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Abstract: 
      In this work, a weighted Hölder function that approximates a Jacobi polynomial which solves the second 

order singular Sturm-Liouville equation is discussed. This is generally equivalent to the Jacobean translations 

and the moduli of smoothness. This paper aims to focus on improving methods of approximation and finding 

the upper and lower estimates for the degree of approximation in weighted Hölder spaces by modifying the 

modulus of continuity and smoothness. Moreover, some properties for the moduli of smoothness with direct 

and inverse results are considered. 
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Introduction:  
      Many problems of differential equations are 

reduced to orthogonal polynomials or algebraic 

polynomials, such as Jacobi orthogonal polynomial. 

There are widely applications to expand the Jacobi 

polynomials in science and engineering, for instance 

electrocardiogram data compression and the Gibbs’ 

phenomenon resolution1-3. Also, the approximation 

of weighted Hölder functions and some results on the 

approximation methods which are defined on 

weighted Hölder spaces have been considered 4-5. 

The significant methods are applied for Fourier-

Jacobi operators in periodic weighted Hölder 

spaces6-8. Properties for moduli of smoothness and 

approximation's degree of functions in weighted 

Hölder spaces have significant applications for 

general theory of partial differential equations in 

non-smoothness domains and estimates of 

asymptotic9-10. Also, numerical applications for 

modeling of fractional differential equations in 

applied sciences and engineering to the natural way 

have been considered in important studies11-17. 

This paper aims to improve the previous results in 18 

and that get the functions in the Holder spaces which 

have best approximation by Jacobi differential 

operator to a 2nd-order singular Sturm-Liouville 

type equation. Moreover, estimating the upper and 

lower bounded for the degree of approximation in 

weighted Hölder spaces is considered. Also, some 

properties of the moduli of smoothness that help to 

get a good approximation on the weighted Hölder 

space.  

Consider the space of all  functions  which are 

measurable on  X = [−1,1]   and weighted. The 

space is denoted by 

Lφ,p(X) = Lφ,p
a,b (X) = Lp(X; φa,b),   1 ≤ p ≤ ∞,  

which has a finite norm 

‖f‖φ,p = (∫|f(x)|p φ(x) dx
X

)

1/p

, 

where the Jacobi-weighted function 

φ = φa,b(x) = (1 − x)a (1 + x)b on X, 

 with a, b ∈ (−1, +∞). In the case a = b = 0, the 

space Lp(X) = Lp(X ; φ0,0), is considered with finite 

norm. Orthonormal polynomials and Sturm-

Liouville theory and their applications are considered 

in significant references19-20. They are linearly 

independent solutions to second-order Sturm-

Liouville differential equation 
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d

dx
[φ(a+1,b+1)(x)

df

dx
] + n(n + a + b + 1) 

× φ(a,b)(x) f = 0,     x ∈ X.   … 𝟏      

The  Jacobi polynomial of order n,  Pn
(a,b)(x), n =

0,1,2, … is a solution of 1 and it has been defined in 

special forms21. Let us define N − dimensional space 

SN = span{xn  :  0 ≤ n ≤ N − 1}.  
For any −1 < a, b <  ∞,  every Jacobi polynomial of  

(a, b) −class is orthogonal under the weighted 

Lφ,2(X)- inner product  

∫Pm
(a,b)

Pn
(a,b)

(1 − x)a(1 + x)bdx
X

= {
0,       n ≠ m;

𝒩n
(a,b)

n = m.
 

The normalized Jacobi polynomial   

Jn
(a,b)(x) = Pn

(a,b)(x) 𝒩n
(a,b)

⁄ ,   n = 0,1,2, …, 

where 𝒩n
(a,b)

 is the normalization constant  given as  

‖Pn
(a,b)

‖ = 𝒩n
(a,b)

. Let f ∈ Lφ,p(X), 1 ≤ p ≤ ∞,  

a, b > 0, which has the Fourier-Jacobi's series as the 

form  

f(x) ≅ ∑ 𝒩n
(a,b)

 ℱk
(a,b)(f) Jn

(a,b)(x)

∞

k=0

,              … 𝟐 

and the Fourier coefficients has the form  

ℱk
(a,b)(f) = ∫ f(x)Jk

(a,b)(x)φ(x)dx, k
X

= 0,1, … 

The expansions of Fourier-Jacobi are approximated 

to the operator Th
(a,b)

, where 0 < h < δ < π on a 

function f ∈ Lφ,p(X) with expansion 2 by the form  

     Th
(a,b)

f(x) ≅ ∑ ℱk
(a,b)

(f)𝒩n
(a,b)

 

∞

k=0

Jn
(a,b)

(cos h) 

    × Jn
(a,b)(x)        … 𝟑 

where the operator Th
(a,b)

is positive18. If f ∈ Lφ,p(X) 

and 0 < h < δ, then  it is easy to get from 2 and 3, 

that  

‖Th
(a,b)

f‖
φ,p

≤ ‖f‖φ,p ,                                 … 𝟒  

where the restriction α ≥ β ≥ −1/2 is guarantee to 

get  the inequality 4 can be satisfied. 
 

Preliminary Results: 
    Let f ∈ Lφ,p(X), 1 < p < ∞, and r > 0 then the r-

th symmetric difference which is constructed  by the 

Fourier-Jacobi operator Th
(a,b)

, is defined as  

Δr,h
(a,b)

= (I − Th
(a,b)

)
r/2

 

                    = ∑(−1)k (

 r
2
k

) (Th
(a,b)

)
k

∞

k=0

 … 𝟓 

where I represents the identity operator. Also, the 

definition of the r-th order weighted modulus of 

smoothness is defined as 

wr(f, δ)φ,p = sup
0<h≤δ

‖Δr,h
(a,b)

f‖
φ,p 

, 

and for h ≥ δ, let us define that 

wr(f, h)φ,p = wr(f, δ)φ,p. 

Now, consider the weighted Hölder spaces with 

respect to the general Jacobi operator Th
(a,b)

, which is 

denoted by Cφ,p
r,μ

(X). For any weighted Hölder 

function f ∈ Cφ,p
r,μ

(X) , μ > 0  if f ∈ Lφ,p(X) and   

‖f‖Cφ,p
r,μ

(X) = ‖f‖φ,p + |f|Cφ,p
r,μ

(X) ,                         … 𝟔 

is finite, where 

|f|Cφ,p
r,μ

(X) = sup
h>0

wr(f,h)φ,p 

hμ . 

 Moreover, let 0 < μ < r < k < ∞; 1 ≤ p ≤ ∞ and 

for any arbitrary constant 𝒞, then the norms of a 

weighted Hölder function f in weighted Hölder 

spaces Cφ,p
r,μ

(X)  and Cφ,p
k,μ (X)  that are equivalent:   

𝒞 ‖f‖Cφ,p
r,μ (X) ≤   ‖f‖Cφ,p

r,μ (X) ≤  𝒞−1 ‖f‖Cφ,p
r,μ (X) .    … 𝟕 

Let us consider the modulus of smoothness for the 

weighted Hölder function f in Cφ,p
r,μ

(X), 0 < μ ≤ k, 

such that 

wr
μ(f, t)Cφ,p

r,μ (X) = sup
0<h<t

wr(f, h)φ,p 

hμ
.           … 𝟖 

More properties of the modulus of smoothness on the 

spaces Cφ,p
r,μ

(X) are in 2018 5. 

Consider 𝒫n = {Pn: Pn is an algebraic polynomial of 

degree at most n}, and the degree of  approximation 

for any function f ∈ Lφ,p(X)  by algebraic 

polynomials is  well-defined as follow : 

En(f)φ,p = inf
Pn∈𝒫n−1

‖f − Pn‖φ,p ,    n ∈ N.     

Where  Pn ∈ 𝒫n−1 is an algebraic polynomial of the 

best  approximation of f ∈ Lφ,p(X).  The following 

Jacksons type theorem in Lφ,p(X)  is mentioned in 4,  

         ‖f − P‖φ,p = En(f)φ,p,       

which is called the Jackson–type form in Lφ,p(X). 

Also, P ∈ 𝒫n−1 represents a polynomial of best  

approximation for a function f ∈ Cφ,p
r,μ

(X) if   

‖f − P‖Cφ,p
r,μ

(X) = En(f)Cφ,p
r,μ

(X) , 

 En(f)Cφ,p
r,μ

(X) = inf
Pn∈𝒫n−1

‖f − Pn‖Cφ,p
r,μ

(X), n ∈ N. 

Let us consider the differential operator  

ℒ =  
−1

φ(a,b)
  

d

dx
[φ(a+1,b+1) d

dx
],                      … 𝟗 

ℒPk
(a,b)

= λk Pk
(a,b)

;   λk = k(k + a + b + 1), 
where the Jacobi polynomials are the eigenfunctions 

of ℒ.  Let us construct the Fourier–Jacobi series S ∈
Lφ,p(X) of a function  f ∈ Lφ,p(X) for  r > 0 such 

that it has the form  

    S(x) ≈ ∑(

∞

j=1

λj)
r/2 𝒩n

(a,b)
 Jj

(a,b)(x), 

where the notation S = ℒr f is considered and ℒrf is 

called a fractional derivative of the function f with 

the order r. The generalized 𝒦r-functional term for 
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the differential operator ℒr to estimate the results of 

best approximation for a function 𝑓 in the weighted 

space Lφ,p(X) that has been discussed in 4, where                     

𝒦r(f, h)φ,p = inf
Pn

{‖f − Pn‖φ,p + hr‖ℒrPn‖φ,p}. 

The natural relation between 𝒦r-functional and 

moduli of smoothness is also observed in 4.  

For  f ∈ Lφ,p(X), δ > 0, and  r > 0, then  

𝒦r(f, h)φ,p ≈ wr(f, h)φ,p , 0 < h < δ        … 𝟏𝟎 

and for P ∈ 𝒫n−1, 
hr ‖ℒrP‖φ,p ≈ wr(P, h)φ,p  .                       … 𝟏𝟏 

Now, the preliminary results are considered and they 

will be identified in the next section to prove the 

main results. The following lemma is introduced in 
4: 

Lemma 1. Let n ∈ N , 0 < h < n−1,  and r > 0 then 

for any algebraic polynomial Pn ∈ 𝒫n−1 and for f ∈
Lφ,p(X) such that 

‖Δr,h
(a,b)

Pn‖
φ,p

≤ C wr(f, h)φ,p, 

where C is an independent constant on f, Pn and h. 

Proposition 1. Let n ∈ N , 0 < h < n−1,  and r > 0 

then for any algebraic polynomial P ∈ 𝒫n−1 and for 

f ∈ Lφ,p(X) such that 

wr(f − P, h)φ,p ≤ wr(f, h)φ,p + wr(P, h)φ,p. 

Directly, the proof of this proposition is satisfied 

from combining 4, 5 and lemma 1. It represents a 

useful property for the r-th order weighted modulus 

of smoothness. On the other hand, in the next 

proposition, some properties on the moduli of 

smoothness for the weighted Hölder function in 

Cφ,p
r,μ

(X), will be considered. 

Proposition 2. Let n ∈ N, 0 < h < n−1, r, k, σ > 0, 

and f ∈ Cφ,p
r,μ

(X) then 

wk
μ(f, σ)Cφ,p

r,μ
(X) ≤ 2k−rwr

μ(f, h)Cφ,p
r,μ (X) ,     … 𝟏𝟐𝐚   

where k > r > 0and 

wk
μ(f, nσ)Cφ,p

r,μ
(X) ≤ Cnk−rwk

μ(f, h)Cφ,p
r,μ

(X) ,    … 𝟏𝟐𝐛 

where C is an independent constant of f, σ and n. 
Proof. This proposition can be proved later by using 

4 and 10. Let 0 < h ≤ σ, and f ∈ Cφ,p
r,μ

(X), and by 5 

then 

          Δk,h
(a,b)

f(x) = (I − Th
(a,b)

)

k
2

f(x) 

              = ∑(−1)if(x) (
 k

2
i

) (Th
(a,b)

)
i

∞

i=0

  

and from lemma 1 then 

         ‖Δk,h
(a,b)

f‖
φ,p

≤ 2k−r ‖Δr,h
(a,b)

f‖
φ,p

 

≤ C 2k−r wr(f, h)φ,p, 

h−μwk(f, h)φ,p ≤ C 2k−rh−μ wr(f, h)φ,p. 

Thus, the first supremum when 0 < h ≤ σ, is taken 

to satisfy 12a and then when 0 < t ≤ h. Similarly, 

proving the inequality 12b is satisfied. 

Lemma 2.  Let n ∈ Ν, r > 0 and f ∈ Lφ,p(X) then 

En(f)φ,p ≤ Cwr(f, n−1)φ,p 

where C is an independent constant on  n and f. This 

lemma is proved directly from equation 4. 
 

Upper Estimate for the Best Approximation: 

    Depending on the results in sections 1 and 2, the 

first main result theorem is proved in order to 

estimate the upper bound for the degree of 

approximation of the weighted Hölder functions. 

Fourier-Jacobi operators are applied to the second 

order singular Sturm-Liouville equation where same 

strategies and methods which are presented in 19-21.                                                                                                                              

Theorem 1. Let 0 < μ < min(r, k) and f ∈ Cφ,p
r,μ

(X) 

for an algebraic polynomial  Pn ∈ 𝒫n−1 then 

 ‖f − Pn‖Cφ,p
r,μ

(X) ≤ Cwr
μ(f, t)Cφ,p

r,μ
(X)  , 

where C is  an independent  constant on n and f. 
Proof.  Assume that α < min(r, k) and Pn ∈ 𝒫n−1 be 

any algebraic polynomial and for f ∈ Lφ,p(X). By 

lemma 2  and 6, let us define  

‖f − Pn‖Cφ,p
r,μ (X) = ‖f − Pn‖φ,p + |f − Pn|Cφ,p

r,μ (X)  

    … 𝟏𝟑 

It is enough to estimate  the last term of 𝟏𝟑, so  

|f − Pn|Cφ,p
r,μ = sup

h>0

wr(f − Pn, h)φ,p

hμ
  

 = sup
h<1 n⁄

wr(f − Pn, h)φ,p

hμ
+ sup

h≥1 n⁄

wr(f − Pn, h)φ,p

hμ
 

     = I1 + I2. 
By 𝟒, 𝟖 and Lemma 2 , then  

I2 = nμwr(f − Pn, n−1)φ,p 

= nμ ‖Δ
r,n−1
(α,β)

(f − Pn)‖
φ,p 

≤ 𝒞nμ‖f − Pn‖φ,p  

≤ 𝒞nμwr(f, 1 n⁄ )φ,p ≤ 𝒞nμwr(f, 1 n⁄ )Cφ,p
r,μ (X). … 𝟏𝟒 

Also, from proposition 1 then I1 should be 

estimated as follows: 

 I1 = sup
0<h<1 n⁄

wr(f − Pn, h)φ,p 

hμ
≤ sup

0<h<1 n⁄
(

wr(f, h)φ,p 

hμ
+

wr(Pn, h)φ,p 

hμ ) ≤ nμwr(f, n−1)Cφ,p
r,μ (X) + I3    … 𝟏𝟓

To estimate I3 in 15, depending on the results of both 

lemma 1 and lemma 2, 

  I3 = sup
0<h<1 n⁄

wr(Pn, h)φ,p 

hμ
≤ 𝒞n−1wr(Pn, n−1)φ,p 

      = 𝒞nμwr(f − f + Pn, n−1)φ,p, 

Thus the estimation of I3 becomes 

 I3 ≤ 𝒞nμ(‖f − Pn‖φ,p + wr(f, n−1)φ,p) 

 ≤ 𝒞nμwr(f, n−1)φ,p ≤ 𝒞nμwr
μ(f, n−1)Cφ,p

r,μ (X) … 𝟏𝟔 

therefore, to combine equations𝟏𝟒 − 𝟏𝟔, then proof 

of theorem 1 is done. ∎ 
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Lower Estimate for the Best Approximation: 

     The second result that is a lower estimate for the 

best approximation should be proved based on the 

auxiliary results in sections 1 and 2. Also, the lower 

bound for the degree of approximation to weighted 

Hölder functions is estimated.   

Theorem 2. Let 0 < μ < min(r, k) and f ∈ Cφ,p
r,μ (X) 

then 

 wr
μ(f, t)Cφ,p

r,μ
(X) ≤ C nμ−k ∑ 2ρ(r−μ)E2ρ(f)Cφ,p

r,μ
(X)

m
ρ=0   

where C is  an independent constant on n and f. 
Proof. Let  Pn ∈ 𝒫n−1, n ∈ N be the polynomial of 

the  best approximation of  f ∈ Cφ,p
r,μ

(X)  in the case  

μ < min(r, k) and  for any  m ∈ N ∪ {0}  such that 

2m−1 ≤ n < 2m.  Suppose that  ∑ ρn−1Eρ(f)φ,p
∞
ρ=m   

is finite. Then let us consider  

f ≅ P2m + ∑ (P2ρ+1 − P2ρ)∞
ρ=m .                     … 𝟏𝟕  

From 𝟏𝟕 and proposition 1, then  

wr
μ(f, 1/n)Cφ,p

r,μ (X) ≤ wr
μ(f − P2m+1 , 1/n)Cφ,p

r,μ (X) 

+wr
μ(P2m+1 , 1/n)Cφ,p

r,μ
(X) .     … 𝟏𝟖   

Then by applying  the Holder inequality  and 𝟕, the 

best approximation is 

En(f)Cφ,p
r,μ

(X) = inf
Pn∈𝒫n−1

‖f − Pn‖Cφ,p
r,μ (X) 

        = inf
Pn∈𝒫n−1

{‖f − Pn‖φ,p + |f − Pn|Cφ,p
r,μ (X)} 

     ≥ inf
Pn∈𝒫n−1

‖f − Pn‖φ,p + inf
Pn∈𝒫n−1

|f − Pn|Cφ,p
r,μ (X). 

Choose  n = 2m+1, and from 𝟔 and 𝟖 then  

E2m+1(f)Cφ,p
r,μ (X) ≥ inf

P2m+1∈𝒫n−1

{ |f − P2m+1|Cφ,p
r,μ (X) } 

              = |f − P2m+1|Cφ,p
r,μ (X)             

= sup
h<1/n

wr(f − P2m+1 , h)φ,p/hμ

+  sup
h≥1/n

wr(f − P2m+1 , h)φ,p/hμ   

= wr
μ(f − P2m+1 , 1/n)Cφ,p

r,μ
(X)

+ sup
h≥1/n

wr(f − P2m+1 , h)φ,p 

hμ
 . 

Then  

wr
μ

(f − P2m+1 ,
1

n
)

φ,p
≤ |f − P2m+1|Cφ,p

r,μ (X) 

≤ E2m+1(f)Cφ,p
r,μ (X) .           … 𝟏𝟗 

By lemma 2 , 𝟕, 𝟏𝟎 and 𝟏𝟏 then    

  ‖ℒrP2m+1‖φ,p ≤  ‖ℒrP2 − ℒrP1‖φ,p 

        + ∑ ‖ℒrP2ρ+1 − ℒrP2ρ‖φ,p
m
ρ=0   

≤ Cwr(P2 − P1, 1)φ,p + C ∑ 2ρrm
ρ=0   

× wr(P2ρ+1 − P2ρ , 2−(ρ+1))
φ,p

 

≤ C‖P2 − P1‖Cφ,p
r,μ

(X) + C ∑ 2(ρr−μ)m
ρ=0   

× ‖P2ρ+1 − P2ρ‖Cφ,p
r,μ

(X) 

≤ CE1(f)Cφ,p
r,μ (X) + C ∑ 2(ρr−μ)E2ρ(f)Cφ,p

r,μ (X)
m
ρ=0 … 𝟐𝟎  

Now, from 𝟐𝟎 then  

 wr
μ(P2m+1 , n−1)Cφ,p

r,μ (X) = sup
h<1/n

wr(P2m+1 , h)φ,p 

hμ
, 

≤ 𝒞 sup
0<h≤1 n⁄

𝒦r(P2m+1 , h)φ,p

hμ
≤ 𝒞nμ−r ‖ℒrP2m+1‖φ,p  

≤ 𝒞nμ−rE1(f)Cφ,p
r,μ + ∑ 2(ρr−μ)E2ρ(f)Cφ,p

r,μ

m

ρ=0

       … 𝟐𝟏 

Choose m such that 2m ≤ n < 2m+1.  Then the 

required estimation follows from  𝟏𝟖 − 𝟏𝟗 and 𝟐𝟎, 

then proof of theorem 1 is done. ∎ 

 

In the next theorem, proof of the sharp lower estimate 

will be considered for the degree of approximation in 

Cφ,p
r,μ

(X): 

Theorem 3. Let 0 < μ < r, ν ≥ μ and f ∈ Cφ,p
r,μ

(X). 

Then the following two parts are equivalent : 

(i)        wr
μ(f, n−1)Cφ,p

r,μ (X) ≤ C1En(f)Cφ,p
r,μ (X), 

(ii)       wν
μ(f, h)Cφ,p

r,μ (X) ≤ C2wk
μ(f, h)Cφ,p

r,μ (X), 

where h > 0, for some k > ν and existing positive 

constants C1 and C2. 
Proof. Assume that the condition (ii) is satisfied. 

From proposition 2, the two inequalities 12a-12b are 

satisfied, then  

wν
μ(f, nσ)Cφ,p

r,μ (X) ≤ CC2nν−μwk
μ(f, σ)Cφ,p

r,μ (X)   … 𝟐𝟐 

for n ∈ N , σ > 0, therefore,  

wν
μ(f, λσ)Cφ,p

r,μ (X) ≤ CC2(1 + λ)ν−μwk
μ(f, σ)Cφ,p

r,μ (X) .   

Now, to prove the following inequality 

nμ−k ∑ ρ−(μ−k+1)Eρ(f)Cφ,p
r,μ ≤ CC2wk

μ(f, 1/n)Cφ,p
r,μ

n

ρ=0

 

… 𝟐𝟑  
Definitely, from results of  theorem 1 and the form 

𝟐𝟐, the following estimate  

Eρ(f)Cφ,p
r,μ (X) ≤ wk

μ(f, 1/ρ)Cφ,p
r,μ (X) for ρ = 0,1, … , n. 

 is valid. Then 

       nμ−k ∑ ρ−(μ−k+1)Eρ(f)Cφ,p
r,μ

n

ρ=0

 

≤ CC2nμ−kwk
μ(f, 1/n)Cφ,p

r,μ ∑ ρ−(μ−k+1)

n

ρ=0

 

          ≤ CC2wk
μ(f, 1/n)Cφ,p

r,μ . 

Now, from results of  theorem 2 and the form 

𝟐𝟑,then for all m, n ∈ N, with 𝒹 = nm 

wν
μ(f, 1/𝒹)Cφ,p

r,μ ≤ C𝒹μ−ν ∑ ρ−(μ−ν+1)Eρ(f)Cφ,p
r,μ

𝒹
ρ=1   

          ≤ C𝒹μ−ν ∑ ρ−(μ−ν+1)Eρ(f)Cφ,p
r,μ (X)

n
ρ=1   

            +C𝒹μ−ν ∑ ρ−(μ−ν+1)Eρ(f)Cφ,p
r,μ

(X)
𝒹
ρ=n+1   

 ≤ C C2mμ−νwk
μ

(f,
1

n
)

Cφ,p
r,μ (X)

+ C𝒹μ−ν  

× ∑ ρν−μ−1Eρ(f)Cφ,p
r,μ (X)

𝒹
ρ=n+1 ,  
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which implies that  

 𝒹μ−kwk
μ

(f,
1

n
)

Cφ,p
r,μ

− CC2mμ−kwk
μ

(f,
1

n
)

Cφ,p
r,μ

 

≤ ∑ Cρ−(μ−k+1)Eρ(f)Cφ,p
r,μ (X)

𝒹
ρ=n+1   

from proposition 2, 𝟐𝟐 and by the monotonicity 

property of En(f)Cφ,p
r,μ (X), then  

      (C−1nμ−k − C2)mμ−kwk
μ

(f,
1

n
)

Cφ,p
r,μ (X)

 

≤ En(f)Cφ,p
r,μ (X) ∑ ρk−μ−1.mn

ρ=n+1    

Therefore,  

En(f)Cφ,p
r,μ (X) ≥ Cwk

μ(f, 1/n)Cφ,p
r,μ (X) .            … 𝟐𝟒 

where, C = C(k, μ, C2) is a positive constant. From 

𝟐𝟒 and  (ii); (i) is satisfied. On the other hand, the 

opposite direction comes immediately from theorem 

1. Moreover, the degree of approximation has lower 

bound which is a weighted modulus of smoothness is 

considered. ∎ 

 

Applications:  
Consider the Jacobi polynomial of  (a, b) − class of 

order n,  

Pn
(a,b)

=
1

2n
∑ (

n + a
i

) (
n + b
n − i

) (x − 1)n−i(x + 1)n

n

i=0

 

with its norm, 

𝒩n
(a,b)

=
2a+b+1Γ(a + n + 1)Γ(b + n + 1)

(a + b + 2n + 1)n! Γ(a + b + n + 1)
,    

which satisfies the differential equation 𝟏. Let us 

consider the case a = b = 0 

Pn
(0,0)

=
1

2n
∑ (

n
i
) (

n
n − i

) (x − 1)n−i(x + 1)n

n

i=0

,        

𝒩n
(0,0)

=
2(n + 1)

(2n + 1)n!
,    

Then the normalized Jacobi polynomial is valid 

Jn
(0,0)(x) =

(2n + 1)n!

2n+1(n + 1)
∑ (

n
i
) (

n
n − i

) (x

n

i=0

− 1)n−i(x + 1)n 

Let f ∈ Lφ,p[−1,1], 1 < p ≤ +∞, r = 2 and let us  

consider the operator Th
(0,0)

, 0 < h < n−1, of  a 

function f with expansion form 3, and it is proved in 

5 that  

‖f − Th
(0,0)(f)‖

φ,p 
≍ inf

s
{‖f − s‖φ,p 

+n−2 ‖  
d

dx
((x − 1)(x + 1)

d

dx
) s‖

φ,p
}, 

by 10-11 and 6, then the following estimation is valid 

‖f − Th
(0,0)(f)‖

Cφ,p
2,μ

([−1,1])
≍ w2(f, n−1)φ,p      … 𝟐𝟓  

With 0 < μ ≤ 2 and to estimate the modulus of 

smoothness  w2(f, n−1)φ,p by the following  

 w2(f, n−1)φ,p = sup
0<h≤n−1

‖Δ2,h
(0,0)

f‖
φ,p 

, 

where 

             Δ2,h
(0,0)

f(x) = f(x) − Th
(0,0)

f(x) 

Thus, from 8 and 𝟐𝟓, the following estimation is 

valid, 

‖f − Tn
(0,0)

(f)‖
Cφ,p

2,μ ([−1,1])
≍ w2(f, n−1)

Cφ,p
2,μ ([−1,1])  

  ≍ 𝒪(n−η)             … 𝟐𝟔 

 as n → +∞. Therefore, for 0 < μ ≤ 2, 0 < η < 2,  
and by applying the theorems 1, 2 and 3;  the 

inequality 𝟐𝟔 as n ↑ +∞ is equivalent to the 

estimates,  

En(f)p = 𝒪(n−(η+μ))  and   

 En(f)
Cφ,p

2,μ
([−1,1])

= 𝒪(n−η), as n → +∞.   

Conclusion:  
    The estimation of a good approximation to the 

Hölder functions with respect to the second order 

singular Sturm-Liouville operators has been 

developed. To satisfy a strong convergent, a special 

form of the weighted moduli of smoothness is used 

to apply for Fourier-Jacobi operators in expanding 

periodic Hölder spaces. In theorem 1, The upper 

estimate for the degree of approximation of weighted 

Hölder functions has considered. Also, the lower 

bound for the degree of approximation in both 

theorem 2 and theorem 3, are estimated. Moreover, 

some properties of weighted modulus of smoothness 

on Hölder spaces in two propositions 1,and 2, have 

been proved. Finally, the application is shown to 

satisfy the estimates of the degree of the best 

approximation. 
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 ليوفيل المنفرد -جاكوبي لمؤثر ستورم -تقريب دوال هولدر المرجحة باستخدام متعددات حدود فوريه

 
    3خالد فنوخ الأويدي              2أحمد حميد كامل           1حبيب عبد كاظم

   
 قسم الرياضيات, كلية علوم الحاسوب و الرياضيات, جامعة ذي قار, الناصرية, العراق7
 الجامعة الوطنية للعلوم والتكنولوجيا في ذي قار, العراق2
 الخضراء, بابل, العراقهندسة, جامعة القاسم القسم ادارة الموارد المائية, كلية 8

 

 الخلاصة:
ليوفيل المنفردة من الدرجة الثانية. هذا يتوافق  -المرجحة التي تحقق تقارب متعددات حدود جاكوبي لمعادلة ستورم تم مناقشة دوال هولدر

تقريب على هذا النوع من على تحسين طرق التقريب وإيجاد أفضل  مع تحويلات جاكوبي المعممة ومعايير النعومة. يهدف هذا البحث ويركز

 الفضاءات عن طريق تحسين معايير النعومة. علاوة على ذلك، يتم النظر في بعض خواص معايير النعومة والقيود العليا والسفلى لدرجة تقريب

   الدالة.
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