ (3𝑀ℋ𝑛 − 2𝑀ℋ𝑛−1)ℯ1

+ (3𝑀ℋ𝑛+1 − 2𝑀ℋ𝑛)ℯ2

+ (3𝑀ℋ𝑛+2

− 2𝑀ℋ𝑛+1)ℯ3 

   = 𝑀ℋ𝑛ℯ0 + 𝑀ℋ𝑛+1ℯ1 + 𝑀ℋ𝑛+2ℯ2 +
                    𝑀ℋ𝑛+3ℯ3 

= 𝑆𝑀ℋ𝑛
̃  

Similarly, 𝑆𝑀𝐿ℋ𝑛
̃ = 3𝑆𝑀𝐿ℋ𝑛−1

̃ − 2𝑆𝑀𝐿ℋ𝑛−2
̃  

Theorem. 12: Let 𝑆𝑀ℋ𝑛
̃  be the 𝑛th split Mersenne 

hybrid quaternions then 

i. ∑ 𝑆𝑀ℋ𝑛
̃𝑛

𝑚=2 = 2(𝑆𝑀ℋ𝑛−1 −̃ 𝑆𝑀ℋ0
̃ ) +

∑ 𝑆𝑀ℋ�̃�
𝑛−1
𝑚=1  

ii. 3 ∑ 𝑆𝑀ℋ2𝑚−1
̃𝑛

𝑚=1 =

2(𝑆𝑀ℋ0 −̃ 𝑆𝑀ℋ2𝑛
̃ ) + 3 ∑ 𝑆𝑀ℋ2𝑚

̃𝑛
𝑚=1  

iii. 3 ∑ 𝑆𝑀ℋ2𝑚
̃𝑛

𝑚=1 =

2(𝑆𝑀ℋ1 −̃ 𝑆𝑀ℋ2𝑛+1
̃ ) +

3 ∑ 𝑆𝑀ℋ2𝑚+1
̃𝑛

𝑚=1  

Proof: 

i. From the recurrence relation for the split 

Mersenne hybrid quaternions, 

𝑆𝑀ℋ2
̃ = 3𝑆𝑀ℋ1

̃ − 2𝑆𝑀ℋ0
̃  

𝑆𝑀ℋ3
̃ = 3𝑆𝑀ℋ2

̃ − 2𝑆𝑀ℋ1
̃  

𝑆𝑀ℋ4
̃ = 3𝑆𝑀ℋ3

̃ − 2𝑆𝑀ℋ2
̃  

      ⋮ 
         𝑆𝑀ℋ𝑛−1

̃ = 3𝑆𝑀ℋ𝑛−2
̃ − 2𝑆𝑀ℋ𝑛−3

̃   

𝑆𝑀ℋ𝑛
̃ = 3𝑆𝑀ℋ𝑛−1

̃ − 2𝑆𝑀ℋ𝑛−2
̃  

𝑆𝑀ℋ2
̃ + 𝑆𝑀ℋ3

̃ + ⋯ + 𝑆𝑀ℋ𝑛
̃

= 𝑆𝑀ℋ1
̃ − 2𝑆𝑀ℋ0

̃ + 𝑆𝑀ℋ2
̃ + ⋯

+ 𝑆𝑀ℋ𝑛−2
̃ + 3𝑆𝑀ℋ𝑛−1

̃  

∑ 𝑆𝑀ℋ𝑛
̃

𝑛

𝑚=2

= 2(𝑆𝑀ℋ𝑛−1 −̃ 𝑆𝑀ℋ0
̃ ) + ∑ 𝑆𝑀ℋ�̃�

𝑛−1

𝑚=1

 

ii. From the recurrence relation for the split 

Mersenne hybrid quaternions,  

3𝑆𝑀ℋ1
̃ = 𝑆𝑀ℋ2

̃ + 2𝑆𝑀ℋ0
̃  

3𝑆𝑀ℋ3
̃ = 𝑆𝑀ℋ4

̃ + 2𝑆𝑀ℋ2
̃  
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3𝑆𝑀ℋ5
̃ = 𝑆𝑀ℋ6

̃ + 2𝑆𝑀ℋ4
̃  

      ⋮ 

3𝑆𝑀ℋ2𝑛−3
̃

= 𝑆𝑀ℋ2𝑛−2
̃

+ 2𝑆𝑀ℋ2𝑛−4
̃  

3𝑆𝑀ℋ2𝑛−1
̃

= 𝑆𝑀ℋ2𝑛
̃

+ 2𝑆𝑀ℋ2𝑛−2
̃  

3 ∑ 𝑆𝑀ℋ2𝑚−1
̃

𝑛

𝑚=1

= 2𝑆𝑀ℋ0
̃ + 3𝑆𝑀ℋ2

̃ + 3𝑆𝑀ℋ4
̃

+ ⋯ + 3𝑆𝑀ℋ2𝑛−2
̃ + 𝑆𝑀ℋ2𝑛

̃  

3 ∑ 𝑆𝑀ℋ2𝑚−1
̃

𝑛

𝑚=1

= 2(𝑆𝑀ℋ0 −̃ 𝑆𝑀ℋ2𝑛
̃ )

+ 3 ∑ 𝑆𝑀ℋ2𝑚
̃

𝑛

𝑚=1

 

iii. 3𝑆𝑀ℋ2
̃ = 𝑆𝑀ℋ3

̃ + 2𝑆𝑀ℋ1
̃  

3𝑆𝑀ℋ4
̃ = 𝑆𝑀ℋ5

̃ + 2𝑆𝑀ℋ3
̃  

3𝑆𝑀ℋ6
̃ = 𝑆𝑀ℋ7

̃ + 2𝑆𝑀ℋ5
̃  

      ⋮ 

3𝑆𝑀ℋ2𝑛−2
̃ = 𝑆𝑀ℋ2𝑛−1

̃ + 2𝑆𝑀ℋ2𝑛−3
̃  

3𝑆𝑀ℋ2𝑛
̃ = 𝑆𝑀ℋ2𝑛+1

̃ + 2𝑆𝑀ℋ2𝑛−1
̃  

3 ∑ 𝑆𝑀ℋ2𝑚
̃

𝑛

𝑚=1

= 2𝑆𝑀ℋ1
̃ + 3𝑆𝑀ℋ3

̃ + 3𝑆𝑀ℋ5
̃

+ ⋯ + 3𝑆𝑀ℋ2𝑛−1
̃ + 𝑆𝑀ℋ2𝑛+1

̃  

3 ∑ 𝑆𝑀ℋ2𝑚
̃

𝑛

𝑚=1

= 2(𝑆𝑀ℋ1 −̃ 𝑆𝑀ℋ2𝑛+1
̃ )

+ 3 ∑ 𝑆𝑀ℋ2𝑚+1
̃

𝑛

𝑚=1

 

Theorem. 13: Let 𝑆𝑀𝐿ℋ𝑛
̃  be the 𝑛th split 

Mersenne-Lucas hybrid quaternions, then 

i. ∑ 𝑆𝑀𝐿ℋ𝑛
̃𝑛

𝑚=2 =

2(𝑆𝑀𝐿ℋ𝑛−1 −̃ 𝑆𝑀𝐿ℋ0
̃ ) + ∑ 𝑆𝑀𝐿ℋ𝑚

̃𝑛−1
𝑚=1  

ii. 3 ∑ 𝑆𝑀𝐿ℋ2𝑚−1
̃𝑛

𝑚=1 =

2(𝑆𝑀𝐿ℋ0 −̃ 𝑆𝑀𝐿ℋ2𝑛
̃ ) +

3 ∑ 𝑆𝑀𝐿ℋ2𝑚
̃𝑛

𝑚=1  

iii. 3 ∑ 𝑆𝑀𝐿ℋ2𝑚
̃𝑛

𝑚=1 =

2(𝑆𝑀𝐿ℋ1 −̃ 𝑆𝑀𝐿ℋ2𝑛+1
̃ ) +

3 ∑ 𝑆𝑀𝐿ℋ2𝑚+1
̃𝑛

𝑚=1  

Proof: The proof is obtained by using the definition 

and recurrence relation of the split Mersenne-Lucas 

hybrid quaternions. 

Conclusions: 

 The present work focuses on split Mersenne 

and Mersenne-Lucas hybrid quaternions. Further 

results in this paper explicit that split Mersenne and 

Mersenne-Lucas hybrid octonions. 
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 لوكس الهجينة-في تقسيم  رباعيات مرسين و مرسين

ب. ماليني ديفي*
 

 س. ديفيبالا       

 ، تاميل نادو، الهند. 002 625-قسم الرياضيات ، كلية سري ميناكشي الحكومية للفنون للبنات )أ( ، مادوراي 

 الخلاصة:
لوكس الهجينة المنقسمة ، وكذلك تم الحصول على دوال توليد وصيغ بينت لهذه -مرسين و مرسينفي هذا الاتصال ، تم تقديم رباعيات 

 الرباعيات الهجينة والتحقيق في بعض الخصائص فيما بينها.
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