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Abstract: 

In this article, the partially ordered relation is constructed in geodesic spaces by betweeness property, 

A monotone sequence is generated in the domain of monotone inward mapping,  a monotone inward 

contraction mapping is a  monotone Caristi inward mapping is proved, the general fixed points for such 

mapping is discussed and A mutlivalued version of these results is also introduced.  
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Introduction: 

Banach fixed point theorem assures the 

existence and uniqueness of a fixed point for 

contraction mapping 𝑇: 𝑀 ⟶ 𝑀 in complete metric 

spaces. In fact, it has many generalization and 

extention, these extention have been done in many 

directions. For instance, linear spaces (Banach and 

Hilbert spaces) or nonlinear spaces (geodesic metric 

spaces, hyperbolic and CAT(0) spaces). Also 

generalization includes many types of mappings, 

namely: weakly contraction mapping, nonexpansive 

mapping, locally nonexpansive mapping, ect. 

In the inward case, when mapping can take 

values out of its domain, that is, mapping is called 

non-self mappings, Banach contraction theorem 

cannot work in this issue Caritsi showed
1
 when 

domain of mapping 𝑇: 𝑁 ⟶ 𝑀, 𝑁 ⊆ 𝑀  is closed 

and convex subset of Banach space and 𝑇: 𝑁 ⟶ 𝑀 

is weakly inward mapping with Lipcshitz constant 

less than one, then𝑇: 𝑌 ⟶ 𝑋  has a fixed point in 𝑁. 

This was a very characterized work of caritsi that 

𝑇(𝑣) is no longer be restricted to stay in 𝑁. 

A mapping 𝑇: 𝑁 ⟶ 𝑀 is said to be inward if for 

every 𝑣 ∈ 𝑁 the image 𝑇(𝑣)  belongs to the set  

𝐼𝑁(𝑣) = {𝑢 ∈ 𝑋: (1 − 𝜆)𝑣 + 𝜆𝑢, 𝜆 ≥ 1 

  

  

The set  𝐼𝑁(𝑣)is called inward set of  𝑁 at 𝑣 and the 

mapping 𝑇: 𝑁 ⟶ 𝑀is called inward mapping if 

𝑇(𝑣) belongs to 𝐼𝑁(𝑣) also is called weakly inward 

mapping if 𝑇(𝑣) belongs to 𝐼𝑁(𝑣)
̅̅ ̅̅ ̅̅  closure of 𝐼𝑁(𝑣)for 

each 𝑣 ∈ 𝑁 . 

If 𝑇: 𝑁 ⟶ 𝑀 is an inward mapping then for each 

𝑣 ∈ 𝑁  with 𝑣 ≠ 𝑇(𝑣) then there exist 𝑢 ∈ 𝑁  and 

𝑣 ≠ 𝑢 which between 𝑣 and 𝑇(𝑣)such that 

𝑑(𝑣, 𝑢) + 𝑑(𝑢, 𝑇(𝑣) = 𝑑(𝑣, 𝑇(𝑣), the last idea  is 

used to define monotone Caritsi mapping. 

Moreover, the idea of betweenness in geodesic 

spaces is used to define the partially ordered 

relation on geodesic metric spaces. 

Lim
2
 extended these results to case of 

multivalued mappings, some results extended to 

geodesic spaces in multivalued case see
3
, the 

weakly contractive case was discussed in
4
.  

Recently, the fixed point theory for monotone was 

initiated by Reurings and Ran
5
, the main result 

discovered was an extension of the Banach’s fixed 

point to metric spaces endowed with a partial 

ordered, since many mathematicians got interested 

into the study of monotone Lipschitzain mappings
6
. 

Banach’s proof depends on constructing  a 

Cauchy sequence by iteration 𝑣𝑛+1 = 𝑇(𝑣𝑛) was  

called   Picard's iteration and proves it converges to 

the fixed point, while Caristi
1
 introduced the lower 

semi-continuous function  

𝜓: 𝑀 ⟶ [0, ∞) such that 𝑑(𝑣, 𝑇(𝑣)) ≤ 𝜓(𝑣) −

𝜓(𝑇(𝑣)) 

Which confirms that the values of function 𝜓  are 

real and bounded below by zero. Moreover its 
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infimum stands for the fixed point of mapping 

𝑇: 𝑀 ⟶ 𝑀. 

But the weakness of both theorems was 

their acting restricted only on self mapping

𝑇: 𝑀 ⟶ 𝑀 . Caristi
1
 introduced the metrically 

inward concept to guarantee the existence of fixed 

point for non-self mapping .𝑇: 𝑁 ⟶ 𝑀,where  

𝑁 ⊆ 𝑀,  this condition is weaker than Kirk-Assad
7
 

condition that required 𝑇 maps 𝜕𝑁 to 𝑁  (𝜕𝑁 is 

boundary points of 𝑁). In addition, The significant 

characterization of this theorem found the fixed 

point for contraction mapping without using 

iteration to get fixed point. 

After that, the inwardness concept extended 

to multivalued mapping by Hong-Kun
8
,for more 

results on inwardness see for instance 
9,10

. 

Finally, The direction of monotone 

Lipschitzain mapping was started by Reurings and 

Ran
11

and the idea to define partially ordered 

relation on metric space. and use monotone 

Lipschitzain mapping to generate bounded 

monotone sequence converging to the fixed point 

was developed by
6, 12–14

. 

In this article, a partially ordered relation is 

defined on geodesic spaces to enable us to find the 

minimum value for Caritsi mapping which will be 

the fixed point. Moreover, the existence of fixed 

points of inward and monotone mappings is 

investigated. In particular,   monotone Caristi 

inward mappings are introduced, which are more 

general than monotone inward contractions.   In 

partially ordered metric space framework, a 

monotone Caristi inward mapping that has a fixed 

point is proved. A multivalued version of this result 

is also discussed in geodesic spaces. 

Also,  algorithm is introduced analogs to 
6,9

 

to generate monotone sequence in the domain of 

monotone Caristi weakly inward mapping; 

furthermore, the image of this sequence  under 

lower semi-continuous is monotone decreasing real 

sequence bounded below by zero and it has 

infimum value. The cornerstone of our study that 

proves the point which is the lower semi-continuous 

get its infimum becomes a fixed point. 

Preliminaries 

In this section, a brief discussion on 

geodesic metric spaces is introduced.  

Geodesic space
10,13

 is a  metric space. such 

that  for any pair of  distinct points 𝑣 and 𝑢 there 

exists a  curve 𝛼: [0, ℓ] ⟶ 𝑀 connecting  𝑣 to 𝑢 

such that 𝛼(0) = 𝑣 , 𝛼(ℓ) = 𝑢 and 𝑑(𝑢, 𝑣) = ℓ, 𝛼  
is an isometry such that  

∀𝑡1, 𝑡2 ∈ [0, ℓ] then 𝑑(𝛼(𝑡1), 𝛼(𝑡2)) = |𝑡1 − 𝑡2| 
  

the image of  𝛼   is  denoted by segment [𝑣, 𝑢]    and 

is called geodesic segment  connecting 𝑣 to 𝑢. For 

each 𝑡 ∈ [0, ℓ] assigns a unique point 𝛼(𝑡) ∈
[𝑣, 𝑢]denoted by 𝑣𝑡 and written as 𝑣𝑡 =
(1 − 𝑡)𝑣⨁𝑡𝑢 then 𝑑(𝑣, 𝑣𝑡) = 𝑡𝑑(𝑣, 𝑢) 

   

   

Notice, notation ⨁ doesn’t refer to addition but 

referes to that, 𝑣𝑡 lies in convex geodesic segment 

[𝑢, 𝑣]and 𝑣,𝑢 refers to the endpoints of [𝑢, 𝑣].  𝑣𝑡 is 

distinct from 𝑣and 𝑢, also 𝑣𝑡 lies   between 𝑣 and 𝑢,  

and it was written by ∈ [𝑣, 𝑢] , and 𝑣𝑡satisfying  

this property 𝑑(𝑣, 𝑣𝑡) + 𝑑(𝑣𝑡 , 𝑢) = 𝑑(𝑣, 𝑢). 

Menger
15

 called this property by 

betweenness and he showed this property represents 

a corner stone for definition of geodesic metric 

spaces, many authors called this property by 

(Menger convexity). 

In next definition,    Menger convexity is used to 

define  the  order relation ≼  on   geodesic segment 

[𝑢, 𝑣]in geodesic metric space, by definition of 

geodesic metrics space there exists a mapping 

𝛼: [0, ℓ] ⟶ 𝑀 connecting 𝑣 to 𝑢, the isometry of 𝛼 

implies for every 𝑡1 < 𝑡2   hen 𝛼(𝑡1), 𝛼(𝑡2) ∈ [𝑢, 𝑣] 
and this implies 𝑑(𝑣, 𝛼(𝑡1)) < 𝑑(𝑣, 𝛼(𝑡2)),the 

partially ordered relation ≼  is suggested such that if 

𝑑(𝑣, 𝛼(𝑡1)) < 𝑑(𝑣, 𝛼(𝑡2)) then 𝑣 ≼ 𝑣𝑡1
≼ 𝑣𝑡2

≼ 𝑢  

, in general ∀𝑧 ∈ [𝑢, 𝑣] then 𝑣 ≼ 𝑧 ≼ 𝑢.  

Def.(1). Let (𝑀, 𝑑) be geodesic metric space, for 

each couple of points 𝑣 and 𝑢 define a partially 

ordered relation on (𝑀, 𝑑) such that ∀𝑧 ∈ [𝑢, 𝑣] , 

then 𝑣 ≼ 𝑧 ≼ 𝑢. 

Def.(2). Let (𝑀, 𝑑) be a geodesic metric space. ( )
n
   

(𝑣𝑛)sequence in 𝑀 , (𝑣𝑛)is called monotonically 

increasing (respectively monotonically decreasing) 

sequence if ((𝑣𝑛) ≼ 𝑣𝑛+1, ∀𝑛 ∈ ℕ)  

(𝑟𝑒𝑠𝑝.  (𝑣𝑛+1) ≼ 𝑣𝑛, ∀𝑛 ∈ ℕ) and it is called 

monotone if it either increasing or decreasing. 

Def.(3)
9
 Let (𝑀, 𝑑)be geodesic metric space. A 

subset  𝑁 ⊆ 𝑀  is said to be ≼ −𝑐𝑙𝑜𝑠𝑒𝑑 if for any 

convergent monotone(𝑣𝑛) in 𝑁, its limit belongs to 

𝑁. 

Def.(4)
9
 Let (𝑀, 𝑑) be geodesic metric space. A 

subset 𝑁 ⊆ 𝑀 is called ≼ −𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 if for each 

monotone Cauchy sequence(𝑣𝑛) in𝑁, its limit point 

belongs to 𝑁. 

Def.(5)
9
 Let (𝑀, 𝑑)be geodesic metric space. A 

function 𝜓: 𝑀 ⟶ [0, ∞) is called    

≼ −𝑙𝑜𝑤𝑒𝑟 𝑠𝑒𝑚𝑖 − 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 (≼ −𝑙𝑠𝑐) if for 

every sequence (𝑣𝑛)converges to 𝑣 in 𝑀 then, 

𝜓(𝑣) lim𝑛⇢∞ 𝑖𝑛𝑓𝜓(𝑣𝑛) is gotten. 

Next   an example of ≼ −𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 subset in 

geodesic metric space is given. 

Example(6). Let 𝑀 = ℝ2 with the usual Euclidean 

metric. It is geodesic space because every two 

points can be joining by a line segment. Define the 
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partially ordered relation  ≼ on 𝑀  as (𝑢, 𝑣) ≼
(𝑟, 𝑠), if and only if  , 𝑢 = 𝑟 and 𝑣 < 𝑠. 

Let 𝑁 = {(𝑢, 𝑣) ∈ ℝ2: 𝑢 ∈ [0,1) 𝑎𝑛𝑑 𝑣 ∈ [0,1]}  
The sequence (𝑢𝑛, 𝑣𝑛) is convergent in 𝑁, because 

for each 𝑢 ∈ [0,1)  such that (𝑢𝑛 = 𝑢, ∀𝑛 ∈ ℕ) and 

(𝑣𝑛)is a monotone increasing sequence, so it  

bounded above by 1 because 𝑣𝑛 ∈ [0,1] and it 

implies (𝑣𝑛 ⟶ 1). Then the sequence (𝑢𝑛, 𝑣𝑛) ⟶
(𝑢, 1)     and 𝑁 ≼ −𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 , clearly, that 𝑁 it is 

not closed in𝑀. 

Def.(7)
9
 Let (𝑀, 𝑑) be geodesic metric space. and 

𝜙 ≠ 𝑁 ⊆ 𝑀.  A mapping 𝑇: 𝑁 ⟶ 𝑀 is called 

monotone if 𝑢 ≼ 𝑣 implies 𝑇(𝑢) ≼ 𝑇(𝑣).  

Def.(8)Let (𝑀, 𝑑) be geodesic metric space. and 

    . A mapping 𝑇: 𝑁 ⟶ 𝑀is said to be  

monotone Caristi inward  if 𝑇is monotone and 

∀𝑢 ∈ 𝑁 such that 𝑇(𝑢) ≠ 𝑢 and the geodesic 

segment [𝑢, 𝑇(𝑢)  connecting 𝑢  and 𝑇(𝑢) ∃𝑣 ∈ 𝑁  

such that 𝑣 ∈ [𝑢, 𝑇(𝑢) ∩ 𝑁  and a ≼ −𝑙𝑠𝑐 𝜓: 𝑁 ⟶
[0, ∞), 𝑑(𝑢, 𝑣) ≤ 𝜓(𝑢) − 𝜓(𝑣).  

Def.(9)
9
 Let (𝑀, 𝑑) be geodesic metric space. and 

𝜙 ≠ 𝑁 ⊆ 𝑀. A mapping 𝑇: 𝑁 ⟶ 𝑀 is said to be 

monotone contraction mapping, that is, there exists 

𝑘 ∈ (0,1) ; such that for any 𝑢, 𝑣 ∈ 𝑁  with 𝑢 ≼ 𝑣  

then  𝑇(𝑢) ≼ 𝑇(𝑣) and  𝑑(𝑇(𝑢), 𝑇(𝑣) ≤ 𝑘𝑑(𝑢, 𝑣). 

Remark(10): Let (𝑀, 𝑑) be  metric space. and 

𝑇: 𝑁 ⟶ 𝑀be a continuous mapping. Let 𝜓: 𝑁 ⟶
[0, ∞)  be a mapping defined as 𝜓(𝑢) = 𝑑(𝑢, 𝑇(𝑢) 

then 𝜓 is continuous and so it is lower semi-

continuous .Furthermore, that  monotone 

contraction mapping is considered as a suitable 

example of monotone Caristi’s inward mapping. 

Proof: To prove that, the mapping 𝜓 is continuous. 

Let a sequence  (𝑣𝑛) be a convergent sequence to a 

limit point 𝑣 ∈ 𝑁 ,(𝑖, 𝑒, 𝑣𝑛 ⟶ 𝑣),  that 𝜓(𝑣𝑛) ⟶
𝜓(𝑣)  must explained . 

Now,  

 

 

( ) ( ) ( , ( )) ( , ( ))

( , )) ( , ( )) ( , ( ))

( , )) ( , ( )) ( , ( ))

  

  

  

n n n

n n

n n

v v d v T v d v T v

d v v d v T v d v T v

d v v d v T v d v T v

 

 (1) 

  

It follows From triangle inequality |𝑑(𝑣, 𝑇(𝑣𝑛)) −

𝑑(𝑣, 𝑇(𝑣))| ≤ |𝑑(𝑇(𝑣𝑛), 𝑇(𝑣))| and equation (1) 

becomes  

 

( , )) ( , ( )) ( , ( )) ( , )) ( ( ), ( ))

( , )) ( ( ), ( ))

   



n n n n

n n

d v v d v T v d v T v d v v d T v T v

d v v k d T v T v
 

 
But 𝑑(𝑣𝑛, 𝑣) → 0, and leads  
𝜓(𝑣𝑛) → 𝜓(𝑣)so the mapping   
𝜓 is continuous. 

Next   a lemma shows that the monotone 

contraction mapping is an example of monotone 

Caristi’s inward mapping. 

Lemma(11). Let(𝑀, 𝑑) be  geodesic metric space. 

and 𝑁 ⊆ 𝑀 and let 𝑇: 𝑁 ⟶ 𝑀 be monotone 

contraction mapping, then 𝑇: 𝑁 ⟶ 𝑀is monotone 

Caristi’s inward mapping. 

Proof:  
𝑇: 𝑁 ⟶ 𝑀is monotone contraction mapping, that is, 

∃𝑘 ∈ (0,1) such that for each   
𝑢, 𝑣 ∈ 𝑁 and  𝑢 ≼ 𝑣 Implies  
𝑇(𝑢) ≼ 𝑇(𝑣) and 𝑑(𝑇(𝑢), 𝑇(𝑣) ≤ 𝑘𝑑(𝑢, 𝑣) 

Let 𝑣 ∈ 𝑁, then there exists a geodesic segment  
[𝑣, 𝑇(𝑣)] joining  𝑣 and 𝑇(𝑣), such that 𝑣 is 

comparable with 𝑇(𝑣) also 𝑣 ≼ 𝑇(𝑣), then 

𝑑(𝑇(𝑣), 𝑇2(𝑣) ≤ 𝑘𝑑(𝑣, 𝑇(𝑣)) 
 

 Hence  

𝑑(𝑣, 𝑇(𝑣)) − 𝑘(𝑣, 𝑇(𝑣)) ≤ 𝑑(𝑣, 𝑇(𝑣)) − 𝑑(𝑇(𝑣), 𝑇2(𝑣) 

(1 − 𝑘)𝑑(𝑣, 𝑇(𝑣) ≤ 𝑘𝑑(𝑣, 𝑇(𝑣)) − 𝑑(𝑇(𝑣), 𝑇2(𝑣)) 

  

Define 𝜓: 𝑁 ⟶ [0, ∞) by 𝜓(𝑣) =
1

1−𝑘
𝑑(𝑣, 𝑇(𝑣)) 

  

Notice, mapping  is contraction so it is continuous 

and it implies that  𝜓 is continuous (lower semi-

continuous) and 

 

𝑑(𝑣, 𝑇(𝑣)) ≤ (
1

1 − 𝑘
) (𝑑(𝑣), 𝑇(𝑉)) − 𝑑(𝑇(𝑣), 𝑇2(𝑣)) = 𝜓(𝑣) − 𝜓(𝑇(𝑣)) 

 

 Def.(12). Let (𝑀, 𝑑) be geodesic metric space. and 

𝑁 ≼ −𝑐𝑙𝑜𝑠𝑒𝑑  subset of 𝑀 and 𝑇: 𝑁 ⟶ 𝑀be a 

mapping. It is called ≼ −𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 if for any 

monotone sequence (𝑣𝑛) converges to 𝑣in 𝑁  

implies the sequence of images 𝑇(𝑣𝑛) converges to  

𝑇(𝑣) ( )   in 𝑀 (lim𝑛→∞ 𝑇(𝑣𝑛) = 𝑇(𝑣)). 

Main results  

Before discussing the main results, the definition of 

inward subset is extended into geodesic sense. 
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 Let (𝑀, 𝑑)be a geodesic space, 𝑁 subset of 𝑀  and 

𝑣 ∈ 𝑁, the inward subset of 𝑣 with respect to 𝑁 as 

𝐼𝑁(𝑣) = {𝑧 ∈ 𝑀: (𝑣, 𝑧] ∩ 𝑁 ≠ ∅} ∪ {𝑣}. 

That means any geodesic segment initiated from 𝑣 

to 𝑧 in 𝑀 contains at least one point from 𝑁 

except𝑣. On another hand that means there exist 

𝑡 ∈ (0,1) and 𝑣𝑡 ∈ (𝑣, 𝑧]  such that           

𝑑(𝑣, 𝑣𝑡) + 𝑑(𝑣𝑡 , 𝑧) = 𝑑(𝑣, 𝑧) . 

 And let (𝑀, 𝑑)be a geodesic space, 𝑁 subset of 𝑀  , 

𝑇: 𝑁 ⟶ 𝑀is called inward mapping if 𝑇(𝑣) ∈ 𝐼𝑁(𝑣) 

for each 𝑣 ∈ 𝑁. 

When 𝑇 is a multivalued function, that is,       

𝑇: 𝑁 → 2𝑀, 𝑇 is called inward mapping if    𝑇(𝑣) ∈
𝐼𝑁(𝑣) for each 𝑣 ∈ 𝑁 . 

The most advantage of the inward concept that 

construct a sequence in the domain of a mapping 

𝑇: 𝑁 ⟶ 𝑀without need to using Picard iteration. 

In this section, the core of our article depends on the 

idea as mentioned in  preliminaries section above, 

let 𝑀be ≼ −𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒and 𝑁 ⊆ 𝑀 ≼ −𝑐𝑙𝑜𝑠𝑒𝑑. Let   

𝑇: 𝑁 ⟶ 𝑀 be a mapping. a processor is introduced 

to construct a sequence in the domain of mapping 

𝑇: 𝑁 ⟶ 𝑀. Notice, let 𝑣0 ∈ 𝑁such that 𝑣0 and 

𝑇(𝑣0)are comparable (𝑖. 𝑒, 𝑣0 ≠ 𝑇(𝑣0) , then there 

exists a geodesic segment  [𝑣0, 𝑇(𝑣0)] joining 𝑣0 

and 𝑇(𝑣0)so that . Moreover, for each 𝑣1 ∈ 𝑁 such 

that 𝑣0 ≠ 𝑣1 and 𝑣1 ∈ [𝑣0, 𝑇(𝑣0)]   then   𝑣0 ≼
𝑣1 ≼ 𝑇(𝑣0). 

Next, choose 𝑣1 such that is comparable with𝑇(𝑣1) 

𝑇(𝑣1)and in the same procedure there exists 

𝑣2 ∈ [𝑣1, 𝑇(𝑣1)] . Also 𝑣1 ≼ 𝑣2 ≼ 𝑇(𝑣1) continue 

in this manner to generate a sequence (𝑣𝑛)  in the 

domain of𝑇: 𝑁 ⟶ 𝑀.Next, in the end, the sequence   

(𝑣𝑛) is proved converges to a fixed point of 

mapping 𝑇: 𝑁 ⟶ 𝑀. 

Finally, the proof of next theorem depends on this 

above idea, the image of the sequence under lower 

semi-continuous defined in the following theorems 

is a monotone decreasing real sequence and it 

bounded below by zero. Inwords, it has infimum 

value at some point 𝑣 ∈ 𝑁 and proves to be a fixed 

point. 

Theorem(13) Let (𝑀, 𝑑) be ≼ −𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 

geodesic metric space. and let 𝑁 ⊆ 𝑀 be ≼
−𝑐𝑜𝑙𝑜𝑠𝑒𝑑 . Let𝑇: 𝑁 ⟶ 𝑀 is a monotone 

contraction. If there exists 𝑣 ∈ 𝑀 comparable to 

𝑇(𝑣), that is, 𝑣 ≠ 𝑇(𝑣)  then 𝑇 has a fixed point, 

that is, 𝑇𝑛(𝑧) converges to 𝑇(𝑧) for any z∈ 𝑀 

comparable to 𝑇(𝑧). 

Proof. Since 𝑇: 𝑁 ⟶ 𝑀 is monotone contraction 

then it is≼ −𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠,  and let 𝜓: 𝑀 ⟶ [0, ∞) 

defined as  is 𝑑(𝑣, 𝑢) ≤ 𝜓(𝑣) − 𝜓(𝑢), by lemma 

(11)   is a ≼ −𝑙𝑠𝑐. 

The existence of    𝑢 ∈ 𝑀 must prove, such 

that𝜓(𝑢) = inf𝑣𝜖𝑁 𝜓(𝑣)  and 𝑢 is a fixed point for  

𝑇. 

Let 𝑣0 in 𝑀  which is comparable to𝑇(𝑣0), and by 

hypothesis assume 𝑣0 ≼ 𝑇(𝑣0)  and let 

𝑣1=𝑇(𝑣0) then 𝑣0 ≼ 𝑣1 and by monotonically 

contraction of 𝑇 then 𝑣1 = 𝑇(𝑣0) ≼ 𝑇(𝑣1)              

and 𝑣2 = 𝑇(𝑣1) ≼ 𝑇2(𝑣0)                   

And          𝑑(𝑣𝑛, 𝑣𝑛+1) ≤ 𝜓(𝑣𝑛) − 𝜓(𝑣𝑛+1)  

 

Then 

1 0 1 1 2 1
0

0 1 1 2 1

0 1

( , ) ( , ) ( , , ) .... ( , )

( ) ( ) ( ) ( ) .... ( ) ( )

( ) ( )  

 






          

             

    

m

n n m m
n

m m

m

d d d d x

 

Notice that,  𝑖𝑛𝑓𝑣∈𝑁 𝜓(𝑣) ≤ 𝜓(𝑣𝑚) for each 𝑚 ∈ ℕ

m , there for the inequality above become 

≤ 𝜓(𝑣0) ≤ 𝜓(𝑣𝑚+1) ≤ 𝜓(𝑣0) − 𝑖𝑛𝑓
𝑣∈𝑁

𝜓(𝑣) 

  

then lim𝑛→∞ ∑ 𝑑(𝑣𝑛, 𝑣𝑛+1) < ∞∞
𝑛=0   that means 

the summation is finite. 
This implies that (𝑣𝑛) is a convergent Cauchy 

sequence (𝑖. 𝑒, 𝑣𝑛 → 𝑣) in 𝑀 because it is complete. 

Now to prove the mapping 𝑇 has a  fixed point by 

applying  the triangle inequality 

𝑑(𝑣, 𝑇(𝑣) ≤ 𝑑(𝑣, 𝑣𝑛) + 𝑑(𝑣𝑛, 𝑇(𝑣))

= 𝑑(𝑣, 𝑣𝑛) + 𝑑(𝑇𝑛−1(𝑣), 𝑇(𝑣))

≤ 𝑑(𝑣, 𝑣𝑛) + 𝑘𝑑(𝑣𝑛−1, 𝑣) 

Because (𝑣𝑛 → 𝑣) in 𝑁 then it implies 

𝑑(𝑇(𝑣), 𝑣) = 0 and 𝑇(𝑣) = 𝑣 

Now and to prove its unique, Let 𝑟 and 𝑠 be fixed 

points with 𝑟 ≠ 𝑠 then 𝑇(𝑟) = 𝑟 and 𝑇(𝑠) = 𝑠 and 

𝑑(𝑟, 𝑠) = 𝑑(𝑇(𝑟), 𝑇(𝑠)) ≤ 𝑘𝑑(𝑟, 𝑠)  

  

 and this contradicts and it concludes 𝑟 = 𝑠. 

Next theorem explains that Caristi theorem is 

stronger than Banach contraction theorem; 

moreover,  the contraction condition  can be 
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cancelled when the mapping 𝑇: 𝑁 ⟶ 𝑀is a 

monotone Caristi inward mapping will proved in 

next theorem . 

 

Example(14) 

Let 𝑀 = ℝ2, with Euclidean and let 𝑁 =
{(𝑥, 0): 𝑥 ∈ ℝ} . Define a partially ordered relation 

on 𝑀as (𝑢, 𝑣) ≼ (𝑤, 𝑧)if  𝑢 ≤ 𝑤 and 𝑣 ≤ 𝑧. Define 

a mapping 𝑇: 𝑁 ⟶ 𝑀 as following 𝑇((𝑥, 0)) =
(𝑘𝑥, 0) , to explain 𝑇is monotone , let (𝑢, 0) ≼

(𝑣, 0)  then it leads 𝑢 ≤ 𝑣, so 𝑇((𝑢, 0)) = (𝑘𝑢, 0)  

and 𝑇((𝑣, 0)) = (𝑘𝑣, 0) and it is clear that 𝑘𝑢 ≤ 𝑘𝑣 

(𝑘𝑢, 0) ≼ (𝑘𝑣, 0) also and   that𝑇(𝑢, 0) ≼ (𝑘, 0) is 

concluded. 

To explain the mapping  is contraction , 

𝑑(𝑇(𝑢, 0), 𝑇(𝑣, 0)) = 𝑑((𝑘𝑢, 0), (𝑘𝑣, 0)) =

𝑘𝑑((𝑢, 0), (𝑣, 0)) 

Therefore, 𝑇is a contraction mapping. 

Notice, 𝑇is contraction mapping so it is continuous 

and could define a ≼ −𝑙𝑠𝑐 𝜓: 𝑁 → [0. ∞) by 

𝜓(𝑣) = 𝑑(𝑣, 𝑇(𝑣)), it follows form remark(13) is 

continuous and it implies  𝜓 is ≼-lscand by Caritsi 

theorem the mapping  has a fixed point . 

Theorem (15). Let (𝑀, 𝑑) be geodesic metric 

space. Let 𝑁 be a  ≼ −𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒subset of 𝑀. Let 

𝑇: 𝑁 → 𝑀be a monotone Caristi inward mapping. 

Assume there exists 𝑣 ∈ 𝑁such that 𝑣and 𝑇(𝑣) are 

comparable. Then 𝑇 has a fixed point. 

Proof. Let 𝑣0 ∈ 𝑁  and 𝑣0 ≠ 𝑇(𝑣0)  such that 

without loss to generality 𝑣0 ≼ 𝑇(𝑣) , it follows 

from definition(8) of monotone Caristi inward 

mapping, there exists at least one geodesic segment 

[𝑣0, 𝑇(𝑣0)] joining 𝑣0and 𝑇(𝑣0) such 

that[𝑣0, 𝑇(𝑣0)] ∩ 𝑁 ≠ ∅  and a  ≼ −𝑙𝑠𝑐 function 

𝜓: 𝑁 → [0. ∞)  such that 𝑣1 ∈ [𝑣0, 𝑇(𝑣0)] ∩ 𝑁 such 

that 𝑣1 ≠ 𝑣0 𝑎𝑛𝑑 𝑣
0

≼ 𝑣1 ≼ 𝑇(𝑣0), but 𝑇 is Caristi 

monotone then  𝑑(𝑣0, 𝑣1) = 𝜓(𝑣0) − 𝜓(𝑣1) 

Now if  𝑣1 ≠ 𝑇(𝑣1)              and by monotonicity of 

𝑇 then 𝑣1 ≼ 𝑇(𝑣1)  and by hypothesis there exists a 

geodesic segment [𝑣1, 𝑇(𝑣1)] ∩ 𝑁 ≠ ∅ 

 

 

𝑣2 ∈ [𝑣1, 𝑇(𝑣1)] ∩ 𝑁 such that 𝑣2 ≠ 𝑣1 𝑎𝑛𝑑 𝑣
1

≼ 𝑣2 ≼ 𝑇(𝑣1) and  𝑑(𝑣1, 𝑣2) = 𝜓(𝑣1) − 𝜓(𝑣2) 

 

then   inductively sequence  (𝑣𝑛)is  defined in 𝑁  by 

the same manner 𝑣𝑛+1 ∈ [𝑣𝑛 , 𝑇(𝑣𝑛)] ∩ 𝑁 such that 

𝑣𝑛+1 ≠ 𝑣𝑛 and 𝑣𝑛 ≼ 𝑣𝑛+1 ≼ 𝑇(𝑣𝑛) and 

𝑑(𝑣𝑛, 𝑣𝑛+1) = 𝜓(𝑣𝑛) − 𝜓(𝑣𝑛+1)  
 

but 𝑑(𝑣𝑛, 𝑣𝑛+1)  is a positive value, then 𝜓(𝑣𝑛) ≥
𝜓(𝑣𝑛+1)  and (𝜓(𝑣𝑛)) is decreasing real sequence 

bounded below by zero and it converges to its 

infimum(bounded below real sequence). 

to prove (𝑣𝑛) is Cauchy sequence 

1 1 2 1

1 1 2 1

( , ) ( , ) ( , ) .... ( , )

( ) ( ) ( ) ( ) .... ( ) ( )

( ) ( )

( ) inf ( )

   

   



           

              

   

     

n m n n n n m m

n n n n m m

n m

n

d d d d

 

the last equation  above is gotten, because 

inf𝑣∈𝑁 𝜓(𝑣) ≤ 𝜓(𝑣𝑚, ∀𝑚 ∈ ℕ and get 

lim𝑛→∞ ∑ 𝑑(𝑣𝑛, 𝑣𝑛+1) ≤ 𝜓(𝑣0) −∞
𝑛=0

𝑖𝑛𝑓𝑣∈𝑁 𝜓(𝑣) < ∞  

then (𝑣𝑛) is Cauchy sequence and it has limit point  

𝑢, (lim𝑛→∞ 𝑣𝑛 = 𝑢) and  have (𝑣𝑛 ≼ 𝑢, ∀𝑛 ∈ ℕ) 

and 𝜓 is ≼ −𝑙𝑠𝑐 it implies 

𝜓(𝑢) ≤ liminf𝑛→∞ 𝜓(𝑣𝑛) 

  (2) 

    

  Also, the 𝜓(𝑢) = liminf𝑛→∞ 𝜓(𝑣𝑛) must proved  

 Let 𝑚 → ∞ , then  get 𝑑(𝑣𝑛, 𝑣𝑚) = 𝜓(𝑣𝑛) −
lim𝑚→∞ 𝜓(𝑣𝑚) ≤ 𝜓(𝑣𝑛) − 𝜓(𝑢)  

Now to prove   𝜓(𝑢) = 𝑖𝑛𝑓𝑣∈𝑁 𝜓(𝑣)  

Let z∈ 𝑁 and u≼ 𝑧 ≼ 𝑇(𝑢) and 𝑖𝑛𝑓𝑣∈𝑁 𝜓(𝑣) <

𝜓(𝑧) then 𝑑(𝑢, 𝑧) ≤ 𝜓(𝑢) ≤ 𝜓(𝑧) 

 But (𝑢, 𝑧) > 0 , that means 𝜓(𝑢) ≥ 𝜓(𝑧) and 

equation (2)  leads to 

𝜓(𝑧) < 𝜓(𝑢) < liminf𝑛→∞ 𝜓(𝑣𝑛) < 𝜓(𝑧)   

 its contradiction and leads to 𝜓(𝑢) = 𝑖𝑛𝑓𝑣∈𝑁 𝜓(𝑣)  

To prove 𝑇 has fixed point y such that 𝑇(𝑢) = 𝑢  

Assume 𝑇(𝑢) ≠ 𝑢, then ∃�̅� ∈ 𝑁 and 𝑢 ≠ �̅� and 

𝑢 ≼ �̅� ≼ 𝑇(𝑢) then by Properties of ≼ −𝑙𝑠𝑐 of 𝜓 

and  𝑑(𝑢, �̅�) > 0,𝑑(𝑢, �̅�) ≤ 𝜓(𝑢) − 𝜓(�̅�) this 

implies 𝜓(�̅�) < 𝜓(𝑢) but 𝜓(𝑢) = 𝑖𝑛𝑓𝑣∈𝑁 𝜓(𝑣)  
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but  then  𝜓(𝑢) = 𝜓(�̅�),  𝑑(𝑢, �̅�) and  (𝑢 = �̅�)that 

show contradiction and concludes 𝑇(𝑢) = 𝑢        

    

In the next theorem, the multi-valued 

mapping case  will be discussed and the core of its 

proof depends on the idea of theorem (15)   of the 

single value above. 

 

Def.(16) Let (𝑀, 𝑑) be geodesic metric space. and 

𝜙 ≠ 𝑁 ⊆ 𝑀. A multivalued mapping 𝑇: 𝑁 →
2𝑀then 

𝑇 is called monotone if 𝑇(𝑧) ≼ 𝑇(𝑤) when z≼ 𝑤, 

that is ∀𝑢 ∈ 𝑇(𝑧), ∃𝑣 ∈ 𝑇(𝑤) such that 𝑢 ≼ 𝑣 for 

all 𝑢, 𝑣 ∈ 𝑁 such that . 𝑇 is called monotone Caristi 

inward, if 𝑇 is monotone and there exists a 𝜓: 𝑁 →
[0. ∞) is ≼ −𝑙𝑠𝑐, such that for any 𝑥 ∈ 𝑁 𝑥 ∉ 𝑇(𝑥) 

and , and for each 𝑦 ∈ 𝑇(𝑥), with 𝑥 ≼ 𝑦  there 

exists 𝑤 ∈ 𝑁 such that 𝑤 ∈ [𝑥, 𝑦]  with 𝑤 ≠ 𝑥 and 

𝑑(𝑥, 𝑤) ≤ 𝜓(𝑥) − 𝜓(𝑤) . 

 Theorem(17). Let (𝑀, 𝑑) be geodesic metric 

space. and 𝜙 ≠ 𝑁 ⊆ 𝑀 be ≼ −𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒. 𝑇 

multivalued mapping 𝑇: 𝑁 → 2𝑀 is monotone 

Caristi inward multivalued mapping such that 

𝑇(𝑣) ≠ 𝜙, ∀𝑣 ∈ 𝑁. Let 𝑣0 ∈ 𝑁 such that there 

exists 𝑢0𝑇(𝑣0)  ,it is comparable with 𝑣0 and  

𝑣0 ≼ 𝑢0. Then 𝑇 has a fixed point, that is, 𝑣 ∈
𝑇(𝑣)  
Proof. The idea of proof depends on the procedure, 

that is,  for every 𝑣 ∈ 𝑁 there exists 𝑢 ∈ 𝑇(𝑣)such 

that 𝑣 ≼ 𝑢, define another mapping 𝛽: 𝑁 → 𝑁 such 

that  𝛽(𝑣) = 𝑢 and satisfies the conditions  𝑢 ∈
𝑇(𝑣) and 𝑣 ≼ 𝑢, by this manner,  construct a single 

value function satisfying condition of the theorem 

(15) of  single value  above. It has a fixed point 

such that 
;
therefore, it’s a fixed point for the 

mapping 𝑇. 

 Let  𝑣0 ∈ 𝑁 and 𝑇(𝑣0) ≠ ∅ 

Define 𝐶𝑣0
= {𝑢 ∈ 𝑇(𝑣0) 𝑎𝑛𝑑 𝑣0 ≼ 𝑢}     By 

hypothesis  𝐶𝑣0
0

C


is nonempty. 

Define 𝛽: 𝑁 → 𝑁 𝛽(𝑣0) ∈ 𝐶
𝑣0

such that  and this 

hold by the axiom of choice let {𝑈𝑖: 𝑖 ∈ 𝐼, 𝑈𝑖 ≠
∅ ∀𝑖 ∈ 𝐼} and let  𝑓: 𝐼 ⟶ ⋃ 𝑈𝑖 ,𝑖∈𝐼 ,  for each 𝑖 ∈ 𝐼, 

then 𝑓(𝑖) ∈ 𝑈𝑖, choose 𝑢0 ∈ 𝛽(𝑣0) such that 

𝑣0 ≼ 𝑢0.     

if  𝑣0 ≠ 𝑢0 then there exists geodesic segment 

[𝑣0, 𝑢0]  joining between 𝑣0 and 𝑢0 in 𝑁 and there 

exists 𝑣1 ∈ [𝑣0, 𝑢0] such that 𝑣0 ≠ 𝑣1 and 

𝑣0 ≼ 𝑣1 ≼ 𝑢0  
but 𝑇 is monotone Caristi inward multivalued 

mapping then there exists  ≼ −𝑙𝑠𝑐 function 

ψ:N→[0.∞) such that 𝑑(𝑣0, 𝑣1) = 𝜓(𝑣0) − 𝜓(𝑣1)  

by monotonicity of 𝑇  then  𝑇(𝑣0) ≼ 𝑇(𝑣1)          .    

𝐶𝑣1
= {𝑢 ∈ 𝑇(𝑣1) 𝑎𝑛𝑑 𝑣1 ≼ 𝑢}   choose 𝑢1 ∈ 𝐶

𝑣1
 

such that 𝛽(𝑣1) = 𝑢1) and 𝑢0 ≼ 𝑢1 and if 

𝑣1 ≠ 𝑢1 and if 
1 1
   u   then there exists geodesic 

segment [𝑣1, 𝑢1]  joining between 𝑣1 and 𝑢1 there 

exist 𝑣2 ∈ [𝑣1, 𝑢1]   such that 𝑣1 ≠ 𝑣2  and 

𝑣1 ≼ 𝑣2 ≼ 𝑢1  

And  𝑑(𝑣1, 𝑣2) = 𝜓(𝑣1) − 𝜓(𝑣2)  

by this manner,  construct inductively sequence 

(𝑣𝑛) such that  

1. (𝑣𝑛) ∈ 𝑁  

2. 𝐶𝑣𝑛
= {𝑢 ∈ 𝑇(𝑣𝑛) 𝑎𝑛𝑑 𝑣𝑛 ≼ 𝑢} 

3. choose 𝑢𝑛 ∈ 𝐶
𝑣𝑛

   such that  𝑢𝑛 = 𝛽(𝑣𝑛), and 

𝑣𝑛 ≼ 𝑢𝑛 

4. if 𝑣𝑛 ≠ 𝑢𝑛 then there exists geodesic segment 

[𝑣𝑛, 𝑢𝑛] joining 𝑣𝑛 and 𝑢𝑛, and 𝑣𝑛 ≠ 𝑣𝑛+1 and 

𝑣𝑛+1 ∈ [𝑣
𝑛 

, 𝑢𝑛]  and 𝑑(𝑣𝑛, 𝑣𝑛+1) = 𝜓(𝑣𝑛) −

𝜓(𝑣𝑛+1)  

Now the mapping 𝛽  is monotone Caristi inward 

mapping satisfying the required conditions  of 

Theorem(15) for single-valued valued above then it 

has a fixed point and the existence of a fixed point 

of 𝛽  is equivalent to existence the fixed point of 𝑇 

(𝑖. 𝑒, 𝑣 ∈ 𝑇(𝑣)),   because 𝛽(𝑣𝑛) ∈ 𝑇(𝑣𝑛), ∀𝑛 ∈ ℕ 

notice, the mapping 𝛽  has a fixed point 𝑣   

;therefore, 𝑣 = 𝛽(𝑣) ∈ 𝑇(𝑣)  , and it leads 𝑣 =∈
𝑇(𝑣)   therefore  𝑇 has a fixed point. 
Example(18) 

Let  𝑀 = ℝ with usual metric and ordered relation 

 , Let [𝑎, 𝑏] = 𝑁 ⊆ 𝑀and  a multi valued mapping 

𝑇: 𝑁 ⟶ 𝐶𝐵(𝑀) defined as , where𝐶𝐵(𝑀) is a 

family of closed and bounded subsets in ℝ, 

𝑇(𝑥) = [𝑥 − 1, 𝑥 + 1]. Clear that 𝑇 is monotone, 

because for each 𝑥, 𝑦 ∈ [𝑎, 𝑏]  and 𝑥 ≤ 𝑦then there 

exists a 𝑥1 ∈ 𝑇(𝑥) and  𝑦1 ∈ 𝑇(𝑦) such that  

𝑥1 ≤ 𝑦1. 

Notice, 𝑁 is closed and bounded then for each 

𝑥 ∈ 𝑁, there exists 𝑧 ∈ 𝑇(𝑥) . 

  Now define 𝜓(𝑥) = min {𝑑(𝑥, 𝑧): 𝑧 ∈
𝑇(𝑥)}  , it follows form remark(10) that 𝜓 is 

continuous so it ≼ −𝑙𝑠𝑐 it easily to see that the 

mapping  𝑇 has infinite fixed points because 

𝑥 ∈ [𝑥 − 1, 𝑥 + 1]and it concludes 𝑥 ∈ 𝑇(𝑥) 

 

Conclusion:   
In conclusion, Betweenness property in 

geodesic metric space is a powerful tool that 

enables us to produce algorithm analogs to Picard 

iteration to generate sequence converges to a fixed 

point. Furthermore, the same manner is used to find 

a fixed point for nonespansive mapping.  
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بعض النتائج حول النقاط الصامدة لدالة كارتسي الرتيية المتجهة الى الداخل في الفضاءات المترية 

 الجيوديسية
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 :الخلاصة
رتسي الرتيبة المتجهة الى الداخل باستخدام الخاصية البينية التي تتمتع بها تم انشاء متتابعة رتيبة في مجال دالة كا:في هذه الدراسة

 .الفضاءات المترية الجيوديسية واثبات ان هذه المتتابعة تقترب الى النقطة الصامدة لتلك الدالة باستخدام نظرية كارتسي للنقطة الصامدة

 

ضاءات المترية الجيوديسية، النقطة الصامدة، الدالة شبة المستمرة الدنيا، دالة كارتسي الدالة الانكماشية،النقاط الصامدة، الفالكلمات المفتاحية: 

 الرتيبة المتجهة للداخل، الدوال متعددة القيم.
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