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Abstract:  
This paper is concerned with the blow-up solutions of a system of two reaction-diffusion equations 

coupled in both equations and boundary conditions. In order to understand how the reaction terms and the 

boundary terms affect the blow-up properties, the lower and upper blow-up rate estimates are derived. 

Moreover, the blow-up set under some restricted assumptions is studied. 
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Introduction: 
 In this paper, the following parabolic problem is 

studied: 
𝑢𝑡 = 𝛥𝑢 + 𝜆1𝑒

𝑝𝑣, 𝑣𝑡 = 𝛥𝑣 + 𝜆2𝑒
𝑞𝑢, 𝑥 ∈ 𝐵𝑅 ,

𝜕𝑢

𝜕𝜂
= 𝑒𝑝𝑣,

𝜕𝑣

𝜕𝜂
= 𝑒𝑞𝑢, 𝑥 ∈ 𝜕𝐵𝑅 ,

𝑢(𝑥, 0) = 𝑢0(𝑥), 𝑣(𝑥, 0) = 𝑣0(𝑥), 𝑥 ∈ 𝐵𝑅 ,

} (1) 

  for 𝑡 ∈ (0, 𝑇)                         
 where 𝜆1, 𝜆2 > 0; 𝑝, 𝑞 > 0; 𝐵𝑅 is a ball in 𝑅𝑛 ; 

𝑢0, 𝑣0 are smooth, nonnegative, radial non-

decreasing, functions, satisfying the conditions: 
∂𝑢0

∂𝜂
= 𝑒𝑝𝑣0 ,

∂𝑢0

∂𝜂
= 𝑒𝑞𝑢0 , 𝑥 ∈ ∂𝐵𝑅 ,

Δ𝑢0 + 𝑒
𝑝𝑣0 ≥ 0, Δ𝑣0 + 𝑒

𝑞𝑢0 ≥ 0, 𝑥 ∈ 𝐵𝑅 ,

𝑢0𝑟(|𝑥|) ≥ 0, 𝑣0𝑟(|𝑥|) ≥ 0, 𝑥 ∈ 𝐵𝑅 . }
 

 
(2)                        

The blow-up phenomenon in time-dependent 

problems has been studied over the past years by 

many authors, see for instance (1, 2 ,3, 4). For 

numerical studies of blow-up solutions, see (5,6,7).  

In general, for a time- dependent equation (1), one 

can say that the classical solution 𝑢 blows up in 

𝐿∞ −  norm  or blows up (for short), if there exist 

𝑇 < ∞, called the blow-up time, such that 𝑢 is well 

defined for all 0 < 𝑡 < 𝑇, while it becomes 

unbounded in 𝐿∞ −  norm , when 𝑡 approach to 𝑇, 
that is:  

 𝑠𝑢𝑝
𝑥∈𝛺

|𝑢(𝑥, 𝑡)| → ∞     𝑎𝑠   𝑡 → 𝑇−. 

For a system of two coupled semilinear heat 

equations, namely  

𝑢𝑡 = 𝛥𝑢 + 𝐹(𝑢, 𝑣),    𝑣𝑡 = 𝛥𝑣 + 𝐺(𝑢, 𝑣),    

  for  (𝑥, 𝑡) ∈ 𝛺 × (0, 𝑇), 
where 𝐹, 𝐺: 𝑅2 → 𝑅, it can be said that a solution 

(𝑢, 𝑣) blows up in finite time, if there exist 𝑇 < ∞ 

such that either 𝑢 or 𝑣 blows up at 𝑡 = 𝑇, this 

means  

𝑠𝑢𝑝
𝑥∈𝛺

|𝑢(𝑥, 𝑡)| → ∞,      

𝑜𝑟     𝑠𝑢𝑝
𝑥∈𝛺

|𝑣(𝑥, 𝑡)| → ∞,     𝑎𝑠   𝑡 → 𝑇−, 

while  

𝑠𝑢𝑝
𝑥∈𝛺

{|𝑢(𝑥, 𝑡)| + |𝑣(𝑥, 𝑡)|} ≤ 𝐶 < ∞,    𝑡 < 𝑇. 

Moreover, one can say that 𝑢, 𝑣 blow up 

simultaneously, if both 𝑢, 𝑣 blow up at 𝑇. 
 In fact, many systems of two coupled 

semilinear parabolic equations have been 

formulated from physical models arising in various 

fields of applied sciences, for example, in the 

chemical reaction process, chemical concentration 

and temperature. All of these examples can be 

mathematically represented by a coupled system of 

reaction diffusion equations in the form of (1), see 

(1). 

  Since several years ago, some authors have 

been interested in studying the blow-up properties 

for reaction-diffusion equations (systems) with 

nonlinear boundary conditions, see for instance 

(8,9,10,11,12,13). 

In (8), it was considered a special case, where the 

reaction terms and boundary terms are of power 

type functions: 

http://dx.doi.org/10.21123/bsj.2021.18.2.0315
http://bsj.uobaghdad.edu.iq/index.php/BSJ/workflow/access/5891
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𝑢𝑡 = 𝑢𝑥𝑥 + 𝑣
𝑝1 , 𝑣𝑡 = 𝑣𝑥𝑥 + 𝑢

𝑝2 ,

𝑢𝑥(1, 𝑡) = 𝑣
𝑞1 , 𝑣𝑥(1, 𝑡) = 𝑢

𝑞2 ,

𝑢𝑥(0, 𝑡) = 0, 𝑣𝑥(0, 𝑡) = 0,

𝑢(𝑥, 0) = 𝑢0(𝑥), 𝑣(𝑥, 0) = 𝑣0(𝑥),
}
 
 

 
 

  (3) 

𝑓𝑜𝑟  𝑥 ∈ (0,1),   𝑡 ∈ (0, 𝑇) 
where 𝑝1, 𝑝2, 𝑞1, 𝑞2 > 0, and 𝑢0, 𝑣0 are radial 

nondecreasing, positive smooth functions satisfying 

the conditions:  

 𝑢0𝑥(0) = 𝑣0𝑥(0) = 0,    

 𝑢0𝑥(1) = 𝑣0
𝑞1(1),    𝑣0𝑥(1) = 𝑢0

𝑞2(1). 

It was shown that if  max{𝑝1𝑝2, 𝑝1𝑞2, 𝑝2𝑞1, 𝑞1𝑞2} ≤
1,  then every solution of problem (3) exists 

globally; otherwise every solution blows up in finite 

time. Moreover, the blow-up occurs only at 𝑥 = 1 

and the blow-up rate estimates take the following 

forms 

𝐶1(𝑇 − 𝑡)
−𝛼 ≤ 𝑢(1, 𝑡) ≤ 𝐶2(𝑇 − 𝑡)

−𝛼 ,    𝑡 ∈ (0, 𝑇), 

𝐶3(𝑇 − 𝑡)
−𝛽 ≤ 𝑣(1, 𝑡) ≤ 𝐶4(𝑇 − 𝑡)

−𝛽 ,    𝑡 ∈ (0, 𝑇), 
where  

𝛼 = 𝛼(𝑝1, 𝑝2, 𝑞1, 𝑞2), 𝛽 = 𝛽(𝑝1, 𝑝2, 𝑞1, 𝑞2). 
In (9), the critical exponents and the conditions, 

under which blow-up can occur in a finite time, 

were studied for a system of two heat equations 

with inner absorption reaction terms and coupled 

boundary conditions of exponential type: 
𝑢𝑡 = Δ𝑢 − 𝜆1𝑒

𝑝𝑢, 𝑣𝑡 = Δ𝑣 − 𝜆2𝑒
𝑞𝑣, x ∈ Ω,

∂𝑢

∂𝜂
= 𝑒𝑝1𝑣+𝑞1𝑢,

∂𝑣

∂𝜂
= 𝑒𝑝2𝑣+𝑞2𝑢, x ∈ ∂Ω

𝑢(𝑥, 0) = 𝑢0(𝑥), 𝑣(𝑥, 0) = 𝑣0(𝑥), 𝑥 ∈ Ω,

𝑓𝑜𝑟 𝑡 ∈ (0, 𝑇) }
 
 

 
 

 

where Ω is a bounded domain with smooth 

boundary; 𝜆1, 𝜆2 > 0; 𝑝1, 𝑞2 > 0; 𝑝2, 𝑞1 ≥ 0.  

The problem (1) has been studied in (14,15), where 

λ1 = λ2 = 0, namely: 

 

𝑢𝑡 = 𝛥𝑢, 𝑣𝑡 = 𝛥𝑣,   𝑥 ∈ 𝐵𝑅 ,
𝜕𝑢

𝜕𝜂
= 𝑒𝑝𝑣,

𝜕𝑣

𝜕𝜂
= 𝑒𝑞𝑢, 𝑥 ∈ 𝜕𝐵𝑅 ,

𝑢(𝑥, 0) = 𝑢0(𝑥), 𝑣(𝑥, 0) = 𝑣0(𝑥), 𝑥 ∈ 𝐵𝑅 ,

}(4) 

𝑓𝑜𝑟 𝑡 ∈ (0, 𝑇) 
It has been proved that the blow-up in this problem 

can only occur on the boundary. Moreover, the 

upper (lower) blow-up rate estimates take the 

forms: 

𝑙𝑜𝑔𝑐 −
1

2𝑞
𝑙𝑜𝑔(𝑇 − 𝑡) ≤ 𝑢(𝑅, 𝑡)

≤ 𝑙𝑜𝑔𝑐 −
1

2𝑞
𝑙𝑜𝑔(𝑇 − 𝑡),     

𝑙𝑜𝑔𝑐 −
1

2𝑝
𝑙𝑜𝑔(𝑇 − 𝑡) ≤ 𝑣(𝑅, 𝑡)

≤ 𝑙𝑜𝑔𝑐 −
1

2𝑝
𝑙𝑜𝑔(𝑇 − 𝑡),     

𝑡 ∈ (0, 𝑇). 

For the parabolic system as in (1), associated with 

the zero Dirichlet conditions: 

 
𝑢𝑡 = 𝛥𝑢 + 𝜆1𝑒

𝑝𝑣, 𝑣𝑡 = 𝛥𝑣 + 𝜆2𝑒
𝑞𝑢, 𝑥 ∈ 𝐵𝑅 ,

𝑢(𝑥, 𝑡) = 0, 𝑣(𝑥, 𝑡) = 0, 𝑥 ∈ 𝜕𝐵𝑅 ,

𝑢(𝑥, 0) = 𝑢0(𝑥), 𝑣(𝑥, 0) = 𝑣0(𝑥), 𝑥 ∈ 𝐵𝑅 ,

𝑓𝑜𝑟 𝑡 ∈ (0, 𝑇) }
 

 
(5) 

 

It was proved in (15), that the upper (lower) blow-

up rate estimates take the forms: 

𝑙𝑜𝑔𝑐 −
1

𝑞
𝑙𝑜𝑔(𝑇 − 𝑡) ≤ 𝑢(𝑅, 𝑡)

≤ 𝑙𝑜𝑔𝑐 −
1

𝑞
𝑙𝑜𝑔(𝑇 − 𝑡),     

𝑙𝑜𝑔𝑐 −
1

𝑝
𝑙𝑜𝑔(𝑇 − 𝑡) ≤ 𝑣(𝑅, 𝑡)

≤ 𝑙𝑜𝑔𝑐 −
1

𝑝
𝑙𝑜𝑔(𝑇 − 𝑡),   

𝑡 ∈ (0, 𝑇). 
  The purposes of this paper are: Firstly, deriving 

the upper and lower blow-up rate estimates for 

problem (1). Secondly, studying the blow-up set 

under some restricted assumptions. The rest of this 

paper is organized as follows: In section two, the 

local existence and blow-up with stating some 

properties of classical solutions of problem (1) are 

discussed. In section three, the upper and lower 

blow-up rate estimates are derived. In section four, 

the blow-up set is studied. In section five, some 

conclusions are stated.  

Preliminaries 

  It is clear that the system (1) is uniformly 

parabolic, in addition, the reaction terms and the 

boundary terms are smooth functions. Moreover, 

the initial functions satisfy the compatibility 

conditions (2). Therefore, the local existence of 

unique classical solutions of problem (1) is known 

by standard parabolic theory (16). On the other 

hand, with any initial functions (𝑢0, 𝑣0), the 

solution of this system has to blow up in a finite 

time and the blow-up set contains the boundary 

(∂𝐵𝑅). This result can be proved easily using the 

comparison principle, (17), and the known blow-up 

properties of problem (4), which has been studied in 

(14).  

The next lemma shows some properties of the 

classical solutions of problem (1).  

 It will be denoted for simplicity 𝑢(𝑟, 𝑡) = 𝑢(𝑥, 𝑡), 

where 𝑟 = |𝑥| = √𝑥1
2 + 𝑥2

2 +⋯𝑥𝑛
2 

Lemma 1 Let (𝑢, 𝑣) be a classical solution to 

problem (1) with (2). Then  

 1.  (u,v) is radial and 𝑢, 𝑣 > 0 in 𝐵𝑅 × (0, 𝑇).  
 2.  𝑢𝑟 , 𝑣𝑟 ≥ 0 in (0, 𝑅) × (0, 𝑇).  

 3.  𝑢𝑡 , 𝑣𝑡 > 0, in 𝐵𝑅 × (0, 𝑇).  
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Next, the following lemma will be proved, which 

shows the relation between 𝑢 and 𝑣.  
Lemma 2 Let (𝑢, 𝑣) be a solution to problem (1), 

there exist M > 1 such that  

 𝑒𝑝𝑣 ≤ 𝑀𝑒𝑞𝑢,    𝑒𝑞𝑢 ≤ 𝑀𝑒𝑝𝑣,    (6) 

(𝑥, 𝑡) ∈ 𝐵𝑅 × (0, 𝑇)       

Proof Let  

 𝐽(𝑥, 𝑡) = 𝑀𝑒𝑞𝑢(𝑟,𝑡) − 𝑒𝑝𝑣(𝑟,𝑡),     
for (𝑥, 𝑡) ∈ 𝐵𝑅 × (0, 𝑇),    𝑟 = |𝑥|. 
A direct calculation shows  

 𝐽𝑡 = 𝑞𝑀𝑒
𝑞𝑢𝑢𝑡 − 𝑝𝑒

𝑝𝑣𝑣𝑡 , 
 𝐽𝑟 = 𝑞𝑀𝑒

𝑞𝑢𝑢𝑟 − 𝑝𝑒
𝑝𝑣𝑣𝑟 ,          (7)  

 𝐽𝑟𝑟 = 𝑞𝑀𝑒𝑞𝑢𝑢𝑟𝑟 + 𝑞
2𝑀𝑒𝑞𝑢𝑢𝑟

2 

−𝑝𝑒𝑝𝑣𝑣𝑟𝑟 − 𝑝
2𝑒𝑝𝑣𝑣𝑟

2. 
 Thus  

𝐽𝑡 − 𝐽𝑟𝑟 −
𝑛 − 1

𝑟
𝐽𝑟

= 𝑞𝑀𝑒𝑞𝑢𝑢𝑡 − 𝑝𝑒
𝑝𝑣𝑣𝑡

− 𝑞𝑀𝑒𝑞𝑢𝑢𝑟𝑟 

         −𝑞2𝑀𝑒𝑞𝑢𝑢𝑟
2 + 𝑝𝑒𝑝𝑣𝑣𝑟𝑟 + 𝑝

2𝑒𝑝𝑣𝑣𝑟
2 

−
𝑛−1

𝑟
𝑞𝑀𝑒𝑞𝑢𝑢𝑟 +

𝑛−1

𝑟
𝑝𝑒𝑝𝑣𝑣𝑟 

= 𝑞𝑀𝑒𝑞𝑢 (𝑢𝑡 − 𝑢𝑟𝑟 −
𝑛 − 1

𝑟
𝑢𝑟) 

−𝑝𝑒𝑣(𝑣𝑡 − 𝑣𝑟𝑟 −
𝑛 − 1

𝑟
𝑣𝑟) − 𝑞

2𝑀𝑒𝑞𝑢𝑢𝑟
2

+ 𝑝2𝑒𝑝𝑣𝑣𝑟
2 

 = 𝑞𝑀𝑒𝑞𝑢(𝜆1𝑒
𝑝𝑣) − 𝑝𝑒𝑣(𝜆2𝑒

𝑞𝑢) −
𝑞2𝑀𝑒𝑞𝑢𝑢𝑟

2 + 𝑝2𝑒𝑝𝑣𝑣𝑟
2. 

From (7), it follows that  

 𝑢𝑟 =
1

𝑞𝑀𝑒𝑞𝑢
(𝑝𝑣𝑟𝑒

𝑝𝑣 + 𝐽𝑟),    

𝑢𝑟
2 =

1

𝑞2𝑀2𝑒2𝑞𝑢
(𝑝2𝑣𝑟

2𝑒2𝑝𝑣 + 2𝑒𝑝𝑣𝑣𝑟𝐽𝑟 + 𝐽𝑟
2). 

 Therefore,  

𝐽𝑡 − Δ𝐽 = (𝑞𝜆1𝑀 − 𝑝𝜆2)𝑒
𝑞𝑢+𝑝𝑣 

+(𝑒𝑝𝑣 −
𝑒2𝑝𝑣

𝑀𝑒𝑞𝑢
)𝑣𝑟

2 − (
2𝑒𝑝𝑣

𝑀𝑒𝑞𝑢
𝑣𝑟 +

1

𝑀𝑒𝑞𝑢
𝐽𝑟)𝐽𝑟 . 

Clearly,  

 𝑒𝑝𝑣 −
𝑒2𝑝𝑣

𝑀𝑒𝑞𝑢
= 𝑒𝑝𝑣

𝐽

𝑀𝑒𝑞𝑢
   

Therefore, the last equation can be rewritten as 

follows: 

𝐽𝑡 − Δ𝐽 − 𝑏𝐽𝑟 − 𝑐𝐽 = 

(𝑞𝜆1𝑀 − 𝑝𝜆2)𝑒
𝑞𝑢+𝑝𝑣 ≥ 0,    (𝑥, 𝑡) ∈ 𝐵𝑅 × (0, 𝑇) 

provided 𝑀 > 𝑝𝜆2/𝑞𝜆1, where  

𝑏(𝑥, 𝑡) = − [
2𝑒𝑝𝑣

𝑀𝑒𝑞𝑢
𝑣𝑟 +

1

𝑀𝑒𝑞𝑢
𝐽𝑟],      

𝑐(𝑥, 𝑡) =
𝑒𝑝𝑣

𝑀𝑒𝑞𝑢
𝑣𝑟
2 

It clear that, 𝑏, 𝑐 are continuous functions and 𝑐 is 

bounded in 𝐵𝑅 × (0, 𝑇
∗), for 𝑇∗ < 𝑇. 

Moreover,  

 
∂𝐽

∂𝜂
|𝑥∈∂𝐵𝑅 = (𝑞𝑀𝑒

𝑞𝑢𝑢𝑟 − 𝑝𝑒
𝑝𝑣𝑣𝑟) 

 = 𝑞𝑀𝑒𝑞𝑢+𝑝𝑣 − 𝑝𝑒𝑞𝑢+𝑝𝑣 

= (𝑞𝑀 − 𝑝)𝑒𝑞𝑢+𝑝𝑣 > 0, 

 and  

 𝐽(𝑥, 0) = 𝑀𝑒𝑞𝑢0 − 𝑒𝑝𝑣0 ≥ 0,    𝑥 ∈ 𝐵𝑅 

provided 𝑀 is large enough. 

From above and with using the Maximum principle 

,(1), it follows that  

 𝐽 ≥ 0,     𝑖𝑛     𝐵𝑅 × (0, 𝑇). 
Similarly, one can show that the function  

𝐻 = 𝑀𝑒𝑝𝑣 − 𝑒𝑞𝑢 is nonnegative in 𝐵𝑅 × (0, 𝑇).  
Blow-up Rate Estimates 

In this section, the upper and lower blow-up rate 

estimates for problem (1) with (2) are considered.  

Theorem 1  Let (𝑢, 𝑣) be a blow-up solution to 

problem (1); where λ1 = λ2 = λ; 𝑇 is the blow-up 

time. Assume that the initial conditions (𝑢0, 𝑣0) 
satisfy the conditions:  

 𝑢0𝑟(𝑟) −
𝑟

𝑅
𝑒𝑝𝑣0(𝑟) ≥ 0,    

 𝑣0𝑟(𝑟) −
𝑟

𝑅
𝑒𝑞𝑢0(𝑟) ≥ 0,    𝑟 ∈ (0, 𝑅)   (8)  

 Then there is a positive constant 𝑐 such that  

 log𝑐 −
1

2𝑞
log(𝑇 − 𝑡) ≤ 𝑢(𝑅, 𝑡),    

 log𝑐 −
1

2𝑝
log(𝑇 − 𝑡) ≤ 𝑣(𝑅, 𝑡),    𝑡 ∈ (0, 𝑇). 

Proof  Define the functions 𝐽1, 𝐽2 as follows:  

 

 𝐽1(𝑥, 𝑡) = 𝑢𝑟(𝑟, 𝑡) −
𝑟

𝑅
𝑒𝑝𝑣(𝑟,𝑡),    

 𝐽2(𝑥, 𝑡) = 𝑣𝑟(𝑟, 𝑡) −
𝑟

𝑅
𝑒𝑞𝑢(𝑟,𝑡). 

A direct calculation shows  

 𝐽1𝑡 = 𝑢𝑟𝑡 −
𝑟

𝑅
𝑝𝑒𝑝𝑣(𝑣𝑟𝑟 +

𝑛−1

𝑟
𝑣𝑟 + 𝜆𝑒

𝑞𝑢), 

 𝐽1𝑟 = 𝑢𝑟𝑟 −
𝑟

𝑅
𝑝𝑒𝑝𝑣𝑣𝑟 −

1

𝑅
𝑒𝑝𝑣, 

𝐽1𝑟𝑟 = (𝑢𝑟𝑡 −
𝑛 − 1

𝑟
𝑢𝑟𝑟 +

𝑛 − 1

𝑟2
𝑢𝑟 − 𝜆𝑝𝑒

𝑝𝑣𝑣𝑟)

−
𝑟

𝑅
(𝑝𝑒𝑝𝑣𝑣𝑟𝑟 + 𝑝

2𝑒𝑝𝑣𝑣𝑟
2)

−
2

𝑅
𝑝𝑒𝑝𝑣𝑣𝑟 

From above, it follows that  

𝐽1𝑡 − 𝐽1𝑟𝑟 −
𝑛 − 1

𝑟
𝐽1𝑟 = 

−
𝑛 − 1

𝑟2
(𝑢𝑟 −

𝑟

𝑅
𝑒𝑝𝑣) + 𝜆𝑝𝑒𝑝𝑣(𝑣𝑟 −

𝑟

𝑅
𝑒𝑞𝑢)

+
𝑟

𝑅
𝑝2𝑒𝑝𝑣𝑣𝑟

2 +
2

𝑅
𝑝𝑒𝑝𝑣𝑣𝑟 

 Thus  

 𝐽1𝑡 − Δ𝐽1 +
𝑛−1

𝑟2
𝐽1 − 𝜆𝑝𝑒

𝑝𝑣𝐽2 =
𝑟

𝑅
𝑝2𝑒𝑝𝑣𝑣𝑟

2 +
2

𝑅
𝑝𝑒𝑝𝑣𝑣𝑟 ≥ 0, 

for (𝑥, 𝑡) ∈ 𝐵𝑅 × (0, 𝑇) ∩ {𝑟 > 0}. 
In the same way, it can be shown that  

𝐽2𝑡 − Δ𝐽2 +
𝑛 − 1

𝑟2
𝐽2 − 𝜆𝑞𝑒

𝑞𝑢𝐽1 ≥ 0,    

for (𝑥, 𝑡) ∈ 𝐵𝑅 × (0, 𝑇) ∩ {𝑟 > 0}. 
Clearly, from (8), it follows that  

 𝐽1(𝑥, 0), 𝐽2(𝑥, 0) ≥ 0    𝑥 ∈ 𝐵𝑅 

And  
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𝐽1(0, 𝑡) = 𝑢𝑟(0, 𝑡) ≥ 0,   
  𝐽2(0, 𝑡) = 𝑣𝑟(0, 𝑡) ≥ 0 

 𝐽1(𝑅, 𝑡) = 𝐽2(𝑅, 𝑡) = 0,    𝑡 ∈ (0, 𝑇). 
Since, the supermoms of the functions 𝜆𝑒𝑞𝑢, 𝜆𝑒𝑝𝑣 

and 
1−𝑛

𝑟2
 (on 𝐵𝑅 × (0, 𝑡) for 𝑡 < 𝑇)  are finite, 

therefore, from above and maximum principle, it 

follows  

 𝐽1, 𝐽2 ≥ 0,    (𝑥, 𝑡) ∈ 𝐵𝑅 × (0, 𝑇). 
Moreover,  

 
∂𝐽1

∂𝜂
|∂𝐵𝑅 ≤ 0. 

This means  

 (𝑢𝑟𝑟 −
𝑟

𝑅
𝑝𝑒𝑝𝑣𝑣𝑟 −

1

𝑅
𝑒𝑝𝑣)|∂𝐵𝑅 ≤ 0. 

Thus  

𝑢𝑡 ≤ (
𝑛 − 1

𝑟
𝑢𝑟 + 𝜆𝑒

𝑝𝑣 +
𝑟

𝑅
𝑝𝑒𝑝𝑣𝑣𝑟 +

1

𝑅
𝑒𝑝𝑣)|∂𝐵𝑅  

This implies that  

 𝑢𝑡(𝑅, 𝑡) ≤
𝑛−1

𝑅
𝑒𝑝𝑣(𝑅,𝑡) + 𝜆𝑒𝑣(𝑅,𝑡) +

𝑝𝑒𝑝𝑣(𝑅,𝑡)+𝑞𝑢(𝑅,𝑡) +
1

𝑅
𝑒𝑝𝑣(𝑅,𝑡),    𝑡 ∈ (0, 𝑇). 

From the last inequality and Lemma 2, it follows  

 𝑢𝑡(𝑅, 𝑡) ≤
𝑛−1

𝑅
𝑀𝑒𝑞𝑢(𝑅,𝑡) + 𝜆𝑀𝑒𝑞𝑢(𝑅,𝑡) +

𝑀𝑝𝑒2𝑞𝑢(𝑅,𝑡) +
𝑀

𝑅
𝑒𝑞𝑢(𝑅,𝑡),    𝑡 ∈ (0, 𝑇). 

Thus, there exist a constant 𝐶 such that  

 𝑢𝑡(𝑅, 𝑡) ≤ 𝐶𝑒2𝑞𝑢(𝑅,𝑡),    𝑡 ∈ (0, 𝑇). 
Integrate this inequality from 𝑡 to 𝑇 and since 𝑢 

blows up at 𝑅, it follows  

 
𝑐

(𝑇−𝑡)
1
2𝑞

≤ 𝑒𝑢(𝑅,𝑡),    𝑡 ∈ (0, 𝑇) 

or       log𝑐 −
1

2𝑞
log(𝑇 − 𝑡) ≤ 𝑢(𝑅, 𝑡),    𝑡 ∈ (0, 𝑇). 

It can be shown in a similar way that  

log𝑐 −
1

2𝑝
log(𝑇 − 𝑡) ≤ 𝑣(𝑅, 𝑡),    𝑡 ∈ (0, 𝑇). 

Next, the upper bounds are considered   

Theorem 2  Let 𝑢 be a blow-up solution solution to 

problem (1)-(2), 𝑇 is the blow-up time. Then there 

is a positive constant 𝐶 such that  

 𝑢(𝑅, 𝑡) ≤ log𝐶 −
1

𝑞
log(𝑇 − 𝑡),    

 𝑣(𝑅, 𝑡) ≤ log𝐶 −
1

𝑝
log(𝑇 − 𝑡),    𝑡 ∈ (0, 𝑇). 

Proof   Define    

    𝑀(𝑡) = max
𝐵𝑅

𝑢(𝑥, 𝑡),    𝑁(𝑡) = max
𝐵𝑅

𝑣(𝑥, 𝑡). 

        𝑀(𝑡), 𝑁(𝑡) are increasing in (0, 𝑇) due to  

 𝑢𝑡 , 𝑣𝑡 > 0,    (𝑥, 𝑡) ∈ 𝐵𝑅 × (0, 𝑇). 
For 0 < 𝑧 < 𝑡 < 𝑇, 𝑥 ∈ 𝐵𝑅 , as in (18), the integral 

equation for problem (1) with respect to 𝑢 can be 

written as follows  

𝑢(𝑥, 𝑡) = ∫  
𝐵𝑅

Γ(𝑥 − 𝑦, 𝑡 − 𝑧)𝑢(𝑦, 𝑧) 

+𝜆1∫  
𝑡

𝑧

∫  
𝐵𝑅

Γ(𝑥 − 𝑦, 𝑡 − 𝜏)𝑒𝑝𝑣(𝑦,𝜏)𝑑𝑦𝑑𝜏 

+∫  
𝑡

𝑧

∫  
𝑆𝑅

Γ(𝑥 − 𝑦, 𝑡 − 𝜏)𝑒𝑝𝑣(𝑦,𝜏)𝑑𝑠𝑦𝑑𝜏 

−∫  
𝑡

𝑧

∫  
𝑆𝑅

𝑢(𝑦, 𝜏)
∂Γ

∂𝜂𝑦
(𝑥 − 𝑦, 𝑡 − 𝜏)𝑑𝑠𝑦𝑑𝜏, 

 where Γ is the fundamental solution of the heat 

equation, which takes the form:  

 Γ(𝑥, 𝑡) =
1

(4𝜋𝑡)(𝑛/2)
exp(−

|𝑥|2

4𝑡
)       (9)  

 Letting 𝑥 → ∂𝐵𝑅 and using the jump relation, (19), 

for the fourth term on the right hand side of the last 

equation, it follows that:  
1

2
𝑢(𝑥, 𝑡) = ∫  

𝐵𝑅

Γ(𝑥 − 𝑦, 𝑡 − 𝑧)𝑢(𝑦, 𝑧)𝑑𝑦 

+𝜆1∫  
𝑡

𝑧

∫  
𝐵𝑅

Γ(𝑥 − 𝑦, 𝑡 − 𝜏)𝑒𝑝𝑣(𝑦,𝜏)𝑑𝑦𝑑𝜏 

+∫  
𝑡

𝑧

∫  
𝑆𝑅

Γ(𝑥 − 𝑦, 𝑡 − 𝜏)𝑒𝑝𝑣(𝑦,𝜏)𝑑𝑠𝑦𝑑𝜏 

−∫  
𝑡

𝑧

∫  
𝑆𝑅

𝑢(𝑦, 𝜏)
∂Γ

∂𝜂𝑦
(𝑥 − 𝑦, 𝑡 − 𝜏)𝑑𝑠𝑦𝑑𝜏, 

 for 𝑥 ∈ ∂𝐵𝑅 , 0 < 𝑧 < 𝑡 < 𝑇. 
Since 𝑢, 𝑣 are positive and radial, it follows  

 ∫  
𝐵𝑅
Γ(𝑥 − 𝑦, 𝑡 − 𝑧)𝑢(𝑦, 𝑧)𝑑𝑦 > 0, 

∫  
𝑡

𝑧

∫  
𝑆𝑅

𝑒𝑝𝑣(𝑦,𝜏)Γ(𝑥 − 𝑦, 𝑡 − 𝜏)𝑑𝑠𝑦𝑑𝜏 

= ∫  
𝑡

𝑧

𝑒𝑝𝑣(𝑅,𝜏)(∫  
𝑆𝑅

Γ(𝑥 − 𝑦, 𝑡 − 𝜏)𝑑𝑠𝑦)𝑑𝜏. 

 Thus  

1

2
𝑀(𝑡) ≥ ∫  

𝑡

𝑧

𝑒𝑝𝑁(𝜏)(∫  
𝑆𝑅

Γ(𝑥 − 𝑦, 𝑡 − 𝜏)𝑑𝑠𝑦)𝑑𝜏 

−∫  
𝑡

𝑧

𝑀(𝜏)(∫  
𝑆𝑅

|
∂Γ

∂𝜂𝑦
(𝑥 − 𝑦, 𝑡 − 𝜏)|𝑑𝑠𝑦)𝑑𝜏,    𝑥

∈ 𝑆𝑅 , 0 < 𝑧 < 𝑡 < 𝑇. 
 It is known that (see (19)) for 0 < 𝑡2 < 𝑡2, these is 

𝐶∗ > 0 such that  

|
∂Γ

∂𝜂𝑦
(𝑥 − 𝑦, 𝑡2 − 𝑡1)|

≤
𝐶∗

(𝑡2 − 𝑡1)
𝜇
⋅

1

|𝑥 − 𝑦|(𝑛+1−2𝜇−𝜎)
,    

for  𝑥, 𝑦 ∈ 𝑆𝑅 , 𝜎 ∈ (0,1). 
 

Choose 1 −
𝜎

2
< 𝜇 < 1, from (19), there exist 

𝐶1 > 0 such that  

 ∫  
𝑆𝑅

𝑑𝑠𝑦

|𝑥−𝑦|(𝑛+1−2𝜇−𝜎)
< 𝐶1. 

Also, if 𝑡1 close to 𝑡2, then there exist a constant 𝑐 

such that  

 ∫  
𝑆𝑅
Γ(𝑥 − 𝑦, 𝑡2 − 𝑡1)𝑑𝑠𝑦 ≥

𝑐

√𝑡2−𝑡1
. 

Thus  

 
1

2
𝑀(𝑡) ≥ 𝑐 ∫  

𝑡

𝑧

𝑒𝑝𝑁(𝜏)

√𝑡−𝜏
𝑑𝜏 − 𝐶 ∫  

𝑡

𝑧

𝑀(𝜏)

|𝑡−𝜏|𝜇
𝑑𝜏. 

Since for 0 < 𝑧 < 𝜏 < 𝑡 < 𝑇,  
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it is clear that 𝑀(𝜏) ≤ 𝑀(𝑡), thus  
1

2
𝑀(𝑡) ≥ 𝑐 ∫  

𝑡

𝑧

𝑒𝑝𝑁(𝜏)

√𝑇−𝜏
𝑑𝜏 − 𝐶1

∗𝑀(𝑡)|𝑇 − 𝑧|1−𝜇                

                                                                 (10)  

 Taking 𝑧 so that 𝐶1
∗|𝑇 − 𝑧|1−𝜇 = 1/2, it follows  

 𝑀(𝑡) ≥ 𝑐 ∫  
𝑡

𝑧

𝑒𝑝𝑁(𝜏)

√𝑇−𝜏
𝑑𝜏 ≡ 𝐴(𝑡)    (11)                 

Clearly,  

 𝐴′(𝑡) = 𝑐
𝑒𝑝𝑁(𝑡)

√𝑇−𝑡
. 

From Lemma 2, there exist a constant 𝑘 > 1 such 

that the last equation becomes  

 𝐴′(𝑡) =
𝑐

𝑘

𝑒𝑞𝑀(𝑡)

√𝑇−𝑡
≥

𝑐

𝑘

𝑒𝑞𝐴(𝑡)

√𝑇−𝑡
  

which leads to  

 ∫  
𝑇

𝑡

𝑑𝐴

𝑒𝑞𝐴
≥ ∫  

𝑇

𝑡

𝑐

𝑘

𝑑𝜏

√𝑇−𝜏
. 

Clearly,  

 𝐴(𝑇) = lim
𝑡→𝑇

𝑐 ∫  
𝑡

𝑧

𝑒𝑝𝑁(𝜏)

√𝑇−𝜏
𝑑𝜏 =

𝑐 ∫  
𝑡

𝑧
lim
𝜏→𝑇

𝑒𝑝𝑁(𝜏)

√𝑇−𝜏
𝑑𝜏 = ∞. 

This leads to  

 
1

𝑞𝑒𝑞𝐴(𝑡)
≥

2𝑐

𝑘
√𝑇 − 𝑡. 

Therefore, there exist a constant 𝐶0 > 0 such that 

𝑒𝑞𝐴(𝑡) ≤
𝐶0

√𝑇−𝑡
,    𝑧 < 𝑡 < 𝑇.           (12)  

 On the other hand, for 𝑡0 = 2𝑡 − 𝑇 (Assuming that 

𝑡 is close to 𝑇),  

 𝐴(𝑡) ≥ 𝑐 ∫  
𝑡

𝑡0

𝑒𝑝𝑁(𝜏)

√𝑇−𝜏
𝑑𝜏 ≥

𝑐𝑒𝑝𝑁(𝑡0) ∫  
𝑡

2𝑡−𝑇

1

√𝑇−𝜏
𝑑𝜏 

= 𝑒𝑝𝑁(𝑡0)2𝑐(√2 − 1)√𝑇 − 𝑡. 
Combining the last inequality with (12), yields  

 
𝐶0

√𝑇−𝑡
≥ 𝑒𝑝𝑁(𝑡0)2𝑐(√2 − 1)√𝑇 − 𝑡, 

which leads to  

 𝑒𝑝𝑁(𝑡0) ≤
𝐶0

𝑐(√2−1)(𝑇−𝑡0)
. 

Thus there exist a constant 𝐶 such that  

 𝑒𝑝𝑁(𝑡) ≤
𝐶

(𝑇−𝑡)
,    0 < 𝑡 < 𝑇 

or  

 𝑣(𝑅, 𝑡) ≤ log𝐶 −
1

𝑝
log(𝑇 − 𝑡),    𝑡 ∈ (0, 𝑇). 

In the same way, it can be shown that   

 𝑢(𝑅, 𝑡) ≤ log𝐶 −
1

𝑞
log(𝑇 − 𝑡),    𝑡 ∈ (0, 𝑇). 

Blow-up Set 

In this section, the blow-up set for problem (1) is 

studied, under some restricted assumptions on 

𝜆1, 𝜆2.  
Theorem 3  Let (𝑢, 𝑣) be a blow-up solution to 

problem (1), such that the following conditions are 

satisfied:  

i. 1 ≤ 𝑝 ≤ 2, 1 ≤ 𝑞 ≤ 2. 

ii. 𝜆 ≤
1

(4𝑅2(𝑛+1))
min{Q, K, P}  (13)  

𝑤ℎ𝑒𝑟𝑒 𝑄 =
1

𝐶
 ,  𝐾 =

4(𝑛+1)

(𝑅2+4(𝑛+1)𝑇)
𝑒−||𝑢0||∞ , 

          𝑃 =
4(𝑛+1)

(𝑅2+4(𝑛+1)𝑇)
𝑒−||𝑣0||∞, 

𝑇 is the blow-up time; and 𝐶 is given in Theorem 

3.2, 𝜆 = max{𝜆1, 𝜆2}.  
Then for any 0 ≤ 𝑎 < 𝑅, there exists 𝐴 > 0 such 

that:     𝑢(𝑥, 𝑡) ≤ log (
1

𝐴(𝑅2−𝑟2)2
),    

            𝑣(𝑥, 𝑡) ≤ log(
1

𝐴(𝑅2−𝑟2)2
),     

 for (𝑥, 𝑡) ∈ 𝐵𝑅 × (0, 𝑇), 𝑟 = |𝑥|   
  Proof  Define the two functions 𝑈, 𝑉 as follows  

 

 
𝑈(𝑥, 𝑡) = 𝑉(𝑥, 𝑡) = 𝑙𝑜𝑔

1

(𝐴𝛼(𝑥)+𝐵(𝑇−𝑡))
,     (14)    

                  

for (𝑥, 𝑡) ∈ 𝐵𝑅 × (0, 𝑇),  
  where 𝛼(𝑥) = (𝑅2 − 𝑟2)2,    𝑟 = |𝑥|,  𝐵 > 0,   

𝐴 ≥ 𝜆. 
A direct calculation shows:  

             𝑈𝑡 =
𝐵

(𝛼(𝑥)+𝐵(𝑇−𝑡))
  ,     𝑈𝑟 =

4𝑟𝐴(𝑅2−𝑟2)

(𝛼(𝑥)+𝐵(𝑇−𝑡))
 , 

𝑈𝑟𝑟 = 
[𝛼(𝑥) + 𝐵(𝑇 − 𝑡)][4𝐴(𝑅2 − 3𝑟2)] + 16𝐴2𝑟2(𝑅2 − 𝑟2)

(𝛼(𝑥) + 𝐵(𝑇 − 𝑡))2
 

Thus  

𝑈𝑡 − 𝑈𝑟𝑟 −
𝑛 − 1

𝑟
𝑈𝑟  − 𝜆𝑒

𝑝𝑉 = 

  
[𝐵 − 4𝐴(𝑛 − 1)(𝑅2 − 𝑟2)](𝛼(𝑥) + 𝐵(𝑇 − 𝑡))

(𝛼(𝑥) + 𝐵(𝑇 − 𝑡))2
 

−  
[4𝐴(𝑅2 − 3𝑟2)][𝛼(𝑥) + 𝐵(𝑇 − 𝑡)] + 16𝑟2𝛼(𝑥)

[𝛼(𝑥) + 𝐵(𝑇 − 𝑡)]2

−
𝜆

[𝛼(𝑥) + 𝐵(𝑇 − 𝑡)]𝑝
 

≥
[𝐵 − 4𝐴(𝑛 − 1)(𝑅2 − 𝑟2) − 4𝐴(𝑅2 − 3𝑟2) − 16𝑟2]𝑣(𝑥)

[𝛼(𝑥) + 𝐵(𝑇 − 𝑡)]2

−
𝜆

[𝛼(𝑥) + 𝐵(𝑇 − 𝑡)]2
 

≥
[𝐵 − 4𝐴𝑅2𝑛 − 4𝐴𝑅2]𝛼(𝑥) − 𝜆

[𝛼(𝑥) + 𝐵(𝑇 − 𝑡)]2
≥ 0 

Provided (𝑇 − 𝑡) ≤ 1/2 ,  𝐴(𝑅2 − 𝑟2) ≤ 1/2, and 

𝐵 ≥
𝜆

𝐴(𝑅2 − 𝑟2)
+ 4𝐴𝑅2(𝑛 + 1) ≥ 

4𝐴𝑅2(𝑛 + 1) ≥ 4𝜆𝑅2(𝑛 + 1),    (15) 

where 0 < 𝑟 ≤ 𝑎 < 𝑅. 

So, 𝑈𝑡 − 𝑈𝑟𝑟 −
𝑛−1

𝑟
𝑈𝑟 − 𝜆𝑒

𝑝𝑉 ≥ 0,     (16) 

in (0, R) × (0, 𝑇)          
In the same way, it can be shown that: 

     𝑉𝑡 − 𝑉𝑟𝑟 −
𝑛−1

𝑟
𝑉𝑟 − 𝜆𝑒

𝑞𝑈 ≥ 0,                    (17)    

 in (0, R) × (0, 𝑇)            
It follows that 

𝑈𝑡 − 𝛥𝑈 − 𝜆1𝑒
𝑝𝑉 ≥ 0,  𝑖𝑛 𝐵𝑅 × (0, 𝑇),

𝑉𝑡 − 𝛥𝑉 − 𝜆2𝑒
𝑞𝑈 ≥ 0,  𝑖𝑛 𝐵𝑅 × (0, 𝑇)

}      (18) 

 provided    𝐵 ≥ 𝐴(4𝑅2(𝑛 + 1)). 
Moreover,  
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𝑈(𝑥, 0) = 𝑙𝑜𝑔
1

[𝛼(𝑥)+𝐵𝑇]
≥ 𝑙𝑜𝑔

1

[𝐴𝑅4+𝐵𝑇]
≥

𝑢(𝑥, 0),   𝑥 ∈ 𝐵𝑅                                               (19) 

Provided   
1

[𝐴𝑅4+𝐵𝑇]
≥ 𝑒𝑢(𝑥,0),   𝑥 ∈ 𝐵𝑅,   

or       
1

[𝐴𝑅4+𝐵𝑇]
≥ 𝑒||𝑢0||∞ ,    

From condition (13), it is obtained that 
1

[𝐴𝑅4 + 𝐵𝑇]
≥

1

𝐵𝑅2

4(𝑛 + 1)
+ 𝐵𝑇

=
4(𝑛 + 1)

𝐵(𝑅2 + 4(𝑛 + 1)𝑇)
 

So that, (19) is satisfied if  

𝐵 ≤
4(𝑛 + 1)

𝑅2 + 4(𝑛 + 1)𝑇
𝑒−||𝑢0||∞  

In the same way, it can be shown that: 

𝑉(𝑥, 0) = 𝑙𝑜𝑔
1

[𝛼(𝑥)+𝐵𝑇]
≥ 𝑙𝑜𝑔

1

[𝐴𝑅4+𝐵𝑇]
≥

𝑣(𝑥, 0),   𝑥 ∈ 𝐵𝑅                                                  (20) 

Provided that 

 

𝐵 ≤
4(𝑛 + 1)

𝑅2 + 4(𝑛 + 1)𝑇
𝑒−||𝑣0||∞  

Moreover, 

𝑈(𝑅, 𝑡) = 𝑙𝑜𝑔
1

𝐵(𝑇−𝑡)
≥ 𝑙𝑜𝑔

𝐶

(𝑇−𝑡)
1
𝑞 

  ,  

𝑉(𝑅, 𝑡) = 𝑙𝑜𝑔
1

𝐵(𝑇−𝑡)
≥ 𝑙𝑜𝑔

𝐶

(𝑇−𝑡)
1
𝑝

   ,       

𝑡 ∈ (0, 𝑇). }
 
 

 
 

(21)    

 provided  𝐵 ≤ 1/c 
From (21) and Theorem 2, it follows that  

         𝑈(𝑅, 𝑡) ≥ 𝑢(𝑅, 𝑡),  𝑉(𝑅, 𝑡) ≥ 𝑣(𝑅, 𝑡),        
(22) 

 𝑡 ∈ (0, 𝑇)                          

From (18, 19, 20,22), and by the comparison 

principle (20), it follows that  

𝑈(𝑥, 𝑡) ≥ 𝑢(𝑥, 𝑡),   𝑉(𝑥, 𝑡) ≥ 𝑣(𝑥, 𝑡),     
𝑓𝑜𝑟 (𝑥, 𝑡) ∈ 𝐵𝑅 × (0, 𝑇). 

Moreover, from (14), it is obtained that 

𝑢(𝑥, 𝑡) ≤ log (
1

𝐴(𝑅2−𝑟2)2
) ,

𝑣(𝑥, 𝑡) ≤ log(
1

𝐴(𝑅2−𝑟2)2
),
}     (23) 

for (𝑥, 𝑡) ∈ 𝐵𝑅 × (0, 𝑇).  

 

Conclusion: 
  This paper is devoted to deriving the upper and 

lower blow-up rate estimates, and blow-up set for a 

system of two reaction-diffusion equations coupled 

in both equations and boundary conditions. The 

results show that; under the assumptions of 

theorems 1and 2, the upper blow-up rate estimates 

of problem (1) are coincident with the upper blow-

up rate estimates of problem (5), while the lower 

blow-up rate estimates of problems (1) are 

coincident with the lower blow-up rate estimates of 

problem (4), see (15). Moreover, from (23), it can 

be concluded that any point 𝑥 ∈ 𝐵𝑅 cannot be a 

blow-up point for problem (1) with (13). Therefore, 

the blow-up can only occur on the boundary. This 

means, if 𝜆1 and 𝜆2 are small enough, then the 

blow-up set is the same as that of problem (4), see 

(14).  
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المعادلات والشروط الحدودية حول الحلول المنفجرة لنظام من نوع القطع المكافئ مقترن في كل من  
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