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Abstract: 
In this article, the solvability of some proposal types of the multi-fractional integro-partial differential 

system has been discussed in details by using the concept of abstract Cauchy problem and certain semigroup 

operators and some necessary and sufficient conditions.   
 

Keywords: Fixed point theorem, Fractional calculus, Mild solution, Nonlinear functional analysis, 

Semigroup theorems. 

  

Introduction: 
There are many types of integro-differential 

equations which are referred to physical models, 

engineering models and other fields of applications. 

Many authors are trying to develop some of the 

methods to solve them; therefore the authors have 

discussed the existence solution of the integro-

differential equation such as: 

𝜕2𝑢

𝜕𝑡2
+
𝜕4𝑢

𝜕𝑥4
− (𝛽1 + 𝛽2∫ |

𝜕𝑢(𝑦, 𝑠)

𝜕𝑦
|

2

𝑑𝑦
𝐿

0

)
𝜕2𝑢

𝜕𝑥2

+ 𝑔 (
𝜕𝑢

𝜕𝑡
) = 0 

       

where 𝛽1, 𝛽2, 𝐿 > 0, 𝑔 is a nondecreasing numerical 

function. This equation can be converted to the 

abstract differential equation as follows:   

     𝑢′′ + 𝐵2𝑢 +𝑀 (‖𝐵1 2⁄ 𝑢‖
2
)𝐵𝑢 + 𝑔(𝑢′) = 0 

The study of the existence of mild solution for an 

integro-differential equation description is as 

follows:  

   
𝜕2𝑢

𝜕𝑡2
− 𝜆

𝜕4𝑢

𝜕𝑡2𝜕𝑥2
+

𝜕4𝑢

𝜕𝑥4
− (𝛽1 + 𝛽2 ∫ |

𝜕𝑢(𝑦,𝑠)

𝜕𝑦
|
2

𝑑𝑦
𝐿

0
)
𝜕2𝑢

𝜕𝑥2
 

 = 𝑓 (
𝜕𝑢

𝜕𝑡
)   

which transformed into the abstract differential 

equation as follows:   

 𝐾𝑢′′ (𝑡) = 𝐴 𝑢(𝑡) + 𝑓[ 𝑡, 𝑢( 𝑡),  𝑢′ ( 𝑡)] , 

see (4) and the references therein. 

Recently, the fractional order differential 

equation model is more interesting and more 

descriptive to be applied in various branches such 

as engineering and science. So, the abstract Cauchy 

problems with fractional order derivative simulated 

to some problems of the fractional differential 

equation have appeared in many articles for many 

applications in real life (1-19).  
Consider the following fractional order integro-

partial differential equations:   

{
 
 
 
 

 
 
 
 

𝐷 
𝑅

𝑡
𝛼1 𝐷 

𝑅
𝑡
𝛼2𝓏(𝑡,𝑥)−𝛽 𝐷 

𝑅
𝑡
𝛼1 𝐷 

𝑅
𝑡
𝛼2 𝐷 

𝑅
𝑥
𝛼𝓏(𝑡,𝑥)+ 𝐷 

𝑅
𝑥
2𝛼𝓏(𝑡,𝑥)               

−(𝜔1+𝜔2 ∫ |
𝜕𝑧(𝑦,𝑠)

𝜕𝑦
|
2
𝑑𝑦

𝐿
0

) 𝐷 𝑅 𝑥
𝛼𝓏                         

                =𝑓[𝑡,𝓏(𝑡,𝑥), 𝐷 𝑅 𝑡
𝛾1𝓏(𝑡,𝑥)]𝑔[𝑡,𝓏(𝑡,𝑥),𝐼𝑡

𝛾2𝓏(𝑡,𝑥)]        (1.1)

 
 

 

𝐷 
𝑅

𝑡
𝛼1+𝛼2−1 𝓏(𝑡,𝑥)|

𝑡=0
=�̃�0                                                                                        

𝐷 
𝑅

𝑡
𝛼1+𝛼2−2 𝓏(𝑡,𝑥)|

𝑡=0
=�̃�0                                                                     

 𝐷 𝑅 𝑡
𝛼2−1 𝓏(𝑡,𝑥)|

𝑡=0
=ṽ0                                                                             

   

where 𝜔1, 𝜔2, 𝐿 > 0, 𝓏(𝑡, 𝑥) is denoted the 

deviation x at 𝑡, 1 < 𝛼 ≤ 2, 1 < 𝛼1 + 𝛼2 ≤ 2 and 

0 < 𝛾1, 𝛾2 ≤ 1, 𝛽 ≥ 0, and 𝐷 
𝑅

𝑡
𝜈 is a Riemann-

Liouville fractional derivative of order 𝜈 > 0, 

𝑥 ∈ 𝑋 (X is a Banach space). Now, let 𝐴𝛼 be an 

operator defined as  𝐴𝛼𝓏(𝑡, 𝑥) = 𝐷 
𝑅

𝑥
𝛼𝓏(𝑡, 𝑥), so  

(𝐼 − 𝛽𝐴𝛼) 𝐷 
𝑅

𝑡
𝛼1 𝐷 
𝑅

𝑡
𝛼2𝓏(𝑡, 𝑥) + 𝐴2𝛼𝓏(𝑡, 𝑥) 

−(𝜔1 +𝜔2𝑀[‖𝐴
𝛼 2⁄ 𝓏‖

2
])𝐴𝛼𝓏(𝑡, 𝑥) 

= 𝑓[𝑡, 𝓏(𝑡, 𝑥), 𝐷 
𝑅

𝑡
𝛾1𝓏(𝑡, 𝑥)]𝑔[𝑡, 𝓏(𝑡, 𝑥), 𝐼𝑡

𝛾2𝓏(𝑡, 𝑥)].
                         (1.2) 

such that 𝑀  is a real function defined on ℝ+. So, 

the equation (1.2) written in abstract Cauchy form 

as follows;  
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{
 
 
 

 
 
 
𝑃 𝐷 
𝑅

𝑡
𝛼1 𝐷 
𝑅

𝑡
𝛼2𝓏(𝑡, 𝑥) = �̃�𝛼𝓏(𝑡, 𝑥)

+𝑓[𝑡, 𝓏(𝑡, 𝑥), 𝐷 
𝑅

𝑡
𝛾1𝓏(𝑡, 𝑥)]

𝑔[𝑡, 𝓏(𝑡, 𝑥), 𝐼𝑡
𝛾2𝓏(𝑡, 𝑥)]

 
 

 

𝐷 
𝑅

𝑡
𝛼1+𝛼2−1 𝓏(𝑡,𝑥)|

𝑡=0
=�̃�0                                         

𝐷 
𝑅

𝑡
𝛼1+𝛼2−2 𝓏(𝑡,𝑥)|

𝑡=0
=�̃�0                            

 𝐷 
𝑅

𝑡
𝛼2−1 𝓏(𝑡,𝑥)|

𝑡=0
=ṽ0                                    

           (1.3) 

where �̃�𝛼 = (𝜔1 +𝜔2𝑀[‖𝐴𝛼 2⁄ 𝑧‖
2
])𝐴𝛼 − 𝐴2𝛼  

and  𝑃 = (𝐼 − 𝛽𝐴𝛼) are linear operators on a 

Banach space 
    𝐶𝜈

𝑅𝐿([0, 𝑇], 𝑋) = {𝓏 ∈ 𝐶([0, 𝑇]): 𝐷 
𝑅

𝑡
𝜈𝓏 ∈ 𝐶([0, 𝑇])} 

with norm ‖𝓏‖∗ = ‖𝓏‖𝐶 + ‖ 𝐷 
𝑅

𝑡
𝜈𝓏‖𝐶, ( ‖. ‖𝐶 is the 

sup norm in 𝐶([0, 𝑇])), 𝜈 = 𝑚𝑎𝑥{𝛼, 𝛼1 + 𝛼2, 𝛾1} 
and the nonlinear functions    

𝑓: 𝐽 × 𝐶𝜈
𝑅𝐿(𝐽, 𝑋) × 𝐶𝜈

𝑅𝐿(𝐽, 𝑋) → 𝐶𝜈
𝑅𝐿(𝐽, 𝑋)  and   

𝑔: 𝐽 × 𝑋 × 𝑋 → 𝑋, (𝐽 = [0, 𝑇]). 
The scientific problem of the fractional order 

integro-partial differential equations cannot be 

solved in an analytic or approximated way even 

sometimes they are difficult to be studied. Also, 

their behaviors for their solutions are not appearing 

in general thus it needs more effort and practice, so 

these problems have taken our interest. 

The aim of this article is to study and present 

all the results of the solvability for the proposal 

classical fractional order integro-partial differential 

equations such that some particular types are cases 

of this proposal problem. They have an approach 

which is using a nonlinear functional analysis 

theorems and abstract Cauchy problem and 

involving semigroup operators with Mainardi's 

function category as well as a fixed-point theorem 

as a basic theory for appearing the solvability with 

some resent sufficient and necessary conditions for 

this issue. 

 

Preliminaries   
The following notations, definitions, 

assumptions and results needed later on.   

Definition (1), (15): 

The fractional integration with order α > 0 is   

 𝐼𝛼  ℎ(𝑠) =
1

𝛤(𝛼)
 ∫

ℎ(𝑡)

(𝑠−𝑡)1−𝛼
 𝑑𝑡

𝑠

0
,   𝑠 > 0,   𝛼 > 0 

Where   𝛤(𝑢) =  ∫ 𝑒−𝑠𝑠𝑢−1 𝑑𝑠
∞

0
, 𝑢 > 0. 

Definition (2), (15): 

The fractional derivational with order α > 0 , 
(Riemann – Liouvill) is 

𝐷 
𝑅 𝛼 ℎ(𝑠) =

1

𝛤(𝑛 − 𝛼)
 
𝑑𝑛

𝑑𝑠𝑛
 ∫

ℎ(𝑡)

(𝑠 − 𝑡)𝛼+1−𝑛
𝑑𝑡 

𝑠

0

, 

𝑠 > 0,   𝑛 − 1 < 𝛼 ≤ 𝑛 

 

 

 

Definition (3), (15): 

The function  𝑀𝛼(𝑢) = ∑
(−1)𝐿 𝑢𝐿

𝐿! 𝛤(−𝛼(𝐿+1)+1)
∞
𝐿=0    ,  

Where 0 < 𝛼 < 1 , 𝑢 ∈ Ȼ   
is called  the Mainardi’sa function 

Remark (1), (12): 
It’s clear that, The Mainardi’sa function satisfies the 

following: 

a. ∫ 𝑀𝛼(𝑢)𝑑𝑢 = 1
∞

0
                

b. ∫ 𝑢𝑛 𝑀𝛼(𝑢)𝑑𝑟 =
𝛤(𝑛+1)

𝛤(𝛼𝑛+1)
 ,    𝑛 ∈ 𝑁+

∞

0
.     

c. For any λ ∈ Ȼ and 0 < 𝛽 < 1 then :   

      𝑒−𝜆
𝛽
= ∫

𝛽

𝑟𝛽+1
 𝑀𝛽(𝑟

−𝛽)𝑒−𝜆𝑟𝑑𝑟
∞

0
  

Definition (4), (7): 

   A one parameter family {𝑆(𝑠) , 𝑠 ≥ 0 }  is called 

a semigroup on a Banach space X if  

i. 𝑆(0)  =  𝐼   
ii.  𝑆(𝑠 +  𝑡 ) =  𝑆(𝑠) 𝑆 (𝑡) , for every  𝑡, 𝑠 ≥ 0. 

Definition (5) ,(14): 

   A semigroup 𝑆(𝑠) , 𝑠 ≥ 0  is uniformly 

continuous  if    𝑙𝑖𝑚𝑠→0 ‖𝑆(𝑠) − 𝐼‖ = 0            

Definition (6), (14): 

    A semigroup 𝑆(𝑠) , 𝑠 ≥ 0  is a strongly 

continuous if for each  𝑥 ∈ 𝑋  then 

    𝑙𝑖𝑚𝑠→0 𝑆(𝑠)𝑥 = 𝑥.          

Definition (7), (14): 

The operator  𝐴 which defined by: 

 𝐴𝑥 = lim 𝑡→0
𝑇(𝑡)𝑥−𝑥

𝑡
=

𝑑𝑇(𝑡)𝑥

𝑑𝑡
|
𝑡=0

, for     𝑥 ∈ 𝐷(𝐴) 

is a linear operator and generated a semigroup  

𝑇(𝑡), 𝑡 ≥ 0 where  

      𝐷(𝐴) = {𝑥 ∈ 𝑋, lim 𝑡→0
𝑇(𝑡)𝑥−𝑥

𝑡
   exists}.  

Remark (2), (14): 

If  𝑆(𝑠), 𝑠 ≥ 0  strongly continuous semigroup 

generated by 𝐵 then,  

a) For 𝑦 ∈ 𝑋 ; 𝑙𝑖𝑚𝑔→0
1

𝑔
 ∫ 𝑆(𝑠)𝑦𝑑𝑠 = 𝑆(𝑡)𝑦
𝑡+𝑔

𝑡
.    

b) for 𝑦 ∈ 𝑋 ; ∫ 𝑆(𝑠)𝑦𝑑𝑠 ∈ 𝐷(𝐵)
𝑡

0
    and      

𝐵∫ 𝑆(𝑠)𝑦𝑑𝑠 = 𝑆(𝑡)𝑦 − 𝑦
𝑡

0
  

c) for  𝑦 ∈ 𝐷(𝐵) if 𝑆(𝑠)𝑦 ∈ 𝐷(𝐵) then   
𝑑

𝑑𝑠
 𝑆(𝑠)𝑦 = 𝐵 𝑆(𝑠)𝑦 = 𝑆(𝑠)𝐵𝑦 

for 𝜆 > 0 and  𝑦 ∈ 𝑋, then   

𝑅(𝜆; 𝐵) =  ∫ 𝑒−𝜆𝑠𝑆(𝑠)𝑑𝑠
∞

0
.   

Remark (3), (15): 

𝐷0
𝑅

𝑡
𝛼 ( 𝐷0

𝑅
𝑡
𝛽
𝑓(𝑡)) =

𝐷0
𝑅

𝑡
𝛼+𝛽

𝑓(𝑡) − ∑ [ 𝐷0
𝑅

𝑡
𝛽−𝑗

 𝑓(𝑡)]𝑡=0
𝑚
𝑗=1

𝑡−𝛼−𝑗

Γ(1−𝛼−𝑗)
    

     where  𝑚 − 1 ≤ 𝛽 < 𝑚,  𝑛 − 1 ≤ 𝛼 < 𝑛 , 𝑚, 𝑛 ∈ ℕ.                          

Definition (8), (15): 

  The Laplace transform, of the following derivative 

of order 𝛼 > 0 is 
ℒ{ 𝐷0

𝑅
𝑡
𝛼 ℎ(𝑡); 𝜆 } = 𝜆𝛼𝐹(𝜆) − ∑ 𝜆𝑘[ 𝐷0

𝑅
𝑡
𝛼−𝑘−1 ℎ(𝑡)]𝑡=0

𝑛−1
𝑘=0   

𝑛 − 1 ≤ 𝛼 <n, where 𝐹 = ℒ(ℎ(𝑡)). 
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Lemma (1), (17): 

    If 𝑅(𝑡) is a linear operator and 

 𝐼1−𝛼𝑅(𝑡)𝑥 ∈ 𝐶1([0, 𝑇]), 𝑇 > 0 then,  

 𝐷 
𝑅 𝛼 ∫ 𝑅(𝑡 − 𝑠)𝑥𝑑𝑠

𝑡

0
= ∫ 𝐷𝑅 𝛼𝑅(𝑡 − 𝑠)𝑥𝑑𝑠

𝑡

0
 

+ lim
𝑡→0+

𝐼1−𝛼𝑅(𝑡)𝑥,      

 𝑥 ∈ 𝑋,     𝑡 ∈ [0, 𝑇], for 0 < 𝛼 < 1. 
Lemma (2), (17): 

   If 𝑔 is a continuous function and  

𝐼1−𝛼𝑔(𝑡) ∈ 𝐶1([0, 𝑇]), 𝑇 > 0 and 𝑅(𝑡)  is  

continuous, then  

𝐷𝑅 𝛼 ∫ 𝑅(𝑡 − 𝑠)𝑔(𝑠)𝑑𝑠
𝑡

0
= ∫ 𝑅(𝑡 − 𝑠) 𝐷𝑅 𝛼𝑔(𝑠)𝑑𝑠

𝑡

0
,    

 𝑡 ∈ [0, 𝑇], for 0 < 𝛼 < 1 . 

Now, assume the following conditions:  

(A1) 𝑃 = (𝐼 − 𝛽𝐴𝛼)  and  

       �̃�𝛼 = (𝜔1 +𝜔2𝑀[‖𝐴𝛼 2⁄ 𝑧‖
2
]) 𝐴𝛼 − 𝐴2𝛼, are 

closed linear operators, 𝐷(𝑃) ⊂ 𝐷(�̃�𝛼),   P is  

bijective and  𝑃−1: 𝑋 → 𝐷(𝑃) is continuous. 

(A2) 𝑆𝛼1+𝛼2(𝑡), 𝑡 ≥ 0 is a strongly continuous 

semigroup generated by   𝑃−1�̃�𝛼  on 

𝐶𝜈
𝑅𝐿([0, 𝑇], 𝑋). 

(A3)  𝑆𝛼1+𝛼2(𝑡), 𝑡 > 0 is compact operator. 

(A4) The function  

   𝑓: 𝐽 × 𝐶𝜈
𝑅𝐿(𝐽, 𝑋) × 𝐶𝜈

𝑅𝐿(𝐽, 𝑋) → 𝐶𝜈
𝑅𝐿(𝐽, 𝑋) satisfies 

(i) for every (𝓏(𝑡, 𝑥), 𝐷𝑅 𝑡
𝛾
𝓏(𝑡, 𝑥)) ∈ 𝐶𝜈

𝑅𝐿(𝐽, 𝑋) ×

𝐶𝜈
𝑅𝐿(𝐽, 𝑋) , the function  

      𝑓(. , 𝓏(𝑡, 𝑥), 𝐷𝑅 𝑡
𝛾
𝓏(𝑡, 𝑥)): 𝐽 → 𝐶𝜈

𝑅𝐿(𝐽, 𝑋)  
     is strongly measurable. 

(ii) 𝑓(𝑡, . , . ): 𝐶𝜈
𝑅𝐿(𝐽, 𝑋) × 𝐶𝜈

𝑅𝐿(𝐽, 𝑋) → 𝐶𝜈
𝑅𝐿(𝐽, 𝑋) 

is continuous  for all 𝑡 ∈ [0, 𝑇] = 𝐽. 
(iii)  ‖𝑓(𝑡, 𝓏, 𝐷𝑅 𝑡

𝛾
𝓏)‖ ≤ 𝐾𝑓(𝑡)𝛺𝑓(‖𝓏‖ + ‖ 𝐷𝑅 𝑡

𝛾
𝓏‖) ,  

for (𝑡, 𝓏, 𝐷𝑅 𝑡
𝛾
𝓏) ∈ 𝐽 × 𝐶𝜈

𝑅𝐿([0, 𝑇], 𝑋) × 𝐶𝜈
𝑅𝐿([0, 𝑇], 𝑋) 

where 𝐾𝑓(𝑡) nonnegativea continuous function and 

𝛺𝑓 nondecreasing continuous   positive function. 

 

 (A5)  The function 𝑔: [0, 𝑇] × 𝑋 × 𝑋 → 𝑋 satisfies 

(i) 𝑔(𝑡, . , . ): 𝑋 × 𝑋 → 𝑋 is continuous for all 

𝑡 ∈ [0, 𝑇]. 

(ii) 𝑔(. , 𝓏, 𝐼𝑡
𝛾2𝓏): 𝑋 × 𝑋 → 𝑋 is measurable for all 

𝓏, 𝐼𝑡
𝛾2𝓏 ∈ 𝐶([0, 𝑇], 𝑋). 

(iii) ‖𝑔(𝑡, 𝓏, 𝐼𝑡
𝛾2𝓏)‖ ≤ 𝐾𝑔(𝑡)𝛺𝑔(‖𝓏‖ + ‖𝐼𝑡

𝛾2𝓏‖)  

for (𝑡, 𝓏, 𝐼𝑡
𝛾2𝓏) ∈ 𝐽 × 𝑋 × 𝑋.  

where 𝐾𝑔(𝑡) non-negative continuous function 

and𝛺𝑔 nondecreasing continuous positive function. 

 (A6)  let 

(i)  K̂1 = {(Ñ̃ + �̃�𝛼1+𝛼2𝑒
𝑤𝑡𝛼1+𝛼2‖ 𝑡𝛼1+𝛼2−1‖)‖�̃�0‖ 

              +𝜆 (Ñ̃ + �̃�𝛼1+𝛼2𝑒
𝑤𝑡𝛼1+𝛼2‖ 𝑡𝛼1+𝛼2−1‖) ‖�̃�0‖ 

           +𝜆𝛼1 (Ñ̃ + �̃�𝛼1+𝛼2𝑒
𝑤𝑡𝛼1+𝛼2‖ 𝑡𝛼1+𝛼2−1‖)‖�̃�0‖ 

(ii) K̂3 = 𝑚𝑎𝑥 {1,
𝑇𝜈−𝛾1

Γ(𝜈−𝛾1+1)
}𝑚𝑎𝑥 {1,

𝑇𝛾2

Γ(𝛾2+1)
}       

and      K̂2 = K̂1K̂3  

(iii) �̂�(𝑠) = ‖𝑃−1‖∫ (�̃�𝛼1+𝛼2𝑒
𝑤(𝑡−𝑠)𝛼1+𝛼2‖(𝑡 −

𝑡

0

                𝑠)𝛼1+𝛼2−1‖ + Ñ̃)𝐾𝑓(𝑠)Ωf 𝐾𝑔(𝑠)Ωg 

 

Existence of solution:  

Now, to prove the existence of a mild solution 

for problem (1.3) in the space  

 𝐶𝜈
𝑅𝐿([0, 𝑇], 𝑋) = {𝓏 ∈ 𝐶([0, 𝑇]): 𝐷𝑅 𝑡

𝜈𝓏 ∈

𝐶([0, 𝑇]): 𝐷𝑅 𝑡
𝛼1 𝐷𝑅 𝑡

𝛼2𝓏 ∈ 𝐶([0, 𝑇])} with norm   

‖𝓏‖∗ = ‖𝓏‖𝐶 + ‖ 𝐷𝑅 𝑡
𝜈𝓏‖

𝐶
 , ( ‖. ‖𝐶 is sup norm of 

𝐶([0, 𝑇], 𝑋) ,  𝜈 = 𝑚𝑎𝑥{𝛼, 𝛼1 + 𝛼2, 𝛾1}). 
 From (A1) the equation (1.3) can be rewrite as 

follows:  

{
 
 
 
 

 
 
 
 
𝐷 

𝑅
𝑡
𝛼1 𝐷 
𝑅

𝑡
𝛼2𝑧(𝑡, 𝑥)                                  

= 𝑃−1�̃�𝛼𝑧(𝑡, 𝑥)

+𝑃−1𝑓[𝑡, 𝑧(𝑡, 𝑥), 𝐷 
𝑅

𝑡
𝛾1𝑧(𝑡, 𝑥)]

𝑔[𝑡, 𝑧(𝑡, 𝑥), 𝐼𝑡
𝛾2𝑧(𝑡, 𝑥)]

𝐷 
𝑅

𝑡
𝛼1+𝛼2−1 𝑧(𝑡, 𝑥)|

𝑡=0
= �̃�0              

𝐷 
𝑅

𝑡
𝛼1+𝛼2−2 𝑧(𝑡, 𝑥)|

𝑡=0
= �̃�0            

 𝐷 
𝑅

𝑡
𝛼2−1 𝑧(𝑡, 𝑥)|

𝑡=0
= �̃�0               

          (3.4) 

Remark (3), implies that  

 𝐷 
𝑅

𝑡
𝛼1+𝛼2𝓏(𝑡, 𝑥) − ∑ [ 𝐷 

𝑅
𝑡
𝛼2−𝑗  𝓏(𝑡, 𝑥)]|

𝑡=0
𝑚
𝑗=1

𝑡−𝛼1−𝑗

Γ(1−𝛼1−𝑗)
 

= 𝑃−1�̃�𝛼𝓏(𝑡, 𝑥) 
       

+𝑃−1𝑓[𝑡, 𝓏(𝑡, 𝑥), 𝐷𝑅 𝑡
𝛾1𝓏(𝑡, 𝑥)]𝑔[𝑡, 𝓏(𝑡, 𝑥), 𝐼𝑡

𝛾2𝓏(𝑡, 𝑥)]              

 ℒ[ 𝐷𝑅 𝑡
𝛼1+𝛼2𝓏(𝑡, 𝑥)] = ∑ [ 𝐷𝑅 𝑡

𝛼2−𝑗 𝓏(𝑡, 𝑥)]|
𝑡=0

𝑚
𝑗=1  

ℒ [
𝑡−𝛼1−𝑗

Γ(1 − 𝛼1 − 𝑗)
] + 𝑃−1�̃�𝛼ℒ(𝓏(𝑡, 𝑥)) 

+ℒ [𝑃−1𝑓[𝑡, 𝓏(𝑡, 𝑥), 𝐷𝑅 𝑡
𝛾1𝓏(𝑡, 𝑥)]𝑔[𝑡, 𝓏(𝑡, 𝑥), 𝐼𝑡

𝛾2𝓏(𝑡, 𝑥)]] 

 

λ𝛼1+𝛼2ℒ(𝓏(𝑡, 𝑥))(λ) −

∑ 𝜆𝑘[ 𝐷𝑅 𝑡
𝛼1+𝛼2−𝑘−1 𝓏(𝑡, 𝑥)]|

𝑡=0
(𝜆)𝑛−1

𝑘=0  

 = ∑ [ 𝐷𝑅 𝑡
𝛼2−𝑗 𝓏(𝑡, 𝑥)]|

𝑡=0

𝑚
𝑗=1 ℒ [

𝑡−𝛼1−𝑗

Γ(1−𝛼1−𝑗)
] 

             +𝑃−1�̃�𝛼ℒ(𝓏(𝑡, 𝑥))(𝜆) 

 +ℒ [𝑃−1𝑓[𝑡, 𝓏, 𝐷𝑅 𝑡
𝛾1𝓏]𝑔[𝑡, 𝓏, 𝐼𝑡

𝛾2𝓏]] (𝜆)  

where   1 < 𝛼1+𝛼2 ≤ 2 , thus 

 

  

λ𝛼1+𝛼2ℒ(𝓏(𝑡, 𝑥))(λ) − [ 𝐷𝑅 𝑡
𝛼1+𝛼2−1 𝓏(𝑡, 𝑥)]|

𝑡=0
(λ) 

    −λ[ 𝐷𝑅 𝑡
𝛼1+𝛼2−2 𝓏(𝑡, 𝑥)]|

𝑡=0
(λ) 

= [ 𝐷𝑅 𝑡
𝛼2−1 𝓏(𝑡, 𝑥)]|

𝑡=0
λ𝛼1 + 𝑃−1�̃�𝛼ℒ(𝓏(𝑡, 𝑥))(𝜆) 

    +ℒ [𝑃−1𝑓[𝑡, 𝓏, 𝐷𝑅 𝑡
𝛾1𝓏]𝑔[𝑡, 𝓏, 𝐼�̀�

𝛾2𝓏]] (𝜆) 

 

 

 (λ𝛼1+𝛼2𝐼 − 𝑃−1�̃�𝛼)ℒ(𝓏(𝑡, 𝑥))(λ) = z̃0 + λỹ0 

+λ𝛼1ṽ0 + ℒ [𝑃
−1𝑓[𝑡, 𝓏, 𝐷𝑅 𝑡

𝛾1𝓏]𝑔[𝑡, 𝓏, 𝐼𝑡
𝛾2𝓏]] (𝜆)    (3.5)              
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Condition (A2) for  λ𝛼1+𝛼2 ∈ 𝜌(𝑃−1�̃�𝛼) implies 

that (λ𝛼1+𝛼2𝐼 − 𝑃−1�̃�𝛼)
−1

  

Multiply (3.5) by (λ𝛼1+𝛼2𝐼 − 𝑃−1�̃�𝛼)
−1

 of both 

sides  

 ℒ(𝑧(𝑡, 𝑥))(λ) = (λ𝛼1+𝛼2𝐼 − 𝑃−1�̃�𝛼)
−1
z̃0 

          +λ(λ𝛼1+𝛼2𝐼 − 𝑃−1�̃�𝛼)
−1
ỹ0    

                      +λ𝛼1(λ𝛼1+𝛼2𝐼 − 𝑃−1�̃�𝛼)
−1
ṽ0 

                      +(λ𝛼1+𝛼2𝐼 − 𝑃−1�̃�𝛼)
−1

 

          (ℒ[𝑃−1𝑓[𝑡, 𝓏(𝑡, 𝑥), 𝐷𝑅 𝑡
𝛾1𝓏(𝑡, 𝑥)]  

           𝑔[𝑡, 𝓏(𝑡, 𝑥), 𝐼𝑡
𝛾2𝓏(𝑡, 𝑥)])                 (3.6)              

Lemma (3): 

If 𝑆𝛼1+𝛼2(𝑡), 𝑡 ≥ 0 strongly continuous semigroup 

in X generated by  𝑃−1�̃�𝛼 and 

 𝜆𝛼1+𝛼2  ∈ 𝜌(𝑃−1�̃�𝛼). Then  

i) for every  function 𝓏(𝑡, 𝑥) ∈ L([0,T] ; X),  

 (𝜆𝛼1+𝛼2𝐼 − 𝑃−1�̃�𝛼)
−1
ℒ(𝓏(𝑡, 𝑥))(𝜆) = 

  ∫ 𝑒−𝜆𝑡 [∫ �̃�𝛼1+𝛼2(𝑡 − 𝑠)
𝑡

0
(𝑡 − 𝑠)𝛼1+𝛼2−1𝑧(𝑠, 𝑥)𝑑𝑠]

∞

0
𝑑𝑡                              

                                                                  (3.7) 

ii)  for every  �̃�0 ∈ 𝐷(𝑃
−1�̃�𝛼),  

     (𝜆𝛼1+𝛼2𝐼 − 𝑃−1�̃�𝛼)
−1
�̃�0 

= ∫ 𝑒−𝜆�̀��̃�𝛼1+𝛼2(𝑡)𝑡
𝛼1+𝛼2−1�̃�0𝑑𝑡

∞

0
           (3.8) 

iii) for every  �̃�0 ∈ 𝐷(𝑃
−1�̃�𝛼), 𝜆𝛼1+𝛼2  ∈ 𝜌(𝑃−1�̃�𝛼) 

and 𝜆 complex number,  

      λ(𝜆𝛼1+𝛼2𝐼 − 𝑃−1�̃�𝛼)
−1
�̃�0  

       = 𝜆 ∫ 𝑒−𝜆𝑡�̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0𝑑𝑡

∞

0
        (3.9) 

iv) for every  �̃�0 ∈ 𝐷(𝑃
−1�̃�𝛼), 𝜆𝛼1+𝛼2  ∈ 𝜌(𝑃−1�̃�𝛼)   

        λ𝛼1(𝜆𝛼1+𝛼2𝐼 − 𝑃−1�̃�𝛼)
−1
ṽ0  

       = λ𝛼1 ∫ 𝑒−𝜆𝑡�̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1ṽ0𝑑𝑡

∞

0
            

         

where, 1 < 𝛼 ≤ 2 , 1 < 𝛼1+𝛼2 ≤ 2 and  

      �̃�𝛼1+𝛼2(𝑡)𝑥 

     = ∫ (𝛼1+𝛼2)𝑟𝑀𝛼(𝑟) 𝑆𝛼1+𝛼2(𝑡
𝛼1+𝛼2𝑟

∞

0
)𝑥 𝑑𝑟   

        

where  Mα is defined in Definition (3).  

Proof:   

i) Remark (2), for 𝑧 ∈ 𝐷(𝑃−1�̃�𝛼) , implies that 

   (𝜆𝛼1+𝛼2𝐼 − 𝑃−1�̃�𝛼)
−1
ℒ(𝓏(𝑡, 𝑥))(𝜆) 

          = ∫ 𝑒−𝜆
𝛼1+𝛼2𝑢 𝑆𝛼1+𝛼2(𝑢)(ℒ𝓏(𝑡, 𝑥))(𝜆)𝑑𝑢

∞

0
  

Applying  Laplace transform of righty side , implies 

that 

(𝜆𝛼1+𝛼2𝐼 − 𝑃−1�̃�𝛼)
−1
(ℒ𝓏(𝑡, 𝑥))(𝜆) 

= ∫ ∫ 𝑒−𝜆
𝛼1+𝛼2𝑢 𝑆𝛼1+𝛼2(𝑢) 𝑒

−𝑠𝜆𝓏(𝑡, 𝑥)𝑑𝑠𝑑𝑢
∞

0

∞

0
    

assume that  𝑢 = 𝑥𝛼1+𝛼2  then  

 𝑑𝑢 = (𝛼1+𝛼2)𝑥
𝛼1+𝛼2−1𝑑𝑥,  

    (𝜆𝛼1+𝛼2𝐼 − 𝑃−1�̃�𝛼)
−1
(ℒ𝓏(𝑡, 𝑥))(𝜆) = 

           

 ∫ ∫ 𝑒−(𝜆𝑥)
𝛼1+𝛼2𝑆𝛼1+𝛼2(𝑥

𝛼1+𝛼2)(𝛼1+𝛼2)𝑥
𝛼1+𝛼2−1

∞

0
 

∞

0
   

            𝑒−𝑠𝜆𝓏(𝑡, 𝑥)𝑑𝑠𝑑𝑥 
Remark (1), 

 𝑒−(𝜆𝑥)
𝛼1+𝛼2 = ∫

𝛼1+𝛼2

𝑟𝛼1+𝛼2+1
 𝑀𝛼(𝑟

−(𝛼1+𝛼2))𝑒−𝜆𝑟𝑥𝑑𝑟
∞

0
  

implies that  

 (𝜆𝛼1+𝛼2𝐼 − 𝑃−1�̃�𝛼)
−1
(ℒ𝓏(𝑡, 𝑥))(𝜆) 

          = ∫ ∫ ∫ 𝑒−𝜆𝑟𝑥
𝛼1+𝛼2

𝑟𝛼1+𝛼2+1
𝑀𝛼(𝑟

−𝛼1+𝛼2)
∞

0

∞

0

∞

0
  

𝑆𝛼1+𝛼2(𝑥
𝛼1+𝛼2)(𝛼1+𝛼2)𝑥

𝛼1+𝛼2−1𝑒−𝜆𝑠𝓏(𝑡, 𝑥)𝑑𝑟𝑑𝑠𝑑𝑥         

now assume that  𝑟𝑥 = 𝑡 , hence  𝑟𝑑𝑥 = 𝑑𝑡, so 

 (𝜆𝛼1+𝛼2𝐼 − 𝑃−1�̃�𝛼)
−1
(ℒ𝓏(𝑡, 𝑥))(λ) 

 = ∫ ∫ ∫ 𝑒−𝜆𝑡  
(𝛼1+𝛼2)

2

𝑟𝛼1+𝛼2+1
𝑀𝛼(𝑟

−(𝛼1+𝛼2)) 
∞

0

∞

0

∞

0
 

    𝑆𝛼1+𝛼2(𝑡
𝛼1+𝛼2𝑟−(𝛼1+𝛼2))𝑡𝛼1+𝛼2−1𝑟−(𝛼1+𝛼2)  

    𝑒−𝜆𝑠𝑧(𝑠)𝑑𝑟 𝑑𝑠 𝑑𝑡 

 Assume that 𝑦 = 𝑟−(𝛼1+𝛼2) hence  𝑟 = 𝑦
−1

𝛼1+𝛼2 

and 𝑑𝑟 =
−1

𝛼1+𝛼2
 𝑦

−1

𝛼1+𝛼2
 −1
𝑑𝑦, then 

 (𝜆𝛼1+𝛼2𝐼 − 𝑃−1�̃�𝛼)
−1
(ℒ𝓏(𝑡, 𝑥))(𝜆) 

      = ∫ ∫ ∫ 𝑒−𝜆(𝑡+𝑠)  
(𝛼1+𝛼2)

2

𝑦
−1

𝛼1+𝛼2
−1
𝑀𝛼(𝑦) 

∞

0

∞

0

∞

0
   

         𝑆𝛼1+𝛼2(𝑡
𝛼1+𝛼2𝑦)𝑡𝛼1+𝛼2−1 

           𝑦𝑧(𝑠)
−1

𝛼1+𝛼2
𝑦

−1

𝛼1+𝛼2
−1
𝑑𝑦 𝑑𝑠 𝑑𝑡      

   = ∫ 𝑒−𝜆𝑡[ ∫ ∫ (𝛼1+𝛼2)𝑦𝑀𝛼(𝑦)(𝑡 − 𝑠)
𝛼1+𝛼2−1

∞

0
 

𝑡

0

∞

0
  

       𝑆𝛼1+𝛼2((𝑡 − 𝑠)𝑦)𝑧(𝑠)𝑑𝑦 𝑑𝑠 ]𝑑𝑡     

= ∫ 𝑒−𝜆𝑡 [∫ �̃�𝛼1+𝛼2(𝑡 − 𝑠)
𝑡

0
(𝑡 − 𝑠)𝛼1+𝛼2−1𝑧(𝑠)𝑑𝑠]

∞

0
𝑑𝑡  

    

ii) Remark (2), for any �̃�0 ∈ 𝐷(𝑃
−1�̃�𝛼), implies 

that 

 (𝜆𝛼1+𝛼2𝐼 − 𝑃−1�̃�𝛼)
−1
�̃�0 

      = ∫ 𝑒−𝜆
𝛼1+𝛼2𝑢𝑆𝛼1+𝛼2(𝑢)�̃�0𝑑𝑢

∞

0
  

assume that   𝑢 = 𝑥𝛼1+𝛼2 hence 

   𝑑𝑢 = 𝛼1+𝛼2𝑥
𝛼1+𝛼2−1𝑑𝑥. Then 

 (𝜆𝛼1+𝛼2𝐼 − 𝑃−1�̃�𝛼)
−1
�̃�0 

         = ∫ 𝑒−(𝜆𝑥)
𝛼1+𝛼2𝑆𝛼1+𝛼2(𝑥

𝛼1+𝛼2)
∞

0
 

             (𝛼1+𝛼2)𝑥
𝛼1+𝛼2−1�̃�0𝑑𝑥  

From remark (1), yield  

 (𝜆𝛼1+𝛼2𝐼 − 𝑃−1�̃�𝛼)
−1
�̃�0 

       = ∫ .
∞

0 ∫
𝛼1+𝛼2

𝑟𝛼1+𝛼2+1
𝑒−𝜆𝑟𝑥𝑀𝛼(𝑟

−(𝛼1+𝛼2))
∞

0
  

𝑆𝛼1+𝛼2(𝑥
𝛼1+𝛼2)(𝛼1+𝛼2)𝑥

𝛼1+𝛼2−1�̃�0𝑑𝑟𝑑𝑥 
Again, assume that  𝑟𝑥 = 𝑡 hence  𝑟𝑑𝑥 = 𝑑𝑡, 
therefore  

 (𝜆𝛼1+𝛼2𝐼 − 𝑃−1�̃�𝛼)
−1
�̃�0 

= ∫ .
∞

0 ∫ 𝑒−𝜆𝑡  
(𝛼1+𝛼2)

2

𝑟𝛼1+𝛼2+1
𝑀𝛼(𝑟

−(𝛼1+𝛼2)) 
∞

0
  

𝑆𝛼1+𝛼2(𝑡
𝛼1+𝛼2𝑟−(𝛼1+𝛼2)) 

𝑡𝛼1+𝛼2−1𝑟−(𝛼1+𝛼2) �̃�0𝑑𝑟𝑑𝑡 
Now, assume that  𝑦 = 𝑟−(𝛼1+𝛼2) implies 

 𝑟 = 𝑦
−1

𝛼1+𝛼2   and 𝑑𝑟 =
−1

𝛼1+𝛼2
 𝑦

−1

𝛼1+𝛼2
 −1
𝑑𝑦. 

Then  
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   (𝜆𝛼1+𝛼2𝐼 − 𝑃−1�̃�𝛼)
−1
�̃�0          

 = ∫ .
∞

0 ∫ 𝑒−𝜆𝑡 (𝛼1+𝛼2)𝑦𝑀𝛼(𝑦) 
∞

0
 

           𝑆𝛼1+𝛼2(𝑡
𝛼1+𝛼2𝑦)𝑡𝛼1+𝛼2−1�̃�0𝑑𝑦𝑑𝑡  

  (𝜆𝛼1+𝛼2𝐼 − 𝑃−1�̃�𝛼)
−1
�̃�0 

        = ∫ 𝑒−𝜆𝑡�̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0𝑑𝑡

∞

0
         

iii) From remark (2), for every �̃�0 ∈ 𝐷(𝑃
−1𝐴𝛼), the 

prove (iii) is a same way of the prove (ii) ,yield 

 (𝜆𝛼1+𝛼2𝐼 − 𝑃−1�̃�𝛼)
−1
�̃�0 

   = ∫ 𝑒−𝜆𝑡�̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0𝑑𝑡

∞

0
  

multiple both said by  complex number 𝜆 ,then 

   𝜆(𝜆𝛼1+𝛼2𝐼 − 𝑃−1�̃�𝛼)
−1
�̃�0 

          = 𝜆∫ 𝑒−𝜆𝑡�̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0𝑑𝑡

∞

0
 

iv) From remark (2), for every �̃�0 ∈ 𝐷(𝑃
−1𝐴𝛼), 

the proving of (iv) is a same way of the prove 

(ii), that is   

 (𝜆𝛼1+𝛼2𝐼 − 𝑃−1�̃�𝛼)
−1
�̃�0 

        = ∫ 𝑒−𝜆𝑡�̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0𝑑𝑡

∞

0
  

multiple both said by  complex number  𝜆𝛼1 ,then 

 𝜆𝛼1(𝜆𝛼1+𝛼2𝐼 − 𝑃−1�̃�𝛼)
−1
�̃�0 

        = 𝜆𝛼1 ∫ 𝑒−𝜆𝑡�̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0𝑑𝑡

∞

0
. 

Now, by lemma (3) the equation (3.6) take the 

form: 

 ℒ(𝓏(𝑡, 𝑥))(λ) = ∫ 𝑒−𝜆𝑡�̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0𝑑𝑡

∞

0
 

                      +𝜆∫ 𝑒−𝜆𝑡�̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0𝑑𝑡

∞

0
 

                    +𝜆𝛼1 ∫ 𝑒−𝜆𝑡�̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0𝑑𝑡

∞

0
 

                +∫ 𝑒−𝜆𝑡 [∫ �̃�𝛼1+𝛼2(𝑡 − 𝑠)
𝑡

0
(𝑡 − 𝑠)𝛼1+𝛼2−1

∞

0
 

𝑃−1𝑓[𝑡, 𝓏(𝑡, 𝑥), 𝐷𝑅 𝑡
𝛾1𝓏(𝑡, 𝑥)]𝑔[𝑡, 𝓏(𝑡, 𝑥), 𝐼�̀�

𝛾2𝓏(𝑡, 𝑥)]𝑑𝑠]𝑑𝑡 

applying the Laplace inverse of the above equation, 

yield  

 𝓏(𝑡, 𝑥) = �̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0 

                  +𝜆�̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0 

                  +𝜆𝛼1�̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0 

      +∫ �̃�𝛼1+𝛼2(𝑡 − 𝑠)
𝑡

0
(𝑡 − 𝑠)𝛼1+𝛼2−1      

[𝑃−1𝑓[𝑠, 𝓏(𝑠, 𝑥), 𝐷𝑅 𝑠
𝛾1𝓏(𝑠, 𝑥)]𝑔[𝑠, 𝓏(𝑠, 𝑥), 𝐼𝑠

𝛾2𝓏(𝑠, 𝑥)]] 𝑑𝑠  

                                 (3.10) 

Definition (9) 

     A function 𝑧(𝑡, 𝑥): [0, 𝑇] × 𝑋 → 𝑋 is called a 

mild solution of (3.4). If 𝑧(𝑡, 𝑥) and the fractional 

derivative 𝐷𝑅 𝑡
𝛾1𝓏(𝑡, 𝑥) exists for 0 < 𝛾1 ≤ 1 and 

both are continuous on [0, 𝑇], and satisfies the 

following equation: 

𝓏(𝑡, 𝑥) = �̃�𝛼1+𝛼2(𝑡)𝑡
𝛼1+𝛼2−1�̃�0

+ 𝜆�̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0

+ 𝜆𝛼1�̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0 

                          +∫ �̃�𝛼1+𝛼2(𝑡 − 𝑠)
𝑡

0
(𝑡 − 𝑠)𝛼1+𝛼2−1  

             𝑃−1𝑓[𝑠, 𝓏(𝑠, 𝑥), 𝐷𝑅 𝑠
𝛾1𝓏(𝑠, 𝑥)] 

                   𝑔[𝑠, 𝓏(𝑠, 𝑥), 𝐼𝑠
𝛾2𝓏(𝑠, 𝑥)]𝑑𝑠,      𝑡 ∈ [0, 𝑇]. 

Lemma (4): 

Let 𝑆𝛼1+𝛼2(𝑡), 𝑡 ≥ 0 be a strongly continuous 

semigroup in 𝑋, generated by 𝑃−1�̃�𝛼1+𝛼2 . Then  

the family of operators {�̃�𝛼1+𝛼2(𝑡), 𝑡 ≥ 0}  and  

1 < 𝛼 ≤ 2 satisfy  the following.  

i) For any 𝑡 ≥ 0 , �̃�𝛼1+𝛼2(𝑡) is bounded linear 

operator (for any 𝑥 ∈ 𝑋 there exists  �̃�𝛼1+𝛼2 > 1, 

𝑤 ≥ 0 then ‖�̃�𝛼1+𝛼2(𝑡)‖ ≤ �̃�𝛼1+𝛼2𝑒
𝑤𝑡𝛼1+𝛼2 . 

ii) The family {�̃�𝛼1+𝛼2(𝑡), 𝑡 ≥ 0}  is strongly 

continuous, which means that for every  𝑦 ∈ 𝑋 

and 0 ≤ 𝑡1 < 𝑡2 ≤ 𝑇, then  

‖�̃�𝛼1+𝛼2(𝑡2)𝑥 − �̃�𝛼1+𝛼2(𝑡1)𝑦‖𝑍
→ 0  when 𝑡2 → 𝑡1. 

iii) If 𝑆𝛼1+𝛼2(𝑡) is a compact, then the operator 

 �̃�𝛼1+𝛼2(𝑡) is a compact in X,  𝑡 > 0. 

proof: 

i. For any fixed ≥ 0 , since 𝑆𝛼1+𝛼2(𝑡) is a linear 

operator , then �̃�𝛼1+𝛼2(𝑡)  is also linear operator. 

For any  𝑦 ∈ 𝑋 , and from lemma (3),thus  

 ‖ �̃�𝛼1+𝛼2(𝑡)𝑦‖𝑍
 

 = ‖∫ 𝛼1+𝛼2𝑟𝑀𝛼1+𝛼2
(𝑟) 𝑆𝛼1+𝛼2(𝑡

𝛼1+𝛼2𝑟
∞

0
)𝑦 𝑑𝑟‖

𝑍
 

From properties of strongly continuous semigroup 

𝑆𝛼1+𝛼2(𝑡), there is �̃� > 1 and 𝑤 ≥ 0, that is 

 ‖�̃�𝛼1+𝛼2(𝑡)𝑦 ‖𝑍
 

≤ 𝛼1+𝛼2�̃� ∫ 𝑟𝑀𝛼1+𝛼2(𝑟)
∞

0
𝑒𝑤𝑡

𝛼1+𝛼2𝑟‖ 𝑦 ‖𝑋𝑑𝑟    

≤ 𝛼1+𝛼2�̃�  ∫ 𝑟𝑀𝛼1+𝛼2
(𝑟) ∑

(𝑤𝑡𝛼1+𝛼2𝑟)
𝑛

𝑛!
‖𝑦‖𝑋

∞
𝑛=0  𝑑𝑟

∞

0
  

≤ (𝛼1+𝛼2)�̃�  ∑
(𝑤𝑡𝛼1+𝛼2)𝑛

𝑛!
 ∫ 𝑟𝑛+1 𝑀𝛼1+𝛼2

(𝑟)‖𝑦‖𝑋𝑑𝑟
∞

0
∞
𝑛=0   

≤ (𝛼1+𝛼2)�̃� ∑
(𝑤𝑡𝛼1+𝛼2)𝑛

𝑛!
 

𝛤(𝑛+2)

𝛤((𝛼1+𝛼2)(𝑛+1)+1
∞
0  

‖𝑦‖𝑋 

≤ (𝛼1+𝛼2)�̃�  ∑
(𝑤𝑡𝛼1+𝛼2)𝑛

𝑛!
 

(𝑛+1)𝛤(𝑛+1)

(𝛼1+𝛼2)(𝑛+1)𝛤((𝛼1+𝛼2)(𝑛+1))

∞
0  

‖𝑦‖𝑋 ≤ �̃� 𝐸𝛼,𝛼(𝑤𝑡
𝛼)‖𝑦‖𝑋 

 where Eα,α is a Mittag-Leffler function.  

From properties of Mittag-Leffler function,  

‖�̃�𝛼1+𝛼2(𝑡)𝑦‖𝑍
≤ �̃��̂�𝛼1+𝛼2𝑒

𝑤𝑡𝛼1+𝛼2‖𝑦‖𝑍,  

where 1 <  M̂𝛼1+𝛼2 = supn∈N
n!

Γ((𝛼1+𝛼2)n+(𝛼1+𝛼2))
        

Assume that    �̃�𝛼1+𝛼2 = �̃��̂�𝛼1+𝛼2 > 1, then  

 ‖�̃�𝛼1+𝛼2(𝑡)𝑦‖𝑋
≤ �̃�𝛼1+𝛼2𝑒

𝑤𝑡𝛼1+𝛼2‖𝑦‖𝑋 .   

ii. For any  y ∈ X and  0 ≤ 𝑡1 < 𝑡2 ≤ 𝑇 , then  

  ‖�̃�𝛼1+𝛼2(𝑡2)𝑥 − �̃�𝛼1+𝛼2(𝑡1)𝑦‖𝑋
 

             

= ‖∫ (𝛼1+𝛼2)rM𝛼1+𝛼2
(r)[S𝛼1+𝛼2((𝑡2)

𝛼1+𝛼2r
∞

0
) −

       S𝛼1+𝛼2((𝑡1)
𝛼1+𝛼2r)]ydr ‖

X
  

             

≤ ∫ (𝛼1+𝛼2)rM𝛼1+𝛼2
(r)‖S𝛼1+𝛼2((𝑡2)

𝛼1+𝛼2r) −
∞

0

     S𝛼1+𝛼2((𝑡1)
𝛼1+𝛼2r)‖

X
‖y‖Xdr 

According to the strongly continuity of S𝛼1+𝛼2(𝑡), 

𝑡 ≥ 0 , thus ‖S𝛼1+𝛼2(𝑡2)z − S𝛼1+𝛼2(𝑡1)y‖X
   tends 



Open Access     Baghdad Science Journal                                P-ISSN: 2078-8665 

2021, Vol. 18 No.1 (Suppl. March)                                                             E-ISSN: 2411-7986         

 

851 

 

to zero as 𝑡2 → 𝑡1 , which means that 

{�̃�𝛼1+𝛼2(𝑡), 𝑡 ≥ 0 }  is strongly continuous. 

iii. To prove that �̃�𝛼1+𝛼2(𝑡) is compact in X, 

𝑡 ≥ 0. For each positive constant L, the set 

   𝑍𝐿 = { 𝑥 ∈ 𝑋 ∶  ‖𝑥‖  ≤  𝐿 } is clearly a bounded 

subset in X . To prove  that  for any positive 

constant L and 𝑡 ≥ 0 , the set 

     𝑊(𝑡) = {�̃�𝛼1+𝛼2(𝑡)𝑥 , 𝑥 ∈ 𝑍𝐿} 

= { ∫ (𝛼1+𝛼2)𝑟𝑀𝛼1+𝛼2
(𝑟)𝑆𝛼1+𝛼2(𝑡

𝛼1+𝛼2𝑟
∞

0
)𝑥 𝑑𝑟, 𝑥 ∈ 𝑍𝐿}    

     is relatively c0mpact in X. Let 𝑡 ≥ 0,  for all 

δ > 0 , the following subset in 𝑋 ;  
𝑊𝛿(𝑡) =

{ ∫ (𝛼1+𝛼2)𝑟𝑀𝛼1+𝛼2
(𝑟)𝑆𝛼1+𝛼2(𝑡

𝛼1+𝛼2𝑟
∞

𝛿
)𝑥 𝑑𝑟, 𝑥 ∈ 𝑍𝐿}, 

Then for 𝑥 ∈ 𝑍𝐿, implies that   

 ∫ (𝛼1+𝛼2)𝑟𝑀𝛼1+𝛼2(𝑟)𝑆𝛼1+𝛼2(𝑡
𝛼1+𝛼2𝑟

∞

𝛿
)𝑥 𝑑𝑟 

        = 𝑆𝛼1+𝛼2(𝑡
𝛼1+𝛼2𝛿) ∫ (𝛼1+𝛼2)𝑟𝑀𝛼1+𝛼2(𝑟)  

∞

𝛿
  

            𝑆𝛼1+𝛼2(𝑡
𝛼1+𝛼2𝑟 − 𝑡𝛼1+𝛼2𝛿)𝑥 𝑑𝑟  

Since S𝛼1+𝛼2(𝑡
𝛼1+𝛼2δ), 𝑡𝛼1+𝛼2δ > 0  is a compact, 

for any  𝑡 > 0 the Wδ(𝑡) is   relatively compact in 

X.  Moreover, for every  x ∈ ZL , thus  

  ‖∫ (𝛼1+𝛼2)𝑟𝑀𝛼1+𝛼2(𝑟)𝑆𝛼1+𝛼2(𝑡
𝛼1+𝛼2𝑟

∞

0
)𝑥 𝑑𝑟 −

     ∫ (𝛼1+𝛼2)𝑟𝑀𝛼1+𝛼2(𝑟)𝑆𝛼1+𝛼2(𝑡
𝛼1+𝛼2𝑟

∞

𝛿
)𝑥 𝑑𝑟 ‖   

       = ‖∫ (𝛼1+𝛼2)𝑟𝑀𝛼1+𝛼2
(𝑟)𝑆𝛼1+𝛼2(𝑡

𝛼1+𝛼2𝑟
𝛿

0
)𝑥 𝑑𝑟‖  

       ≤ (𝛼1+𝛼2)𝑀∫ 𝑒𝑡
𝛼1+𝛼2𝑟𝑟𝑀𝛼1+𝛼2(𝑟)

𝛿

0
 𝑑𝑟 

There are arbitrary relatively compact sets close to 

the set 𝑊(𝑡), 𝑡 > 0. Hence the set 𝑊(𝑡), 𝑡 > 0 is 

also relatively compact in X. 

Theorem (1): 

Consider (A1)-(A4) holds and 

                       K̂3 ∫ �̂�(𝑠)
�̂�

0
𝑑𝑠 < ∫

𝑑𝑠

Ωf(𝑠)Ωg(𝑠)

∞

K̂2
   (3.11) 

where K̂1, K̂2, K̂3 and �̂�(𝑠) defined in assumption 

(A6). Then the problem (3.4), has a mild solution 

𝓏 ∈ 𝐶𝜈
𝑅𝐿([0, 𝑇], 𝑋).  

proof: 

From our assumptions and 𝑧 ∈ 𝐶𝜈
𝑅𝐿([0, 𝑇], 𝑋) the 

maps 

    

 Φ(𝓏, 𝑦)(𝑡) = �̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0 

               +𝜆�̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0 

  +𝜆𝛼1�̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0 

             +∫ �̃�𝛼1+𝛼2(𝑡 − 𝑠)
𝑡

0
(𝑡 − 𝑠)𝛼1+𝛼2−1    

[𝑃−1𝑓[𝑠, 𝓏(𝑠, 𝑥), 𝐼𝑠
𝜈−𝛾1𝑦(𝑠, 𝑥)]𝑔[𝑠, 𝓏(𝑠, 𝑥), 𝐼𝑠

𝛾2𝓏(𝑠, 𝑥)]] 𝑑𝑠              

                                       (3.12) 

for 𝑡 ∈ [0, 𝑇], and  

 Ψ(𝓏, 𝑦)(𝑡) = 𝐷𝑅 𝜈�̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0 

                     +𝜆 𝐷𝑅 𝜈�̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0 

          +𝜆𝛼1 𝐷𝑅 𝜈�̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0 

                    + 𝐷𝑅 𝜈 ∫ �̃�𝛼1+𝛼2(𝑡 − 𝑠)
𝑡

0
(𝑡 − 𝑠)𝛼1+𝛼2−1 

[𝑃−1𝑓[𝑠, 𝓏(𝑠, 𝑥), 𝐼𝑠
𝜈−𝛾1𝑦(𝑠, 𝑥)]𝑔[𝑠, 𝓏(𝑠, 𝑥), 𝐼𝑠

𝛾2𝓏(𝑠, 𝑥)]] 𝑑𝑠

                                                    (3.13) 

by using Schaefer's theorem, this means that firstly, 

that the set   

  (𝓏𝛼1+𝛼2 , 𝑦𝛼1+𝛼2) 

= 𝜏 (Φ(𝓏𝛼1+𝛼2 , 𝑦𝛼1+𝛼2), Ψ(𝓏𝛼1+𝛼2 , 𝑦𝛼1+𝛼2)) , 0 < 𝜏 < 1 

is bounded. Secondly, to show that the operator  

𝐹: 𝐶𝜈
𝑅𝐿([0, 𝑇], 𝑋) → 𝐶𝜈

𝑅𝐿([0, 𝑇], 𝑋) is completely 

continuous. Now, from (3.12) that  

‖𝓏𝛼1+𝛼2(𝑡, 𝑥)‖ ≤ �̃�𝛼1+𝛼2𝑒
𝑤𝑡𝛼1+𝛼2‖ 𝑡𝛼1+𝛼2−1‖‖�̃�0‖ 

+𝜆�̃�𝛼1+𝛼2𝑒
𝑤𝑡𝛼1+𝛼2‖ 𝑡𝛼1+𝛼2−1‖‖�̃�0‖ + ‖𝑃

−1‖ 

               ∫ �̃�𝛼1+𝛼2𝑒
𝑤(𝑡−𝑠)𝛼1+𝛼2‖(𝑡 − 𝑠)𝛼1+𝛼2−1‖

𝑡

0
 

‖𝑓[𝑠, 𝓏(𝑠, 𝑥), 𝐼𝑠
𝜈−𝛾1𝑦(𝑠, 𝑥)]‖‖𝑔[𝑠, 𝓏(𝑠, 𝑥), 𝐼𝑠

𝛾2𝓏(𝑠, 𝑥)]‖ 𝑑𝑠          

           ≤ �̃�𝛼1+𝛼2𝑒
𝑤𝑡𝛼1+𝛼2‖𝑡𝛼1+𝛼2−1‖‖�̃�0‖ 

+𝜆�̃�𝛼1+𝛼2𝑒
𝑤𝑡𝛼1+𝛼2‖ 𝑡𝛼1+𝛼2−1‖‖�̃�0‖ 

+‖𝑃−1‖∫ �̃�𝛼1+𝛼2𝑒
𝑤(𝑡−𝑠)𝛼1+𝛼2‖(𝑡 − 𝑠)𝛼1+𝛼2−1‖

𝑡

0

 

 × 𝐾𝑓(𝑠)Ωf (‖𝓏𝛼1+𝛼2(𝑠)‖ +
𝑠𝜈−𝛾1

Γ(𝜈−𝛾1+1)
𝑠𝑢𝑝0≤𝜏≤𝑠‖𝑦𝛼1+𝛼2(𝜏)‖) 

 

× 𝐾𝑔(𝑠)Ωg (‖𝓏𝛼1+𝛼2(𝑠)‖ +
𝑠𝛾2

Γ(𝛾2+1)
𝑠𝑢𝑝0≤𝜏≤𝑠‖𝑦𝛼1+𝛼2(𝜏)‖)  𝑑𝑠   

and from (3.13) 

 ‖𝑦𝛼1+𝛼2(𝑡, 𝑥)‖ ≤ ‖ 𝐷𝑅 𝜈�̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0‖ 

                   +‖𝜆 𝐷𝑅 𝜈�̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0‖ 

       +‖𝜆𝛼1 𝐷𝑅 𝜈�̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0‖ 

                +‖ 𝐷𝑅 𝜈 ∫ �̃�𝛼1+𝛼2(𝑡 − 𝑠)
𝑡

0
(𝑡 − 𝑠)𝛼1+𝛼2−1 

× [𝑃−1𝑓[𝑠, 𝓏(𝑠, 𝑥), 𝐼𝑠
𝜈−𝛾1𝑦(𝑠, 𝑥)]𝑔[𝑠, 𝓏(𝑠, 𝑥), 𝐼𝑠

𝛾2𝓏(𝑠, 𝑥)]] 𝑑𝑠‖ 

Let  Ñ̃ = max‖ 𝐷𝑅 𝜈�̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1‖, and from 

lemma (2), then 

 ‖𝑦𝛼1+𝛼2(𝑡, 𝑥)‖ ≤ Ñ̃‖�̃�0‖ + 𝜆Ñ̃‖�̃�0‖ + 𝜆
𝛼1 Ñ̃‖�̃�0‖ 

                        +∫ ‖ 𝐷𝑅 𝜈�̃�𝛼1+𝛼2(𝑡 − 𝑠)(𝑡 − 𝑠)
𝛼1+𝛼2−1‖

𝑡

0
 

‖𝑃−1‖‖𝑓[𝑠, 𝓏(𝑠, 𝑥), 𝐼𝑠
𝜈−𝛾1𝑦(𝑠, 𝑥)]‖‖𝑔[𝑠, 𝓏(𝑠, 𝑥), 𝐼𝑠

𝛾2𝓏(𝑠, 𝑥)]‖𝑑𝑠 

                    ≤ Ñ̃‖�̃�0‖ + 𝜆Ñ̃‖�̃�0‖ + 𝜆
𝛼1 Ñ̃‖�̃�0‖ + ‖𝑃

−1‖Ñ̃ 
                     

∫ 𝐾𝑓(𝑠)Ωf
𝑡

0
(‖𝓏𝛼1+𝛼2(𝑠)‖ +

𝑠𝜈−𝛾

Γ(𝜈−𝛾+1)
sup
0≤𝜏≤𝑠

‖𝑦𝛼1+𝛼2(𝜏)‖) 

𝐾𝑔(𝑠)Ωg (‖𝓏𝛼1+𝛼2(𝑠)‖ +
𝑠𝛾2

Γ(𝛾2+1)
𝑠𝑢𝑝0≤𝜏≤𝑠‖𝑦𝛼1+𝛼2(𝜏)‖) 𝑑𝑠  

Clearly 

‖𝓏𝛼1+𝛼2(𝑡, 𝑥)‖ + ‖𝑦𝛼1+𝛼2(𝑡, 𝑥)‖

≤ (Ñ̃ + �̃�𝛼1+𝛼2𝑒
𝑤𝑡𝛼1+𝛼2‖ 𝑡𝛼1+𝛼2−1‖)‖�̃�0‖ 

                         

+𝜆 (Ñ̃ + �̃�𝛼1+𝛼2𝑒
𝑤𝑡𝛼1+𝛼2‖𝑡𝛼1+𝛼2−1‖) ‖�̃�0‖ 

                         

+𝜆𝛼1 (Ñ̃ + �̃�𝛼1+𝛼2𝑒
𝑤𝑡𝛼1+𝛼2‖ 𝑡𝛼1+𝛼2−1‖)‖�̃�0‖ 

                         

+‖𝑃−1‖∫ (�̃�𝛼1+𝛼2𝑒
𝑤(𝑡−𝑠)𝛼1+𝛼2‖(𝑡 −

𝑡

0

      𝑠)𝛼1+𝛼2−1‖ + Ñ̃)  
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 𝐾𝑓(𝑠)Ωf (‖𝓏𝛼(𝑠)‖ +
𝑠𝜈−𝛾1

Γ(𝜈−𝛾+1)
sup
0≤𝜏≤𝑠

‖𝑦𝛼(𝜏)‖) 

              

𝐾𝑔(𝑠)Ωg (‖𝓏𝛼(𝑠)‖ +
𝑠𝛾2

Γ(𝛾2+1)
𝑠𝑢𝑝0≤𝜏≤𝑠‖𝑦𝛼(𝜏)‖)  𝑑𝑠 

put 

 𝜗𝑓(𝑡)𝜗𝑔(𝑡) 

= 𝑚𝑎𝑥 {1,
𝑇𝜈−𝛾

Γ(𝜈 − 𝛾 + 1)
} sup
0≤𝜏≤𝑡

(‖𝓏𝛼1+𝛼2(𝜏)‖ + ‖𝑦𝛼1+𝛼2(𝜏)‖) 

     𝑚𝑎𝑥 {1,
𝑇𝛾2

Γ(𝛾2 + 1)
} sup
0≤𝜏≤�̂�

(‖𝓏𝛼1+𝛼2(𝜏)‖ + ‖𝑦𝛼1+𝛼2(𝜏)‖) 

Then  

 𝜗𝑓(𝑡)𝜗𝑔(𝑡) ≤ 𝑚𝑎𝑥 {1,
𝑇𝜈−𝛾1

Γ(𝜈−𝛾1+1)
}𝑚𝑎𝑥 {1,

𝑇𝛾2

Γ(𝛾2+1)
} 

           × {(Ñ̃ + �̃�𝛼1+𝛼2𝑒
𝑤𝑡𝛼1+𝛼2‖ 𝑡𝛼1+𝛼2−1‖)‖�̃�0‖ 

+𝜆 (Ñ̃ + �̃�𝛼1+𝛼2𝑒
𝑤𝑡𝛼1+𝛼2‖ 𝑡𝛼1+𝛼2−1‖) ‖�̃�0‖ 

     +𝜆𝛼1 (Ñ̃ + �̃�𝛼1+𝛼2𝑒
𝑤𝑡𝛼1+𝛼2‖ 𝑡𝛼1+𝛼2−1‖) ‖�̃�0‖ + ‖𝑃

−1‖ 

  ∫ (�̃�𝛼1+𝛼2𝑒
𝑤(𝑡−𝑠)𝛼1+𝛼2‖(𝑡 − 𝑠)𝛼1+𝛼2−1‖ + Ñ̃)

𝑡

0
 

𝐾𝑓(𝑠)Ωf (𝜗𝑓(𝑠))𝐾𝑔(𝑠)Ωg (𝜗𝑔(𝑠))  𝑑𝑠 

 𝜗𝑓(𝑡)𝜗𝑔(𝑡) 

       ≤ 𝑚𝑎𝑥 {1,
𝑇𝜈−𝛾1

Γ(𝜈−𝛾1+1)
}𝑚𝑎𝑥 {1,

𝑇𝛾2

Γ(𝛾2+1)
} 

          {K̂1 + ∫ �̂�(𝑠)
𝑡

0
Ωf (𝜗𝑓(𝑠))Ωg (𝜗𝑔(𝑠))  𝑑𝑠} 

                    

≤ K̂3 {K̂1 + ∫ �̂�(𝑠)
𝑡

0
(Ωf (𝜗𝑓(𝑠))) (Ωg (𝜗𝑔(𝑠)))  𝑑𝑠} 

                    

≤ K̂2 + K̂3 ∫ �̂�(𝑠)
𝑡

0
(Ωf (𝜗𝑓(𝑠))) (Ωg (𝜗𝑔(𝑠)))  𝑑𝑠 

where 

 K̂1 = {(Ñ̃ + �̃�𝛼1+𝛼2𝑒
𝑤𝑡𝛼1+𝛼2‖ 𝑡𝛼1+𝛼2−1‖)‖�̃�0‖ 

+𝜆 (Ñ̃ + �̃�𝛼1+𝛼2𝑒
𝑤𝑡𝛼1+𝛼2‖ 𝑡𝛼1+𝛼2−1‖) ‖�̃�0‖ 

        +𝜆𝛼1 (Ñ̃ + �̃�𝛼1+𝛼2𝑒
𝑤𝑡𝛼1+𝛼2‖ 𝑡𝛼1+𝛼2−1‖) ‖�̃�0‖ 

K̂3 = 𝑚𝑎𝑥 {1,
𝑇𝜈−𝛾1

Γ(𝜈−𝛾1+1)
}𝑚𝑎𝑥 {1,

𝑇𝛾2

Γ(𝛾2+1)
} and      

K̂2 = K̂1K̂3  

�̂�(𝑠) = ‖𝑃−1‖∫ (�̃�𝛼1+𝛼2𝑒
𝑤(𝑡−𝑠)𝛼1+𝛼2‖(𝑡 − 𝑠)𝛼1+𝛼2−1‖

𝑡

0

+ Ñ̃)𝐾𝑓(𝑠)Ωf 𝐾𝑔(𝑠)Ωg 

Let  �̃�𝑓,𝑔(𝑡) 

= K̂2 + K̂3 ∫ �̂�(𝑠)
𝑡

0
(Ωf (𝜗𝑓(𝑠))) (Ωg (𝜗𝑔(𝑠)))  𝑑𝑠  

then 

        𝜗𝑓(𝑡)𝜗𝑔(𝑡) ≤ �̃�𝑓,𝑔(𝑡)  and �̃�𝑓,𝑔(0) = K̂2 

        �̃�𝑓,𝑔
′ (𝑡) ≤ K̂3�̂�(𝑡) (Ωf (𝜗𝑓(𝑡))) (Ωg (𝜗𝑔(𝑡)))   

Then, 

 ∫
𝑑𝑠

Ωf(𝑠)Ωg(𝑠)

�̃�𝑓,𝑔(𝑡)

K̂2
≤ K̂3 ∫ �̂�(𝑠)

𝑡

0
𝑑𝑠 

From (3.13), that is 

∫
𝑑𝑠

Ωf(𝑠)Ωg(𝑠)

�̃�𝑓,𝑔(𝑡)

K̂2
≤ K̂3 ∫ �̂�(𝑠)

𝑡

0
𝑑𝑠 < ∫

𝑑𝑠

Ωf(𝑠)Ωg(𝑠)

∞

K̂2
              

               

This means that 𝜗𝑓,𝑔(𝑡) is bounded, then the set of 

solutions 

(𝓏𝛼1+𝛼2 , 𝑦𝛼1+𝛼2) =

𝜏 (Φ(𝓏𝛼1+𝛼2 , 𝑦𝛼1+𝛼2),Ψ(𝓏𝛼1+𝛼2 , 𝑦𝛼1+𝛼2)) , is 

bounded.                                                   (3.14) 

Now, to prove that the operator 𝐹: 𝐶𝜈
𝑅𝐿([0, 𝑇], 𝑋) →

𝐶𝜈
𝑅𝐿([0, 𝑇], 𝑋) is completely continuous, where  

 (𝐹𝓏)(𝑡) 
= �̃�𝛼1+𝛼2(𝑡) 𝑡

𝛼1+𝛼2−1�̃�0 + 𝜆�̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0 

  +𝜆𝛼1�̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0 

  +∫ �̃�𝛼1+𝛼2(𝑡 − 𝑠)
𝑡

0
(𝑡 − 𝑠)𝛼1+𝛼2−1 

      [𝑃−1𝑓[𝑠, 𝓏, 𝐷𝑅 𝑠
𝛾1𝓏]𝑔[𝑠, 𝓏, 𝐼𝑠

𝛾2𝓏]] 𝑑𝑠  

Let 𝐻𝑙 = {𝓏 ∈ 𝐶𝜈
𝑅𝐿([0, 𝑇], 𝑋) ∶  ‖𝓏‖∗ ≤ 𝑙, 𝑙 ≥ 1}. 

The first thing to do is that F maps 𝐻𝑙 into an 

equicontinuous family. Let 𝓏 ∈ 𝐻𝑙  and 𝑡1, 𝑡2 ∈
[0, 𝑇] then if 0 < 𝑡1 < 𝑡2 ≤ 𝑇. 

‖(𝐹𝓏)(𝑡1) − (𝐹𝓏)(𝑡2)‖ 

≤ ‖�̃�𝛼1+𝛼2(𝑡1)𝑡1
𝛼1+𝛼2−1 − �̃�𝛼1+𝛼2(𝑡2)𝑡2

𝛼1+𝛼2−1‖‖�̃�0‖ 

+𝜆‖�̃�𝛼1+𝛼2(𝑡1)𝑡1
𝛼1+𝛼2−1 − �̃�𝛼1+𝛼2(𝑡2)𝑡2

𝛼1+𝛼2−1‖‖�̃�0‖ 

   +∫ ‖�̃�𝛼1+𝛼2(𝑡1 − 𝑠)(𝑡1 − 𝑠)
𝛼1+𝛼2−1

𝑡1
0

 

   −�̃�𝛼1+𝛼2(𝑡2 − 𝑠)(𝑡2 − 𝑠)
𝛼1+𝛼2−1 

      𝑃−1𝑓[𝑠, 𝓏, 𝐷𝑅 𝑠
𝛾1𝓏]𝑔[𝑠, 𝓏, 𝐼𝑠

𝛾2𝓏]‖𝑑𝑠 

   +∫ ‖�̃�𝛼1+𝛼2(𝑡2 − 𝑠)(𝑡2 − 𝑠)
𝛼1+𝛼2−1

𝑡2
𝑡1

 

      𝑃−1𝑓[𝑠, 𝓏, 𝐷𝑅 𝑠
𝛾1𝓏]𝑔[𝑠, 𝓏, 𝐼𝑠

𝛾2𝓏]‖𝑑𝑠 

  ≤ ‖�̃�𝛼1+𝛼2(𝑡1) − �̃�𝛼1+𝛼2(𝑡2)‖‖�̃�0‖ 

   +𝜆‖�̃�𝛼1+𝛼2(𝑡1) − �̃�𝛼1+𝛼2(𝑡2)‖‖�̃�0‖ 

       +∫ ‖[�̃�𝛼1+𝛼2(𝑡1 − 𝑠) − �̃�𝛼1+𝛼2(𝑡2 − 𝑠)]
𝑡1
0

𝑑𝑠 

       𝑃−1𝑓[𝑠, 𝓏, 𝐷𝑅 𝑠
𝛾1𝓏]𝑔[𝑠, 𝓏, 𝐼𝑠

𝛾2𝓏]𝑑𝑠 

  ≤ ‖�̃�𝛼1+𝛼2(𝑡1) − �̃�𝛼1+𝛼2(𝑡2)‖‖�̃�0‖ 

   +𝜆‖�̃�𝛼1+𝛼2(𝑡1) − �̃�𝛼1+𝛼2(𝑡2)‖‖�̃�0‖ 

   +∫ ‖�̃�𝛼1+𝛼2(𝑡1 − 𝑠) − �̃�𝛼1+𝛼2(𝑡2 − 𝑠)‖‖𝑃
−1‖

𝑡1
0

        

       𝐾𝑓(𝑠)Ωf(‖𝑧(𝑠)‖ + ‖𝐼𝑠
𝜈−𝛾

𝑦(𝑠)‖) 

 𝐾𝑔(𝑠)Ωg(‖𝑧(𝑠)‖ + ‖𝐼𝑠
𝛾2𝑦(𝑠)‖) 𝑑𝑠    

   +∫ ‖[�̃�𝛼1+𝛼2(𝑡2 − 𝑠)]‖
𝑡2
𝑡1

‖𝑃−1‖ 

𝐾𝑓(𝑠)Ωf(‖𝑧(𝑠)‖ + ‖𝐼𝑠
𝜈−𝛾

𝑦(𝑠)‖) 

𝐾𝑔(𝑠)Ωg(‖𝑧(𝑠)‖ + ‖𝐼𝑠
𝛾2𝑦(𝑠)‖)𝑑𝑠 

  ≤ ‖�̃�𝛼1+𝛼2(𝑡1) − �̃�𝛼1+𝛼2(𝑡2)‖‖�̃�0‖ 

   +𝜆‖�̃�𝛼1+𝛼2(𝑡1) − �̃�𝛼1+𝛼2(𝑡2)‖‖�̃�0‖ 

   +∫ ‖�̃�𝛼1+𝛼2(𝑡2 − 𝑠) − �̃�𝛼1+𝛼2(𝑡2 − 𝑠)‖‖𝑃
−1‖

𝑡1
0

 

 𝐾𝑓(𝑠)Ωf (𝑟 + 
𝑇𝜈−𝛾

Γ(𝜈−𝛾+1)
𝑟) 

 𝐾𝑔(𝑠)Ωg  (𝑟 +
𝑇𝛾2

Γ(𝛾2+1)
𝑟) 𝑑𝑠 

   +∫ ‖[�̃�𝛼1+𝛼2(𝑡2 − 𝑠)]‖
𝑡2
𝑡2

‖𝑃−1‖ 

 𝐾𝑓(𝑠)Ωf (𝑟 +
𝑇𝜈−𝛾

Γ(𝜈−𝛾+1)
𝑟) 

𝐾𝑔(𝑠)Ωg  (𝑟 +
𝑇𝛾2

Γ(𝛾2+1)
𝑟) 𝑑𝑠        (3.15) 

and similarly  
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‖ 𝐷𝑅 𝑡
𝜈(𝐹𝑧)(𝑡1) − 𝐷𝑅 𝑡

𝜈(𝐹𝑧)(𝑡2)‖ 

≤ ‖ 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡1)𝑡1

𝛼1+𝛼2−1 − 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡2)𝑡2

𝛼1+𝛼2−1‖‖�̃�0‖ 

+𝜆‖ 𝐷𝑅 𝑡
𝛼1+𝛼2�̃�𝛼1+𝛼2(𝑡1)𝑡1

𝛼1+𝛼2−1

− 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡2)𝑡2

𝛼1+𝛼2−1‖‖�̃�0‖ 

 +∫ ‖[ 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡1 − 𝑠)(𝑡1 − 𝑠)

𝛼1+𝛼2−1 −
𝑡1
0

               𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡2 − 𝑠)(𝑡2 − 𝑠)

𝛼1+𝛼2−1] 

 × [𝑃−1𝑓[𝑠, 𝓏, 𝐷𝑅 𝑠
𝛾1𝓏(𝑠, 𝑥)]𝑔[𝑠, 𝓏, 𝐼𝑠

𝛾2𝓏(𝑠, 𝑥)]]‖𝑑𝑠 

 +∫ ‖[ 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡2 − 𝑠)(𝑡2 − 𝑠)

𝛼1+𝛼2−1]
𝑡2
𝑡1

 

 [𝑃−1𝑓[𝑡, 𝓏, 𝐷𝑅 𝑠
𝛾1𝓏(𝑠, 𝑥)]𝑔[𝑠, 𝓏, 𝐼𝑠

𝛾2𝓏(𝑠, 𝑥)]]‖𝑑𝑠 

≤ ‖ 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡1)𝑡1

𝛼1+𝛼2−1 − 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡2)𝑡2

𝛼1+𝛼2−1‖‖�̃�0‖ 

+𝜆‖ 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡1)𝑡1

𝛼1+𝛼2−1

− 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡2)𝑡2

𝛼1+𝛼2−1‖‖�̃�0‖ 

 +∫ ‖[ 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡1 − 𝑠)(𝑡1̀ − 𝑠)

𝛼1+𝛼2−1 −
𝑡1
0

               𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡2 − 𝑠)(𝑡2 − 𝑠)

𝛼1+𝛼2−1] 

 × [𝑃−1𝑓[𝑠, 𝓏, 𝐷𝑅 𝑠
𝛾1𝓏(𝑠, 𝑥)]𝑔[𝑠, 𝓏, 𝐼𝑠

𝛾2𝓏(𝑠, 𝑥)]]‖𝑑𝑠 

 +∫ ‖[ 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡2 − 𝑠)(𝑡2 − 𝑠)

𝛼1+𝛼2−1]
𝑡2
𝑡1

𝑑𝑠 

𝑃−1𝑓[𝑠, 𝓏, 𝐼𝑠
𝜈−𝛾1𝑦(𝑠, 𝑥)]𝑔[𝑠, 𝓏, 𝐼𝑠

𝛾2𝓏(𝑠, 𝑥)]‖𝑑𝑠 

≤ ‖ 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡1)𝑡1

𝛼1+𝛼2−1

− 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡2)𝑡2

𝛼1+𝛼2−1‖‖�̃�0‖ 

+𝜆‖ 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡1)𝑡1

𝛼1+𝛼2−1

− 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡2)𝑡2

𝛼1+𝛼2−1‖‖�̃�0‖ 

 +∫ ‖[ 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡1 − 𝑠)(𝑡1 − 𝑠)

𝛼1+𝛼2−1 −
𝑡1
0

               𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡2 − 𝑠)(𝑡2 − 𝑠)

𝛼1+𝛼2−1]‖ 

 × ‖𝑃−1‖𝐾𝑓(𝑠)Ωf(‖𝑧(𝑠)‖ + ‖𝐼𝑠
𝜈−𝛾

𝑦(𝑠)‖) 

𝐾𝑔(𝑠)Ωg(‖𝑧(𝑠)‖ + ‖𝐼𝑠
𝛾2𝑦(𝑠)‖)𝑑𝑠 

 +∫ ‖[ 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡2 − 𝑠)(𝑡2 − 𝑠)

𝛼1+𝛼2−1]‖
𝑡2
𝑡1

 

 × ‖𝑃−1‖𝐾𝑓(𝑠)Ωf(‖𝑧(𝑠)‖ + ‖𝐼𝑠
𝜈−𝛾

𝑦(𝑠)‖) 

𝐾𝑔(𝑠)Ωg(‖𝑧(𝑠)‖ + ‖𝐼𝑠
𝛾2𝑦(𝑠)‖)𝑑𝑠 

≤ ‖ 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡1)𝑡1

𝛼1+𝛼2−1

− 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡2)𝑡2

𝛼1+𝛼2−1‖‖�̃�0‖ 

+𝜆‖ 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡1)𝑡1

𝛼1+𝛼2−1

− 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡2)𝑡2

𝛼1+𝛼2−1‖‖�̃�0‖ 

 +∫ ‖[ 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡1 − 𝑠)(𝑡1 − 𝑠)

𝛼1+𝛼2−1 −
𝑡1
0

               𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡2 − 𝑠)(𝑡2 − 𝑠)

𝛼1+𝛼2−1]‖ 

 × ‖𝑃−1‖𝐾𝑓(𝑠)Ωf (𝑟 +
𝑇𝜈−𝛾

Γ(𝜈−𝛾+1)
𝑟) 

 𝐾𝑔(𝑠)Ωg  (𝑟 +
𝑇𝛾2

Γ(𝛾2+1)
𝑟) 𝑑𝑠 

 +∫ ‖[ 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡2 − 𝑠)(𝑡2 − 𝑠)

𝛼1+𝛼2−1]‖
𝑡2
𝑡1

 

× ‖𝑃−1‖𝐾𝑓(𝑠)Ωf (𝑟 +
𝑇𝜈−𝛾

Γ(𝜈−𝛾+1)
𝑟)  

𝐾𝑔(𝑠)Ωg  (𝑟 +
𝑇𝛾2

Γ(𝛾2+1)
𝑟) 𝑑𝑠     (3.16) 

in equation (3.15) and (3.16) the right-hand side are 

independent of 𝑧 ∈ 𝐻𝑙 and tend to zero as 𝑡1 → 𝑡2. 

Since �̃�𝛼1+𝛼2(𝑡) , 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡) are uniformly 

continuous for  𝑡 ∈ [0, 𝑇]  and the compactness of  

𝑆𝛼1+𝛼2(𝑡), 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2 for 𝑡 > 0 imply the 

continuity in the uniform operator topology. 

Then 𝐹 maps 𝐻𝑙 into an equicontinuous family. 

Now to show that 𝐹𝐻𝑙̅̅ ̅̅ ̅  is compact. Since have been 

proved that F map 𝐻𝑙 into an equicontinuous 

family. To prove that 𝐹 maps 𝐻𝑙 into a precompact 

set in 𝐶𝜈
𝑅𝐿([0, 𝑇], 𝑋) and apply the Arzela- Ascoli 

theorem. 

Let ∈ (0, 𝑇] , 𝜖 ∈ (0, 𝑡) for 𝑧 ∈ 𝐻𝑙 , then  

 (𝐹𝜖𝓏)(𝑡) = �̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0 

+𝜆�̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0 + 𝜆

𝛼1�̃�𝛼1+𝛼2(𝑡) 𝑡
𝛼1+𝛼2−1�̃�0 

+∫ �̃�𝛼1+𝛼2(𝑡 − 𝑠)
𝑡−𝜖

0
(𝑡 − 𝑠)𝛼1+𝛼2−1  

[𝑃−1𝑓[𝑠, 𝓏, 𝐷𝑅 𝑠
𝛾1𝓏(𝑠, 𝑥)]𝑔[𝑠, 𝓏, 𝐼𝑠

𝛾2𝓏(𝑠, 𝑥)]] 𝑑𝑠 

Since �̃�𝛼1+𝛼2(𝑡), 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2 are compact operator, 

the set  𝐸𝜖(𝑡) = {(𝐹𝜖𝓏)(𝑡): 𝓏 ∈ 𝐻𝑙} is precompact 

in 𝐶𝜈
𝑅𝐿([0, 𝑇], 𝑋) for 𝜖 ∈ (0, 𝑡) and for every ∈ 𝐻𝑙 , 

then  

‖(𝐹𝓏)(𝑡) − (𝐹𝜖𝓏)(𝑡)‖   

≤ ∫ ‖[�̃�𝛼1+𝛼2(𝑡 − 𝑠)(𝑡 − 𝑠)
𝛼1+𝛼2−1]

𝑡

𝑡−𝜖
  

𝑃−1𝑓[𝑠, 𝓏, 𝐷𝑅 𝑠
𝛾1𝓏(𝑠, 𝑥)]𝑔[𝑠, 𝓏, 𝐼𝑠

𝛾2𝓏(𝑠, 𝑥)]‖𝑑𝑠 

     ≤ ∫ ‖[�̃�𝛼1+𝛼2(𝑡 − 𝑠)]‖
𝑡

𝑡−𝜖
 

‖𝑃−1‖𝐾𝑓(𝑠)Ωf (𝑟 +
𝑇𝜈−𝛾

Γ(𝜈 − 𝛾 + 1)
𝑟) 

𝐾𝑔(𝑠)Ωg  (𝑟 +
𝑇𝛾2

Γ(𝛾2+1)
𝑟) 𝑑𝑠 .        (3.17) 

and  

‖ 𝐷𝑅 𝑡
𝜈(𝐹𝓏)(𝑡) − 𝐷𝑅 𝑡

𝜈(𝐹𝜖𝓏)(𝑡)‖  

 ≤ ∫ ‖[ 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡 − 𝑠)(𝑡 − 𝑠)

𝛼1+𝛼2−1]
𝑡

𝑡−𝜖
 

𝑃−1𝑓 (𝑠, 𝑧(𝑠), 𝐷𝑅 𝑠
𝛾1𝑧(𝑠))𝑔 (𝑠, 𝑧(𝑠), 𝐼𝑠

𝛾2𝑧(𝑠))‖𝑑𝑠           

≤ ∫ ‖ 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡 − 𝑠)(𝑡 − 𝑠)

𝛼1+𝛼2−1‖
𝑡

𝑡−𝜖
 

 ‖𝑃−1‖𝐾𝑓(𝑠)Ωf (𝑟 +
𝑇𝜈−𝛾

Γ(𝜈−𝛾+1)
𝑟) 

𝐾𝑔(𝑠)Ωg  (𝑟 +
𝑇𝛾2

Γ(𝛾2+1)
𝑟) 𝑑𝑠.       (3.18) 

Then there are arbitrarily pre-compact sets close to 

the set  {(𝐹𝓏)(𝑡): 𝓏 ∈ 𝐻𝑙} . Hence the set 

{(𝐹𝓏)(𝑡): 𝓏 ∈ 𝐻𝑙}  is precompact in 𝐶𝜈
𝑅𝐿([0, 𝑇], 𝑋). 

Now, to show that 𝐹: 𝐶𝜈
𝑅𝐿([0, 𝑇], 𝑋) →

𝐶𝜈
𝑅𝐿([0, 𝑇], 𝑋) is continuous.  

Let 𝓏𝑛  be a sequence, such that  {𝓏𝑛}0
∞  ⊆

𝐶𝜈
𝑅𝐿([0, 𝑇], 𝑋) with 𝓏𝑛 → 𝓏 in 𝐶𝜈

𝑅𝐿([0, 𝑇], 𝑋). Then 

there is integer 𝑝 such that ‖𝓏𝑛(𝑡, 𝑥)‖ ≤ 𝑝, 

‖ 𝐷𝑅 𝑡
𝛾
𝓏𝑛(𝑡, 𝑥)‖ ≤ 𝑝 for all 𝑛 and 𝑡 ∈ [0, 𝑇] so 

‖𝑧(𝑡, 𝑥)‖ ≤ 𝑝, ‖ 𝐷𝑅 𝑡
𝛾
𝑧(𝑡, 𝑥)‖ ≤ 𝑝 ,  

𝑧(𝑡, 𝑥), 𝐷𝑅 𝑡
𝛾
𝑧(𝑡, 𝑥)  ∈ 𝐶𝜈

𝑅𝐿([0, 𝑇], 𝑋) . 
 from (A4),  

𝑓 (𝑡, 𝓏𝑛(𝑡, 𝑥), 𝐷𝑅 𝑡
𝛾1𝓏𝑛(𝑡, 𝑥))

⟶ 𝑓 (𝑡, 𝓏(𝑡, 𝑥), 𝐷𝑅 𝑡
𝛾1𝓏(𝑡, 𝑥)) 

and from (A5), implies that  
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 𝑔 (𝑡, 𝓏𝑛(𝑡, 𝑥), 𝐼𝑡
𝛾2𝓏𝑛(𝑡, 𝑥)) → 𝑔 (𝑡, 𝓏(𝑡, 𝑥), 𝐼𝑡

𝛾2𝓏(𝑡, 𝑥)) 

𝑓 (𝑡, 𝓏𝑛(𝑡, 𝑥), 𝐷𝑅 𝑡
𝛾1𝓏𝑛(𝑡, 𝑥)) 𝑔 (𝑡, 𝓏𝑛(𝑡, 𝑥), 𝐼𝑡

𝛾2𝓏𝑛(𝑡, 𝑥))

⟶ 𝑓 (𝑡, 𝓏(𝑡, 𝑥), 𝐷𝑅 𝑡
𝛾1𝓏(𝑡, 𝑥)) 𝑔 (𝑡, 𝓏(𝑡, 𝑥), 𝐼𝑡

𝛾2𝓏(𝑡, 𝑥)) 

for each 𝑡 ∈ 𝐽 = [0, 𝑇] and since  

 ‖𝑓 (𝑡, 𝓏𝑛(𝑡, 𝑥), 𝐷𝑅 𝑡
𝛾1𝓏𝑛(𝑡, 𝑥)) 𝑔 (𝑡, 𝓏𝑛(𝑡, 𝑥), 𝐼𝑡

𝛾2𝓏𝑛(𝑡, 𝑥)) 

−𝑓 (𝑡, 𝓏(𝑡, 𝑥), 𝐷𝑅 𝑡
𝛾1𝓏(𝑡, 𝑥)) 𝑔 (𝑡, 𝓏(𝑡, 𝑥), 𝐼𝑡

𝛾2𝓏(𝑡, 𝑥))‖ 

≤ ‖𝑓 (𝑡, 𝓏𝑛(𝑡, 𝑥), 𝐷𝑅 �̀�
𝛾1𝓏𝑛(𝑡, 𝑥)) 𝑔 (𝑡, 𝓏𝑛(𝑡, 𝑥), 𝐼𝑡

𝛾2𝓏𝑛(𝑡, 𝑥))‖ 

+‖𝑓 (𝑡, 𝓏(𝑡, 𝑥), 𝐷𝑅 𝑡
𝛾1𝓏(𝑡, 𝑥)) 𝑔 (𝑡, 𝓏(𝑡, 𝑥), 𝐼𝑡

𝛾2𝓏(𝑡, 𝑥))‖ 

≤ ‖𝑓 (𝑡, 𝓏𝑛(𝑡, 𝑥), 𝐼𝑡
𝜂−𝛾1𝑦𝑛(𝑡, 𝑥)) 𝑔 (𝑡, 𝓏𝑛(𝑡, 𝑥), 𝐼𝑡

𝛾2𝓏𝑛(𝑡, 𝑥))‖ 

+‖𝑓 (𝑡, 𝓏(𝑡, 𝑥), 𝐼𝑡
𝜈−𝛾1𝑦(𝑡, 𝑥)) 𝑔 (𝑡, 𝓏(𝑡, 𝑥), 𝐼𝑡

𝛾2𝓏(𝑡, 𝑥))‖ 

≤ ‖𝑓 (𝑡, 𝓏𝑛(𝑡, 𝑥), 𝐼𝑡
𝜂−𝛾1𝑦𝑛(𝑡, 𝑥))‖‖𝑔 (𝑡, 𝑧𝑛(𝑡, 𝑥), 𝐼𝑡

𝛾2𝑧𝑛(𝑡, 𝑥))‖ 

+‖𝑓 (𝑡, 𝓏(𝑡, 𝑥), 𝐼𝑡
𝜈−𝛾1𝑦(𝑡, 𝑥))‖ ‖𝑔 (𝑡, 𝓏(𝑡, 𝑥), 𝐼𝑡

𝛾2𝓏(𝑡, 𝑥))‖                       

 ≤ 2𝐾𝑓(𝑡)Ωf (‖𝓏‖ +
𝑇𝜈−𝛾1

Γ(𝜈−𝛾+1)
‖𝑦‖) 

 𝐾𝑔(𝑡)Ωg (‖𝓏‖ +
𝑇𝛾2

Γ(𝛾2+1)
‖𝑦‖) 

 Therefore, 

 ‖𝐹𝓏𝑛 − 𝐹𝓏‖ 

 = sup
t∈J

‖∫ �̃�𝛼1+𝛼2(𝑡 − 𝑠)(𝑡 − 𝑠)
𝛼1+𝛼2−1𝑃−1

𝑡

0
 

[𝑓 (𝑠, 𝓏𝑛, 𝐷𝑅 𝑠
𝛾1𝓏𝑛(𝑠, 𝑥))𝑔 (𝑠, 𝓏𝑛, 𝐼𝑠

𝛾2𝓏𝑛(𝑠, 𝑥))

− 𝑓 (𝑠, 𝓏, 𝐷𝑅 𝑠
𝛾1𝓏(𝑠, 𝑥)) 𝑔 (𝑠, 𝓏, 𝐼𝑠

𝛾2𝓏(𝑠, 𝑥))]  𝑑𝑠‖ 

 

 ≤ ‖�̃�𝛼1+𝛼2(𝑡 − 𝑠)(𝑡 − 𝑠)
𝛼1+𝛼2−1‖‖𝑃−1‖          

∫ ‖𝑓 (𝑠, 𝓏𝑛 , 𝐷𝑅 𝑠
𝛾1𝓏𝑛(𝑠, 𝑥)) 𝑔 (𝑠, 𝓏𝑛 , 𝐼𝑠

𝛾2𝓏𝑛(𝑠, 𝑥))
𝑡

0
 

−𝑓 (𝑠, 𝓏, 𝐷𝑅 𝑠
𝛾1𝓏(𝑠, 𝑥)) 𝑔 (𝑠, 𝓏, 𝐼𝑠

𝛾2𝓏(𝑠, 𝑥))‖𝑑𝑠 → 0 

and 

 ‖ 𝐷𝑅 𝑡
𝜈(𝐹𝓏𝑛) − 𝐷𝑅 𝑡

𝜈(𝐹𝓏)‖ 

 = supt∈J ‖∫ 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡 − 𝑠)(𝑡 − 𝑠)

𝛼1+𝛼2−1
𝑡

0
𝑃−1 

  [𝑓 (𝑠, 𝓏𝑛 , 𝐷𝑅 𝑠
𝛾1𝓏𝑛(𝑠, 𝑥)) 𝑔 (𝑠, 𝓏𝑛 , 𝐼𝑠

𝛾2𝓏𝑛(𝑠, 𝑥)) −

         𝑓 (𝑠, 𝓏, 𝐷𝑅 𝑠
𝛾1𝓏(𝑠, 𝑥)) 𝑔 (𝑠, 𝓏, 𝐼𝑠

𝛾2𝓏(𝑠, 𝑥))] 𝑑𝑠‖ 

  ≤ ‖ 𝐷𝑅 𝑡
𝜈�̃�𝛼1+𝛼2(𝑡 − 𝑠)(𝑡 − 𝑠)

𝛼1+𝛼2−1‖‖𝑃−1‖   

            

∫ ‖𝑓 (𝑠, 𝓏𝑛(𝑠, 𝑥), 𝐷𝑅 𝑠
𝛾1𝓏𝑛(𝑠, 𝑥)) 𝑔 (𝑠, 𝓏𝑛(𝑠, 𝑥), 𝐼𝑠

𝛾2𝓏𝑛(𝑠, 𝑥))
𝑡

0
 

−𝑓 (𝑠, 𝓏(𝑠, 𝑥), 𝐷𝑅 𝑠
𝛾1𝓏(𝑠, 𝑥)) 𝑔 (𝑠, 𝓏(𝑠, 𝑥), 𝐼𝑠

𝛾2𝓏(𝑠, 𝑥))‖  𝑑𝑠 → 0 

Then  𝐹 is continuous and from (3.15), (3.16) 𝐹 

is equicontinuous and from (3.17), (3.18) 𝐹 is 

precompact this means 𝐹 is a completely 

continuous and from (3.14) the set of solutions 

(𝓏𝛼1+𝛼2 , 𝑦𝛼1+𝛼2) 

= 𝜏 (Φ(𝓏𝛼1+𝛼2 , 𝑦𝛼1+𝛼2),Ψ(𝓏𝛼1+𝛼2 , 𝑦𝛼1+𝛼2)) ,  

0 < 𝜏 < 1  is bounded. Then  𝐹 has fixed point in 

𝐶𝜈
𝑅𝐿([0, 𝑇], 𝑋) (Schaefer theorem) therefore every 

fixed point of  𝐹 is a mild solution of (3.4) on 
[0, 𝑇]. 

 

 

Conclusion 
Concluded that the solvability of fractional 

order intgro-partial differential system needed the 

Laplace fractional transforms with Mainardi's 

function for computing the mild solution and the 

certain semigroup play important role. The 

assumptions presented in this work are necessary 

conditions for proving the solvability by 

transforming the problem to abstract Cauchy 

problem and the nonlinear functional analysis make 

a big role with specifying the space and domain of 

operators to generalize the problem of extensible 

beam equations and other certain problems.   
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 قابلية الحل لبعض الأنظمة من المعادلات المتعددة التفاضلية التكاملية ذات الرتب الكسرية
 

 سمير قاسم حسن    علي كاظم جبار

 
 قسم الرياضيات, كلية التربية, الجامعة المستنصرية, بغداد, العراق

 

 الخلاصة
م خلال البحث تم المناقشة وبالتفصيل قابلية الحل لبعض الأنظمة من المعادلات المتعددة التفاضلية التكاملية ذات الرتب الكسرية باستخدا

 وايضا نظرية شبه زمرة المختارة مع بعض الشروط الضرورية والكافية.مفهوم مسائل كوشي المختصرة 

 

 ,  نظرية شبه الزمرة.نظرية النقطة الثابتة ,, الحل المعتل, التحليل الدالي غير الخطيالتفاضل الكسري: الكلمات المفتاحية 

 


