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Abstract: 
The purpose of this paper is to introduce and prove some coupled coincidence fixed point theorems 

for self mappings satisfying (𝜙 − 𝜓)-contractive condition with rational expressions on complete partially 

ordered metric spaces involving altering distance functions with mixed monotone property of the mapping. 

Our results improve and unify a multitude of coupled fixed point theorems and generalize some recent results 

in partially ordered metric space. An example is given to show the validity of our main result.   
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Introduction: 
Banach1 contraction theorem is one of the 

most essential methods in the study of nonlinear 

problems in analysis. Therefore, various 

generalizations of the Banach contraction theorem 

are obtained either by expanding the structure of the 

ambient space2,3or by weakening the contractive 

maps. 

Fixed point theorems are being developed 

for use in partially ordered metric space (P.O.M.S) 

by Ran and Reurings4 ,  obtained analogue of 

Banach’s theorem on (P.O.M.S). After this paper, 

numerous paper has been published on (P.O.M.S)5 -

7 .Bhaskar and Lakshmikantham8work on the 

development of coupled (F, P) results “for mixed 

monotone operators” in (P.O.M.S). This same work 

also includes discussions of (F, P) theorems with 

rational expressions in(P.O.M.S)8 - 1 2 .  
The main aim of this paper is to 

demonstrate that some coupled coincidence fixed 

point results satisfy a contractive condition of 

rational type. 

 

Preliminaries  

Let (ℳ,≤) be a partially ordered set, ℱ:ℳ ×ℳ →
ℳand 𝑇:ℳ →ℳ be maps.  

The set of coincidence fixed points (coupled fixed 

point) of ℱ and 𝑇 is denoted by the Couple 

∁(ℱ, 𝑇)and couple Fix(ℱ, 𝑇) respectively” 𝑁 𝑎𝑛𝑑 

(ℜ+) stand for natural numbers and (the positive 

real numbers), respectively. 

Definition 14:  Let(ℳ,≤)is a (P.O.S) together 

with(ℳ, 𝑑) as a metric space. Then(ℳ, 𝑑,≤) is 

said to be a (P.O.M.S). 

ℳ is called a partially (P.O.C.M.S) whenever 

(ℳ, 𝑑) is a complete metric space. 

 

Definition 24: Let 𝑀 be a (P.O.S), then 𝓂,𝓃 ∈ ℳ 

are said to be comparable if 𝓂 ≤ 𝓃 or 𝓂 ≥ 𝓃. 
 

Definition 313:The Two maps ℱ and 𝑇have 

monotone property (MP) if ℱ is monotone 𝑇-

increasing in 𝓃 and is monotone𝑇-decreasing in 𝓂, 

that is, for any 𝓂,𝓃 ∈ ℳ. 

𝓃1, 𝓃2 ∈ ℳ, 𝑇𝓃1 ≤ 𝑇𝓃2 ⇒ ℱ(𝓃1,𝓂) ≤
ℱ(𝓃2,𝓂). 

and 

𝓂1,𝓂2 ∈ ℳ, 𝑇𝓂1 ≤ 𝑇𝓂2 ⇒ ℱ(𝓃,𝓂1) ≥
ℱ(𝓃,𝓂2). 

If 𝑇 = 𝐼𝑑{identity map} this yields definition8 

 

Definition 413: An element(𝑛,𝑚) ∈ ℳ ×ℳis 

called a coupled coincidence fixed point of the 

mapsℱ:ℳ ×ℳ →ℳand 𝑇:ℳ →ℳ if 
ℱ(𝓃,𝓂) = 𝑇𝓃,   ℱ(𝓂,𝓃) = 𝑇𝓂.  

If 𝑇=𝐼𝑑{identity map}this yields definition8 
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Definition 513: Let ℳ be a nonempty set ℱ and 

𝑇are commutative if for all 𝓂,𝓃 ∈ ℳ, 

ℱ(𝑇𝓃, 𝑇𝓂) = 𝑇(ℱ(𝓃,𝓂)). 
Definition 614:The function 𝜓: [0,∞) → [0,∞) is 

called an altering distance function if satisfying the 

following conditions: 

i- 𝜓 is a continuous 

ii- ii -𝜓nondecreasing function 

iii- 𝜓(𝑡) = 0 ↔ 𝑡 = 0, and  

    𝜙: [0,∞) → [0,∞) satisfying the following 

conditions: 

i- 𝜙 is lower semi-continuous, 

ii- 𝜙(𝑡) = 0 ↔ 𝑡 = 0. 

 

Main result 

Lemma1: Suppose that (ℳ, 𝑑)be a (P.O.M.S) and 

let 𝑇:ℳ →ℳ be a mapping and  {𝑇𝓆𝑛} is a 

sequence in ℳ ∋ lim
𝑛→∞

𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛−1) = 0. 

If{𝑇𝑞𝑛}is not a Cauchy sequence that is ∃ 휀 > 0 for 

each 𝜏 in 𝑁 and the sequences 

and{𝑛(𝜏)}with𝑛(𝜏) > 𝑚(𝜏) > 𝜏 ∋

𝑑(𝑇𝓆𝑚(𝜏), 𝑇𝓆𝑛(𝜏)) ≥ 휀, 

then𝑑(𝑇𝓆𝑚(𝜏), 𝑇𝓆𝑛(𝜏)−1) < 휀 and 

(i) lim
𝜏→∞

𝑑(𝑇𝓆𝑚(𝜏), 𝑇𝓆𝑛(𝜏)) = 휀 

(ii) lim
𝜏→∞

𝑑(𝑇𝓆𝑚(𝜏)−1, 𝑇𝓆𝑛(𝜏)−1) = 휀 

(iii) lim
𝜏→∞

𝑑(𝑇𝓆𝑚(𝜏)−1, 𝑇𝓆𝑛(𝜏)) = 휀 

(iv) lim
𝜏→∞

𝑑(𝑇𝓆𝑚(𝜏), 𝑇𝓆𝑛(𝜏)−1) = 휀 

Proof: To show that the sequence{𝑇𝓆𝑛} is a Cauchy 

in(ℳ, 𝑑). Let us assume otherwise then ∃휀 > 0for 

each 𝜏 𝑖𝑛 𝑁∃ 𝑛(𝜏) > 𝑚(𝜏) > 𝜏 

                   𝑑(𝑇𝓆𝑚(𝜏), 𝑇𝓆𝑛(𝜏)) ≥ 휀.                                 

1         

Farther, It is possible to find 𝑛(𝜏)in such a way that 

it is the smallest integer with 𝑛(𝜏) > 𝑚(𝜏)and 

satisfying    

     𝑑(𝑇𝓆𝑚(𝜏), 𝑇𝓆𝑛(𝜏)−1) < 휀.                                        

2 

Now, from the above inequalities (1) and (2), it 

follows that, 

휀 ≤ 𝑑(𝑇𝓆𝑚(𝜏), 𝑇𝓆𝑛(𝜏))

≤ 𝑑(𝑇𝓆𝑚(𝜏), 𝑇𝓆𝑛(𝜏)−1)

+ 𝑑(𝑇𝓆𝑛(𝜏)−1, 𝑇𝓆𝑛(𝜏)) 

휀 ≤ 𝑑(𝑇𝓆𝑚(𝜏), 𝑇𝓆𝑛(𝜏))

≤ 휀 + 𝑑(𝑇𝓆𝑛(𝜏)−1, 𝑇𝓆𝑛(ℓ𝜏)) 

Letting 𝜏 → ∞ in the above inequality implies 

                         lim
𝜏→∞

𝑑(𝑇𝓆𝑚(𝜏), 𝑇𝓆𝑛(𝜏)) = 휀                               

3      

 Again, 

𝑑(𝑇𝓆𝑚(𝜏)−1, 𝑇𝓆𝑛(𝜏)−1)

≤ 𝑑(𝑇𝓆𝑚(𝜏)−1, 𝑇𝓆𝑚(𝜏))

+ 𝑑(𝑇𝓆𝑚(𝜏), 𝑇𝓆𝑛(𝜏))

+ 𝑑(𝑇𝓆𝑛(𝜏), 𝑇𝓆𝑛(𝜏)−1) 
and 

𝑑(𝑇𝓆𝑚(𝜏), 𝑇𝓆𝑛(𝜏))

≤ 𝑑(𝑇𝓆𝑚(𝜏), 𝑇𝓆𝑚(𝜏)−1)

+ 𝑑(𝑇𝓆𝑚(𝜏)−1, 𝑇𝓆𝑛(𝜏)−1)

+ 𝑑(𝑇𝓆𝑛(𝜏)−1, 𝑇𝓆𝑛(𝜏)) 

Letting 𝜏 → ∞ in the previous inequality and using 

(3), implies 

                 lim
𝜏→∞

𝑑(𝑇𝓆𝑚(𝜏)−1, 𝑇𝓆𝑛(𝜏)−1) = 휀                                          

4 

        Again, 

𝑑(𝑇𝓆𝑚(𝜏)−1, 𝑇𝓆𝑛(𝜏))

≤ 𝑑(𝑇𝓆𝑚(𝜏)−1, 𝑇𝓆𝑛(𝜏)−1)

+ 𝑑(𝑇𝓆𝑛(𝜏)−1, 𝑇𝓆𝑛(𝜏)) 

And 

𝑑(𝑇𝓆𝑚(𝜏)−1, 𝑇𝓆𝑛(𝜏)−1)

≤ 𝑑(𝑇𝓆𝑚(𝜏)−1, 𝑇𝓆𝑛(𝜏))

+ 𝑑(𝑇𝓆𝑛(𝜏), 𝑇𝓆𝑛(𝜏)−1) 

Letting 𝜏 → ∞ in the above inequality and using (4) 

it follows that 

   lim
𝜏→∞

𝑑(𝑇𝑞𝑚(𝜏)−1, 𝑇𝑞𝑛(𝜏)) = 휀                5 

 

        Again, 

𝑑(𝑇𝓆𝑚(𝜏), 𝑇𝓆𝑛(𝜏)−1)

≤ 𝑑(𝑇𝓆𝑚(𝜏), 𝑇𝓆𝑛(𝜏))

+ 𝑑(𝑇𝓆𝑛(𝜏), 𝑇𝓆𝑛(𝜏)−1) 
And 

𝑑(𝑇𝓆𝑚(𝜏), 𝑇𝓆𝑛(𝜏))

≤ 𝑑(𝑇𝓆𝑚(𝜏), 𝑇𝓆𝑛(𝜏)−1)

+ 𝑑(𝑇𝓆𝑛(𝜏)−1, 𝑇𝓆𝑛(𝜏)) 

Making 𝜏 → ∞ in the preceding relations and using 

(3), implies 

lim
𝜏→∞

𝑑(𝑇𝓆𝑚(𝜏), 𝑇𝓆𝑛(𝜏)−1) = 휀.                    6 

 

Theorem 1: Let(ℳ, 𝑑,≤) be a (P.O.C.M.S) and 

suppose that ℱ:ℳ ×ℳ →ℳ, 𝑇:ℳ →
ℳ.Satisfying the following condition 

𝜓(𝑑(ℱ(𝓂,𝓃), ℱ(𝓉, 𝓈))) ≤ 𝜓(𝑀𝑑(𝓂,𝓃, 𝓉, 𝓈)) −

𝜙(𝑀𝑑(𝓂,𝓃, 𝓉, 𝓈)) + 𝐿𝑁𝑑(𝓂,𝓃, 𝓉, 𝓈)                     
7 

For all𝓂,𝓃, 𝓉, 𝓈 ∈ 𝑀with𝑇𝓂 ≥ 𝑇𝓉and𝑇𝓃 ≤ 𝑇𝓈 

where𝜙 ∈ 𝛷, 𝜓 ∈ 𝛹, 𝐿 ≥ 0, and 

 

𝑀𝑑(𝓂,𝓃, 𝓉, 𝓈) = 𝑀𝑎𝑥 {
𝑑(𝑇𝓂,ℱ(𝓂,𝓃))𝑑(𝑇𝓉, ℱ(𝓉, 𝓈))

𝑑(𝑇𝓂, 𝑇𝓉) + 𝑑(𝑇𝓉, ℱ(𝓂,𝓃)) + 𝑑(𝑇𝓂,ℱ(𝓉, 𝓈))
, 𝑑(𝑇𝓂, 𝑇𝓉)} 
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𝑁𝑑(𝓂,𝓃, 𝓉, 𝓈)

= 𝑀𝑖𝑛 {
𝑑(𝑇𝓂,ℱ(𝓂,𝓃)), 𝑑(𝑇𝓉, ℱ(𝓉, 𝓈)),

𝑑(𝑇𝓉, ℱ(𝓂,𝓃)), 𝑑(𝑇𝓂,ℱ(𝓉, 𝓈))
} 

So, assume ℱand𝑇are continuous maps and 

satisfied (MP) property. 𝑇commutes 

with ℱandℱ(ℳ ×ℳ) ⊆ 𝑇(ℳ). If ∃ a 

point(𝓆0, 𝓅0) ∈ ℳ ×ℳ ∋ 𝑇𝓆0 ≤
ℱ(𝓆0, 𝓅0)and 𝑇𝓅0 ≤ ℱ(𝓆0, 𝓅0)then𝐶𝑂∁(ℱ, 𝑇) ≠
∅ . 
 

Proof: From the given hypothesis ∃ (𝓆0, 𝓅0)ℳ ×
ℳsuchthat 𝑇𝓆0 ≤ ℱ(𝓆0, 𝓅0) and 𝑇𝓅0 ≤
ℱ(𝓆0, 𝓅0). Since𝐹(ℳ ×ℳ) ⊆ 𝑇((ℳ)∃(𝑞1, 𝑝1) ∈
ℳ ×ℳsuch that 𝑇𝓆0 ≤ ℱ((𝓆0, 𝓅0)and 𝑇𝑝0 ≤
ℱ(𝓆0, 𝓅0), then𝑇𝓆0 ≤ ℱ(𝓆0, 𝓅0) =
𝑇𝓆1and 𝑇𝓅0 ≤ ℱ(𝓆0, 𝓅0) = 𝑇𝓅1. Similarly, there 

exists(𝓆2, 𝓅2) ∈ ℳ ×ℳsuch that 𝑇𝓆2 =
ℱ(𝓆1, 𝓅1)and 𝑇𝓅2 = ℱ(𝓅1, 𝓆1).Sinceℱand𝑇-

satisfied (MP) property. 

𝑇𝓆1 ≤ ℱ(𝓆0, 𝓅0) ≤ ℱ(𝓆0, 𝓅1) ≤ ℱ(𝓆1, 𝓅1) =
𝑇𝓆2and𝑇𝓅2 ≤ ℱ(𝓆1, 𝓅1) ≤ ℱ(𝓅0, 𝓆1) ≤
ℱ(𝓅0, 𝓆0) = 𝑇𝓅1. 

Continuing that way leads to the sequences {𝓆𝑛} 
and {𝓅𝑛}in ℳsuch that for all 𝑛 ∈ ℕ, 

𝑇𝓆𝑛+1 = ℱ(𝓆𝑛, 𝓅𝑛)   and     𝑇𝓅𝑛+1 = ℱ(𝓅𝑛, 𝓆𝑛),                                                                                  
8                                                       

for which  

𝑇𝓆0 ≤ 𝑇𝓆1 ≤ 𝑇𝓆2 ≤ 𝑇𝓆3…… ≤ 𝑇𝓆𝑛
≤ 𝑇𝓆𝑛+1…… 

𝑇𝓅0 ≥ 𝑇𝓅1 ≥ 𝑇𝓅2 ≥ 𝑇𝓅3…… ≥ 𝑇𝓅𝑛
≥ 𝑇𝓅𝑛+1…… 

If there exists 𝑛0 ∈ 𝑁such that𝑇𝓆𝑛0+1 =

𝑇𝓆𝑛0and𝑇𝓅𝑛0+1 = 𝑇𝓅𝑛0, then𝑇𝓆𝑛0 = ℱ(𝓆𝑛0 , 𝓅𝑛0) 

and 𝑇𝓅𝑛0 = 𝐹(𝓅𝑛0 , 𝓆𝑛0). Hence(𝓆𝑛0 , 𝓅𝑛0) ∈

Couple∁(ℱ, 𝑇), let 𝑇𝓆𝑛+1 ≠ 𝑇𝓆𝜏and𝑇𝓅𝑛+1 ≠
𝑇𝑛for all 𝑛 ∈ 𝑁. 

From condition (7) and equality (8), it follows that, 

𝜓(𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛+1)

= 𝜓 (𝑑(ℱ(𝓆𝑛−1, 𝓅𝑛−1), ℱ(𝓆𝑛, 𝓅𝑛))) 

                         ≤ 𝜓(𝑀𝑑(𝓆𝑛, 𝓅𝑛, 𝓆𝑛−1, 𝓅𝑛−1)) −

𝜙(𝑀𝑑(𝓆𝑛, 𝓅𝑛, 𝓆𝑛−1, 𝓅𝑛−1)) +

𝐿𝑁𝑑(𝓆𝑛, 𝓅𝑛, 𝓆𝑛−1, 𝓅𝑛−1) 
Where 

 

𝑀𝑑(𝓆𝑛, 𝓅𝑛, 𝓆𝑛−1, 𝓅𝑛−1) = 𝑀𝑎𝑥 {
𝑑(𝑇𝓆𝑛,ℱ(𝓆𝑛,𝓅𝑛))𝑑(𝑇𝓆𝑛−1,ℱ(𝓆𝑛−1,𝓅𝑛−1))

𝑑(𝑇𝓆𝑛,𝑇𝓆𝑛−1)+𝑑(𝑇𝓆𝑛−1,ℱ(𝓆𝑛,𝓅𝑛))+𝑑(𝑇𝓆𝑛,ℱ(𝓆𝑛−1,𝓅𝑛−1))
, 𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛−1)}  

 

                                    = 𝑀𝑎𝑥 {
𝑑(𝑇𝓆𝑛,𝑇𝓆𝑛+1)𝑑(𝑇𝓆𝑛−1,𝑇𝓆𝑛)

𝑑(𝑇𝓆𝑛,𝑇𝓆𝑛−1)+𝑑(𝑇𝓆𝑛+1,𝑇𝓆𝑛−1)+𝑑(𝑇𝓆𝑛,𝑇𝓆𝑛)
, 𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛−1)} 

 

 Since 𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛+1) ≤ 𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛−1) +
𝑑(𝑇𝓆𝑛−1, 𝑇𝓆𝑛+1), it leads to the conclusion, 

𝑀𝑑(𝓆𝑛, 𝓅𝑛, 𝓆𝑛−1, 𝓅𝑛−1)
= 𝑀𝑎𝑥{𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛−1), 𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛−1)}
= 𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛−1) 

And  
𝑁𝑑

= 𝑀𝑖𝑛 {
𝑑(𝑇𝓆𝑛, ℱ(𝓆𝑛, 𝓅𝑛))𝑑(𝑇𝓆𝑛−1, ℱ(𝓆𝑛−1, 𝓅𝑛−1)),

𝑑(𝑇𝓆𝑛−1, ℱ(𝓆𝑛, 𝓅𝑛)) + 𝑑(𝑇𝓆𝑛, ℱ(𝓆𝑛−1, 𝓅𝑛−1))
} 

                      =

𝑀𝑖𝑛 {
𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛+1)𝑑(𝑇𝓆𝑛−1, 𝑇𝓆𝑛),

𝑑(𝑇𝓆𝑛−1, 𝑇𝓆𝑛+1) + 𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛)
} 

So, 

𝜓(𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛+1)) ≤ 𝜓𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛−1)) ≤
𝜙𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛−1) < 𝑑(𝑇𝓆𝑛 , 𝑇𝓆𝑛−1)           9 

Similarly, it yields, 

𝜓(𝑑(𝑇𝓅𝑛, 𝑇𝓅𝑛+1)) ≤ 𝜓(𝑑(𝑇𝓅𝑛, 𝑇𝓅𝑛−1)) ≤

𝜙(𝑑(𝑇𝓅𝑛, 𝑇𝓅𝑛−1)) < 𝑑(𝑇𝓅𝑛, 𝑇𝓅𝑛−1)        10 

Therefore, the 

sequences{(𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛+1)}and{(𝑇𝓅𝑛, 𝑇𝓅𝑛+1)}are 

decreasing sequences in ℜ+, which is bounded 

below. So, there exist𝑠  𝛾1, 𝛾2 > 0. such that 

Lim
𝜏→∞

𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛+1) = 𝛾1    ,     

lim
𝜏→∞

(𝑇𝓅𝑛, 𝑇𝓅𝑛+1) =𝛾2.                                11 

Now to show 𝛾1, 𝛾2 = 0. Suppose that𝛾1, 𝛾2 > 0. 

By taking the limit of the supremum in the 

inequalities (9) and (10) as𝑛 → ∞, this implies 

𝜓(𝛾1) ≤ 𝜓(𝛾1) − 𝜙(𝛾1) < 𝜓(𝛾1)and𝜓(𝛾2) ≤
𝜓(𝛾2) − 𝜙(𝛾2) < 𝜓(𝛾2). 

Which is a contradiction. To our 

assumption𝛾1, 𝛾2 > 0  on   Hence, it is concluded 

that, so 

lim
𝑛→∞

𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛+1) =0                                                                                                               

12  

It is possible to demonstrate that in a similar way 

𝑙𝑖𝑚
𝑛→∞

(𝑇𝓅𝑛, 𝑇𝓅𝑛+1) =0                                  13 

Now, to show that{𝑇𝓆𝑛}is a Cauchy sequence 

in(ℳ, 𝑑). Let us assume otherwise. Then there exist 

an𝛿 > 0 and 

subsequences{𝑇𝓆𝑚(𝜏)}and{𝑇𝓆𝑛(𝜏)}of{𝑇𝓆𝑛},𝑛(𝜏) >

𝑚(𝜏) > 𝜏such that 𝑑(𝑇𝓆𝑚(𝜏), 𝑇𝓆𝑛(𝜏)) ≥ 𝛿, where 

is𝑛(𝜏)a smallest positive integer satisfies that 

𝑑(𝑇𝓆𝑚(𝜏), 𝑇𝓆𝑛(𝜏)−1) < 𝛿 

Now from condition (7) Let = 𝓆𝑚(𝜏)−1, 𝑛 =

𝓅𝑚(𝜏)−1, 𝓉 = 𝓅𝑛(𝜏)−1, 𝓈 = 𝓅𝑛(𝜏)−1 . Then 
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𝑀𝑑(𝓆𝑚(𝜏)−1, 𝓅𝑚(𝜏)−1, 𝓆𝑛(𝜏)−1, 𝓅𝑛(𝜏)−1)

= 𝑚𝑎𝑥 {𝑑(𝑇𝓆𝑚(𝜏)−1, 𝑇𝓆𝑛(𝜏)−1),
𝑑 (𝑇𝓆𝑚(𝜏)−1, ℱ(𝓆𝑚(𝜏)−1, 𝓅𝑚(𝜏)−1)) 𝑑 (𝑇𝓆𝑛(𝜏)−1, ℱ(𝓆𝑛(𝜏)−1, 𝓅𝑛(𝜏)−1))

𝑑(𝑇𝓆𝑚(𝜏)−1, 𝑇𝓆𝑛(𝜏)−1) + 𝑑 (𝑇𝓆𝑛(𝜏)−1, 𝐹(𝓆𝑚(𝜏)−1, 𝓅𝑚(𝜏)−1)) + 𝑑 (𝑇𝓆𝑚(𝜏)−1, 𝐹(𝓆𝑛(𝜏)−1, 𝓅𝑛(𝜏)−1))
}

 

 

= 𝑀𝑎𝑥 {
𝑑(𝑇𝓆𝑚(𝜏)−1,𝑇𝓆𝑚(𝜏))𝑑(𝑇𝓆𝑛(𝜏)−1,𝑇𝓆𝑛(𝜏))

𝑑(𝑇𝓆𝑚(𝜏)−1,𝑇𝓆𝑛(𝜏)−1)+𝑑(𝑇𝓆𝑛(𝜏)−1,𝑇𝓆𝑚(𝜏))+𝑑(𝑇𝓆𝑚(𝜏)−1,𝑇𝓆𝑛(𝜏))
, 𝑑(𝑇𝓆𝑚(𝜏)−1, 𝑇𝓆𝑛(𝜏)−1)}        14 

 

And 

 

𝑁𝑑(𝓆𝑚(𝜏)−1, 𝓅𝑚(𝜏)−1, 𝓆𝑛(𝜏)−1, 𝓅𝑛(𝜏)−1) = 

𝑀𝑖𝑛 

{
  
 

  
 𝑑 (𝑇𝓆𝑚(𝜏)−1, ℱ(𝓆𝑚(𝜏)−1, 𝓅𝑚(𝜏)−1)) ,

𝑑 (𝑇𝓆𝑛(𝜏)−1, ℱ(𝓆𝑛(𝜏)−1, 𝓅𝑛(𝜏)−1)) ,

𝑑 (𝑇𝓆𝑛(𝜏)−1, ℱ(𝓆𝑚(𝜏)−1, 𝓅𝑚(𝜏)−1)) +

𝑑 (𝑇𝓆𝑚(𝜏)−1, ℱ(𝓆𝑛(𝜏)−1, 𝓅𝑛(𝜏)−1)) }
  
 

  
 

  

=

𝑀𝑖𝑛 {
𝑑(𝑇𝓆𝑚(𝜏)−1, 𝑇𝓆𝑚(𝜏))𝑑(𝑇𝓆𝑛(𝜏)−1, 𝑇𝓆𝑛(𝜏)),

𝑑(𝑇𝓆𝑛(𝜏)−1, 𝑇𝓆𝑚(𝜏)) + 𝑑(𝑇𝓆𝑚(𝜏)−1, 𝑇𝓆𝑛(𝜏))
}

   15 

 

Letting 𝜏 → ∞in (14), (15), and by using lemma 1 

and by (12). It can be concluded that, 

                                                                           

𝑀𝑑 = 𝑀𝑎𝑥{0, 𝛿} = 𝛿                                          16 

                                                                      𝑁𝑑 =
𝑀𝑖𝑛{0,0, 𝛿, 𝛿} = 0                                 17 

Since𝑛(𝜏) > 𝑚(𝜏)and{𝑇𝓆𝑚(𝜏)} < {𝑇𝓆𝑛(𝜏)} 
applying condition (7) and using (14), (15), it 

follows that 

𝜓(𝑑(𝑇𝓆𝑚(𝜏), 𝑇𝓅𝑛(𝜏))) =

𝜓 (𝑑 (ℱ(𝓆𝑚(𝜏)−1, 𝓅𝑚(𝜏)−1),ℱ(𝓆𝑛(𝜏)−1, 𝓅𝑛(𝜏)−1)))  

                                   ≤

𝜓(𝑀𝑑(𝓆𝑚(𝜏)−1, 𝓅𝑚(𝜏)−1, 𝓆𝑛(𝜏)−1, 𝓅𝑛(𝜏)−1))  

−𝜙(𝑀𝑑(𝓆𝑚(𝜏)−1, 𝓅𝑚(𝜏)−1, 𝓆𝑛(𝜏)−1, 𝓅𝑛(𝜏)−1)) 

+ 𝐿𝑁𝑑(𝓆𝑚(𝜏)−1, 𝓅𝑚(𝜏)−1, 𝓆𝑛(𝜏)−1, 𝓅𝑛(𝜏)−1) 
 

Letting limit supremum in both sides of the 

previous inequality, lemma 1, (16), (17) and the 

property of𝜓and the continuity of𝜙, lead to the 

conclusion 

𝜓(𝛿) ≤ 𝜓(𝛿) − 𝜙(𝛿) < 𝜓(𝛿).  
Contradiction to our assumption𝛿 > 0. The 

sequence{𝑇𝑞𝑛}is a Cauchy sequence inℳ. 

Similarly, It is possible to demonstrate that the 

sequence{𝑇𝓆𝑛} is a Cauchy sequence in ℳ. So, by 

the completeness of ℳ,∃ points𝑢, 𝑣 ∈ ℳsuch 

that𝑇𝓆𝑛 → 𝑢,𝑇𝑝𝑛 → 𝑣 as 𝑛 → ∞. Now from the 

commutativity of 𝑇andℱ, it implies 

𝑇(𝑇𝓆𝑛+1) = 𝑇(ℱ(𝓆𝑛, 𝓅𝑛)) = ℱ(𝑇𝓆𝑛, 𝑇𝓅𝑛) 

𝑇(𝑇𝓅𝑛+1) = 𝑇(ℱ(𝓅𝑛, 𝓆𝑛)) = ℱ(𝑇𝓅𝑛, 𝑇𝓆𝑛)                                                                                   
18 

 

Letting 𝑛 → ∞ in (18) and from the continuity of 

𝑇and ℱ, it follows 

𝑇𝑢 = lim
𝑛→∞

𝑇(𝑇𝓆𝑛+1)

= lim
𝑛→∞

ℱ(𝑇𝓆𝑛, 𝑇𝓅𝑛)

= ℱ ( lim
𝑛→∞

𝑇𝓆𝑛, lim
𝑛→∞

𝑇𝓅𝑛)

= ℱ(𝑢, 𝑣) 
𝑇𝑣 = lim

𝑛→∞
𝑇(𝑇𝓅𝑛+1)

= lim
𝑛→∞

ℱ(𝑇𝓅𝑛, 𝑇𝑞𝑛)

= ℱ ( lim
𝑛→∞

𝑇𝓅𝑛, lim
𝑛→∞

𝑇𝓆𝑛)

= ℱ(𝑣, 𝑢) 
 

Therefore, ℱ(𝑢, 𝑣) = 𝑇𝑢 and ℱ(𝑣, 𝑢) = 𝑇𝑣, i.e., 

then 𝐶𝑜𝑢𝑝𝑙𝑒C(ℱ, 𝑇) ≠ ∅  . 
 

Theorem 2: Let(𝑀, 𝑑,≤)be a (P.O.C.M.S) and 

suppose that ℱ:ℳ ×ℳ →ℳ, 𝑇:ℳ →ℳ. 

satisfying the following condition 

           𝜓(𝑑(ℱ(𝓂,𝓃), ℱ(𝓉, 𝓈))) ≤

𝜓(𝑀𝑑(𝓂,𝓃, 𝓉, 𝓈)) − 𝜙(𝑀𝑑(𝓂,𝓃, 𝓉, 𝓈)) +
𝐿𝑁𝑑(𝓂,𝓃, 𝓉, 𝓈)          19 

For all𝓂,𝓃, 𝓉, 𝓈 ∈ 𝑀 with𝑇𝓂 ≥ 𝑇𝓉,𝑇𝓃 ≤
𝑇𝓈and 𝑇𝓂 ≠ 𝑇𝓉 where 𝜙 ∈ 𝛷, 𝜓 ∈ 𝛹, 𝐿 ≥ 0, 
𝑀𝑑(𝓂,𝓃, 𝓉, 𝓈) =

𝑀𝑎𝑥

{
 
 

 
 

𝑑(𝑇𝓂,ℱ(𝓂,𝓃))𝑑(𝑇𝓉,ℱ(𝓉,𝓈))

𝑑(𝑇𝓂,𝑇𝓉)
,

𝑑(𝑇𝓂,ℱ(𝓂,𝓃))[1+𝑑(𝑇𝓉,ℱ(𝓉,𝓈)]

1+𝑑(𝑇𝓂,𝑇𝓉)
,

𝑑(𝑇𝓂, 𝑇𝓉) }
 
 

 
 

  

𝑁𝑑(𝓂,𝓃, 𝓉, 𝓈) =

𝑀𝑖𝑛 {
𝑑(𝑇𝓂,ℱ(𝓂,𝓃)), 𝑑(𝑇𝓉, ℱ(𝓉, 𝓈)),

𝑑(𝑇𝓉, ℱ(𝓂,𝓃)), 𝑑(𝑇𝓂,ℱ(𝓉, 𝓈))
}  

 

So, assume ℱand𝑇are continuous maps and 

satisfied (MP) property. 𝑇commutes 

withℱandℱ(ℳ ×ℳ) ⊆ 𝑇(ℳ). If there exists a 

point (𝓆0, 𝓅0) ∈ ℳ ×ℳsuch that𝑇𝓆0 ≤
ℱ(𝓆0, 𝓅0) and 𝑇𝓅0 ≤ ℱ(𝓅0, 𝓆0), then 

 𝐶𝑜𝑢𝑝𝑙𝑒 C(ℱ, 𝑇) ≠ ∅   
Proof.: From Th1andthe given hypothesis, it is 

obtained two sequences {𝓆𝑛}and{𝓅𝑛}in 𝑀such that 

for all 𝑛 ∈ 𝑁,𝑇𝓆𝑛+1 = 𝐹(𝓆𝑛, 𝓅𝑛), 𝑇𝓅𝑛+1 =
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𝐹(𝓅𝑛, 𝓆𝑛)                                                                             
20                                                        

let 𝑇𝓆𝑛+1 ≠ 𝑇𝓆𝑛and𝑇𝓅𝑛+1 ≠ 𝑇𝓅𝑛 for all 𝑛 ∈ 𝑁. 

From condition (19) and equality (20), it follows 

that, 

𝜓(𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛+1))

= 𝜓 (𝑑(ℱ(𝓆𝑛−1, 𝓅𝑛−1), ℱ(𝓆𝑛, 𝓅𝑛))) 

≤ 𝜓(𝑀𝑑(𝓆𝑛, 𝓅𝑛, 𝓆𝑛−1, 𝓅𝑛−1)) −

𝜙(𝑀𝑑(𝓆𝑛, 𝓅𝑛, 𝓆𝑛−1, 𝓅𝑛−1)) +
𝐿𝑁𝑑(𝓆𝑛, 𝓅𝑛, 𝓆𝑛−1, 𝓅𝑛−1),  Where 

 

 

𝑀𝑑(𝓆𝑛, 𝓅𝑛, 𝓆𝑛−1, 𝓅𝑛−1) = 𝑀𝑎𝑥

{
 
 

 
 𝑑 (𝑇𝓆𝑛,ℱ(𝓆𝑛, 𝓅𝑛))𝑑(𝑇𝓆𝑛−1, ℱ(𝓆𝑛−1, 𝓅𝑛−1))

𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛−1)
, 𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛−1),

𝑑(𝑇𝓆𝑛, ℱ(𝓆𝑛, 𝓅𝑛))[1 + 𝑑(𝑇𝓆𝑛−1, ℱ(𝓆𝑛−1, 𝓅𝑛−1))]

1 + 𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛−1) }
 
 

 
 

  

 

  

= 𝑀𝑎𝑥

{
 
 

 
 

𝑑(𝑇𝓆𝑛,𝑇𝓆𝑛+1)𝑑(𝑇𝓆𝑛−1,𝑇𝓆𝑛)

𝑑(𝑇𝓆𝑛,𝑇𝓆𝑛−1)
,

𝑑(𝑇𝓆𝑛,𝑇𝓆𝑛+1)[1+𝑑(𝑇𝓆𝑛−1,𝑇𝓆𝑛)]

1+𝑑(𝑇𝓆𝑛,𝑇𝓆𝑛−1)
,

𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛−1) }
 
 

 
 

      

                                    =
𝑀𝑎𝑥{𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛+1), 𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛−1)} 
And  
𝑁𝑑

= 𝑀𝑖𝑛 {
𝑑 (𝑇𝓆𝑛,ℱ(𝓆𝑛, 𝓅𝑛)) 𝑑(𝑇𝓆𝑛−1, ℱ(𝓆𝑛−1, 𝓅𝑛−1)),

𝑑(𝑇𝓆𝑛−1, ℱ(𝓆𝑛, 𝓅𝑛)), 𝑑(𝑇𝓆𝑛, ℱ(𝓆𝑛−1, 𝓅𝑛−1))
} 

= 𝑀𝑖𝑛 {
𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛+1), 𝑑(𝑇𝓆𝑛−1, 𝑇𝓆𝑛),

𝑑(𝑇𝓆𝑛−1, 𝑇𝓆𝑛+1), 𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛)
} = 0 

 

Therefore  

𝜓(𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛+1))
≤ 𝜓(𝑀𝑎𝑥{𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛+1), 𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛−1)}) 
−𝜙(𝑀𝑎𝑥{𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛+1), 𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛−1)})                                                                                  
21 

There are two cases, 

If𝑀𝑎𝑥{𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛+1), 𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛−1)} =
𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛+1), then 

𝜓(𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛+1)) ≤ 𝜓𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛+1) −

𝜙(𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛+1)), which is a contradiction 

since𝜙(𝑡) < 𝜓(𝑡). 
Hence𝑀𝑎𝑥{𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛+1), 𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛−1)} =
𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛−1). Therefore, the 

sequences{𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛+1)} is a decreasing 

sequence in  ℜ+and has a lower bound. So, ∃  𝜆 ≥
0, ∋ 
                                                                

lim
𝑛→∞

𝑑(𝑇𝑞𝑛, 𝑇𝑞𝑛+1) = 𝜆                                                        

22 

Now to show that𝜆 = 0. Assume that𝜆 > 0. By 

Letting the limit of the sup in the relation (21) 

as𝑛 → ∞, it follows that 

𝜓(𝜆) ≤ 𝜓(𝜆) − 𝜙(𝜆) < 𝜓(𝜆). 
Which is a contradiction. Hence, 𝜆 = 0, that is,   

lim
𝑛→∞

𝑑(𝑇𝓆𝑛, 𝑇𝓆𝑛+1) = 0                                                                                                          

23 

Similarly, it can be concluded that, 

lim
𝑛→∞

𝑑(𝑇𝓅𝑛, 𝑇𝓅𝑛+1) = 0                                                                                                          

24 

Now, to show that{𝑇𝓆𝑛}is Cauchy sequence 

in(ℳ, 𝑑). Let us assume otherwise. Then by 

lemma1  ∃  ℰ > 0, such that for each 𝜏 ∈ 𝑁and 

subsequences{𝑇𝓆𝑚(𝜏)} and{𝑇𝓆𝑛(𝜏)}of{𝑇𝓆𝑛},𝑛(𝜏) >

𝑚(𝜏) > 𝜏 such that 𝑑(𝑇𝓆𝑚(𝜏), 𝑇𝓆𝜏) ≥ ℰ, where is 

𝑛(𝜏)a smallest positive integer satisfies that 

𝑑(𝑇𝓆𝑚(𝜏), 𝑇𝓆𝑛(𝜏)−1) < 𝐸 

Now from condition (19) Let = 𝓆𝑚(𝜏)−1, 𝓃 =

𝓅𝑚(𝜏)−1, 𝓉 = 𝓆𝑛(𝜏)−1, 𝓈 = 𝓅𝑛(𝜏)−1 .  

It follows that, 

𝜓(𝑑(𝑇𝓆𝑚(𝜏), 𝑇𝓅𝑛(𝜏)))

= 𝜓 (𝑑 (ℱ(𝓆𝑚(𝜏)−1, 𝑝𝑚(𝜏)−1), ℱ(𝓆𝑛(𝜏)−1, 𝑝𝑛(𝜏)−1))) 

≤ 𝜓(𝑀𝑑(𝓆𝑚(𝜏)−1, 𝓅𝑚(𝜏)−1, 𝓆𝑛(𝜏)−1, 𝓅𝑛(𝜏)−1)) 

−𝜙(𝑀𝑑(𝓆𝑚(𝜏)−1, 𝓅𝑚(𝜏)−1, 𝓆𝑛(𝜏)−1, 𝓅𝑛(𝜏)−1)) 

                                                

+𝐿𝑁𝑑(𝓆𝑚(𝜏)−1, 𝓅𝑚(𝜏)−1, 𝓆𝑛(𝜏)−1, 𝓅𝑛(𝜏)−1)                                                

25  

Where 

 

𝑀𝑑(𝓆𝑚(𝜏)−1, 𝓅𝑚(𝜏)−1, 𝓆𝑛(𝜏)−1, 𝓅𝑛(𝜏)−1) =

𝑀𝑎𝑥

{
 
 

 
 𝑑(𝑇𝓆𝑚(𝜏)−1,ℱ(𝓆𝑚(𝜏)−1,𝓅𝑚(𝜏)−1))[1+𝑑(𝑇𝓆𝑛(𝜏)−1,ℱ(𝓆𝑛(𝜏)−1,𝓅𝑛(𝜏)−1))]

1+𝑑(𝑇𝓆𝑚(𝜏)−1,𝑇𝓆𝑛(𝜏)−1)
,

𝑑(𝑇𝓆𝑚(𝜏)−1,ℱ(𝓆𝑚(𝜏)−1,𝓆𝑚(𝜏)−1))𝑑(𝑇𝓆𝑛(𝜏)−1,ℱ(𝓆𝑛(𝜏)−1,𝓅𝑛(𝜏)−1))

𝑑(𝑇𝓆𝑚(𝜏)−1,𝑇𝓆𝑛(𝜏)−1)
, 𝑑(𝑇𝓆𝑚(𝜏)−1, 𝑇𝓆𝑛(𝜏)−1)

}
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= 𝑀𝑎𝑥

{
 
 

 
 

𝑑(𝑇𝓆𝑚(𝜏)−1, 𝑇𝓆𝑚(𝜏))[1 + 𝑑(𝑇𝓆𝑛(𝜏)−1, 𝑇𝓆𝑛(𝜏))]

[1 + 𝑑(𝑇𝓆𝑚(𝜏)−1, 𝑇𝓆𝑛(𝜏)−1)]
,

𝑑(𝑇𝓆𝑚(𝜏)−1, 𝑇𝓆𝑚(𝜏))𝑑(𝑇𝓆𝑛(𝜏)−1, 𝑇𝓆𝑛(𝜏))

𝑑(𝑇𝓆𝑚(𝜏)−1, 𝑇𝓆𝑛(𝜏)−1)
, 𝑑(𝑇𝓆𝑚(𝜏)−1, 𝑇𝓆𝑛(𝜏)−1)

}
 
 

 
 

 

 

And 

𝑁𝑑(𝓆𝑚(𝜏)−1, 𝓅𝑚(𝜏)−1, 𝓆𝑛(𝜏)−1, 𝓅𝑛(𝜏)−1) 

= 𝑀𝑖𝑛 

{
  
 

  
 𝑑 (𝑇𝓆𝑚(𝜏)−1, ℱ(𝓆𝑚(𝜏)−1, 𝓆𝑚(𝜏)−1)) ,

𝑑 (𝑇𝓆𝑛(𝜏)−1, ℱ(𝓆𝑛(𝜏)−1, 𝓅𝑛(𝜏)−1)) ,

𝑑 (𝑇𝓆𝑛(𝜏)−1, ℱ(𝓆𝑚(𝜏)−1, 𝓅𝑚(𝜏)−1)) ,

𝑑 (𝑇𝓆𝑚(𝜏)−1, ℱ(𝓆𝑛(𝜏)−1, 𝓅𝑛(𝜏)−1)) }
  
 

  
 

 

              =

𝑀𝑖𝑛 {
𝑑(𝑇𝓆𝑚(𝜏)−1, 𝑇𝓆𝑚(𝜏)), 𝑑(𝑇𝓆𝑛(𝜏)−1, 𝑇𝓆𝑛(𝜏)),

𝑑(𝑇𝓆𝑛(𝜏)−1, 𝑇𝓆𝑚(𝜏)), 𝑑(𝑇𝓆𝑚(𝜏)−1, 𝑇𝓆𝑛(𝜏))
} 

 

Making𝜏 → ∞in previous equalities it follows that 

    𝑀𝑑 = 𝑀𝑎𝑥{0,0, 휀} = 휀                           26 

    𝑁𝑑 = 𝑀𝑖𝑛{0,0, 휀, 휀} = 0                          27 

Since𝑛(𝜏) > 𝑚(𝜏)and {𝑇𝓆𝑚(𝜏)} <

{𝑇𝓆𝑛(𝜏)}applying (25), (26)(27) و, lemma 1and 

Taking limit sup in both sides of the above 

inequality, and the property of𝜓and the continuity 

of𝜙, it yields 

𝜓(휀) ≤ 𝜓(휀) − 𝜙(휀) < 𝜓(휀).  
A contradiction. Hence{𝑇𝑞𝑛}is a Cauchy sequence 

in ℳ. Similarly, It can conclude that the 

sequence{𝑇𝑞𝑛} is a Cauchy inℳ. So by the 

completeness of ℳ∃ a point(𝑢, 𝑣) ∈ ℳ ×ℳ ∋
 𝑇𝓆𝑛 → 𝑢, 𝑇𝓅𝑛 → 𝑣 as 𝑛 → ∞. Now from the 

commutativity of𝑇andℱ, implies 

𝑇(𝑇𝓆𝑛+1) = 𝑇(ℱ(𝓆𝑛, 𝓅𝑛)) = ℱ(𝑇𝓆𝑛, 𝑇𝓅𝑛) 

𝑇(𝑇𝓅𝑛+1) = 𝑇(ℱ(𝓅𝑛, 𝓆𝑛)) = ℱ(𝑇𝓅𝑛, 𝑇𝓆𝑛)                                                                                    
28 

Letting 𝑛 → ∞in (18) and from the continuity of 

𝑇and ℱ. It can be concluded that, 

𝑇𝑢 = lim
𝑛→∞

𝑇(𝑇𝓆𝑛+1)

= lim
𝑛→∞

ℱ(𝑇𝓆𝑛, 𝑇𝓅𝑛)

= ℱ ( lim
𝑛→∞

𝑇𝓆𝑛, lim
𝑛→∞

𝑇𝓅𝑛)

= ℱ(𝑢, 𝑣) 
𝑇𝑣 = lim

𝑛→∞
𝑇(𝑇𝓅𝑛+1)

= lim
𝑛→∞

ℱ(𝑇𝓅𝑛, 𝑇𝓆𝑛)

= ℱ ( lim
𝑛→∞

𝑇𝓅𝑛, lim
𝑛→∞

𝑇𝓆𝑛)

= ℱ(𝑣, 𝑢) 

 

Therefore, ℱ(𝑢, 𝑣) = 𝑇𝑢 and ℱ(𝑣, 𝑢) =
𝑇𝑣  then 𝐶𝑂∁(ℱ, 𝑇) ≠ ∅. 

 

Theorem 3: In addition to the hypotheses of 

Theorem 1 suppose that for every ∃, (𝓆∝, 𝓅∝) ∈
𝑀 ×𝑀 there exists (𝓊,𝓌) ∈ 𝑀 ×𝑀 such that 

(𝐹(𝓊,𝓌), 𝐹(𝓌,𝓊)) is comparable to 

(𝐹(𝓆, 𝓅), 𝐹(𝓅, 𝓆)) and (𝐹(𝓆∝, 𝓅∝), 𝐹(𝓅∝, 𝓆∝)). 
Then 𝐶𝑜∁(ℱ, 𝑇)has at most one element. 

 

Proof. From Theorem 1 that there exists at least a 

coupled coincidence point. Suppose 

that(𝓆, 𝓅)and(𝓆∝, 𝓅∝)are belong to the set 

𝐶𝑂∁(ℱ, 𝑇), It is necessary to demonstrate 𝑇𝓆 =
𝑇𝓆∝and𝑇𝓅 = 𝑇𝓅∝. 

since there exists (𝓊,𝓌) ∈ 𝑀 ×𝑀 such that 

(𝐹(𝓊,𝓌), 𝐹(𝓌,𝓊)) is comparable to 

(𝐹(𝓆, 𝓅), 𝐹(𝓅, 𝓆))and(𝐹(𝓆∝, 𝓅∝), 𝐹(𝓅∝, 𝓆∝)). 
Put𝓊0 = 𝓊 and𝓌0 = 𝓌 from (8) it can be 

constructed as sequences{𝓊𝑛}and{𝓌𝑛}such 

that𝑇𝓊𝑛+1 = 𝐹(𝓊𝑛,𝓌𝑛)   and     𝑇𝓌𝑛+1 =
𝐹(𝓌𝑛, 𝓊𝑛). 
Further, set𝓆 = 𝓆0, 𝓅 = 𝓅0, 𝓆

∝ = 𝓆0
∝, 𝓅∝ =

𝓅0
∝and, in the same way, define the sequence{𝑇𝓆𝑛} 

, {𝑇𝓅𝑛}, {𝑇𝓆𝑛
∝}and{𝑇𝑝𝑛

∝}. Then it is easy to show 

that, 

𝑇𝓆𝑛 → 𝐹(𝑞, 𝑝), 𝑇𝑝𝑛 → 𝐹(𝓅, 𝓆), 𝑇𝓆𝑛
∝ →

𝐹(𝓆∝, 𝓅∝), 𝑇𝑝𝑛
∝ → 𝐹(𝓅∝, 𝓆∝)  as 𝑛 → ∞ for 

all𝑛 ≥ 0. 

Since(𝐹(𝓆, 𝓅), 𝐹(𝓅, 𝓆)) = (𝑇𝓆1, 𝑇𝓅1) =

(𝑇𝓆, 𝑇𝓅)and(𝐹(𝓊,𝓌), 𝐹(𝓌,𝓊)) =
(𝑇𝓊1, 𝑇𝓌1)are comparable, then It is easy to show 

that(𝑇𝓆, 𝑇𝓅) ≤ (𝑇𝓊𝑛, 𝑇𝓌𝑛), that is,𝑇𝓆 ≤ 𝑇𝓊𝑛 

and𝑇𝓅 ≥ 𝑇𝓌𝑛 for all 𝑛 ≥ 0.  

Thus from condition (7), it follows 

𝜓(𝑑(𝑇𝓆, 𝑇𝓊𝑛+1)) = 𝜓(𝑑(𝐹(𝓆, 𝓅), 𝐹(𝓊𝑛,𝓌𝑛))) 

≤ 𝜓(𝑀𝑑(𝓆, 𝓅,𝓊𝑛,𝓌𝑛)) − 𝜙(𝑀𝑑(𝓆, 𝓅,𝓊𝑛,𝓌𝑛))

+ 𝐿𝑁𝑑(𝓆, 𝓅,𝓊𝑛,𝓌𝑛) 

Where 
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𝑀𝑑(𝓆, 𝓅,𝓊𝑛,𝓌𝑛) = 𝑀𝑎𝑥 {
𝑑(𝑇𝓆, 𝐹(𝓆, 𝓅))𝑑(𝑇𝓊𝑛, 𝐹(𝓊𝑛,𝓌𝑛)))

𝑑(𝑇𝓆, 𝑇𝓊𝑛) + 𝑑(𝑇𝓊𝑛, 𝐹(𝓆, 𝓅, )) + 𝑑(𝑇𝑞, 𝐹(𝓊𝑛,𝓌𝑛))
, 𝑑(𝑇𝓆𝑇𝓊𝑛)}

= 𝑀𝑎𝑥 {
𝑑(𝑇𝓆, 𝑇𝓆)𝑑(𝑇𝓊𝑛, 𝑇𝓊𝑛−1)

𝑑(𝑇𝓆, 𝑇𝓊𝑛) + 𝑑(𝑇𝓊𝑛, 𝑇𝓆) + 𝑑(𝑇𝓆, 𝑇𝓊𝑛−1)
, 𝑑(𝑇𝓆, 𝑇𝓊𝑛)} 

                       = 𝑀𝑎𝑥{𝑑(𝑇𝓆, 𝑇𝓊𝑛)} = 𝑑(𝑇𝓆, 𝑇𝓊𝑛) 
And 

𝑁𝑑(𝓆, 𝓅,𝓊𝑛,𝓌𝑛)

= 𝑀𝑖𝑛 {
𝑑(𝑇𝓆, 𝐹(𝓆, 𝓅)), 𝑑(𝑇𝓊𝑛, 𝐹(𝓊𝑛,𝓌𝑛)),

𝑑(𝑇𝓊𝑛, 𝐹(𝓆, 𝓅, )), 𝑑(𝑇𝑞, 𝐹(𝓊𝑛,𝓌𝑛))
} 

= 𝑀𝑖𝑛 {
𝑑(𝑇𝓆, 𝑇𝓆), 𝑑(𝑇𝓊𝑛, 𝑇𝓊𝑛−1),

𝑑(𝑇𝓊𝑛, 𝑇𝓆), 𝑑(𝑇𝓆, 𝑇𝓊𝑛−1)
} = 0 

Hence 

   𝜓(𝑑(𝑇𝓆, 𝑇𝓊𝑛+1)) ≤ 𝜓(𝑑(𝑇𝓆, 𝑇𝓊𝑛)) −

𝜙(𝑑(𝑇𝓆, 𝑇𝓊𝑛)) < 𝜓(𝑑(𝑇𝓆, 𝑇𝓊𝑛))               29                                   

Therefore {𝑑(𝑇𝓆, 𝑇𝓊𝑛)}is a decreasing sequence. 

Hence, there exists𝜆 ≥ 0 ∋ lim
𝑛→∞

𝑑(𝑇𝓆, 𝑇𝓊𝑛) = 𝜆 

Passing the upper limit in (29) as 𝑛 → ∞, it is 

obtained that 𝜓(𝜆) ≤ 𝜓(𝜆) − 𝜙(𝜆) < 𝜓(𝜆). 
A contradiction. Then, 𝜆 = 0. This implies  

lim
𝑛→∞

𝑑(𝑇𝓆, 𝑇𝓊𝑛) = 0                                                                                                                             

30 

In a similar, way, it leads to the conclusion that 

lim
𝑛→∞

𝑑(𝑇𝓅, 𝑇𝓌𝑛) = 0                                                                                                                            

31 

Following the same lines as the previous  

lim
𝑛→∞

𝑑(𝑇𝓆∝, 𝑇𝓊𝑛) = lim
𝑛→∞

𝑑(𝑇𝓅∝, 𝑇𝓌𝑛) =

0                                                                                 
      32 

From the triangle inequality, (30), (31), and (32), 

lead to the conclusion 

𝑑(𝑇𝓆, 𝑇𝓆∝) ≤ 𝑑(𝑇𝓆, 𝑇𝓊𝑛+1) + 𝑑(𝑇𝓊𝑛+1, 𝑇𝓆
∝) 

𝑑(𝑇𝓅, 𝑇𝓅∝) ≤ 𝑑(𝑇𝓅, 𝑇𝓌𝑛+1) + 𝑑(𝑇𝓌𝑛+1, 𝑇𝓅
∝) 

Taking 𝑛 → ∞in the above inequality, to 

obtain 𝑑(𝑇𝓆, 𝑇𝓆∗) = 0 and 𝑑(𝑇𝓅, 𝑇𝓅∝) = 0. 

Thus, 𝑇𝓆 = 𝑇𝓆∝and𝑇𝓅 = 𝑇𝓅∝ . 
 

Theorem 4: If the hypotheses of Theorem 2 and 

Theorem 3 hold then 𝐶𝑜𝑢𝑝𝑙𝑒∁(ℱ, 𝑇)has at most one 

element. 

Proof. From the condition, 19it implies that 

𝜓(𝑑(𝑇𝓆, 𝑇𝓊𝑛+1)) = 𝜓 (𝑑(𝐹(𝓆, 𝓅), 𝐹(𝓊𝑛,𝓌𝑛))) 

                           ≤ 𝜓(𝑀𝑑(𝓆, 𝓅,𝓊𝑛,𝓌𝑛)) −

𝜙(𝑀𝑑(𝓆, 𝓅,𝓊𝑛,𝓌𝑛)) + 𝐿𝑁𝑑(𝓆, 𝓅,𝓊𝑛,𝓌𝑛) 
Where 

𝑀𝑑(𝓆, 𝓅,𝓊𝑛,𝓌𝑛) =

𝑀𝑎𝑥 {

𝑑(𝑇𝓆,𝐹(𝓆,𝓅))𝑑(𝑇𝓊𝑛,𝐹(𝓊𝑛,𝓌𝑛))

𝑑(𝑇𝓆,𝑇𝑢𝑛)
, 𝑑(𝑇𝓆, 𝑇𝓊𝑛)

𝑑(𝑇𝓆,𝐹(𝓆,𝓅))[1+𝑑(𝑇𝓊𝑛,𝐹(𝓊𝑛,𝓌𝑛))]

1+𝑑(𝑇𝓆,𝑇𝓊𝑛)

} =

𝑀𝑎𝑥 {
𝑑(𝑇𝓆,𝑇𝓆)𝑑(𝑇𝓊𝑛,𝑇𝓊𝑛−1)

𝑑(𝑇𝓆,𝑇𝓊𝑛)
,
𝑑(𝑇𝓆,𝑇𝓆)[1+𝑑(𝑇𝓊𝑛,𝑇𝓊𝑛−1)]

1+𝑑(𝑇𝓆,𝑇𝓊𝑛)
, 𝑑(𝑇𝓆, 𝑇𝑢𝑛)}  

= 𝑀𝑎𝑥{𝑑(𝑇𝓆, 𝑇𝓊𝑛)} = 𝑑(𝑇𝓆, 𝑇𝓊𝑛)  

And 

𝑁𝑑(𝓆, 𝓅,𝓊𝑛,𝓌𝑛)

= 𝑀𝑖𝑛 {
𝑑(𝑇𝓆, 𝐹(𝓆, 𝓅)), 𝑑(𝑇𝓊𝑛, 𝐹(𝓊𝑛,𝓌𝑛)),

𝑑(𝑇𝓊𝑛, 𝐹(𝓆, 𝓅)), 𝑑(𝑇𝓆, 𝐹(𝓊𝑛,𝓌𝑛))
} 

= 𝑀𝑖𝑛 {
𝑑(𝑇𝓆, 𝑇𝓆), 𝑑(𝑇𝓊𝑛, 𝑇𝓊𝑛−1),

𝑑(𝑇𝓊𝑛, 𝑇𝓆), 𝑑(𝑇𝓆, 𝑇𝓊𝑛−1)
} = 0 

Then, 

𝜓(𝑑(𝑇𝓆, 𝑇𝓊𝑛))

≤ 𝜓(𝑑(𝑇𝓆, 𝑇𝓊𝑛))

− 𝜙(𝑑(𝑇𝓆, 𝑇𝓊𝑛))

< 𝜓(𝑑(𝑇𝓆, 𝑇𝓊𝑛)) 
Which is a contradiction. 

Following the same lines as Theorem 3, it can show 

𝐶𝑜𝑢𝑝𝑙𝑒 ∁(ℱ, 𝑇)has at most one element. 

 

Corollary 1: Let(ℳ, 𝑑,≤)be a (P.O.C.M.S) and 

suppose that ℱ:ℳ ×ℳ →ℳ, Satisfying the 

following condition 

𝜓(𝑑(ℱ(𝓂,𝓃),ℱ(𝓉, 𝓈)))

≤ 𝜓(𝑀𝑑(𝓂,𝓃, 𝓉, 𝓈))

− 𝜙(𝑀𝑑(𝓂,𝓃, 𝓉, 𝓈))

+ 𝐿𝑁𝑑(𝓂,𝓃, 𝓉, 𝓈) 
For all𝓂,𝓃, 𝓉, 𝓈 ∈ 𝑀 𝑤𝑖𝑡ℎ𝓂 ≥ 𝓉and𝓃 ≤ 𝓈 

where𝜙 ∈ 𝛷, 𝜓 ∈ 𝛹, 𝐿 ≥ 0, 
𝑀𝑑(𝓂,𝓃, 𝓉, 𝓈) =

𝑀𝑎𝑥 {
𝑑(𝓂,ℱ(𝓂,𝓃))𝑑(𝓉,ℱ(𝓉,𝓈))

𝑑(𝓂,𝓉)+𝑑(𝓉,ℱ(𝓂,𝓃))+𝑑(𝓂,ℱ(𝓉,𝓈))
, 𝑑(𝓂, 𝓉)}  

𝑁𝑑(𝓂,𝓃, 𝓉, 𝓈) =

𝑀𝑖𝑛 {
𝑑(𝓂,ℱ(𝓂,𝓃)), 𝑑(𝓉, ℱ(𝓉, 𝓈)),

𝑑(𝓉, ℱ(𝓂,𝓃)), 𝑑(𝓂,ℱ(𝓉, 𝓈))
}with 

So, assume ℱis continuous mapping and satisfied 

(MP) property. If there exists a point (𝓆0, 𝓅0) ∈
ℳ ×ℳsuch that𝓆0 ≤ ℱ(𝓆0, 𝓅0) and𝓅0 ≤
ℱ(𝓅0, 𝓆0), then𝐶𝑜𝑢𝑝𝑙𝑒 Fix(𝐹) ≠ ∅  . 
Proof. Take 𝑇𝑚 = 𝐼𝑑 (the identity map) in Theorem 

1, and Theorem 3. 

 

Corollary2: Let(ℳ, 𝑑,≤) be a (P.O.C.M.S) and 

suppose that ℱ:ℳ ×ℳ →ℳ, 𝑇:ℳ →ℳ. 

Satisfying the following condition 

𝑑(ℱ(𝓂,𝓃),ℱ(𝓉, 𝓈)) ≤ 𝑘𝑀𝑑(𝓂,𝓃, 𝓉, 𝓈) 

For all𝓂,𝓃, 𝓉, 𝓈 ∈ 𝑀 with𝑇𝓂 ≥ 𝑇𝓉and𝑇𝓃 ≤ 𝑇𝓈 

𝑀𝑑(𝓂,𝓃, 𝓉, 𝓈) =

𝑀𝑎𝑥 {
𝑑(𝑇𝓂,ℱ(𝓂,𝓃))𝑑(𝑇𝓉,ℱ(𝓉,𝓈))

𝑑(𝑇𝓂,𝑇𝓉)+𝑑(𝑇𝓉,ℱ(𝓂,𝓃))+𝑑(𝑇𝓂,ℱ(𝓉,𝓈))
, 𝑑(𝑇𝓂, 𝑇𝓉)}  
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𝑁𝑑(𝓂,𝓃, 𝓉, 𝓈) =

𝑀𝑖𝑛 {
𝑑(𝑇𝓂,ℱ(𝓂,𝓃)), 𝑑(𝑇𝓉, ℱ(𝓉, 𝓈)),

𝑑(𝑇𝓉, ℱ(𝓂,𝓃)), 𝑑(𝑇𝓂,ℱ(𝓉, 𝓈))
}  

So, assume ℱand𝑇are continuous mappings and 

satisfied (MP) property. 𝑇commutes 

withℱandℱ(ℳ ×ℳ) ⊆ 𝑇(ℳ). If ∃ a 

point(𝓆0, 𝓅0) ∈ ℳ ×ℳsuch that𝑇𝓆0 ≤
ℱ(𝓆0, 𝓅0)and 𝑇𝓅0 ≤ ℱ(𝓅0, 𝓆0), then𝐶𝑂∁(ℱ, 𝑇) ≠
∅  . 
 

Proof. Take𝐿 = 0, 𝜓(𝑡) = 𝑡 and 𝜙(𝑡) = (1 −
𝑘)𝑡and where𝑘 ∈ [0,1)in Theorem1and Theorem3. 

 

Corollary3: Let(ℳ, 𝑑,≤)be a (P.O.C.M.S) and 

suppose that ℱ:ℳ ×ℳ →ℳ, 𝑇:ℳ →ℳ. 

Satisfying the following condition 

𝑑(ℱ(𝓂,𝓃), ℱ(𝓉, 𝓈)) ≤

𝛼
𝑑(𝑇𝓂,ℱ(𝓂,𝓃))𝑑(𝑇𝓉,ℱ(𝓉,𝓈))

𝑑(𝑇𝓂,𝑇𝓉)+𝑑(𝑇𝓉,ℱ(𝓂,𝓃))+𝑑(𝑇𝓂,ℱ(𝓉,𝓈))
+ 𝛽𝑑(𝑇𝓂, 𝑇𝓉)  

For all𝓂,𝓃, 𝓉, 𝓈 ∈ 𝑀with𝑇𝓂 ≥ 𝑇𝓉and𝑇𝓃 ≤ 𝑇𝓈. 

So, assume ℱand𝑇are continuous mappings and 

satisfied (MP) property. 𝑇commutes 

withℱandℱ(ℳ ×ℳ) ⊆ 𝑇(ℳ). If ∃ a 

point(𝑞0, 𝑝0) ∈ ℳ ×ℳsuch that𝑇𝑞0 ≤ ℱ(𝑞0, 𝑝0) 
and 𝑇𝑝0 ≤ ℱ(𝑝0, 𝑞0), then𝐶𝑜𝑢𝑝𝑙𝑒 ∁(ℱ, 𝑇) ≠ ∅  . 
 

Proof. Let𝛼, 𝛽 ≥ 0,𝛼 + 𝛽 ∈ [0,1) for 

all𝓂,𝓃, 𝓉, 𝓈 ∈ 𝑀with𝑇𝓂 ≥ 𝑇𝓉and𝑇𝓃 ≤ 𝑇𝓈. Then 

𝑑(ℱ(𝓂,𝓃), ℱ(𝓉, 𝓈)) ≤

𝛼
𝑑(𝑇𝓂,ℱ(𝓂,𝓃))𝑑(𝑇𝓉,ℱ(𝓉,𝓈))

𝑑(𝑇𝓂,𝑇𝓉)+𝑑(𝑇𝓉,ℱ(𝓂,𝓃))+𝑑(𝑇𝓂,ℱ(𝓉,𝓈))
+ 𝛽𝑑(𝑇𝓂, 𝑇𝓉)  

     

 

≤ (𝛼 + 𝛽)𝑚𝑎𝑥 {
𝑑(𝑇𝓂,ℱ(𝓂,𝓃))𝑑(𝑇𝓉,ℱ(𝓉,𝓈))

𝑑(𝑇𝓂,𝑇𝓉)+𝑑(𝑇𝓉,ℱ(𝓂,𝓃))+𝑑(𝑇𝓂,ℱ(𝓉,𝓈))
, 𝑑(𝑇𝓂, 𝑇𝓉)}  

                                   ≤ 𝑘𝑀𝑑(𝓂,𝓃, 𝓉, 𝓈) 
 

Where 𝑘 = 𝛼 + 𝛽 ∈ [0,1). Therefore, it yields 

Corollary 2. 

 

Corollary 4: Let(𝑀, 𝑑,≤)be a (P.O.C.M.S) and 

suppose thatℱ:ℳ ×ℳ →ℳ. Satisfying the 

following condition 

𝜓(𝑑(ℱ(𝓂,𝓃),ℱ(𝓉, 𝓈)))

≤ 𝜓(𝑀𝑑(𝓂,𝓃, 𝓉, 𝓈))

− 𝜙(𝑀𝑑(𝓂,𝓃, 𝓉, 𝓈))

+ 𝐿𝑁𝑑(𝓂,𝓃, 𝓉, 𝓈) 
For all𝓂,𝓃, 𝓉, 𝓈 ∈ 𝑀 with𝓂 ≥ 𝓉,𝓃 ≤ 𝓈and 𝓂 ≠
𝓉where𝜙 ∈ 𝛷, 𝜓 ∈ 𝛹, 𝐿 ≥ 0, 

 

𝑀𝑑(𝓂,𝓃, 𝓉, 𝓈) = 𝑀𝑎𝑥 {
𝑑(𝓂,ℱ(𝓂,𝓃))𝑑(𝓉, ℱ(𝓉, 𝓈))

𝑑(𝓂, 𝓉)
,
𝑑(𝓂,ℱ(𝓂,𝓃))[1 + 𝑑(𝓉, ℱ(𝓉, 𝓈)]

1 + 𝑑(𝓂, 𝓉)
, 𝑑(𝓂, 𝑇𝓉)}

 

 

𝑁𝑑(𝓂,𝓃, 𝓉, 𝓈) =

𝑀𝑖𝑛 {
𝑑(𝑇𝓂,ℱ(𝓂,𝓃)), 𝑑(𝑇𝓉, ℱ(𝓉, 𝓈)),

𝑑(𝑇𝓉, ℱ(𝓂,𝓃)), 𝑑(𝑇𝓂,ℱ(𝓉, 𝓈))
}  

So, assume ℱis a continuous mapping and satisfied 

(MP) property. If there exists a point (𝓆0, 𝓅0) ∈
ℳ ×ℳsuch that𝓆0 ≤ ℱ(𝓆0, 𝓅0) and𝓅0 ≤
ℱ(𝓅0, 𝓆0),then𝐶𝑜𝑢𝑝𝑙𝑒 Fix(ℱ)  ≠ ∅   
 

Corollary5: Let(𝑀, 𝑑,≤)be a (P.O.C.M.S) and 

suppose that ℱ:ℳ ×ℳ →ℳ, 𝑇:ℳ →ℳ. 

Satisfying the following condition 

𝜓(𝑑(ℱ(𝓂,𝓃),ℱ(𝓉, 𝓈))) ≤ 𝑘𝑀𝑑(𝓂,𝓃, 𝓉, 𝓈) 

For all𝓂,𝓃, 𝓉, 𝓈 ∈ 𝑀 with𝑇𝓂 ≥ 𝑇𝓉 ,𝑇𝓃 ≤
𝑇𝓈and 𝑇𝓂 ≠ 𝑇𝓉where𝜙 ∈ 𝛷, 𝜓 ∈ 𝛹, 𝐿 ≥ 0, 
𝑀𝑑(𝓂,𝓃, 𝓉, 𝓈) =

𝑀𝑎𝑥 {

𝑑(𝑇𝓂,ℱ(𝓂,𝓃))𝑑(𝑇𝓉,ℱ(𝓉,𝓈))

𝑑(𝑇𝓂,𝑇𝓉)
,

𝑑(𝑇𝓂,ℱ(𝓂,𝓃))[1+𝑑(𝑇𝓉,ℱ(𝓉,𝓈)]

1+𝑑(𝑇𝓂,𝑇𝓉)
, 𝑑(𝑇𝓂, 𝑇𝓉)

}  

So, assume ℱand𝑇are continuous mappings and 

satisfied (MP) property. 𝑇commutes 

withℱandℱ(ℳ ×ℳ) ⊆ 𝑇(ℳ). If there exists a 

point (𝓆0, 𝓅0) ∈ ℳ ×ℳsuch that𝑇𝓆0 ≤
ℱ(𝓆0, 𝓅0)and 𝑇𝓅0 ≤ ℱ(𝓅0, 𝓆0), 
then 𝐶𝑜𝑢𝑝𝑙𝑒 (ℱ, 𝑇) ≠ ∅ 

Proof. Take𝐿 = 0, 𝜓(𝜚) = 𝜚and 𝜙(𝜚) = (1 −
𝑘)𝜚and where𝑘 ∈ [0,1)in Theorem 1 and Theorem 

3. 

 

Corollary6: Let(𝑀, 𝑑, ≤)be a (P.O.C.M.S) and 

suppose that ℱ:ℳ ×ℳ →ℳ, 𝑇:ℳ →ℳ. 

Satisfying the following condition 

(𝑑(ℱ(𝓂,𝓃),ℱ(𝓉, 𝓈))) ≤

𝛼
𝑑(𝑇𝓂,ℱ(𝓂,𝓃))𝑑(𝑇𝓉,ℱ(𝓉,𝓈))

𝑑(𝑇𝓂,𝑇𝓉)
+

𝛽
𝑑(𝑇𝓂,ℱ(𝓂,𝓃))[1+𝑑(𝑇𝓉,ℱ(𝓉,𝓈)]

1+𝑑(𝑇𝓂,𝑇𝓉)
+ 𝛿𝑑(𝑇𝓂, 𝑇𝓉)  

∀𝓂,𝓃, 𝓉, 𝓈 ∈ 𝑀with𝑇𝓂 ≥ 𝑇𝓉 ,𝑇𝓃 ≤
𝑇𝓈and 𝑇𝓂 ≠ 𝑇𝓉. 

So, assume ℱ and 𝑇are continuous mappings and 

satisfied (MP) property. 𝑇commutes with ℱand 

ℱ(ℳ ×ℳ) ⊆ 𝑇(ℳ). If ∃(𝑞0, 𝑝0) ∈ ℳ ×ℳ such 

that 𝑇𝓆0 ≤ ℱ(𝓆0, 𝓅0) and 𝑇𝓅0 ≤ ℱ(𝓅0, 𝓆0), 
then 𝐶𝑜𝑢𝑝𝑙𝑒(ℱ, 𝑇) ≠ ∅   
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Proof. Let𝛼, 𝛽, 𝛿 ≥ 0,𝛼 + 𝛽 + 𝛿 ∈
[0,1) ∀ 𝓂,𝓃, 𝓉, 𝓈 ∈ 𝑀with,𝑇𝓃 ≤ 𝑇𝓈and 𝑇𝓂 ≠
𝑇𝓉. Then 

𝑑(ℱ(𝓂,𝓃), ℱ(𝓉, 𝓈)) ≤

𝛼
𝑑(𝑇𝓂,ℱ(𝓂,𝓃))𝑑(𝑇𝓉,ℱ(𝓉,𝓈))

𝑑(𝑇𝓂,𝑇𝓉)+𝑑(𝑇𝓉,ℱ(𝓂,𝓃))+𝑑(𝑇𝓂,ℱ(𝓉,𝓈)
+

𝛽
𝑑(𝑇𝓂,ℱ(𝓂,𝓃))[1+𝑑(𝑇𝓉,ℱ(𝓉,𝓈)]

𝑑(𝑇𝓂,𝑇𝓉)+𝑑(𝑇𝓉,ℱ(𝓂,𝓃))+𝑑(𝑇𝓂,ℱ(𝓉,𝓈)
+ 𝛿𝑑(𝑇𝓂, 𝑇𝓉)  

                                    ≤ (𝛼 + 𝛽 +

𝛿)𝑚𝑎𝑥 {

𝑑(𝑇𝓂,ℱ(𝓂,𝓃))[1+𝑑(𝑇𝓉,ℱ(𝓉,𝓈))]

1+𝑑(𝑇𝑚,𝑇𝓉)
,

(𝑇𝓂,ℱ(𝓂,𝓃))𝑑(𝑇𝓉,ℱ(𝓉,𝓈))

𝑑(𝑇𝓂,𝑇𝓉)
, 𝑑(𝑇𝓂, 𝑇𝓉)

}  

                                    ≤ 𝑘𝑀𝑑(𝑚, 𝑛, 𝑟, 𝑠)  
 

Where𝑘 = 𝛼 + 𝛽 + 𝛿 ∈ [0,1). Therefore, it yields 

Corollary 5. 

 

Example 1: The following example supports our 

Theorem with 𝐿 = 0. Let 𝑀 =

{(1,0)(0,1), (0, 1 2⁄ ), (1 2⁄ , 0)} with the Euclidean 

distance 𝑑2, and ≤≔ {(𝑟, 𝑟): 𝑟 ∈ 𝑀}. Also, 

consider 𝐹:𝑀 ×𝑀 → 𝑀and𝑇:𝑀 → 𝑀given by 

𝐹(𝑟, 𝑠) = {
(1,0)              𝑖𝑓    𝑟 = (1,0)

(0,1)                   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 and 𝑇𝑟 =

{
(1 2⁄ , 0)               𝑖𝑓     (0, 1 2⁄ )

𝑟                               𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

Moreover, take𝜙,𝜓: [0,∞] → [0,∞]such that 

𝜓(𝑡) = 16𝑡2 and 𝜙(𝑡) = 16𝑡2 5⁄  First, 𝐹 and 𝑇are 

trivial continuous, and 𝑇 is monotone 𝐹-

nondecreasing. Let 𝑟, 𝑠 ∈ 𝑀 with 𝑇𝑟 ≤ 𝑇𝑠, 𝑇𝑠 ≤ 𝑇𝑟 

and     𝑟 = (1 2⁄ , 0) , 𝑠 = (0, 1 2⁄ ). Then 

        

𝑑2 (𝐹((1 2⁄ , 0), (0, 1 2⁄ )), 𝐹((0, 1 2⁄ ), (1 2,0⁄ ))) =

0                                   33 

 

𝑀𝑑2((1 2⁄ , 0), (0, 1 2⁄ ), (0, 1 2⁄ ), (1 2,0⁄ )) 

 

= 𝑚𝑎𝑥 {

𝑑(𝐹((1 2⁄ ,0),(0,1 2⁄ )),𝑇(1 2⁄ ,0))𝑑(𝐹((0,1 2⁄ ),(1 2⁄ ,0)),𝑇(0,1 2⁄ ))

𝑑(𝑇(1 2⁄ ,0),𝑇(0,1 2⁄ ))+𝑑(𝐹((0,1 2⁄ ),(1 2⁄ ,0)),𝑇(1 2⁄ ,0))+𝑑(𝐹((1 2⁄ ,0),(0,1 2⁄ )),𝑇(0,1 2⁄ ))
,

 𝑑(𝑇(1 2⁄ , 0), 𝑇(0, 1 2⁄ ))

}  

= 𝑚𝑎𝑥 {
𝑑((0,1),(1 2⁄ ,0))𝑑((0,1),(1 2⁄ ,0))

𝑑((1 2⁄ ,0),(1 2⁄ ,0))+𝑑((0,1),(1 2⁄ ,0))+𝑑((0,1),(1 2⁄ ,0))
, 𝑑((1 2⁄ , 0), (1 2⁄ , 0))}  

 

Where 𝑑((0,1), (1 2⁄ , 0)) =

√(0 − 1 2⁄ )2 + (1 − 0)2 = √5 2⁄  

and𝑑((1 2⁄ , 0), (1 2⁄ , 0)) = 0, then  

 

= 𝑚𝑎𝑥 {
(√5 2⁄ )(√5 2⁄ )

(√5 2⁄ )+(√5 2⁄ )
, 0} = √5 4⁄                                                                                                               

34 

 

From (33) and (34), this implies, 

𝜓(𝑑2 (𝐹((1 2⁄ , 0), (0, 1 2⁄ )), 𝐹((0, 1 2⁄ ), (1 2,0⁄ ))))

= 0 

≤ 𝜓(𝑀𝑑2((1 2⁄ , 0), (0, 1 2⁄ ), (0, 1 2⁄ ), (1 2,0⁄ ))) 

−𝜙(𝑀𝑑2((1 2⁄ , 0), (0, 1 2⁄ ), (0, 1 2⁄ ), (1 2,0⁄ )))

= 5 − 1 = 4 
 

Thus condition (7) is held, then  𝐶𝑜𝑢𝑝𝑙𝑒C(ℱ, 𝑇) ≠

∅ such that 𝐹((0,1), (1,0)) = 𝑇(0,1) = (0,1) and 

𝐹((1,0), (0,1)) = 𝑇(1,0) = (1,0). 
 

It can be remarked that 𝐹 and 𝑇are single-valued 

maps and for multivalued maps, see 15-17. 

For further research work extensions in partially 

ordered complete b-metric spaces, see 18,19. 

 

 

Conclusions: 
This work has proven some coupled 

coincidence fixed point theorems for maps 

satisfying a contractive condition with rational 

expression in partially ordered metric spaces, which 

generalize similar theorems in the case of standard 

metric spaces. 
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 النقاط الصامدة المتطابقة المزدوجة مع الصفة الترتيبية

 
  البطاطامل محمد هاشم طعمة                                                  علي عبدالهادي كاظم 

 
 قسم الرياضيات، كلية العلوم، جامعة البصرة، البصرة، العراق.

 

 الخلاصة:
𝜙)تحقق  الرقرط  الغرض من هذا البحث استعراض واثبات النقاط الصامدة الثنائية للدوال الذاتية التي  − 𝜓)  مق  التعقارير النسقبية

. تعمق  النتقائا التقي نصقلنا اليلقا القن تحسقين (MP)في الفضاءات المترية الكاملة  المرتبقة جئئيقا والتقي تتضقمن  وال المسقافة ر القية ال 

ء مثقال وتونيد العديد من النتائا في مبرهنات النقطة الصامدة الثنائية وتعميم رعض النتائا الحديثة في الفضاء المتقر  المرتقج جئئيقا. تقم  اطقا

 لاظلار لحة نتيجتنا الرئيسية .

 

الصامدة المئ وجة, الفضاء المتر , الصفة الرتيبية المئ وجة, مجمواة النقطة الصامدة المرتركة, النقطة الكلمات المفتاحية: 

 مرتبة, مجمواة مرتبة جئئيا, التعبير النسبي, 
 


