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Abstract: 
            This paper is interested in certain  subclasses of univalent and bi-univalent functions concerning  to 

shell- like curves connected with k-Fibonacci numbers involving modified Sigmoid activation function 

𝜃(𝑡) =
2

1+𝑒−𝑡
 ,t ≥ 0 in unit disk |𝑧| < 1 . For estimating of the initial coefficients |𝑐2| , |𝑐3|, Fekete-Szeg�̈� 

inequality and the  second Hankel determinant have been investigated for the functions in our classes.   

 

Keywords: Bi-univalent function, Borel distribution, Fibonacci numbers, Modified sigmoid function, 

Univalent function. 

 

Introduction 
            Let 𝒥 be the class of normalized functions of 

the form 

𝑓(𝑧) = 𝑧 + ∑ 𝑐𝑚𝑧
𝑚,∞

𝑚=2                   1   

which are analytic in 𝔘 = {𝑧 ∈ ℂ: |𝑧| < 1} and let 

𝒯 be the subclass of 𝒥  consisting of functions 

univalent in 𝔘. It is well-known  that according to 

Koebe-One Quarter Theorem, every  function 𝑓 ∈
 𝒯 has an inverse 𝑓−1holding 

 𝑧 = 𝑓−1(𝑓(𝑧)),( 𝑧 ∈ 𝔘)   
and 

 𝑤 = 𝑓(𝑓−1(𝑤)) (|𝑤| < 𝑟0(𝑓), 𝑟0(𝑓) ≥
1

4
)  where 

𝑔(𝑤) = 𝑓−1(𝑤) = 𝑤 − 𝑐2𝑤
2 + (2𝑐2

2 − 𝑐3)𝑤
3 −

(5𝑐2
3 − 5𝑐2𝑐3 + 𝑐4)𝑤

4 +⋯ .              2  

A function 𝑓 ∈ 𝒥  is said to be bi-univalent in 𝔘 if 

both 𝑓 and 𝑓−1 are univalent in 𝔘. Let ℬ denoted   

the class of normalized bi-univalent functions in 𝔘 

given by Eq.1 1. Now, by recalling the principle of 

subordination for two analytic functions in  𝔘 and 

say that 𝑓 is subordinate to 𝑔 symbolically 𝑓 ≺ 𝑔 if 

there exists an analytic function ℎ(𝑧) in 𝔘 with 

ℎ(0) = 0 and |ℎ(𝑧)| < 1, 𝑧 ∈  𝔘  such that 

𝑓(𝑧) =  𝑔(ℎ(𝑧)), (𝑧 ∈ 𝔘)   
if 𝑔(𝑧) ∈ 𝒥   of the  form 

 𝑔(𝑧) = 𝑧 + ∑ 𝑑𝑚𝑧
𝑚, (𝑧 ∈ 𝔘)  

∞

𝑚=2

 

then the convolution of 𝑓 and 𝑔 is defined by 

(𝑓 ∗ 𝑔)(𝑧) = 𝑧 + ∑ 𝑐𝑚𝑑𝑚𝑧
𝑚, ( 𝑧 ∈ 𝔘)  

∞

𝑚=2

 

Magesh, Nirmala and Yamini  2  have calculated the 

𝑘-Fibonacci number sequence {𝐹𝑘,𝑚}𝑚=0
∞

 , 𝑘 ∈ ℝ+ 

defined by 

𝐹𝑘,𝑚+1=k𝐹𝑘,𝑚 + 𝐹𝑘,𝑚−1, 𝐹𝑘,0 = 0, 𝐹𝑘,1 =
1,   ( 𝑚 ∈ ℕ = 1,2, … )              8 
and 

𝐹𝑘,𝑚 =
(𝑘−𝜏𝑘)

𝑚−𝜏𝑘
𝑚

√𝑘2+4
     with      𝜏𝑘 =

𝑘−√𝑘2+4

2
,                      4 

where 𝐹𝑘,𝑚 represents the 𝑚𝑡ℎ element of the 𝑘-

Fibonacci sequence 3. 

Ozgur and Sokół  4 proved that if  

�̃�𝑘(𝑧) =
1 + 𝜏𝑘

2𝑧2

1 − 𝑘𝜏𝑘𝑧 − 𝜏𝑘
2𝑧2

= 1 + ∑ �̃�𝑘,𝑚𝑧
𝑚

∞

𝑚=1

,                 5 

then 

�̃�𝑘,𝑚 = (𝐹𝑘,𝑚−1 + 𝐹𝑘,𝑚+1) 𝜏𝑘
𝑚, 𝑚 ≥ 1  

such that  

�̃�𝑘(𝑧) = 1 + (𝐹𝑘,0 + 𝐹𝑘,2)𝜏𝑘𝑧 + (𝐹𝑘,1 + 𝐹𝑘,3)𝜏𝑘
2𝑧2

+⋯
= 1 + 𝑘𝜏𝑘𝑧 + (𝑘

2 + 2)𝜏𝑘
2𝑧2

+ (𝑘3 + 8𝑘)𝜏𝑘
3𝑧3 +⋯, 
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where 𝜏𝑘 =
𝑘−√𝑘2+4

2
,   ( 𝑧 ∈  𝔘)  

indeed, if 𝑘 = 1, 𝜏𝑘 = 𝜏  it is possible to write 

𝐹𝑚 =
𝜌𝑚 − 𝜏𝑚

√5
=
(1 − 𝜏)𝑚 − 𝜏𝑚

√5
, 𝑚 ∈ ℕ0 

such that 𝜌 =
1+√5

2
≈ 1.6130889337… is called 

the golden ratio and 

 𝜏 =
1−√5

2
= 1 − 𝜌 = −

1

𝜌
≈ −0.6130889337…. 

Let 𝒥 𝜃 denote the class of functions of the form 

𝑓𝜃(𝑧) = 𝑧 + ∑
2

1+𝑒−𝑡
∞
𝑚=2 𝑐𝑚𝑧

𝑚 = 𝑧 +

∑ 𝜃(𝑡)𝑐𝑚𝑧
𝑚∞

𝑚=2 , 

where 𝜃(𝑡) =
2

1+𝑒−𝑡
,  t ≥ 0 is a modified sigmoid 

function. Obviously,  𝜃(0) = 1 and 𝒥 1 = 𝒥 5. 

A discrete random variable y has a Borel 

distribution if it takes the values 1,2,3,…with the 

probabilities 

𝑒−𝜆

1!
,
2𝜆𝑒−2𝜆

2!
,
9𝜆2𝑒−3𝜆

8!
, … 

where 𝜆 is the parameter, hence 

Prob(𝑦 = 𝑟)=
(𝜆𝑟)𝑟−1𝑒−𝜆𝑟

𝑟!
.  (𝑟 = 1,2,8,… ) 

The following power series whose coefficients  are 

probabilities of the Borel distribution introduced in 
6 as follows 

𝒲(𝜆, 𝑧)
= 𝑧

+ ∑
(𝜆(𝑚 − 1))𝑚−2𝑒−𝜆(𝑚−1)

(𝑚 − 1)!
𝑧𝑚,       (𝑧 ∈ 𝔘 ; 0

∞

𝑚=2

< 𝜆 ≤ 1) 
by the familiar Ratio Test, it implies that  the radius 

of convergence of 𝒲(𝜆, 𝑧) is infinity. 

Hence, the linear operator ℬ𝒲𝜆  defined as follows 

ℬ𝒲(𝜆, 𝑧)𝑓𝜃(𝑧) = 𝒲(𝜆, 𝑧) ∗ 𝑓𝜃(𝑧)

= 𝑧 + ∑
(𝜆(𝑚 − 1))𝑚−2𝑒−𝜆(𝑚−1)

(𝑚 − 1)!
𝜃(𝑡)𝑐𝑚𝑧

𝑚,

∞

𝑚=2

 

where (∗) signal the Hadamard product(or 

convolution) of two series. 

Now, it is possible to introduce a linear operator 

𝒦𝜆
𝜂
: 𝒥 𝜃 → 𝒥 𝜃 for 𝑓𝜃 ∈ 𝒥𝜃 by 

𝒦𝜆
𝜂
𝑓𝜃(𝑧) = ℬ𝒲(𝜆, 𝑧) ∗ ℛ𝜂 ,                     6 

where ℛ𝜂 , (𝜂 = 0,1,2,… )   denote the Ruscheweyh 

derivative operator 7 defined by 

 

 

ℛ𝜂𝑓𝜃(𝑧) = 𝑧 + ∑
𝛤(𝜂 +𝑚)

𝛤(𝜂 + 1)𝛤(𝑚)
𝜃(𝑡)𝑐𝑚𝑧

𝑚,

∞

𝑚=2

 (𝑧 ∈  𝔘) 

from Eq.6, it follows that 

 

𝒦𝜆
𝜂
𝑓𝜃(𝑧) = 𝑧 + ∑

𝛤(𝜂 +𝑚)(𝜆(𝑚 − 1))
𝑚−2

𝑒−𝜆(𝑚−1)

𝛤(𝜂 + 1)(𝛤(𝑚))
2 𝜃(𝑡)𝑐𝑚𝑧

𝑚,

∞

𝑚=2

  (𝑧 ∈  𝔘) 

for 0 < 𝜆 ≤ 1  , 𝜂 = 0,1,2, … 

which can be written as  

𝒦𝜆
𝜂
𝑓𝜃(𝑧) = 𝑧 + ∑ ℒ𝑚(𝑚, 𝜂, 𝜆)𝜃(𝑡)𝑐𝑚𝑧

𝑚,

∞

𝑚=2

  (𝑧 ∈  𝔘) 

such that 

ℒ𝑚(𝑚, 𝜂, 𝜆) =
𝛤(𝜂 + 𝑚)(𝜆(𝑚 − 1))

𝑚−2
𝑒−𝜆(𝑚−1)

𝛤(𝜂 + 1)(𝛤(𝑚))
2 .           7 

Noonan and Thomas 8 announced the 𝑞𝑡ℎ Hankel determinant for 𝑞 ≥  1 and 𝑚 ≥  1 as 

𝐻𝑞(𝑚) = |

𝑐𝑚         𝑐𝑚+1     …   𝑐𝑚+𝑞−1
𝑐𝑚+1              …      …            …
…             …            …            …
𝑐𝑚+𝑞−1     …    …      𝑐𝑚+2𝑞−2

|. 

          

 This determinant has also been considered by 

several authors. For example, Noor 9 determined the 

average of growth of 𝐻𝑞(𝑚) as 𝑚 →  ∞ for 

functions given by  Eq.1 with restricted boundary. 

Ehrenborg 10 studied the Hankel determinant of 

exponential polynomials. Also Hankel determinant 

was studied by different authors including  Mehrok 

and Singh 11, Magesh and Yamini 12,Srivastava, 

Altinkaya and Yalcin 13 and  Güney et al. 14 . Easily, 

one can observe that the Fekete-Szeg�̈� functional 

is 𝐻2(1).  Fekete and Szeg�̈� 15 then further 

generalized the estimate of |𝑐3 − 𝜉𝑐2
2| where 𝜉 is 

real (for detail see 16,17,18,19). For our discussion in 

this paper,  the Hankel determinant in the case of 

𝑞 =  2 and 𝑚 =  2 can be considered as 
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|
𝑐2     𝑐3
𝑐3     𝑐4

|. 

Definition1. A function 𝑓(𝑧) ∈ 𝒥    of the form 

Eq.1 belongs to the 

class 𝒰𝒩ℬ
𝑘(𝛾, 𝛼, 𝜂, 𝜆, 𝜃(𝑡), �̃�𝑘) if 

[(1 − 𝛾 + 2𝛼)
𝒦𝜆
𝜂
𝑓𝜃(𝑧)

𝑧
+ (𝛾 − 2𝛼) (𝒦𝜆

𝜂
𝑓𝜃(𝑧))

′

+ 𝛼𝑧 (𝒦𝜆
𝜂
𝑓𝜃(𝑧))

′′
] ≺ �̃�𝑘(𝑧), (𝑧

∈ 𝔘) 
where 0 ≤ 𝛾, 0 ≤ 𝛼, 0 < 𝜆 ≤ 1  , 𝜂 ∈ ℕ0 and  

𝜃(𝑡) =
2

1+𝑒−𝑡
, 𝑡 ≥ 0. 

Definition2. A function 𝑓(𝑧) ∈ 𝒥    of the form 

Eq.1 belongs to the class 𝒰𝒱ℬ
𝑘(𝛿, 𝜚, 𝜂, 𝜆, 𝜃(𝑡), �̃�𝑘) if 

[1 +
1

𝛿
(
𝑧1−𝜚 (𝒦𝜆

𝜂
𝑓𝜃(𝑧))

′

(𝒦𝜆
𝜂
𝑓𝜃(𝑧))

1−𝜚 − 1)] ≺ �̃�𝑘(𝑧),       (𝑧

∈ 𝔘) 
for 𝛿 ∈ ℂ\{0}, 𝜚 ≥ 0, 0 < 𝜆 ≤ 1  , 𝜂 ∈ ℕ0   and  

𝜃(𝑡) =
2

1+𝑒−𝑡
, 𝑡 ≥ 0. 

Definition3. A function 𝑓(𝑧) ∈ 𝒥    of the form 

Eq.1 belongs to the class ℬℳℬ
𝑘(𝜗, 𝜂, 𝜆, 𝜃(𝑡), �̃�𝑘) if 

it holds

 

[
𝑧 (𝒦𝜆

𝜂
𝑓𝜃(𝑧))

′

𝒦𝜆
𝜂
𝑓𝜃(𝑧)

−
𝑧 (𝒦𝜆

𝜂
𝑓𝜃(𝑧))

′
+ 𝜗𝑧2 (𝒦𝜆

𝜂
𝑓𝜃(𝑧))

′′

(1 − 𝜗)𝒦𝜆
𝜂
𝑓𝜃(𝑧) + 𝜗𝑧 (𝒦𝜆

𝜂
𝑓𝜃(𝑧))

′ +
𝑧 (𝒦𝜆

𝜂
𝑓𝜃(𝑧))

′′

(𝒦𝜆
𝜂
𝑓𝜃(𝑧))

′ + 1] ≺ �̃�𝑘(𝑧),    ( 𝑧

∈   𝔘)                    3 
and 

[
𝑤 (𝒦𝜆

𝜂
𝑔𝜃(𝑤))

′

𝒦𝜆
𝜂
𝑔𝜃(𝑤)

−
𝑤 (𝒦𝜆

𝜂
𝑔𝜃(𝑤))

′
+ 𝜗𝑤2 (𝒦𝜆

𝜂
𝑔𝜃(𝑤))

′′

(1 − 𝜗)𝒦𝜆
𝜂
𝑔𝜃(𝑤) + 𝜗𝑤 (𝒦𝜆

𝜂
𝑔𝜃(𝑤))

′ +
𝑤(𝒦𝜆

𝜂
𝑔𝜃(𝑤))

′′

(𝒦𝜆
𝜂
𝑔𝜃(𝑤))

′ + 1]

≺ �̃�𝑘(𝑤),     ( 𝑤 ∈   𝔘)                 9 
 

where 0 ≤ 𝜗 ≤ 1, 0 < 𝜆 ≤ 1  , 𝜂 ∈ ℕ0 , 𝜃(𝑡) =
2

1+𝑒−𝑡
, 𝑡 ≥ 0 and 𝑔𝜃(𝑤) = 𝑓𝜃

−1(𝑤) is given by 

Eq.2. 

In particular, for 𝜗 = 1,  the 

class ℬℳℬ
𝑘(𝜗, 𝜂, 𝜆, 𝜃(𝑡), �̃�𝑘)  reduces to the 

class ℬℳℬ
𝑘(𝜂, 𝜆, 𝜃(𝑡), �̃�𝑘) of bi-starlike functions 

which satisfying  

  
𝑧(𝒦𝜆

𝜂
𝑓𝜃(𝑧))

′

𝒦𝜆
𝜂
𝑓𝜃(𝑧)

≺ �̃�𝑘(𝑧)         and            

𝑤(𝒦𝜆
𝜂
𝑔𝜃(𝑤))

′

𝒦𝜆
𝜂
𝑔𝜃(𝑤)

≺ �̃�𝑘(𝑤) . 

If  choosing  𝜗 = 0,  the 

class ℬℳℬ
𝑘(𝜗, 𝜂, 𝜆, 𝜃(𝑡), �̃�𝑘)  reduces to the 

class ℬℳℬ
𝑘(𝜂, 𝜆, 𝜃(𝑡), �̃�𝑘) of bi-convex functions 

which satisfying 

  1 +
𝑧(𝒦𝜆

𝜂
𝑓𝜃(𝑧))

′′

𝒦𝜆
𝜂
𝑓𝜃(𝑧)

′ ≺ �̃�𝑘(𝑧)       and     1+ 

𝑤(𝒦𝜆
𝜂
𝑔𝜃(𝑤))

′′

𝒦𝜆
𝜂
𝑔𝜃(𝑤)

′ ≺ �̃�𝑘(𝑤) . 

Definition4. A function 𝑓(𝑧) ∈ 𝒥    of the form 

Eq.1 belongs to the class   ℬ𝒩ℬ
𝑘(𝛾, 𝛼, 𝜂, 𝜆, 𝜃(𝑡), �̃�𝑘) 

if it holds 

 

 

[(1 − 𝛾 + 2𝛼)
𝒦𝜆
𝜂
𝑓𝜃(𝑧)

𝑧
+ (𝛾 − 2𝛼) (𝒦𝜆

𝜂
𝑓𝜃(𝑧))

′
+ 𝛼𝑧 (𝒦𝜆

𝜂
𝑓𝜃(𝑧))

′′
] ≺ �̃�𝑘(𝑧),      (𝑧 ∈ 𝔘)             10 

and 

[(1 − 𝛾 + 2𝛼)
𝒦𝜆
𝜂
𝑔𝜃(𝑤)

𝑤
+ (𝛾 − 2𝛼) (𝒦𝜆

𝜂
𝑔𝜃(𝑤))

′
+ 𝛼𝑤 (𝒦𝜆

𝜂
𝑔𝜃(𝑤))

′′
] ≺ �̃�𝑘(𝑤),   (𝑤 ∈ 𝔘)                 11 

 

where 0 ≤ 𝛾, 0 ≤ 𝛼, 0 < 𝜆 ≤ 1  , 𝜂 ∈ ℕ0 , 𝜃(𝑡) =
2

1+𝑒−𝑡
, 𝑡 ≥ 0 and 𝑔𝜃(𝑤) = 𝑓𝜃

−1(𝑤) is given by 

Eq.2. 

In particular,  

i. If  𝛾 = 1 + 2𝛼, then the 

class ℬ𝒩ℬ
𝑘(𝛾, 𝛼, 𝜂, 𝜆, 𝜃(𝑡), �̃�𝑘) = 

ℬ𝒩ℬ
𝑘(𝛼, 𝜂, 𝜆, 𝜃(𝑡), �̃�𝑘) which satisfying 

[(𝒦𝜆
𝜂
𝑓𝜃(𝑧))

′
+ 𝛼𝑧 (𝒦𝜆

𝜂
𝑓𝜃(𝑧))

′′
] ≺ �̃�𝑘(𝑧),   ( 𝑧 ∈

 𝔘 )    
and 

 [(𝒦𝜆
𝜂
𝑔𝜃(𝑤))

′
+ 𝛼𝑤 (𝒦𝜆

𝜂
𝑔𝜃(𝑤))

′′
] ≺

�̃�𝑘(𝑤).   ( 𝑤 ∈ 𝔘)   
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ii. When 𝛼=0, then the 

class ℬ𝒩ℬ
𝑘(𝛾, 𝛼, 𝜂, 𝜆, 𝜃(𝑡), �̃�𝑘) = 

ℬ𝒩ℬ
𝑘(𝛾, 𝜂, 𝜆, 𝜃(𝑡), �̃�𝑘) which satisfying 

[(1 − 𝛾)
𝒦𝜆
𝜂
𝑓𝜃(𝑧)

𝑧
+ 𝛾 (𝒦𝜆

𝜂
𝑓𝜃(𝑧))

′
] ≺ �̃�𝑘(𝑧),      ( 𝑧

∈ 𝔘)  
and 

[(1 − 𝛾)
𝒦𝜆
𝜂
𝑔𝜃(𝑤)

𝑤
+ 𝛾 (𝒦𝜆

𝜂
𝑔𝜃(𝑤))

′
]

≺ �̃�𝑘(𝑤).    (𝑤 ∈ 𝔘 ) 
iii. For 𝛾 = 1, 𝛼 = 0, then the 

class ℬ𝒩ℬ
𝑘(𝛾, 𝛼, 𝜂, 𝜆, 𝜃(𝑡), �̃�𝑘) = 

ℬ𝒩ℬ
𝑘(𝜂, 𝜆, 𝜃(𝑡), �̃�𝑘) which satisfying 

(𝒦𝜆
𝜂
𝑓𝜃(𝑧))

′
≺ �̃�𝑘(𝑧)   and  (𝒦𝜆

𝜂
𝑔𝜃(𝑤))

′
≺

�̃�𝑘(𝑤).      (𝑧, 𝑤 ∈ 𝔘) 
 

Definition5. A function 𝑓(𝑧) ∈ 𝒥    of the form 

Eq.1 belongs to the class ℬ𝒱ℬ
𝑘(𝛿, 𝜚, 𝜂, 𝜆, 𝜃(𝑡), �̃�𝑘) if 

it holds 

[1 +
1

𝛿
(
𝑧1−𝜚 (𝒦𝜆

𝜂
𝑓𝜃(𝑧))

′

(𝒦𝜆
𝜂
𝑓𝜃(𝑧))

1−𝜚 − 1)] ≺ �̃�𝑘(𝑧),      ( 𝑧

∈ 𝔘)             12  
and 

[1 +
1

𝛿
(
𝑤1−𝜚 (𝒦𝜆

𝜂
𝑔𝜃(𝑤))

′

(𝒦𝜆
𝜂
𝑔𝜃(𝑤))

1−𝜚 − 1)]

≺ �̃�𝑘(𝑤),      ( 𝑤 ∈ 𝔘)          18  
where 𝛿 ∈ ℂ\{0}, 𝜚 ≥ 0, 0 < 𝜆 ≤ 1  , 𝜂 ∈ ℕ0 , 

𝜃(𝑡) =
2

1+𝑒−𝑡
, 𝑡 ≥ 0 and 𝑔𝜃(𝑤) = 𝑓𝜃

−1(𝑤) is given 

by Eq.2. 

For 𝜚 = 0, then the classℬ𝒱ℬ
𝑘(𝛿, 𝜚, 𝜂, 𝜆, 𝜃(𝑡), �̃�𝑘) =

 ℬ𝒱ℬ
𝑘(𝛿, 𝜂, 𝜆, 𝜃(𝑡), �̃�𝑘) which satisfying 

[1 +
1

𝛿
(
𝑧 (𝒦𝜆

𝜂
𝑓𝜃(𝑧))

′

𝒦𝜆
𝜂
𝑓𝜃(𝑧)

− 1)] ≺ �̃�𝑘(𝑧),      ( 𝑧 ∈ 𝔘)  

and 

[1 +
1

𝛿
(
𝑤 (𝒦𝜆

𝜂
𝑔𝜃(𝑤))

′

𝒦𝜆
𝜂
𝑔𝜃(𝑤)

− 1)] ≺ �̃�𝑘(𝑤).      ( 𝑤

∈ 𝔘)  
 Lemma 1. 20 If  𝓋 ∈ 𝒪, where 𝒪 is the class of 

analytic functions holding R(𝓋(𝑧)) > 0, 𝑧 ∈ 𝔘, 

with 𝓋(𝑧) = 1 + 𝓋1𝑧 + 𝓋2𝑧
2 +⋯, then |𝓋𝑖| ≤ 2 

,∀𝑖.  
Lemma 2. 21 If 𝓋(𝑧) = 1 + 𝓋1𝑧 + 𝓋2𝑧

2 +⋯, and 

 𝓋(𝑧) ≺ �̃�𝑘(𝑧), then 

|𝓋1| ≤ |𝜏𝑘|,   |𝓋2| ≤ 8𝜏𝑘
2   and |𝓋3| ≤ 4𝜏𝑘

3 . 
In this paper, some subclasses of univalent and bi-

univalent functions concerning to shell-like curves 

connected with k-Fibonacci numbers have been 

introduced. Also, estimates of the initial coefficients 
|𝑐2| , |𝑐3|  and Fekete-Szeg�̈� inequality have been 

obtained. Furthermore, the second Hankel 

determinant has been inspected for the functions in 

these classes. 

 

Coefficient bounds and Fekete-Szeg�̈� inequality 

for the function classes 𝓑𝓜𝓑
𝒌 ,  𝓑𝓝𝓑

𝒌   and 𝓑𝓥𝓑
𝒌   

Theorem 1. 

For 0 ≤ 𝜗 ≤ 1, 0 < 𝜆 ≤ 1  , 𝜂 ∈ ℕ0  and  𝜃(𝑡) =
2

1+𝑒−𝑡
, 𝑡 ≥ 0, if 𝑓(𝑧) of the form Eq.1 belongs 

to  ℬℳℬ
𝑘(𝜗, 𝜂, 𝜆, 𝜃(𝑡), �̃�𝑘),  then

 

|𝑐2| ≤
𝑘√𝑘|𝜏𝑘|

√|𝑘2𝜏𝑘[2ℒ3𝜃(𝑡)(8 − 2𝜗) − 𝜃
2(𝑡)ℒ2

2(5 − (𝜗 + 1)2)] + 𝑁𝐾(2 − 𝜗)
2ℒ2

2𝜃2(𝑡)|
,        14 

|𝑐3| ≤
𝑘|𝜏𝑘|

|2(8 − 2𝜗)ℒ3𝜃(𝑡)|

+
𝑘3𝜏𝑘

2

|𝑘2𝜏𝑘[2ℒ3𝜃(𝑡)(8 − 2𝜗) − 𝜃
2(𝑡)ℒ2

2(5 − (𝜗 + 1)2)] + 𝑁𝐾(2 − 𝜗)
2ℒ2

2𝜃2(𝑡)|
,          15 

and for 𝜉 ∈ ℝ 

|𝑐3 − 𝜉𝑐2
2| ≤

{
 
 

 
 |𝑘||𝜏𝑘|

4(8 − 2𝜗)ℒ3𝜃(𝑡)
, 0 ≤ 𝑇(𝜉) ≤

|𝑘||𝜏𝑘|

3(8 − 2𝜗)ℒ3𝜃(𝑡)

4|𝑇(𝜉)||𝑘||𝜏𝑘|, 𝑇(𝜉) ≥
|𝑘||𝜏𝑘|

3(8 − 2𝜗)ℒ3𝜃(𝑡)
 

,             16 

where 𝑁𝐾 = 𝑘 − (𝑘
2 + 2)𝜏𝑘 , 

𝑇(𝜉) =
(1 − 𝜉)𝑘3𝜏𝑘

2

4𝑘2𝜏𝑘[2ℒ3𝜃(𝑡)(8 − 2𝜗) − 𝜃
2(𝑡)ℒ2

2(5 − (𝜗 + 1)2)] + 4𝑁𝐾(2 − 𝜗)
2ℒ2

2𝜃2(𝑡)
 

 

and ℒ𝑚 given by Eq.7. 
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Proof: Suppose that 𝑓(𝑧)  ∈

 ℬℳℬ
𝑘(𝜗, 𝜂, 𝜆, 𝜃(𝑡), �̃�𝑘),  then  have from Eq.8 and 

Eq.9 

 

[
𝑧 (𝒦𝜆

𝜂
𝑓𝜃(𝑧))

′

𝒦𝜆
𝜂
𝑓𝜃(𝑧)

−
𝑧 (𝒦𝜆

𝜂
𝑓𝜃(𝑧))

′
+ 𝜗𝑧2 (𝒦𝜆

𝜂
𝑓𝜃(𝑧))

′′

(1 − 𝜗)𝒦𝜆
𝜂
𝑓𝜃(𝑧) + 𝜗𝑧 (𝒦𝜆

𝜂
𝑓𝜃(𝑧))

′ +
𝑧 (𝒦𝜆

𝜂
𝑓𝜃(𝑧))

′′

(𝒦𝜆
𝜂
𝑓𝜃(𝑧))

′ + 1] = �̃�𝑘(𝓊(𝑧)), (𝑧

∈ 𝔘)                17   
and 

[
𝑤 (𝒦𝜆

𝜂
𝑔𝜃(𝑤))

′

𝒦𝜆
𝜂
𝑔𝜃(𝑤)

−
𝑤 (𝒦𝜆

𝜂
𝑔𝜃(𝑤))

′
+ 𝜗𝑤2 (𝒦𝜆

𝜂
𝑔𝜃(𝑤))

′′

(1 − 𝜗)𝒦𝜆
𝜂
𝑔𝜃(𝑤) + 𝜗𝑤 (𝒦𝜆

𝜂
𝑔𝜃(𝑤))

′ +
𝑤(𝒦𝜆

𝜂
𝑔𝜃(𝑤))

′′

(𝒦𝜆
𝜂
𝑔𝜃(𝑤))

′ + 1] = �̃�𝑘(𝓆(𝑤)),   (𝑤

∈ 𝔘)               13  
 

where  𝑔𝜃(𝑤) = 𝑓𝜃
−1(𝑤) is given by Eq.2 and  �̃�𝑘 

given by Eq.5. Let 𝓋(𝑧) = 1 +𝓋1𝑧 + 𝓋2𝑧
2 +⋯, 

and  𝓋 ≺ �̃�𝑘 .Then there exists an analytic function 

𝓊(𝑧) such that |𝓊(𝑧) | < 1 in 𝔘 and 𝓋(𝑧) =

�̃�𝑘(𝓊(𝑧)). Therefore, the function 

𝒴(𝑧) =
1 + 𝓊(𝑧)

1 − 𝓊(𝑧)
= 1 + 𝓊1𝑧 + 𝓊2𝑧

2 +⋯, 

belongs to the class 𝒪 , then 

𝓊(𝑧) =
𝒴(𝑧) − 1

𝒴(𝑧) + 1
=
𝓊1
2
𝑧 + (𝓊2 −

𝓊1
2

2
)
𝑧2

2
+ (𝓊3 −𝓊1𝓊2 +

𝓊1
3

4
)
𝑧3

2
+⋯, 

and 

�̃�𝑘(𝓊(𝑧)) = 1 + �̃�𝑘,1 (
𝓊1𝑧

2
+ (𝓊2 −

𝓊1
2

2
)
𝑧2

2
+ (𝓊3 −𝓊1𝓊2 +

𝓊1
3

4
)
𝑧3

2
+⋯)

+ �̃�𝑘,2 (
𝓊1𝑧

2
+ (𝓊2 −

𝓊1
2

2
)
𝑧2

2
+ (𝓊3 −𝓊1𝓊2 +

𝓊1
3

4
)
𝑧3

2
+⋯)

2

+ �̃�𝑘,3 (
𝓊1𝑧

2
+ (𝓊2 −

𝓊1
2

2
)
𝑧2

2
+ (𝓊3 −𝓊1𝓊2 +

𝓊1
3

4
)
𝑧3

2
+⋯)

3

+⋯

= 1 +
�̃�𝑘,1𝓊1𝑧

2
+ (

1

2
(𝓊2 −

𝓊1
2

2
) �̃�𝑘,1 +

𝓊1
2

4
�̃�𝑘,2)𝑧

2

+ (
1

2
(𝓊3 −𝓊1𝓊2 +

𝓊1
3

4
) �̃�𝑘,1 +

1

2
𝓊1 (𝓊2 −

𝓊1
2

2
) �̃�𝑘,2 +

𝓊1
3

3
�̃�𝑘,3)𝑧

3 +⋯ .        19 

 

Furthermore, there exists an analytic function 𝓆(𝑤) 
with  |𝓆(𝑤) | < 1 in 𝔘 such that 𝓋(𝑤) =

�̃�𝑘(𝓆(𝑤)) . Therefore, the function 

𝒳(𝑤) =
1 + 𝓆(𝑤)

1 − 𝓆(𝑤)
= 1 + 𝓆1𝑤 + 𝓆2𝑤

2 +⋯, 

belongs to the class 𝒪 , similarly 

�̃�𝑘(𝓆(𝑤)) = 1 +
�̃�𝑘,1𝓆1𝑤

2

+ (
1

2
(𝓆2 −

𝓆1
2

2
) �̃�𝑘,1

+
𝓆1
2

4
�̃�𝑘,2)𝑤

2

+ (
1

2
(𝓆3 − 𝓆1𝓆2 +

𝓆1
3

4
) �̃�𝑘,1

+
1

2
𝓆1 (𝓆2 −

𝓆1
2

2
) �̃�𝑘,2

+
𝓆1
3

3
�̃�𝑘,3)𝑤

3 +⋯ .       20 

According to Eq.17, Eq.18, Eq.19 and Eq.20, 

getting 

(2 − 𝜗)ℒ2𝜃(𝑡)𝑐2 =
𝓊1𝑘𝜏𝑘
2

,            21 
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2(8 − 2𝜗)ℒ3𝜃(𝑡)𝑐3 − (5 − (𝜗 + 1)
2)𝜃2(𝑡)ℒ2

2𝑐2
2

=
1

2
(𝓊2 −

𝓊1
2

2
)𝑘𝜏𝑘

+
𝓊1
2

4
(𝑘2 + 2)𝜏𝑘

2,       22 

and 

−(2 − 𝜗)ℒ2𝜃(𝑡)𝑐2 =
𝓆1𝑘𝜏𝑘
2

,            28  

2ℒ3𝜃(𝑡)(8 − 2𝜗)(2𝑐2
2 − 𝑐3) − (5

− (𝜗 + 1)2)𝜃2(𝑡)ℒ2
2𝑐2
2

=
1

2
(𝓆2 −

𝓆1
2

2
)𝑘𝜏𝑘

+
𝓆1
2

4
(𝑘2 + 2)𝜏𝑘

2,         24 

from Eq.21 and  Eq.23,  get 

𝓊1 = −𝓆1,           25 
and 

2(2 − 𝜗)2ℒ2
2𝜃2(𝑡)𝑐2

2 =
(𝓊1

2 + 𝓆1
2)𝑘2𝜏𝑘

2

4
,           26 

by adding Eq.22 and Eq.24, it implies that 

[4ℒ3𝜃(𝑡)(8 − 2𝜗) − 2𝜃
2(𝑡)ℒ2

2(5 − (𝜗 + 1)2)]𝑐2
2

=
1

2
(𝓊2 + 𝓆2)𝑘𝜏𝑘

−
1

4
(𝑘𝜏𝑘 − (𝑘

2 + 2)𝜏𝑘
2)(𝓊1

2

+ 𝓆1
2),         27 

substituting Eq.26 in Eq.27, it follows that

 

𝑐2
2 =

(𝓊2 + 𝓆2)𝑘
3𝜏𝑘
2

4𝑘2𝜏𝑘[2ℒ3𝜃(𝑡)(8 − 2𝜗) − 𝜃
2(𝑡)ℒ2

2(5 − (𝜗 + 1)2)] + 4𝑁𝐾(2 − 𝜗)
2ℒ2

2𝜃2(𝑡)
,         23 

 

where 𝑁𝐾 = 𝑘 − (𝑘
2 + 2)𝜏𝑘. 

On using Lemma1, getting Eq.14. 

Now, subtraction Eq.24 from Eq.22 and using 

Eq.25, can be obtained 

𝑐3 = 𝑐2
2 +

(𝓊2−𝓆2)𝑘𝜏𝑘

8(3−2𝜗)ℒ3𝜃(𝑡)
,               29  

then by Eq.28 and Lemma1, Eq.29 reduces to 

Eq.15. 

From Eq.28 and Eq.29, for ∈ ℝ ,  get 

 

𝑐3 − 𝜉𝑐2
2 =

(𝓊2 − 𝓆2)𝑘𝜏𝑘
3(8 − 2𝜗)ℒ3𝜃(𝑡)

+ (1 − 𝜉)
(𝓊2 + 𝓆2)𝑘

3𝜏𝑘
2

4𝑘2𝜏𝑘[2ℒ3𝜃(𝑡)(8 − 2𝜗) − 𝜃
2(𝑡)ℒ2

2(5 − (𝜗 + 1)2)] + 4𝑁𝐾(2 − 𝜗)
2ℒ2

2𝜃2(𝑡)
, 

which can be expressed as 

𝑐3 − 𝜉𝑐2
2 = [𝑇(𝜉) +

𝑘𝜏𝑘
3(8 − 2𝜗)ℒ3𝜃(𝑡)

]𝓊2 + [𝑇(𝜉) −
𝑘𝜏𝑘

3(8 − 2𝜗)ℒ3𝜃(𝑡)
] 𝓆2, 

where 

𝑇(𝜉) =
(1 − 𝜉)𝑘3𝜏𝑘

2

4𝑘2𝜏𝑘[2ℒ3𝜃(𝑡)(8 − 2𝜗) − 𝜃
2(𝑡)ℒ2

2(5 − (𝜗 + 1)2)] + 4𝑁𝐾(2 − 𝜗)
2ℒ2

2𝜃2(𝑡)
. 

Taking modulus, hence 

|𝑐3 − 𝜉𝑐2
2| ≤

{
 
 

 
 |𝑘||𝜏𝑘|

4(8 − 2𝜗)ℒ3𝜃(𝑡)
, 0 ≤ 𝑇(𝜉) ≤

|𝑘||𝜏𝑘|

3(8 − 2𝜗)ℒ3𝜃(𝑡)

4|𝑇(𝜉)||𝑘||𝜏𝑘|, 𝑇(𝜉) ≥
|𝑘||𝜏𝑘|

3(8 − 2𝜗)ℒ3𝜃(𝑡)
.

 

 

Theorem 2. 

For 0 ≤ 𝛾, 0 ≤ 𝛼, 0 < 𝜆 ≤ 1  , 𝜂 ∈ ℕ0 , 𝜃(𝑡) =
2

1+𝑒−𝑡
, 𝑡 ≥ 0, if 𝑓(𝑧) of the form Eq.1 belongs 

to ℬ𝒩ℬ
𝑘(𝛾, 𝛼, 𝜂, 𝜆, 𝜃(𝑡), �̃�𝑘)  ,  then 

 

 

 

|𝑐2| ≤
𝑘√𝑘|𝜏𝑘|

√|𝑘2𝜏𝑘(1 + 2𝛾 + 2𝛼)ℒ3𝜃(𝑡) + 𝑁𝐾(1 + 𝛾)
2ℒ2

2𝜃2(𝑡)|
,                80 

|𝑐3| ≤
𝑘|𝜏𝑘|

|(1 + 2𝛾 + 2𝛼)ℒ3𝜃(𝑡)|
+

𝑘3𝜏𝑘
2

|𝑘2𝜏𝑘(1 + 2𝛾 + 2𝛼)ℒ3𝜃(𝑡) + 𝑁𝐾(1 + 𝛾)
2ℒ2

2𝜃2(𝑡)|
,        81 

and for 𝜉 ∈ ℝ 
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|𝑐3 − 𝜉𝑐2
2| ≤

{
 
 

 
 |𝑘||𝜏𝑘|

(1 + 2𝛾 + 2𝛼)ℒ3𝜃(𝑡)
, 0 ≤ |𝑀(𝜉)| ≤

1

(1 + 2𝛾 + 2𝛼)ℒ3𝜃(𝑡)

|𝑘||𝜏𝑘||𝑀(𝜉)|,            |𝑀(𝜉)| ≥
1

(1 + 2𝛾 + 2𝛼)ℒ3𝜃(𝑡)
,

               82 

where 𝑁𝐾 = 𝑘 − (𝑘
2 + 2)𝜏𝑘 ,  

𝑀(𝜉) =
(1 − 𝜉)𝑘3𝜏𝑘

2

𝑘2𝜏𝑘(1 + 2𝛾 + 2𝛼)ℒ3𝜃(𝑡) + 𝑁𝐾(1 + 𝛾)
2ℒ2

2𝜃2(𝑡)
 

 

and ℒ𝑚 given by Eq.7. 

Proof: Suppose that 𝑓(𝑧) ∈

ℬ𝒩ℬ
𝑘(𝛾, 𝛼, 𝜂, 𝜆, 𝜃(𝑡), �̃�𝑘), then  have from Eq.10 

and Eq.11 

 

 

 

[(1 − 𝛾 + 2𝛼)
𝒦𝜆
𝜂
𝑓𝜃(𝑧)

𝑧
+ (𝛾 − 2𝛼) (𝒦𝜆

𝜂
𝑓𝜃(𝑧))

′
+ 𝛼𝑧 (𝒦𝜆

𝜂
𝑓𝜃(𝑧))

′′
] = �̃�𝑘(𝓊(𝑧)), ( 𝑧 ∈ 𝔘)         88  

and 

[(1 − 𝛾 + 2𝛼)
𝒦𝜆
𝜂
𝑔𝜃(𝑤)

𝑤
+ (𝛾 − 2𝛼) (𝒦𝜆

𝜂
𝑔𝜃(𝑤))

′
+ 𝛼𝑤 (𝒦𝜆

𝜂
𝑔𝜃(𝑤))

′′
] = �̃�𝑘(𝓆(𝑤)),   ( 𝑤 ∈ 𝔘)            84 

According to Eq.33, Eq.34, Eq.19 and Eq.20, give 

(1 + 𝛾)ℒ2𝜃(𝑡)𝑐2 =
𝓊1𝑘𝜏𝑘
2

,                   85 

(1 + 2𝛾 + 2𝛼)ℒ3𝜃(𝑡)𝑐3 =
1

2
(𝓊2 −

𝓊1
2

2
)𝑘𝜏𝑘 +

𝓊1
2

4
(𝑘2 + 2)𝜏𝑘

2             86 

and 

−(1 + 𝛾)ℒ2𝜃(𝑡)𝑐2 =
𝓆1𝑘𝜏𝑘
2

,                   87  

(1 + 2𝛾 + 2𝛼)ℒ3𝜃(𝑡)(2𝑐2
2 − 𝑐3) =

1

2
(𝓆2 −

𝓆1
2

2
)𝑘𝜏𝑘 +

𝓆1
2

4
(𝑘2 + 2)𝜏𝑘

2.                83 

 

The results Eq.30-Eq.32 of the Theorem 2 follow 

from Eq.35-Eq.38 by applying steps as in Theorem1 

with respect to Eq.21-Eq.24. 

 

 

Theorem 3. 

For 𝛿 ∈ ℂ\{0}, 𝜚 ≥ 0, 0 < 𝜆 ≤ 1  , 𝜂 ∈ ℕ0 , 

𝜃(𝑡) =
2

1+𝑒−𝑡
, 𝑡 ≥ 0, if 𝑓(𝑧) of the form Eq.1 

belongs to ℬ𝒱ℬ
𝑘(𝛿, 𝜚, 𝜂, 𝜆, 𝜃(𝑡), �̃�𝑘),  then 

 

|𝑐2| ≤
𝛿𝑘√2𝑘|𝜏𝑘|

√|𝛿𝑘2𝜏𝑘(𝜚 + 2)[(𝜚 − 1)𝜃
2(𝑡)ℒ2

2 + 2𝜃(𝑡)ℒ3] + 2𝑁𝐾(𝜚 + 1)
2ℒ2

2𝜃2(𝑡)|
,               89 

|𝑐3| ≤
𝛿𝑘|𝜏𝑘|

|(𝜚 + 2)𝜃(𝑡)ℒ3|
+

2𝛿2𝑘3𝜏𝑘
2

|𝛿𝑘2𝜏𝑘(𝜚 + 2)[(𝜚 − 1)𝜃
2(𝑡)ℒ2

2 + 2𝜃(𝑡)ℒ3] + 2𝑁𝐾(𝜚 + 1)
2ℒ2

2𝜃2(𝑡)|
,               40 

and for 𝜉 ∈ ℝ  

|𝑐3 − 𝜉𝑐2
2| ≤

{
 
 

 
 

|𝑘||𝛿||𝜏𝑘|

(𝜚 + 2)𝜃(𝑡)ℒ3
,   0 ≤ |𝜉 − 1| ≤

𝐿

2|𝑘|2|𝛿||𝜏𝑘|(𝜚 + 2)𝜃(𝑡)ℒ3
2|1 − 𝜉|𝛿2𝑘3𝜏𝑘

2

𝐿
, |𝜉 − 1| ≥

𝐿

2|𝑘|2|𝛿||𝜏𝑘|(𝜚 + 2)𝜃(𝑡)ℒ3

,                41 

 

such that 𝑁𝐾 = 𝑘 − (𝑘
2 + 2)𝜏𝑘 , 

L= 𝛿𝑘2𝜏𝑘(𝜚 + 2)[(𝜚 − 1)𝜃
2(𝑡)ℒ2

2 + 2𝜃(𝑡)ℒ3] +
2𝑁𝐾(𝜚 + 1)

2ℒ2
2𝜃2(𝑡) 

 and ℒ𝑚 given by Eq.7. 

Proof: Suppose that 𝑓(𝑧) ∈

ℬ𝒱ℬ
𝑘(𝛿, 𝜚, 𝜂, 𝜆, 𝜃(𝑡), �̃�𝑘), then from Eq.12 and Eq.13 

obtaining 
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[1 +
1

𝛿
(
𝑧1−𝜚 (𝒦𝜆

𝜂
𝑓𝜃(𝑧))

′

(𝒦𝜆
𝜂
𝑓𝜃(𝑧))

1−𝜚 − 1)] = �̃�𝑘(𝓊(𝑧)),       (𝑧 ∈ 𝔘)                42  

and 

[1 +
1

𝛿
(
𝑤1−𝜚 (𝒦𝜆

𝜂
𝑔𝜃(𝑤))

′

(𝒦𝜆
𝜂
𝑔𝜃(𝑤))

1−𝜚 − 1)] = �̃�𝑘(𝓆(𝑤)).      ( 𝑤 ∈ 𝔘)               48  

According to Eq.42, Eq.43, Eq.19 and Eq.20, give 
1

𝛿
(𝜚 + 1)ℒ2𝜃(𝑡)𝑐2 =

𝓊1𝑘𝜏𝑘
2

,              44 

1

𝛿
(𝜚 + 2) [ℒ3𝜃(𝑡)𝑐3 +

(𝜚 − 1)

2
𝜃2(𝑡)ℒ2

2𝑐2
2] =

1

2
(𝓊2 −

𝓊1
2

2
)𝑘𝜏𝑘 +

𝓊1
2

4
(𝑘2 + 2)𝜏𝑘

2,      45 

and 

−
1

𝛿
(𝜚 + 1)ℒ2𝜃(𝑡)𝑐2 =

𝓆1𝑘𝜏𝑘
2

,              46  

1

𝛿
(𝜚 + 2) [𝜃(𝑡)ℒ3(2𝑐2

2 − 𝑐3) +
(𝜚 − 1)

2
𝜃2(𝑡)ℒ2

2𝑐2
2] =

1

2
(𝓆2 −

𝓆1
2

2
)𝑘𝜏𝑘 +

𝓆1
2

4
(𝑘2 + 2)𝜏𝑘

2.           47 

 

The results Eq.39-Eq.41 of the Theorem3 follow 

from Eq.44-Eq.47 by applying steps as in Theorem1 

with respect to Eq.21-Eq.24. 

 

Second Hankel determinant for the function 

classes   𝓤𝓝𝓑
𝒌   and 𝓤𝓥𝓑

𝒌   

Theorem 4. Let 𝑓(𝑧) ∈ 𝒰𝒩ℬ
𝑘(𝛾, 𝛼, 𝜂, 𝜆, 𝜃(𝑡), �̃�𝑘).  

Then 

 

|𝑐2𝑐4 − 𝑐3
2| ≤

[4ℒ3
2(1 + 2𝛾 + 2𝛼)2 + 9ℒ2ℒ4(1 + 𝛾)(1 + 8𝛾 + 6𝛼)]

𝜃2(𝑡)ℒ2ℒ3
2ℒ4(1 + 𝛾)(1 + 8𝛾 + 6𝛼)(1 + 2𝛾 + 2𝛼)

2
𝜏𝑘
4 ,        43 

 

where  ℒ𝑚 given by Eq.7  for 0 ≤ 𝛾, 0 ≤ 𝛼, 0 <

𝜆 ≤ 1  , 𝜂 ∈ ℕ0 , 𝜃(𝑡) =
2

1+𝑒−𝑡
, 𝑡 ≥ 0 . 

Proof: Since  𝑓(𝑧) ∈ 𝒰𝒩ℬ
𝑘(𝛾, 𝛼, 𝜂, 𝜆, 𝜃(𝑡), �̃�𝑘), so   

definition1 , gets 

(1 − 𝛾 + 2𝛼)
𝒦𝜆
𝜂
𝑓𝜃(𝑧)

𝑧
+ (𝛾 − 2𝛼) (𝒦𝜆

𝜂
𝑓𝜃(𝑧))

′
+

𝛼𝑧 (𝒦𝜆
𝜂
𝑓𝜃(𝑧))

′′
= 𝓋(𝑧) = 1 + 𝓋1𝑧 + 𝓋2𝑧

2 +

⋯ ,            49   

 expanding and equating the coefficients in Eq.49, it 

follows that 

𝑐2 =
𝓋1

𝜃(𝑡)ℒ2(1 + 𝛾)
, 

𝑐3 =
𝓋2

𝜃(𝑡)ℒ3(1 + 2𝛾 + 2𝛼)
, 

and 

𝑐4 =
𝓋3

𝜃(𝑡)ℒ4(1 + 8𝛾 + 6𝛼)
, 

thus,  Lemma 2,  gets 

 

|𝑐2𝑐4 − 𝑐3
2| ≤

[4ℒ3
2(1 + 2𝛾 + 2𝛼)2 + 9ℒ2ℒ4(1 + 𝛾)(1 + 8𝛾 + 6𝛼)]

𝜃2(𝑡)ℒ2ℒ3
2ℒ4(1 + 𝛾)(1 + 8𝛾 + 6𝛼)(1 + 2𝛾 + 2𝛼)

2
𝜏𝑘
4. 

 

If 𝛼 = 𝜂 = 𝛾 = 0 and 𝜆 = 1 ,Theorem 4 gives the 

next  Corollary. 

Corollary 1. If (𝑧) ∈ 𝒰𝒩ℬ
𝑘(𝜃(𝑡), �̃�𝑘) , then 

|𝑐2𝑐4 − 𝑐3
2| ≤

85𝑒4

8𝜃2(𝑡)
𝜏𝑘
4, 

where 𝜃(𝑡) =
2

1+𝑒−𝑡
, 𝑡 ≥ 0. 

Theorem 5. Let 𝑓(𝑧) ∈  𝒰𝒱ℬ
𝑘(𝛿, 𝜚, 𝜂, 𝜆, 𝜃(𝑡), �̃�𝑘). 

Then 

 

|𝑐2𝑐4 − 𝑐3
2| ≤

4𝛿2𝜏𝑘
4

𝜃2(𝑡)ℒ2ℒ4(𝜚 + 8)(𝜚 + 1)
+ [

(2𝜚 + 8)

ℒ2ℒ4(𝜚 + 8)
+
1

ℒ3
2]

8𝛿3𝜏𝑘
4(1 − 𝜚)

𝜃2(𝑡)(𝜚 + 1)2(𝜚 + 2)

+ [
(2𝜚 + 8)(1 − 𝜚) + 2

2ℒ2ℒ4(𝜚 + 8)
+
(1 − 𝜚)

4ℒ3
2 ]

𝛿4𝜏𝑘
4(1 − 𝜚)

𝜃2(𝑡)(𝜚 + 1)4
+

9𝛿2𝜏𝑘
4

𝜃2(𝑡)ℒ3
2(𝜚 + 1)2

,            50 
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where  ℒ𝑚 given by Eq.7 for 𝛿 ∈ ℂ\{0}, 𝜚 ≥ 0, 0 <

𝜆 ≤ 1  , 𝜂 ∈ ℕ0 , 𝜃(𝑡) =
2

1+𝑒−𝑡
, 𝑡 ≥ 0.  

Proof: Since 𝑓(𝑧) ∈  𝒰𝒱ℬ
𝑘(𝛿, 𝜚, 𝜂, 𝜆, 𝜃(𝑡), �̃�𝑘), so   

definition2 , gives 

                                       

1 +
1

𝛿
(
𝑧1−𝜚(𝒦𝜆

𝜂
𝑓𝜃(𝑧))

′

(𝒦
𝜆
𝜂
𝑓𝜃(𝑧))

1−𝜚 − 1) = 𝓋(𝑧) = 1 + 𝓋1𝑧 +

𝓋2𝑧
2 +⋯ ,              51   

 expanding and equating the coefficients in Eq.51, it 

implies that 

𝑐2 =
𝛿𝓋1

𝜃(𝑡)ℒ2(𝜚 + 1)
, 

𝑐3 =
𝛿𝓋2

𝜃(𝑡)ℒ3(𝜚 + 2)
+

𝛿2𝓋1
2(1 − 𝜚)

2𝜃(𝑡)ℒ3(𝜚 + 1)
2
, 

And 

 

𝑐4 =
𝛿𝓋3

𝜃(𝑡)ℒ4(𝜚 + 8)
+

𝛿2𝓋1𝓋2(2𝜚 + 8)(1 − 𝜚)

𝜃(𝑡)ℒ4(𝜚 + 8)(𝜚 + 1)(𝜚 + 2)
+ [
(2𝜚 + 8)(1 − 𝜚) + 2

2
]

𝛿3𝓋1
3(1 − 𝜚)

𝜃(𝑡)ℒ4(𝜚 + 1)
3(𝜚 + 8)

, 

thus,  Lemma 2 gives 

|𝑐2𝑐4 − 𝑐3
2| ≤

4𝛿2𝜏𝑘
4

𝜃2(𝑡)ℒ2ℒ4(𝜚 + 8)(𝜚 + 1)
+ [

(2𝜚 + 8)

ℒ2ℒ4(𝜚 + 8)
+
1

ℒ3
2]

8𝛿3𝜏𝑘
4(1 − 𝜚)

𝜃2(𝑡)(𝜚 + 1)2(𝜚 + 2)

+ [
(2𝜚 + 8)(1 − 𝜚) + 2

2ℒ2ℒ4(𝜚 + 8)
+
(1 − 𝜚)

4ℒ3
2 ]

𝛿4𝜏𝑘
4(1 − 𝜚)

𝜃2(𝑡)(𝜚 + 1)4
+

9𝛿2𝜏𝑘
4

𝜃2(𝑡)ℒ3
2(𝜚 + 2)2

. 

 

For 𝜚 = 𝜂 = 0 and 𝜆 = 𝛿 = 1 ,Theorem 5 gives the 

next  Corollary. 

Corollary 2. If 𝑓(𝑧) ∈ 𝒰𝒱ℬ
𝑘(𝜃(𝑡), �̃�𝑘), then 

|𝑐2𝑐4 − 𝑐3
2| ≤

53𝑒4

9𝜃2(𝑡)
𝜏𝑘
4, 

such that 𝜃(𝑡) =
2

1+𝑒−𝑡
, 𝑡 ≥ 0. 

 

Conclusion 

           In present paper, two subclasses 𝒰𝒩ℬ
𝑘  

and 𝒰𝒱ℬ
𝑘 of univalent functions and some 

subclasses of bi-univalent functions have been 

introduced and studied involving convolution 

operator and k- Fibonacci  numbers. For these 

univalent subclasses of functions, the  second 

Hankel determinant has been obtained by taking 

advantage of the initial estimates of coefficient. 
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 ودالة السيني المعدلة Kبعض الفئات الفرعية لدوال أحادية التكافؤ وثنائية التكافؤ المتعلقة بأرقام  فيبوناتشي 

 
 عبد الرحمن سلمان جمعة          امل ماضي رشيد*

 

 .العراققسم الرياضيات, كلية التربية للعلوم الصرفة, جامعة الانبار, الرمادي, 

 

 الخلاصة:
وناتشي يهتم هذا البحث بفئات فرعية معينة من الدوال احادية التكافؤ وثنائية التكافؤ فيما يتعلق بمنحنيات تشبه الصدفة المرتبطة بأرقام فيب       

k  تتضمن دالة التنشيط السيني المعدلة𝜃(𝑡) =
2

1+𝑒−𝑡
 ,t ≥ |𝑧|في قرص الوحدة0 < تم   |𝑐2| , |𝑐3|. تقديرات المعاملات الاولية 1

 ومحدد هانكل الثاني للدوال في فئاتنا.  Fekete-Szeg�̈� التحقق من عدم المساواة 

 

 دالة أحادية التكافؤ. ,. دالة ثنائية التكافؤ, توزيع بوريل, أرقام فيبوناتشي ,تعديل الدالة السينيةالكلمات المفتاحية

 

 

 

  


