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Abstract: 
The Hartley transform generalizes to the fractional Hartley transform (FRHT) which gives various 

uses in different fields of image encryption. Unfortunately, the available literature of fractional Hartley 

transform is unable to provide its inversion theorem. So accordingly original function cannot retrieve 

directly, which restrict its applications. The intension of this paper is to propose inversion theorem of 

fractional Hartley transform to overcome this drawback. Moreover, some properties of fractional Hartley 

transform are discussed in this paper. 

 

Keywords: Fourier transform, Fractional Fourier transform, Fractional Hartley transform, Hartley transform, 

Inverse. 

Introduction: 
In the early decades fractional Fourier 

transform comes into the picture very numerously 

because of its huge applications in the field of 

optical propagation problems
1
, n- dimensional 

FRFT 
2
 and optical image encryption algorithm

3
 etc. 

As fractional Hartley transform (FRHT) is 

closely related with fractional Fourier transform 

(FRFT), for each application of FRFT there is one 

application of FRHT and as Hartley transform is 

better than Fourier transform so FRHT has benefits 

over FRFT.  

A general theory of linear fractional 

transform has come up with a symmetric procedure 

in order to define the fractional version of any 

established linear transform
4
. The definition of 

fractional Fourier transform and fractional Hartley 

transform which satisfy the boundary conditions 

and additive property simultaneously are derived 

continuously by using general theory of linear 

fractional transform
4
. Many applications of 

fractional Hartley transform could be found 

collaterally just like that of fractional Fourier 

transform. 

 It is seen that, FRHT and other transforms 

has several applications in the area of G-Boehmian 

space
5
, cryptosystem

6
, asymmetric watermarking 

scheme
7
, asymmetric encryption algorithm for 

colour images
8
, multi-image encryption

9-11
 and 

image steganograpic
12

. Due to many applications of 

FRFT and FRHT, an attempt has been made to 

write this paper on FRHT and its inversion theorem. 

Moreover, it contains some properties of FRHT and 

its kernel.
 

Definition. 1:
4
 If 𝛼 ∈ ℝ; with 𝛼 is a constant and 

ℎ ∈ 𝐿1(ℝ) ∩ 𝐶1(ℝ), then FRFT is denoted by 

𝑅𝛼[ℎ(𝑡)](𝑣) or 𝐹𝑎(𝑣) or 𝑔𝐹
𝛼(𝑣) and is defined by 

𝑅𝛼[ℎ(𝑡)](𝑣) =  𝐹𝛼(𝑣) =  𝑔𝐹
𝛼(𝑣) 

=  ∫ ℎ(𝑡)𝐾𝐹
𝛼(𝑡 , 𝑣) 𝑑𝑡

∞

− ∞
, where  

𝐾𝐹
𝛼(𝑡 , 𝑣) =  √

1−𝑖 cot 𝜓

2𝜋 
exp {𝑖 [

1

2
(𝑡2 + 𝑣2) cot 𝜓 −

 𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓]} and 𝜓 =
𝛼𝜋

2
 if 𝜓 ≠ 𝜋𝑛;  for all 

𝑛 = 0, 1, 2, …  
  

Theorem. 1:
2
 If 𝛼, 𝑡, 𝑣 ∈ ℝ, where 𝛼 is constant, 

𝑅𝛼[ℎ(𝑡)](𝑣) =  𝐹𝛼(𝑣) = 𝑔𝐹
𝛼(𝑣) is the FRFT of h(t), 

then ℎ(𝑡) is as follows 

ℎ(𝑡) = ∫ 𝐾𝐹
𝛼(𝑡 , 𝑣)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅∞

− ∞
𝑔𝐹

𝛼(𝑣), where  

𝐾𝐹
𝛼(𝑡 , 𝑣)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ = √

1+𝑖 cot 𝜓

2𝜋
exp {−𝑖 [

1

2
(𝑡2 + 𝑣2) cot 𝜓 −

𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓]} and 𝜓 =
𝛼𝜋

2
 if 𝜓 ≠ 𝜋𝑛; for all  

𝑛 = 0, 1, 2, … 
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Property. 1:
1
 Shifting Property 

The shifting property for FRFT is   

𝑅𝛼[ℎ(𝑡 + 𝑦)](𝑣) = 𝑔𝐹
𝛼(𝑣 + 𝑦 cos 𝜓) × 

                             exp [
1

2
𝑖𝑦2 sin 𝜓 cos 𝜓 + 𝑖𝑣𝑦 sin 𝜓]. 

Similarly, the shifting property for FRFT of 

negative variables is   

𝑅𝛼[ℎ(𝑡 + 𝑦)](−𝑣) = 𝑔𝐹
𝛼(−𝑣 + 𝑦 cos 𝜓) × 

                     exp [
1

2
𝑖𝑦2 sin 𝜓 cos 𝜓 + 𝑖(−𝑣)𝑦 sin 𝜓] . 

Where 𝛼, 𝑡, 𝑦, 𝑣 ∈ ℝ and ℎ ∈ 𝐿1(ℝ) ∩ 𝐶1(ℝ), 

with 𝛼 and 𝑦 are constants.  

 

Definition. 2:
4
 If 𝛼 ∈ ℝ, ℎ ∈ 𝐿1(ℝ) ∩ 𝐶1(ℝ), then 

the FRHT of h(t) is denoted by 𝑔𝐻
𝛼[ℎ(𝑡)](𝑣) or 

𝑔𝐻
𝛼(𝑣) and is defined as  

𝑔𝐻
𝛼[ℎ(𝑡)](𝑣) =  𝑔𝐻

𝛼(𝑣)

= ∫ 𝐾𝐻
𝛼

∞

− ∞

(𝑡 , 𝑣)ℎ(𝑡)𝑑𝑡,   … … …  1 

where 

𝐾𝐻
𝛼(𝑡 , 𝑣) =

√
1−𝑖 cot 𝜓

2 𝜋
 𝑒𝑖

1

2
(𝑡2+𝑣2) cot 𝜓

[cos (𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓) +

 𝑒𝑖(𝜓−
𝜋

2
)sin  (𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓)] and 𝜓 =

𝛼𝜋

2
 if 𝜓 ≠ 𝜋𝑛; 

for all 𝑛 = 0, 1, 2, …  

 

Note. 1: If 𝜓 =  
𝜋

2
, then the extended transform 

defined in Definition 2 reduces to Hartley 

transform. 

 

Result. 1:
4
 The correlation between kernel of FRHT 

and kernel of FRFT is written by 

𝐾𝐻
𝛼(𝑡 , 𝑣) =

[
1+𝑒

𝑖𝛼𝜋
2

2
] 𝐾𝐹

𝛼(𝑡 , 𝑣) + [
1−𝑒

𝑖 𝛼𝜋
2

2
] 𝐾𝐹

𝛼(𝑡 , −𝑣).  

 

Main Results: 
Result 2: If a kernel of FRFT is denoted by 

𝐾𝐹
𝛼(𝑡 , 𝑣) and a kernel of FRHT is denoted by 

𝐾𝐻
𝛼(𝑡 , 𝑣), then 

𝐾𝐹
𝛼(𝑡, 𝑣) =

[
1+𝑒

−𝑖𝛼𝜋
2

2
] 𝐾𝐻

𝛼(𝑡 , 𝑣) + [
1−𝑒

−𝑖 𝛼𝜋
2

2
] 𝐾𝐻

𝛼(𝑡 , −𝑣).  

The Proof is obvious by Result 1. 

Result. 3: If ℎ ∈ 𝐿1(ℝ) ∩ 𝐶1(ℝ), the FRFT of ℎ(𝑡) 

is denoted by 𝑔𝐹
𝛼(𝑣) and FRHT is denoted by 

𝑔𝐻
𝛼(𝑣), then  

𝑔𝐻
𝛼(𝑣) =  [

1 + 𝑒
𝑖 𝛼𝜋

2

2
] 𝑔𝐹

𝛼(𝑣) + [
1 − 𝑒

𝑖 𝛼𝜋
2

2
] 𝑔𝐹

𝛼(−𝑣). 

 

 

 

Proof: By Definition 2,  

𝑔𝐻
𝛼(𝑣) = ∫ ℎ(𝑡)𝐾𝐻

𝛼(𝑡 , 𝑣)𝑑𝑡

∞

−∞

. 

By Result 1 and Definition 1,  

𝑔𝐻
𝛼(𝑣) = ∫ ℎ(𝑡)

∞

−∞
{[

1+𝑒
𝑖 𝛼𝜋

2

2
] 𝐾𝐹

𝛼(𝑡 , 𝑣) +

                         [
1−𝑒

𝑖 𝛼𝜋
2

2
] 𝐾𝐹

𝛼(𝑡 , −𝑣)} 𝑑𝑡  

            =  ∫ ℎ(𝑡)
∞

− ∞
[

1+𝑒
𝑖 𝛼𝜋

2

2
] 𝐾𝐹

𝛼(𝑡 , 𝑣)𝑑𝑡 +

                    ∫ ℎ(𝑡) [
1−𝑒

𝑖 𝛼𝜋
2

2
] 𝐾𝐹

𝛼(𝑡 , −𝑣)
∞

− ∞
𝑑𝑡  

            =  [
1+𝑒

𝑖 𝛼𝜋
2

2
] 𝑔𝐹

𝛼(𝑣) + [
1−𝑒

𝑖 𝛼𝜋
2

2
] 𝑔𝐹

𝛼(−𝑣). 

 

Result. 4: If ℎ ∈ 𝐿1(ℝ) ∩ 𝐶1(ℝ), the FRFT of ℎ(𝑡) 

is denoted by 𝑔𝐹
𝛼(𝑣) and FRHT is denoted by 

𝑔𝐻
𝛼(𝑣) then 

𝑔𝐹
𝛼(𝑣) = [

1+𝑒
− 𝑖 𝛼𝜋

2

2
] 𝑔𝐻

𝛼(𝑣) + [
1−𝑒

− 𝑖 𝛼𝜋
2

2
] 𝑔𝐻

𝛼(−𝑣). 

Proof: By Definition 1, 

𝑔𝐹
𝛼(𝑣) = ∫ ℎ(𝑡)𝐾𝐹

𝛼

∞

− ∞

(𝑡 , 𝑣)𝑑𝑡 

By Result 2 and Definition 2,  

𝑔𝐹
𝛼(𝑣) = ∫ ℎ(𝑡)

∞

−∞
{[

1+𝑒
−𝑖 𝛼𝜋

2

2
] 𝐾𝐻

𝛼(𝑡 , 𝑣) +

                     [
1−𝑒

−𝑖 𝛼𝜋
2

2
] 𝐾𝐻

𝛼(𝑡 , −𝑣)} 𝑑𝑡  

             = ∫ ℎ(𝑡)
∞

− ∞
[

1+𝑒
−𝑖 𝛼𝜋

2

2
] 𝐾𝐻

𝛼(𝑡 , 𝑣)𝑑𝑡 +

                    ∫ ℎ(𝑡) [
1−𝑒

−𝑖 𝛼𝜋
2

2
] 𝐾𝐻

𝛼∞

−∞
(𝑡 , −𝑣)𝑑𝑡  

             =  [
1+𝑒

−𝑖 𝛼𝜋
2

2
] 𝑔𝐻

𝛼(𝑣) + [
1−𝑒

−𝑖 𝛼𝜋
2

2
] 𝑔𝐻

𝛼(−𝑣) . 

 

Theorem. 2: Inverse fractional Hartley 

transform. If ℎ ∈ 𝐿1(ℝ) ∩ 𝐶1(ℝ);  𝑡, 𝑣, 𝛼 ∈ ℝ𝑛, 
where 𝛼 is a constant, 𝑔𝐻

𝛼(𝑣) is the FRHT of h(t), 

then ℎ (𝑡) is as follows 

ℎ (𝑡) = ∫ 𝐾𝐻
𝛼(𝑡 , 𝑣)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅∞

−∞
𝑔𝐻

𝛼(𝑣)𝑑𝑡,  

where 𝐾𝐻
𝛼(𝑡, 𝑣)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ = √

1+𝑖 cot 𝜓

2 𝜋
𝑒−𝑖 

𝑡2+𝑣2

2
cot 𝜓 × 

 

[cos(𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓) + 𝑒
−𝑖(𝜓−

𝜋

2
)

sin(𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓)] 

and 𝜓 =
𝛼𝜋

2
 if 𝜓 ≠ 𝜋𝑛; for all 𝑛 = 0, 1, 2, … 
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Proof: By inversion formula of the FRFT and 

Result 4,  

ℎ(𝑡) =  ∫ 𝐾𝐻
𝛼(𝑡 , 𝑣)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅∞

− ∞
𝑔𝐹

𝛼(𝑣)𝑑𝑣  

         =  ∫ 𝐾𝐹
𝛼(𝑡 , 𝑣)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅∞

−∞
[(

1+𝑒
−𝑖 𝛼𝜋

2

2
) 𝑔𝐻

𝛼(𝑣) +

                 (
1−𝑒

−𝑖 𝛼𝜋 
2

2
) 𝑔𝐻

𝛼(𝑣)] 𝑑𝑣  

          =  ∫ 𝐾𝐹
𝛼(𝑡 , 𝑣)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅∞

−∞
(

1+𝑒
−𝑖 𝛼𝜋

2

2
) 𝑔𝐻

𝛼(𝑣)𝑑𝑣 +

                 ∫ 𝐾𝐹
𝛼(𝑡 , 𝑣)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅∞

−∞
(

1−𝑒
−𝑖 𝛼𝜋

2

2
) 𝑔𝐻

𝛼(−𝑣)𝑑𝑣  

          =   ∫ 𝐾𝐹
𝛼(𝑡 , 𝑣)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅∞

−∞
(

1+𝑒
−𝑖 𝛼𝜋

2

2
) 𝑔𝐻

𝛼(𝑣)𝑑𝑣 +

                   ∫ 𝐾𝐻
𝛼(𝑡 , −𝑣)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅∞

−∞
(

1−𝑒
−𝑖 𝛼𝜋

2

2
) 𝑔𝐻

𝛼(𝑣)𝑑𝑣. 

That is ℎ(𝑡) = ∫ [𝐾𝐹
𝛼(𝑡 , 𝑣)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ (

1+𝑒
−𝑖 𝛼𝜋

2

2
) +

∞

−∞

𝐾𝐹
𝛼(𝑡 , −𝑣)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ (

1−𝑒
− 𝑖 𝛼𝜋

2

2
)] 𝑔𝐻

𝛼(𝑣)𝑑𝑣. 

Consider 

 𝐾𝐹
𝛼(𝑡 , 𝑣)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ (

1+𝑒
− 𝑖 𝛼𝜋

2

2
) + 𝐾𝐹

𝛼(𝑡 , −𝑣)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ (
1−𝑒

− 𝑖 𝛼𝜋
2

2
)  

    =  (
1 + 𝑒

−𝑖 𝛼𝜋
2

2
) √

1 + 𝑖 cot 𝜓

2
  × 

exp {−𝑖 [
1

2
(𝑡2 + 𝑣2) cot 𝜓 −  𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓]}

+ (
1 − 𝑒

− 𝑖 𝛼𝜋
2

2
) √

1 + 𝑖 cot 𝜓

2 𝜋
  × 

exp {−𝑖 [
1

2
(𝑡2 + 𝑣2) cot 𝜓 +  𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓]} 

                    

=

 √
1+𝑖 cot 𝜓

2 𝜋
 𝑒−𝑖 

𝑡2+𝑣2

2 cot 𝜓 [(
𝑒𝑖 𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓+ 𝑒− 𝑖 𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓

2
) +

𝑖𝑒
−𝑖 𝛼𝜋

2 (
𝑒𝑖 𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓−𝑒− 𝑖 𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓

2𝑖
)]  

 

=  √
1 + 𝑖 cot 𝜓

2 𝜋
𝑒−𝑖 

𝑡2+𝑣2

2
cot 𝜓 [cos(𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓)

+ 𝑒
𝑖 𝜋
2 𝑒−𝑖 𝜓 sin(𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓)] 

  =  √
1+𝑖 cot 𝜓

2 𝜋
𝑒−𝑖 

𝑡2+𝑣2

2
cot 𝜓 [cos(𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓) +

 𝑒
−𝑖(𝜓−

𝜋

2
)

sin(𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓)].  

 

 

Therefore 

ℎ(𝑡) =

∫ √
1+𝑖 cot 𝜓

2 𝜋
𝑒−𝑖

𝑡2+𝑣2

2
cot 𝜓 [cos(𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓) +

∞

−∞

𝑒
−𝑖(𝜓−

𝜋

2
)

sin(𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓)] 𝑔𝐻
𝛼(𝑣)𝑑𝑣. 

Hence ℎ(𝑡) =  ∫ 𝐾𝐻
𝛼(𝑡 , 𝑣)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅∞

−∞
𝑔𝐻

𝛼(𝑣)𝑑𝑣, where  

𝐾𝐻
𝛼(𝑡 , 𝑣)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ =

√
1+𝑖 cot 𝜓

2 𝜋
𝑒−𝑖 

𝑡2+𝑣2

2
cot 𝜓

[cos(𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓) +

 𝑒
−𝑖 (𝜓−

𝜋

2
)

sin(𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓)] and 𝜓 =
𝛼𝜋

2
 if 𝛼 ≠ 𝜋𝑛; 

for all 𝑛 = 0 ,1, 2, … 

 

Property. 2: Symmetric Property.  

𝐾𝐻
𝛼(𝑡 , 𝑣) = 𝐾𝐻

𝛼(𝑣 , 𝑡);  𝑡, 𝛼, 𝑣 ∈ ℝ with 𝛼 is a 

constant.  

 

Property. 3: Conjugation Property.  

𝐾𝐻
𝛼(𝑡 , 𝑣)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ = 𝐾𝐻

(−𝛼)
(𝑡 , 𝑣); where 𝐾𝐻

𝛼(𝑡 , 𝑣)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ is a 

conjugate of 𝐾𝐻
𝛼(𝑡 , 𝑣). 

Proof: The kernel of FRHT is,  

𝐾𝐻
𝛼(𝑡 , 𝑣) =

√
1−𝑖 cot 𝜓

2 𝜋
𝑒𝑖 

𝑡2+𝑣2

2
cot 𝜓𝑒𝑖 

𝑡2+𝑣2

2
cot 𝜓 [cos(𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓) +

 𝑒
𝑖(𝜓−

𝜋

2
)

sin(𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓)] , 𝜓 =
𝛼𝜋

2
 if 𝛼 ≠ 𝜋𝑛;  for 

all 𝑛 = 0, 1, 2, … and  

𝐾𝐻
𝛼(𝑡 , 𝑣)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ =

√
1+𝑖 cot 𝜓

2 𝜋
𝑒−𝑖 

𝑡2+𝑣2

2
cot 𝜓 [cos(𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓) +

𝑒
−𝑖(𝜓−

𝜋

2
)

sin(𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓 )] , 𝜓 =
𝛼𝜋

2
 if 𝛼 ≠ 𝜋𝑛; for 

all 𝑛 = 0, 1, 2, … 

Therefore      

 

𝐾𝐻
(−𝛼)(𝑡 , 𝑣) =

√1−𝑖 cot(
−𝛼𝜋

2
)

2 𝜋
𝑒

𝑖 
𝑡2+𝑣2

2
cot(

−𝛼𝜋

2
)

[cos (𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 (
–𝛼𝜋

2
)) +

𝑒
𝑖 ((

–𝛼𝜋

2
)−

𝜋

2
)

sin (𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 (
−𝛼𝜋

2
))] 

                     

= √
1+𝑖 cot 𝜓

2 𝜋
𝑒−𝑖 

𝑡2+𝑣2

2
cot 𝜓 [cos(𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓) −

 𝑒
−𝑖 (𝜓+

𝜋

2
)

sin(𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓)]  

                    

 = √
1+𝑖 cot 𝜓

2 𝜋
𝑒−𝑖 

𝑡2+𝑣2

2
cot 𝜓 [cos(𝑡𝑣 𝑐𝑜𝑠𝑒𝑐 𝜓) +

𝑒𝑖 𝜋𝑒
−𝑖(𝜓+

𝜋

2
)

sin(𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓)]  
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= √
1+𝑖 cot 𝜓

2 𝜋
𝑒−𝑖

𝑡2+𝑣2

2
cot 𝜓

[cos(𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓) +

 𝑒
−𝑖(𝜓−

𝜋

2
)

sin(𝑡𝑣  𝑐𝑜𝑠𝑒𝑐 𝜓)]  

                     =  𝐾𝐻
𝛼(𝑡 , 𝑣)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅  

Hence 𝐾𝐻
𝛼(𝑡 , 𝑣)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ = 𝐾𝐻

(−𝛼)(𝑡 , 𝑣). 
 

Property.4: 

𝐾𝐻
𝛼+𝛽(𝑡 , 𝑣) = ∫ 𝐾𝐻

𝛼(𝑡 , 𝑣′)𝐾𝐻
𝛽

(𝑣′, 𝑣)
∞

−∞
 𝑑𝑣′. 

Proof: Consider 

∫ 𝐾𝐻
𝛼(𝑡 , 𝑣′)𝐾𝐻

𝛽(𝑣′, 𝑣)
∞

− ∞
 𝑑𝑣′ =  

           

 ∫ [(
1+𝑒

𝑖 𝛼𝜋
2

2
) 𝐾𝐹

𝛼(𝑡 , 𝑣′) +
∞

−∞

(
1− 𝑒

𝑖 𝛼𝜋
2

2
) 𝐾𝐹

𝛼(𝑡 , −𝑣′)] [(
1+𝑒

𝑖 𝛽𝜋
2

2
) 𝐾𝐹

𝛽(𝑣′, 𝑣) +

(
1− 𝑒

𝑖 𝛽𝜋
2

2
) 𝐾𝐹

𝛽
(𝑣′, −𝑣)] 𝑑𝑣′  

         

=

(
1+𝑒

𝑖 𝛼𝜋
2

2
) (

1+𝑒
𝑖 𝛽𝜋

2

2
) ∫ 𝐾𝐹

𝛼(𝑡 , 𝑣′)𝐾𝐹
𝛽(𝑣′, 𝑣)𝑑𝑣′∞

−∞
+

 (
1+𝑒

𝑖 𝛼𝜋
2

2
) (

1−𝑒
𝑖 𝛽𝜋

2

2
) ∫ 𝐾𝐹

𝛼(𝑡 , 𝑣′)
∞

− ∞
𝐾𝐹

𝛽(𝑣′, −𝑣)𝑑𝑣′  

       

+ (
1−𝑒

𝑖 𝛼𝜋
2

2
) (

1+𝑒
𝑖 𝛽𝜋

2

2
) ∫ 𝐾𝐹

𝛼(𝑡 , −𝑣′)𝐾𝐹
𝛽(𝑣′, 𝑣)𝑑𝑣′∞

− ∞
+

(
1−𝑒

𝑖 𝛼𝜋
2

2
) (

1−𝑒
𝑖 𝛽𝜋

2

2
) ∫ 𝐾𝐹

𝛼(𝑡 , −𝑣′)𝐾𝐹
𝛽

(𝑣′, 𝑣)
∞

− ∞
𝑑𝑣′  

         =  
1+𝑒

𝑖 𝛼𝜋
2 +𝑒

𝑖 𝛽𝜋
2 +𝑒

𝑖 𝛼𝜋
2 𝑒

𝑖 𝛽𝜋
2

4
𝐾𝐹

𝛼+𝛽(𝑡 , 𝑣) +

1+ 𝑒
𝑖 𝛼𝜋

2 −𝑒
𝑖 𝛽𝜋

2 −𝑒
𝑖 𝛼𝜋

2 𝑒
𝑖 𝛽𝜋

2

4
𝐾𝐹

𝛼+𝛽(𝑡 , −𝑣)           

            

+ 
1− 𝑒

𝑖 𝛼𝜋
2 +𝑒

𝑖 𝛽𝜋
2 −𝑒

𝑖 𝛼𝜋
2 𝑒

𝑖 𝛽𝜋
2

4
∫ 𝐾𝐹

𝛼∞

−∞
(𝑡 , −𝑣′)𝐾𝐹

𝛽(−𝑣′, −𝑣)𝑑𝑣′   

            

+ 
1− 𝑒

𝑖 𝛼𝜋
2 −𝑒

𝑖 𝛽𝜋
2 +𝑒

𝑖 𝛼𝜋
2 𝑒

𝑖 𝛽𝜋
2

4
∫ 𝐾𝐹

𝛼∞

− ∞
(𝑡 , −𝑣′)𝐾𝐹

𝛽(−𝑣′, 𝑣)𝑑𝑣′  

         =  
1+𝑒

𝑖 𝛼𝜋
2 +𝑒

𝑖 𝛽𝜋
2 +𝑒

𝑖 (𝛼+𝛽)𝜋
2

4
𝐾𝐹

𝛼+𝛽(𝑡 , 𝑣) +

1+𝑒
𝑖 𝛼𝜋

2 −𝑒
𝑖 𝛽𝜋

2 −𝑒
𝑖 (𝛼+𝛽)𝜋

2

4
𝐾𝐹

𝛼+𝛽(𝑡 , −𝑣)     

      +
1−𝑒

𝑖 𝛼𝜋
2 +𝑒

𝑖 𝛽𝜋
2 −𝑒

𝑖 (𝛼+𝛽)𝜋
2

4
𝐾𝐹

𝛼+𝛽(𝑡 , −𝑣) +

1−𝑒
𝑖 𝛼𝜋

2 −𝑒
𝑖 𝛽𝜋

2 + 𝑒
𝑖 (𝛼+𝛽)𝜋

2

4
 𝐾𝐹

𝛼+𝛽
(𝑡 , 𝑣) 

       

=
(1 + 𝑒𝑖 

(𝛼+𝛽)𝜋
2 )

2
𝐾𝐹

𝛼+𝛽(𝑡 , 𝑣)

+
(1 −  𝑒𝑖 

(𝛼+𝛽)𝜋
2 )

2
𝐾𝐹

𝛼+𝛽(𝑡, −𝑣) 

= 𝐾𝐻
𝛼+𝛽(𝑡 , 𝑣).  

 

Property. 5: Linearity. 

 If 𝑔𝐻
𝛼[ℎ1(𝑡)](𝑣), 𝑔𝐻

𝛼[ℎ2(𝑡)](𝑣) are the FRHT of 

ℎ1(𝑡), ℎ2(𝑡) respectively, then FRHT of 𝛼1ℎ1(𝑡) +
𝛼2ℎ2(𝑡) is given by  

𝑔𝐻
𝛼[𝛼1ℎ1(𝑡) + 𝛼2ℎ2(𝑡)](𝑣) 

= 𝛼1𝑔𝐻
𝛼[ℎ1(𝑡)](𝑣) + 𝛼2𝑔𝐻

𝛼[ℎ2(𝑡)](𝑣). 
 

Property. 6: Commutativity.  

𝑔𝐻
𝛼+𝛽(𝑣) = 𝑔𝐻

𝛼 ∘ 𝑔𝐻
𝛽(𝑣) = 𝑔𝐻

𝛽
∘ 𝑔𝐻

𝛼(𝑣) = 𝑔𝐻
𝛽+𝛼(𝑣). 

That is 𝑔𝐻
𝛼+𝛽

= 𝑔𝐻
𝛼 ∘ 𝑔𝐻

𝛽
= 𝑔𝐻

𝛽
∘ 𝑔𝐻

𝛼 = 𝑔𝐻
𝛽+𝛼

.  

Proof: By Definition  

𝑔𝐻
𝛼+𝛽(𝑣) = 𝑔𝐻

𝛼+𝛽[ℎ(𝑡)](𝑣) =

∫ 𝐾𝐻
𝛼+𝛽(𝑡 , 𝑣)ℎ(𝑡)𝑑𝑡

∞

−∞
  

= ∫ [ ∫ 𝐾𝐻
𝛼(𝑡 , 𝑣′)𝐾𝐻

𝛽(𝑣′, 𝑣)𝑑𝑣′

∞

−∞

] ℎ(𝑡)𝑑𝑡

∞

−∞

 

= ∫ [ ∫ 𝐾𝐻
𝛼(𝑡 , 𝑣′)ℎ(𝑡)𝑑𝑡

∞

−∞

] 𝐾𝐻
𝛽

(𝑣′, 𝑣)𝑑𝑣′

∞

−∞

 

= ∫ [𝑔𝐻
𝛼[ℎ(𝑡)](𝑣′)]𝐾𝐻

𝛽
(𝑣′, 𝑣)𝑑𝑣′

∞

−∞

 

= 𝑔𝐻
𝛽[𝑔𝐻

𝛼[ℎ(𝑡)](𝑣′)](𝑣) 

= 𝑔𝐻
𝛽

∘ 𝑔𝐻
𝛼[ℎ(𝑡)](𝑣) 

= 𝑔𝐻
𝛽

∘ 𝑔𝐻
𝛼(𝑣). 

That is 𝑔𝐻
𝛼+𝛽

= 𝑔𝐻
𝛼 ∘ 𝑔𝐻

𝛽(𝑣) = 𝑔𝐻
𝛽

∘ 𝑔𝐻
𝛼(𝑣). 

 

Property. 7: Associativity.  

𝑔𝐻
𝛼 ∘ (𝑔𝐻

𝛽
∘ 𝑔𝐻

𝛾
) = (𝑔𝐻

𝛼 ∘ 𝑔𝐻
𝛽

) ∘ 𝑔𝐻
𝛾

. 

Property. 8: Shifting. The shifting property for the 

FRHT is written as  

𝑔𝐻
𝛼[ℎ(𝑡 + 𝑏)](𝑣)

= {(
1 + cos 𝜓

2
) 𝑔𝐻

𝛼(𝑣 + 𝑏 cos 𝜓)

+  
𝑖

2
sin 𝜓 𝑔𝐻

𝛼(−𝑣 − 𝑏 cos 𝜓 )} 

𝑒
1
2

  𝑖 𝑏2  sin 𝜓 cos 𝜓+ 𝑖  𝑣 𝑏  sin 𝜓   

        + {− 
𝑖

2
sin 𝜓 𝑔𝐻

𝛼(−𝑣 + 𝑏 cos 𝜓)

+ (
1 − cos 𝜓

2
) 𝑔𝐻

𝛼(𝑣 − 𝑏 cos 𝜓)} 

𝑒
1

2
  𝑖 𝑏2 sin 𝜓 cos 𝜓− 𝑖  𝑣 𝑏  sin 𝜓,  

 

where 𝑔𝐻
𝛼(𝑣) is the FRHT of ℎ(𝑡). 
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The proof is obtained by relation between FRFT 

and FRHT, vice versa and shifting property of 

FRFT see in
2
. 

 

Examples 

Example. 1: If ℎ(𝑡) = 1, then the FRHT of ℎ(𝑡) 

with parameter 𝛼 ∈ ℝ is equal to 

√1 + 𝑖 tan 𝜓  𝑒−𝑖 
1

2
  𝑣2 tan 𝜓

 if 𝜓 −
𝜋

2
 is not multiple 

of 𝜋. 

Example. 2: If ℎ(𝑡) = 𝑒
−𝑡2

2 , then the FRHT of ℎ(𝑡) 

with parameter 𝛼 ∈ ℝ is equal to 𝑒
−𝑣2

2 . 

Example. 3: The aperture function 𝑝𝛾(𝑥) = 1 if 

|𝑥| < 𝛾 and 0 otherwise then FRHT of 𝑝𝛾(𝑥) is 

[2√
1−𝑖 cot 𝜓

2 𝜋
 sin 𝛾  exp {𝑖

1

2
(𝛾2 +

𝑣2) cot 𝛾} {
1

𝑣2−𝛾2 cos 𝛾2} [𝑖𝛾 cos 𝛾 cos(𝛾𝑣  𝑐𝑜𝑠𝑒𝑐 𝛾) +

 𝑣 sin(𝛾𝑣  𝑐𝑜𝑠𝑒𝑐 𝛾)]]. 

For the solutions of Examples 1, 2, 3 use Result 3 

and the value of FRFT of ℎ(𝑡) = 1 and ℎ(𝑡) = 𝑒
−𝑡2

2  

by
2
. 

 

Conclusion: 
  In this paper inversion formula for fractional 

Hartley transform is obtained. Also proved some 

properties of fractional Hartley transform and its 

kernel such as symmetry, conjugate of kernel and 

linearity, shifting of transform and some examples. 
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 ومعكوسه الكسري هارتلي تحويل
 

 جايكواد فاسانت

 

 .، الهند 413606 كلية شاتراباتي شيفاجي، أوميرجا، عثمان أباد ، ماهاراشترا ، رقم التعريف الشخصي  .ش ،قسم الرياضيات

 

 :ةالخلاص
( الذي يعطي استخدامات مختلفة في مجالات مختلفة لتشفير الصور. لسوء الحظ، FRHTيعُمم تحويل هارتلي على تحويل هارتلي الجزئي )

هارتلي الكسري غير قادرة على توفير نظرية الانعكاس الخاصة بها. لذلك لا يمكن استرداد الدالة الأصلية فإن الأدبيات المتوفرة حول تحويل 

ى بشكل مباشر، مما يقيد تطبيقاتها. تهدف هذه الورقة إلى اقتراح نظرية الانعكاس لتحويل هارتلي الجزئي للتغلب على هذا العيب. علاوة عل

 هارتلي الجزئي في هذا البحث.ذلك، تمت مناقشة بعض خصائص تحويل 

 

 .معكوس تحويل هارتلي، الكسري، تحويل هارتلي الجزئي، تحويل فورييه تحويل فورييه، تحويل :المفتاحية الكلمات

 


