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Abstract:

The purpose of this paper is to introduce and prove some coupled coincidence fixed point theorems
for self mappings satisfying (¢ — 1)-contractive condition with rational expressions on complete partially
ordered metric spaces involving altering distance functions with mixed monotone property of the mapping.
Our results improve and unify a multitude of coupled fixed point theorems and generalize some recent results
in partially ordered metric space. An example is given to show the validity of our main result.

Keywords: Common fixed point, Coupled fixed point, Metric space, Mixed monotone property, Ordered set,
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Introduction:

Banach! contraction theorem is one of the ~ (R*) stand for natural numbers and (the positive
most essential methods in the study of nonlinear  real numbers), respectively.
problems in  analysis.  Therefore, various Definition 1% Let(M,<)is a (P.0.S) together
generalizations of the Banach contraction theorem  with(M,d) as a metric space. Then(M,d, <) is
are obtained either by expanding the structure of the  said to be a (P.O.M.S).
ambient space*or by weakening the contractive M is called a partially (P.O.C.M.S) whenever
maps. (M, d) is a complete metric space.

Fixed point theorems are being developed
for use in partially ordered metric space (P.O.M.S) Definition 2*: Let M be a (P.O.S), then m,n € M
by Ran and Reurings®, obtained analogue of  are said to be comparable if m < n or m > n.
Banach’s theorem on (P.O.M.S). After this paper,

numerous paper has been published on (P.0.M.S)*"  Definition 3%:The Two maps F and Thave
7.Bhaskar and Lakshmikantham8work on the monotone property (MP) if F is monotone T-

development of coupled (F, P) results “for mixed jncreasing in » and is monotoneT-decreasing in .,
monotone operators” in (P.O.M.S). This same work  that is, for any m, n € M.

also includes discussions of (F, P) theorems with Ny, My € M, Ty < Tny, = F(ny,m) <
rational expressions in(P.0.M.S)8-12, F(n,,m).

The main aim of this paper is to  gng
demonstrate that some coupled coincidence fixed my,my € M, Tm, <Tm, = F(n,m,) =
poi_nt results satisfy a contractive condition of F(n,m,).
rational type. If T = I,{identity map} this yields definition®
Preliminaries Definition 43: An element(n,m) € M x Mis
Let (M, <) be a partially ordered set, F: M X M' -  called a coupled coincidence fixed point of the
Mand T: M — M be maps. mapsF: M X M —» Mand T: M — M if
The set of coincidence fixed points (coupled fixed F(n,m) =Tn, Fim,n)=Tm.

point) of F and T is denoted by the Couple If T=I,{identity map}this yields definition®
C(F,T)and couple Fix(F,T) respectively” N and
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Definition 5%: Let M be a nonempty set F and
Tare commutative if for all m,n € M,
F(Tn,Tm) =T(F(n,m)).

Definition 6'4:The function y:[0, ) — [0, ) is
called an altering distance function if satisfying the
following conditions:
i- Y is a continuous
ii- ii -ynondecreasing function
iii-Y(t) =0 t=0,and

¢:[0,00) = [0,0) satisfying the
conditions:
i- ¢ is lower semi-continuous,
ii- p(t) =0 ot =0.

following

Main result
Lemmal: Suppose that (M, d)be a (P.O.M.S) and
let T:M - M be a mapping and {Tg,} is a
sequence in M 3 lim d(Tg,, Tgn-1) = 0.
n—oo
If{T g, }is not a Cauchy sequence that is 3 ¢ > 0 for
each Tin N and the sequences
and{n(7)}withn(t) >m(r) > 7>
A(T Gy Tanw) 2 &,
thend(Tczm(T),Tczn(T)_l) < g and
(i) 111_{?0 d(TQm(T): T@n(r)) =€
(”) _}1_{2) d(T@m(T)—l' T%n(r)—l) =&
(iii) 111_{?0 d(TQm(T)—l: T%n(r)) =&
(iV) _}1_{2) d(TQm(T)' T@n(‘r)—l) =&
Proof: To show that the sequence{Tg,,} is a Cauchy
in(M, d). Let us assume otherwise then 3¢ > Ofor
eachtin NIn(t) >m(r) >t
d(TQm(r): T%n(r)) 2 E.
1
Farther, It is possible to find n(t)in such a way that
it is the smallest integer with n(t) > m(z)and
satisfying
d(TCLm(T):T@n(r)—l) <e&.
2
Now, from the above inequalities (1) and (2), it
follows that,
e < d(Tqme), Tane))
< d(T%m(T): T@n(‘r)—l)
+ d(T@n(r)—li T@n(r))
& < d(Tgm), Tan)
<e+ d(T@n(T)—lr T%n({"r))
Letting T — oo in the above inequality implies
lim d(TGme), Tanm) = €
3
Again,

d(Tm, F(m, fn))d(Tt, F(t,38))

d(T%m(r)—l' T%n(r)—l)
< d(T%m(r)—l' T@m(‘r))
+ d(Tqm@), Tan(o)
+ d(Tanw) Tan)-1)
and
A(TGmex) Tdn(r))
< d(TGme) Thmr)-1)
+ d(T@m)-1, Tn)-1)
+ d(T@n(r)—lw T@n(‘r))
Letting T — oo in the previous inequality and using
(3), implies
111_{2, d(T%m(T)—lr T‘ln(r)—l) =€
4
Again,
d(TQm(T)—l' T@n(r))
< d(T%m(r)—l' T@n(r)—l)
+ d(Tq)n(‘r)—lr T‘ln(r))
And
d(TCLm(T)—l' T"ln(r)—l)
< d(T@m(r)—l' T@n(r))

+d(T ) Ton()-1)
Letting T — oo in the above inequality and using (4)
it follows that

lim d(Tamw-1.Tdnw) = € >

Again,
d(Tcl‘m(‘L')' T%n(r)—l)
< d(T%m(T)t Tq‘n(r))
+ d(T('Zn(T)' T@n(‘r)—l)
And
A(TGme) Tdnr))
< d(T@m(r): T‘Zn(‘r)—l)
+ d(T('ln(T)—l' T‘ln(r))
Making T — oo in the preceding relations and using
(3), implies
_L!I_)rg) d(Tqvm(T)' Tqvn(r)—l) =¢&. 6

Theorem 1: Let(M,d, <) be a (P.O0.C.M.S) and
suppose that F: M X M - M, T:M -
M .Satisfying the following condition

1/)(d(3’(fm, n),F(t, 5))) < l,li(Md(fm, n,t, 5)) —
qb(Md(fm, n, /t',é)) + LN;(m,n, t,8)

7

For allm,n,t,8 € MwithTm > TtandTn < Ts8
where¢p € @, Yy € ¥,L = 0, and

My(m,n, t,8) = Max{

d(Tm,Tt) + d(Tt,F(m,n)) + d(Tm,F(t,s))’

d(Tm, Tt)}
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Ny(m,n, %,8) Continuing that way leads to the sequences {g,}
_ (d(Tm,F(m,n)),d(Tt, F(¢,5)), and {p,}in M'such that for all n € N,
Bl d(Tt,F(m,n)),d(Tm,F(t,5)) g%nu =F@Gnpn) and Ty = F(@Pndn),

So, assume FandTare continuous maps and .

satisfied (MP) property. Tcommutes for Wh';,:h < Ta. <Ta. <T <7

with FandF (M x M) C T(M). If Ja Go =101 = izﬁl B3 wee = Hlm

point(gg, #o) €E M X M 3 Tg, < = bl e

F (G0, £0)a0d Tpo < F(do, o) thenCOC(F, T) # Mo 2T 212 2105 o 2 T

@ 2 TPnig e

If there exists mny € Nsuch thatTg, ., =

Proof: From the given hypothesis 3 (go, )M x ! @ng@dTPngs1 = Tpn,, thenTan, = F(qn,, #n,)
Msuchthat Tgo < F (g0, #0) andTp, < and  Tpn, = F(Pnydn,)-  Hence(gny, pn,) €
F(go, £o)- SinceF(M x M) € T((M)3(qy,p) €  CoupleC(F,T), let TgGnyq # TqandTppeq #
M x Msuch that Tgqo < F((go, po)andTp, <  Tnforalln € N.

F(Go» o) thenTgo < F(Go, 2o) = From condition (7) and equality (8), it follows that,
Tg.and Tpo < F(Go, #0) = Tp,. Similarly, there  ¥(d(Tqn, Tqn+1)
s;((istS(ching 7§ M X g_{\zf such J SinceF thgtT Tg,= =9y (d(?(can-l,;pn-l),T(czn,zvn)))
41, p1)anad 1 p, = F(P1,g1)-oINCeSandl - _
satisfied (MP) property. ” < ¥(Ma (@ P Gn-1,#n-1))
Tg1 < F(Go, #0) < FGo,#1) <F(G1,p1) = ¢( d(%"'pn'%"_l'ﬁ”_l)) +
Tq.zandsz S T(%L#’l) S ?(po,él,l) S \l;\ll\r’]d(@n'ﬁn'cﬁn—l'ﬁn—l)
FP0d0) = Tp:. ere
_ d(T"lnrj:(q;nr%’n))d(T‘ln—li-(F(q)n—l'Wn—ﬂ) }
Md (%TLI P %n_llpn_l) = Max {d(T%an%n—l)+d(T‘ln—1:T(‘ln:ﬂ7n))+d(T"ln»T("ln—1#’n—1))’ d(T%n’ T%n—l)
_ A(TGnTGn+1) AT Gn-1,TGn)
= Max {d(T%an%n—l)+d(T‘ln+1'T%n—1)+d(T"anT"ln) ’ d(Tq)n’ T%n—l)}
Since d(Tqn, Tgns1) < d(TGn, Tgn-1) + 1m (Tn, Tpni1) =V 11
d(Tgn-1,Tgn+1), it leads to the conclusion, Now to show yy,y, = 0. Suppose thaty,,y, > 0.
Ma(Gn, P Gn-1, #n-1) By taking the limit of the supremum in the
= Max{d(Tqn, Tgn-1), d(T G, TGn-1)} inequalities (9) and (10) asn — oo, this implies
ang o Tna) Y1) <P — dO) < PO)andy(y,) <
N Y(2) — d(r2) <P(r2).
d Which is a  contradiction. To our
= Mm{ A(T a4, F (G, ) )A(T -1, F (s, #-1)). } assumptionyy,y, >0 on  Hence, it is concluded
d(T@n—l'T(@n' Wn)) + d(T%n'T(%n—lﬂ pn—l)) that, SO
= 1i_r)£10 d(Tn, TGn+1) =0
. d(Tq'n' T%n+1)d(T%n—1: T@n): A
MiMarg,. ., T d(Tq,, T 12
S (Tan-1,Tqn+1) + d(TGn, Tqn) It is possible to demonstrate that in a similar way
’ lim(Tp,, T )=0 13
Y(A(T G, TGns1)) < Yd(TGn, Tgn-r)) < nom o Pne |
dd(Tan, Tdn_v1) < A(Tqn, Tdn_1) 9 Now, to show that{Tq,}is a Cauchy sequence
Similarly, it yields, in(M, d). Let us assume otherwise. Then there exist
Y(A(TPn, TPns1)) S Y(d(Tpp, Tpn-1)) < an > 0 and
S(d(Tpn Trn1)) < AT pnTpnr) 10 subsequences{T g ) Jand{T gz Jof{Tg,} n(7) >
Therefore, the m(T) > TSUCh that d(TQ‘m(T)'T%Tl(T)) > 5, Whel‘e
sequences{(d(T gy, Tgns+1)3and{(Tp,, T pn.1)}are isn(t)a smallest positive integer satisfies that
decreasing sequences in R*, which is bounded d(Tozm(T),Tczn(T)_l) )
below. So, there exists y4,¥, > 0. such that Now from condition (7) Let = gu)-1, =
%Egd(T%’T%H) =V1 pm(r)—l:’t = Pn)-108 = Pn(r)-1 - Then
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Md (q)m(r)—lr Pm@-1 Qn(‘r)—lr 3911(‘[)—1)

d (T‘lm(r)—lrT(‘lm(r)—l'?m@—l)) d (TLZ"(T)_I' T(%n(r)_l' pn(T)_l))
=max{ d(TGmm)-1 Tdn)-1),

d(T@m(‘[)—l' T('l'n(‘r)—l) +d (T@n(‘r)—l' F(@m(‘r)—lr pm(r)—l)) +d (Tqu(‘r)—li F("l'n(r)—l' Wn(‘r)—l))

A(T4m(5)-1.Tm@) AT In@-1.Tdn@)
= Max{ d(T -, T _ 14
d(T%m(‘r)—erq)n(r)—l)+d(Tq:n(‘r)—1rT"Zm(T))+d(T"Zm(T)—1quJn(‘r)) ’ ( ‘lvm(‘[) 1 "ln(r) 1)

And T(T#’)n+1) = T(T(#’)nv "ln)) = :F(Tfn! Tolvn)
18

Nd(%m(r)—llpm(r)—lt@n(r)—lvﬁn(r)—l) =
(d(T F \ Letting n — oo in (18) and from the continuity of
(Tomo-1F (ame-1 #meo-)). Tand ¥, it follows

d (Tq'n(‘r)—l' T(q'n(r)—l' pn(r)—l)) ’ Tu = T{EI;OT(TQn+1)
d (T4n(r)—1'T(q'm(r)—1' Wm(r)—1)) + = 711—1;{1)0?(71%1“ Tfn)

=F(limTg,, limT
d (T@m(‘[)—bT(@TL(T)—DWTL(T)—I)) ("l_r’g n "l_r’{’lo Wn)
= F(u,v)

Tv = limT(T )
. d(T%m(f)_l, T%m(T))d(T%n(T)—l; Tél'n(‘[)); nsoo #711+1.
M = lim F(Tpn, Tqn)
d(T@n(T)—l' T@m(‘r)) + d(T%m(T)—lj T%n(r)) nooo
15 —F ( 1im Ty, lim T%)

= F(v,u)

Min <

Letting 7 — ooin (14), (15), and by using lemma 1

and by (12). It can be concluded that, Therefore, F(u, v) = Tu and F(v,u) = Tv, i.e.,
then CoupleC(F,T) = @ .

My = Max{0,6} =4 16
_ Ng = Theorem 2: Let(M,d,<)be a (P.O.C.M.S) and
Mzn{0,0, 5,63=0 17 suppose  that F-:M XM - M, T:M ->M.
Sincen(r) > m(D)and{Tqme} <{Tdnw} satisfying the following condition
applying condition (7) and using (14), (15), it W(d(F(m, n), F(t,8))) <
follows that l/)(Md(/m, n, ’t’,é)) — ¢(Md(m, n,t, 5)) +
lp (d(T%m(T)v Tﬁn(f))) = LNd (/I’}’L, n,t, 45) 19
For allm, n,t,8 € M withTm > T, Tn <
’P (d (?(%m(r)—l'Wm(r)—l);f(%n(r)—l' pn(r)—l))) T.sand Tm = T+ where ¢ € P, 1,[) EY,L>0,
< Myz(m,n,t,8) =
ll’(1\4¢i(cﬁm(r)—1:Wm(r)—li%n(r)—l:ﬁn(r)—l)) ( d(Tm'T(Zz;n))igt'T(t'ﬁ)), )
m,
—¢ (Md (Qm(r)—l:ﬁm(r)—li @n(r)—l:ﬂ’n(r)—l)) Max { d(Tm,F(mn))[1+d(Tt,F(£,6)]
+ LNd (Q)m(‘r)—l'ﬂm(‘r)—l: %n(r)—l:?n(‘r)—l) L Zi?;w(’l’f}/”:;?) ’J
Letting limit supremum in both sides of the  Na(m,7n,%,5) =
previous inequality, lemma 1, (16), (17) and the i d(Tm,F(m,n)),d(Tt,F(t,s)),
property ofipand the continuity of¢, lead to the d(Tt,F(m,n)),d(Tm,F(t,s))
conclusion
CY(8) S Y(8) — 9(8) <(d). So, assume FandTare continuous maps and
Contradiction to our assumptiond >0. The  gatisfied (MP) property. Tcommutes

sequence{Tq,}is a Cauchy sequence iInM.  wijthFandF(M x M) S T(M). If there exists a
Similarly, It is possible to demonstrate that the  pojint (G0, Po) € M x Msuch thatT g, <
sequence{Tq,} is a Cauchy sequence in M. So, by  F(4,, »,) and Tpo < F(Po, o), then
the completeness of M ,3 pointsu, v € M'such Couple C(F,T) £ ®

thatT g, — u,Tp, » v as n—o. Now from the  proof.. From Thlandthe given hypothesis, it is
commutativity of TandZ, it implies obtained two sequences {g,, Jand{p,,}in Msuch that
T(Tqns1) = T(T(%n'ﬁn)) =F(Tqn Tpn) for all NE€NTGni1 = F(Gn Pn) TPn+1 =
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F(pn an) Y(Ad(TGn, Tdn+1))
20 =9 (d(fp(%n—l'Wn—l):T(@nrpn)))

let Tgneq # TgnandT py1 # Tp, foralln € N.

From condition (19) and equality (20), it follows < »(Ma(Gn £ Sn-1, Pn-1)) —

that, d)(Md(%ann' %n—l:ﬁn—l)) +
LNq(Gn, #ns Gn—1, #n-1), Where

|(d (T%n,g:(q'n: 3911)) d(T%n—lx‘{F(CLn—l' pn—l)) \l
AT T , d(TGn, TGn-1),
My (Gn, P Gn—-1, Pn—1) = Max %n * dn-1
d(TGn, F (G, p))[1 + d(TGpn_1, F(Gn-1, #n-1))]
1+ d(TQ)nf T%n—l)

Now to show thatA = 0. Assume thati > 0. By
( d(T3nTon+1)d(TGn-1,T%n) 1 Letting the limit of the sup in the relation (21)
A(TqnTadn-1) ’ asn — oo, it follows that
= Max { d(T"lan"ln+1)[1+d(T4n—1'T4n)]’ } YD) <Y — o) < P(A).
| ;?T%;%—l) Which is a contradiction. Hence, A = 0, that is,
(Tn Tin-1) lim d(Tqp, Tans1) = 0

Max{d(Tg,,T AT, T 23
And{ (T, Tns1), (T G, TGn-1)} Similarly, it can be concluded that,
Ny TlLl_r)Elo d(Tpn Tpn+1) =0

d(Tozn,f(czn,pn))d(mn_l,f(%_l,m-l)),] 24 _
A(T a1, F G 2)s AT F (Gonss Pmr)) Now, to show that{Tg,}is Cauchy sequence

in(M,d). Let us assume otherwise. Then by

(AT G Tan+1), AT -1, Tan), ;

=Mln{ e n n }=0 lemmal 3 £ >0, such that for each t € Nand
Ad(Tqn-1,Tqn+1), A(TGn, Tqn)

subsequences{T gz} and{T gy (r) Jof{T g, }n (1) >

=Min{

Therefore m(r) > tsuch that d(T('lm(‘r)lT('ZT) > &, where is
Y(Ad(TGn, TGnsl)) n(t)a smallest positive integer satisfies that
< '#(Max‘{d(TOZn, T@n+1): d(TQn' T@n—l)}) d(T%m(T)' Tq‘n(r)—l) <E
—dpMax{d(Tgn, Tgn+1),d(TGn, Tdn-1)}) Now from condition (19) Let = gpy-1, 7 =
21 Wm(r)—l't = Gn(m)-18 = Pn)-1 -
mjre ar Tare L4 t\}vo N cases, |t follows that,

ax 9n 1 Gn+1)s 9 1 Gn-1)5 =
AT, Tans1), ten ¥ (AT9mc0 Ton)
lp(d(T@n; Tq'n+1)) < lpd(T@n: T@n+1) - = 1/) (d (:F(%m(r)—ll pm(r)—l)' T(q‘n(‘r)—l' pn(r)—l)))
#(d(Tqn, Tdns1)), Which is a contradiction
since¢(t) < l/)(t) < ll’ (Md(qvm(r)—lrﬁm(r)—llqvn(r)—llﬁn(r)—l))
HenCEMax{d (T%n' T@n+1): d(T%n: T@n—l)} = —¢ (Md (OLm(r)_p Pm(m)-1 Dn(@)-1 Wn(r)—1))
d(Tqn, Tqn-1)- Therefore, the
sequences{d(Tgn,Tgn+1)} IS a decreasing
sequence in R*and has a lower bound. So, 3 1 > ;E’LNd(%m(T)_l’pm(r)_l’q’”(f)_l"p”@_l)
0, 3 Where

rlll_r)rc}o d(Tqn Tqn+1) = 2
22

Ma(Gm)-1 Pm -1 In@)—1 Pr(r)—-1) =
( d(T‘lm(‘r)—1'T(%m(r)—147m(r)—1))[1+d(T%n('t)—1'T(‘ln(‘r)—14’n(1)—1))]
1+d(Tgm(r)-1.Tdn()-1)
d(T‘lm(r)—l'T (%m(f)—l"lm(r)—1))d(T%n(r)—1'T (%n(r)—wﬂn(r)—ﬂ)
L A(Tdm(x)-1Tdn()-1)

)

Max

) d(T%m(T)—l' Tq'n(f)—l)J
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(

d(T@m(T)—l: T%m(r)) [1 + d(T%n(T)—l' T@n(r))]

=M { [1 + d(TQm(T)—ltTQn(r)—l)]
= ax
d(T@m(r)—l' T@m(r))d(Tq'n(T)—lv Tq'n(r))
d(TGm)-1, Tdn)-1)
And

Nd (4m(r)—1' Pm(r)-1, @n(r)—lv Wn(r)—l)
(d (T%m(r)—p F(Gm)-1, %m(r)-1)) ,)

d (T%n(r)—llT(q'n(r)—l:Wn(r)—l)) ,
d (T@n(‘r)—l' T(%m(‘r)—l: Wm(r)—l)) ’
\ d (T%m(r)—llfp(%n(‘r)—li Wn(r)—l)) )

= Min«

d(T%m(T)—ll T@m(r)); d(T"Zn(T)—l; T‘lvn(r));
d(T@n(T)—ll T('Z'm(‘r)): d(TCLm(T)—l' T%n(r))

o )

Makingt — ooin previous equalities it follows that

M, = Max{0,0,e} = ¢ 26
N; = Min{0,0,¢,€} =0 27
Sincen(z) > m(r)and {T@me} <

{T@ncJapplying (25), (26)s (27), lemma land
Taking limit sup in both sides of the above
inequality, and the property ofipand the continuity
of¢, it yields
Y(e) < Y(e) — p(e) < yP(e).

A contradiction. Hence{Tq,,}is a Cauchy sequence
inM. Similarly, It can conclude that the
sequence{Tq,} is a Cauchy inM. So by the
completeness of M3 a point(u,v) E M XM 3
Tgn—->u, Tp,—>v as n— o. Now from the
commutativity ofTandF, implies
T(Tq'n+1) = T(T(%n' Wn)) = T(T%n' Tpn)
gs(Terl) = T(T(Wn' Qn)) = T(Tpn' T%n)
Letting n — ooin (18) and from the continuity of
Tand F. It can be concluded that,

Tu= TP_I;{)IOT(T@rHl)

= lim F(Tqy,, Tpn)
n—oo
=F (lim Tq,, lim Tgan)
n—-oo n—-oo
=F(u,v)
Tv=1mT(Tp,s1)
n—-oo
lim F(Tpn, Tgyn)
n—-oo
F (lim Ty, lim Tg,, )
n—>0o n—-oo
=F(v,u)

Where

) d(T%m(r)—p Tcﬁn(r)—l)
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Therefore, F(u,v) = Tuand F(v,u) =
Tv then COC(F,T) # Q.

Theorem 3: In addition to the hypotheses of
Theorem 1 suppose that for every 3,(g*, p*) €
M x M there exists (u,w) € M x M such that
(F (w, w), F(w, ) is comparable  to
(F(a.2),F(p,a)) and (F(g%,p%),F(@* q%).
Then CoC(F, T)has at most one element.

Proof. From Theorem 1 that there exists at least a
coupled coincidence point. Suppose
that(g, p)and(g*, p*)are belong to the set
COC(F,T), It is necessary to demonstrate Tq =
Tg%andTp = Tp~.

since there exists (w,w) €M x M such that
(F (w, w), F(w, ) is comparable  to
(F(a, ), F(p,a))and(F (4%, p*), F (p*,4)).
Putuy, =« andw, =w from (8) it can be

constructed as sequences{u,, Yand{w, }such
thatTu, 1 = F(uy, wy) and Twpe =
F(wy, 1y).

Further, setg = qo, # = Po, 35 =a¢, p* =

p&and, in the same way, define the sequence{Tg,,}
, AT pn}, {Tqy}and{Tp;}. Then it is easy to show
that,

Tqn - F(q,p), Tpn > F(p,4), Tan
F(g%,p%), Try - F(p*,4) asn - o for
alln > 0.

Since(F(a,#),F(p,4)) = (T4, Tp1) =

(Tgq, T;p)and(F(fu,, w), F(w, u)) =

(Twq, Twq)are comparable, then It is easy to show
that(Tg, Tp) < (Tu,, Twy), that is,Tqg <Tu,
andTp = Tw, foralln > 0.

Thus from condition (7), it follows

lll(d(T% T’”’n+1)) = l/)(d(F(CL, W),F(’Llrn; wn)))
< Y(Ma(g, p, 1, wy)) — ¢(My (G, p, 1tn, W)
+ LNd(qu P, unlwn)
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d(Tq, F(g,))d(T1un, F (tn, w)))

Md(@: P Un, wn) = Max{

d(Tq, Tuy) + d(Tun, F(a, ) + d(Tq, F (wy, wry)
d(Tq,Tg)d(Tty, Ttn_1)

) d(TQTun)}

=M ,
ax {d(m, Tu,) + d(Tu,, Tq) + d(Tq, Tu, 1)

= Max{d(Tq,Tu,)} = d(Tq,Tu,)
And
Nd (@' P Un, wn)
n {d(T% F(a,9)), d(Tuy, F(un, wn)),}
d(Tn, F(g,2,)), d(Tq, F (un, wy))
= Min {d (T4: T@)' d(T/u’n' Tun—l)'} =0
d(T’LLn, T%), d(T%' T/u’n—l)
Hence
lp(d(T('Z: T”"'n+1)) < ll)(d(T&L, Tun)) -
¢(d(Tg, Tun)) < P(d(Tq, Tuy)) 29
Therefore {d(Tq,Tu,)}is a decreasing sequence.
Hence, there existsA > 0 3 %im d(Tqg,Tu,) =2

Passing the upper limit in (29) as n — oo, it is
obtained that (1) < Y1) — p (1) <Y Q).
A contradiction. Then, A = 0. This implies
lim d(Tq, Tuy) =0
30
In a similar, way, it leads to the conclusion that
lim d(Tp,Tw,) =0
31
Following the same lines as the previous
lim d(Tq™,Tuy) = lim d(Tp*, Twy,) =
0
32
From the triangle inequality, (30), (31), and (32),
lead to the conclusion
d(Tg,Tg™) < d(Tq, Tuns1) + d(Tuny1,Tg%)
d(Tp, Tp*) < d(Tp, Twni1) + d(Twpyy, TP™)
Taking n — o«in the above inequality, to
obtaind(Tg,Tg*) = 0and d(Tp, Tp>) = 0.
Thus, Tg = Tg*andTp = Tp*.

Theorem 4: If the hypotheses of Theorem 2 and
Theorem 3 hold then CoupleC(F, T)has at most one
element.

Proof. From the condition, 19it implies that

Y(d(Tq, Tuns)) = ¥ (d(F (g, £), F (1, 1))

< Y(Ma(g, p, 1y, wy)) —
¢(Md(@' P ’”’n'wn)) + LNd(@: p, ’”’n:wn)
Where

Md(%' P Un, wn) =

d(Tc;,F(@,;a))d(Tun,F(un,wn))
Tt ,d(Tg, Tuy)

Max A(Tq,F(4,2))[1+d(Ttun, F (sn107))] -

1+d(Tq,T1y)

d(Tq, Tun)}

And
Nd ("Zr »r Uy, wn)
. {d(T 3, F (g, ), d(Ty, F (1, wn)),}
m
d(Tun, F(g, ), d(Tq, F (1y, wy))
d(T‘ln T‘lv)! d(T’LLn, T/M’n—l)l}

=0
d(T’”'n' TCL)' d(T%' T’un—l)

=M in{
Then,
Y(d(Tg, Tuy))
<y(d(Tg, Tuy,))
— ¢(d(Tq, Tuy))
<(d(Tg, Tuy))
Which is a contradiction.

Following the same lines as Theorem 3, it can show
Couple C(F, T)has at most one element.

Corollary 1: Let(M,d,<)be a (P.0.C.M.S) and
suppose that F: M x M —» M, Satisfying the
following condition
w(d(?(/m, n), F (%, 5)))
< P(Mg(m,n,t,))
— p(My(m,n, t,5))
+ LN;(m,n, t,8)
For allm,n,t,s8 € M withm = tandn < s
wherep € ¢, Y €Y, L >0,
My(m,n,t,8) =
d(m,? (/m,/n,))d(t,}" (£,8))
Max {d(m,t)+d(t,5‘-’(m,n))+d(m,}"(t,5)) yd(m, t)}
Ny(m,n, t,8) =

i {d(fm, F(m,n)),d(t,F(t, 5))'}With
d(t,ﬂ-"(fm, n)),d(m,?—"(t, 5))

So, assume Fis continuous mapping and satisfied

(MP) property. If there exists a point (gq, 2o) €

M x M'such thatgy < F(qo, 2o) andp, <

F(po g0), thenCouple Fix(F) # @ .

Proof. Take Tm = I (the identity map) in Theorem

1, and Theorem 3.

Corollary2: Let(M,d,<) be a (P.O.C.M.S) and
suppose  thatF: M X M - M, T"M - M.
Satisfying the following condition

d(T(m, n),F(t, 5)) < kMy(m,n,%,s)
For allm,n,t,8 € M withTm = TtandTn < Ts
Myz(m,n,t,8) =
Max { d(Tm,F(mm))d(Tt,F(£,s))

d(Tm,Tt)+d(Tt,F(m,n))+d(Tm,F(t,s))

,d(Tm, Tt)}

Max {d(T%T%)d(T’anvT’un—l) d(Tq,Tg)[1+d(Tun Tun—1)] ) d(T%, Tun)

1]

d(Tg,Tuy) 1+d(Tq,Tuy)
= Max{d(T%, T/M’n)} = d(qu T’u'n)
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Ny(m, n, t,8) = d(F(m,n),F(t,s)) <
. d(Tm, F(m, ,n))’ d(Tt, F(t, 5))’ o d(Tm,F (mmn))d(Tt,F(t,5)) + Bd(Tm, Tt)
d (Tt Fm n)) d(Tm Ft 5)) d(Tm,Tt)+d(Tt,F (mmn))+d(Tm,F(t,s))

For allm,n, £, 8 € MwithTm > TtandTn < Tas.

So, assume FandTare continuous mappings and So, assume FandTare continuous mappings and

satisfied MP roperty. Tcommutes e

withTandT(]v([ % 3\/[) c ?W(]B[).y If Ja sa_tlsfled (MP) property. Tcommutes
00iNt (G, 20) € M X Msuch thatTg, < wF_thiFandj-"(M X M) € T(M). If Ja
F(Go,£)and Tpo < F(po, do), thenCOC(E,T) % point(qg, po) € M X M'such thatTqy < F(qo, Do)
s 0770 0= 007 ’ and Tpy, < F(po, q0), thenCouple C(F,T) # @ .

Proof. Leta,p = 0,a + B €[0,1) for
allm, n, £, 8 € MwithTmm = TtandTn < Ts. Then
d(F(m,n),F(t,8)) <

Corollary3: Let(M,d,<)be a (P.O.CM.S) and g« d(Tm,F G m)d(TEF (£,5)) + Bd(Tm,Tt)
suppose  that F:M x M > M, T:M > M. ATmTO+d(TEF (mm))+d(Tm.F (£,5))

Satisfying the following condition

Proof. TakeL =0, Y(t) =tand ¢p(t) = (1 —
k)tand wherek € [0,1)in Theoremland Theorem3.

d(Tm,T (/m,/n))d(Tt,T (t,/s))
< (a+ pymax {d(T/m,Tt)+d(Tt,T(m,n))+d(Tm,T(t,5)) yd(Tm, Tt)}
< kMy(m,n,t,s)
Where k = a + 8 € [0,1). Therefore, it yields Y(d(F(m,n),F(t,5)))
Corollary 2. <yY(My(m,n,t,8))

— p(My(m,n, t,5))

+ LN;(m,n, t,8)
For allm,n,t,8 € M withm = £t,n < sand m #
twhere¢p € @, Y €W, L =0,

Corollary 4: Let(M,d,<)be a (P.0.C.M.S) and
suppose thatF: M x M - M. Satisfying the
following condition

My(m, £, 8) = Max {d(m,ﬂ-"(mc,i/(n;)fb)igt,?(t, 8)) ’ d(m,?—“(miﬁ)zi[(;— ;l)(t,}"(t, 3)] dim. Tt)}
Ny(m,n,t,8) = point (@0, Po) € M X M'such thatT g, <
] {d(T/WL,?(WL,’n)),d(T’f,?'(t,é)),} F (G0, po)and Tpoy < F(po, %0),
d(Tt,F(m,n)),d(Tm, F(t, 5)) then Couple (F,T) # @

Proof. TakeL = 0, ¥ (o) = pand ¢p(p) = (1 —
k)pand wherek € [0,1)in Theorem 1 and Theorem
3.

So, assume Fis a continuous mapping and satisfied
(MP) property. If there exists a point (gg, 2o) €
M x Msuch thatgy < F (g0, 20) andp, <

F(@0, 0).thenCouple Fix(F) # 0 Corollary6: Let(M,d,<)be a (P.O.C.M.S) and

suppose  that F: M X M — M, T-M - M.
Satisfying the following condition
d(F(m,n),F(t,8))) <

Corollary5: Let(M,d,<)be a (P.O.C.M.S) and
suppose  thatF: M X M —» M, T:-M - M.
Satisfying the following condition

Y(d(F(m,n),F(t,8))) < kMy(m,n,t,5) d(Tm’T(:Z';ZBCTigt'T(t"S))

For allm,n,t,8eM withTm>Tt Tn< Ad(TmF(mmn ' 1+d(Tt,F(t,3

Tsand Tm # Ttwhere¢p € @, Y e ¥, L = 0, B ( (1+d)(?1"[m,T;t() ) +6d(T'm,T?)

My(m,n, t,8) = vm,n,t,s € MwithTm > T% JTn <
d(Tm,F(mm))d(Tt,F(t,5)) Tsand Tm # T+t.

Max d(Tm,Tt) ’ So, assume F and Tare continuous mappings and

a(Tm,F(m,n))[1+d(Tt,F (£,5)] d(Tm,Tt) satisfied (MP) property. Tcommutes with Fand

1+d(Tm,T¢) ' ' F(M x M) € T(M). If 3(qo,po) € M X M such

So, assume FandTare continuous mappings and  that Tg, < F(go o) andTpe < F(pordo),

satisfied (MP) property. Tcommutes  then Couple(F,T) # @
withFandF (M x M) € T(M). If there exists a
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Proof. Leta, 3,6 =2 0,a+ B+ 6 €
[0,1) Vm,n,t,s8 € Mwith,Tn < Tsand Tm +#
T%. Then
d(F(m,n),F(t,s)) <
d (Tm,T- (m,n))d(Tt,.’F (£,8))
& AT, T +d(TEF (mn))+d(Tm,F (£,5)
d(Tm,F(mm))[1+d(Tt,F(¢,58)]
B d(Tm,Tt)+d(Tt,F(mmn))+d(Tm,F(t,8)
<(a+p+
d(Tm,F (mn))[1+d(Tt,F(t,s))]
1+d(Tm,T%) !
(Tm,F(mmn))d(Tt,F(¢,8))
AT ,d(Tm,Tt)
< kMy(m,n,r,s)

+ 6d(Tm,T%)

6)max

Wherek = a + B + 6 € [0,1). Therefore, it yields
Corollary 5.

Example 1: The following example supports our
Theorem with L=0. Let M =

{(1,0)(0,1),(0,1/2),(1/2,0)} with the Euclidean

distance d,, and <:={(r,r):r € M}. Also,
consider F: M x M — MandT: M — Mgiven by
_((1,0) if r=(10) _
Frs)= {(0,1) otherwise and Tr =
{(1/2,0) if (0,1/2)
otherwise

r
Moreover,  takeg,: [0, 0] — [0,c0]such  that
Y(t) = 16t% and ¢(t) = 16t2/5 First, F and Tare
trivial continuous, and T is monotone F-
nondecreasing. Letr,s € M with Tr < Ts,Ts < Tr
and r=(1/2,0),s =(0,1/2). Then

d, (F((1/2 ,0),(0,1/2)),F((0,1/2), (1/2,0))) =
0 33

Mg, ((1/2,0),(0,1/2),(0,1/2),(1/2,0))

d(F((1/2,0),0,1/2)),T(1/2,0))d(F((0,1/2),(1/2,0))7(0,1/2))

= max { 4(T(1/2,0),7(0,1/2))+d(F((0,1/2),(1/2,0)),T(1/2,0))+a(F((1/2,0),001/2)),7(0,1/2))’
d(T(1/2,0),T(0,1/2))

d((0,1),(1/2,0))d((0,1),(1/2,0))

= max{

Where d((0,1),(1/2,0)) =
J(O0=1/2)2+(1-0)2 =+/5/2
andd((1/2,0),(1/2,0)) = 0, then

max {

From (33) and (34), this implies,
Y

(5/2)(¥5/2) |,
W5/2)+(V5/2)’
34

}=\/§/4

0
< (Mg, ((1/2,0),(0,1/2),0,1/2), (1/2,0)))

¢ (Ma,((1/2,0),(0,1/2),0,1/2),(1/2,0)))
=5-1=4

Thus condition (7) is held, then CoupleC(F,T) #
@ such that F((0,1),(1,0)) = T(0,1) = (0,1) and
F((1,0),(0,1)) = T(1,0) = (1,0).

It can be remarked that F and Tare single-valued
maps and for multivalued maps, see 157,

For further research work extensions in partially
ordered complete b-metric spaces, see 1819,

d((1/2,0),(1/2,0))+d((0,1),(1/2,0))+d((0,1),(1/2,0))’

(dz (F((1/2 ,0),(0,1/2)),F((0,1/2), (1/2,0))))
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d((1/2,0),(1/2, 0))}

Conclusions:

This work has proven some coupled
coincidence fixed point theorems for maps
satisfying a contractive condition with rational
expression in partially ordered metric spaces, which
generalize similar theorems in the case of standard
metric spaces.
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