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Abstract: 
   The main purpose of this work is to introduce the concept of higher N-derivation 

and study this concept into 2-torsion free prime ring we proved that: 

Let R be a prime ring of char. 2, U be a Jordan ideal of R and 
nii

dD


 )(  be a higher 

N-derivation of R, then 

)()()( rdudurd j

nji

in 


 , for all uU , rR , nN . 
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1. Introduction: 

   Throughout this paper, R  will 

denote an associative ring with center 

)(RZ , not necessarily with an identity 

element. A ring R  is said to be prime 

(resp. semiprime) if 0xRy (resp. 

0xRx ) implies either 0x  or 0y  

(resp. 0x ), [1]. A ring R  is 2-

torsion free if 02 x , for all Rx  

implies 0x , [2]. A Lie ideal (rsp. 

Jordan ideal) of R  is any additive 

subgroup U  of R  with 

Uruurru ],[ (resp. Uruur   

), for all RrUu  , , [2]. A derivation 

(resp. Jordan derivation) of R  is an 

additive mapping RRd :  such that 

)()()( badbadabd  (resp. 

)()()( 2 aadaadad  ), for all 

Rba , , [3]. For a fixed Ra , define 

RRd :  by ],[)( xaxda  , for all 

Rx , is called an inner derivation, 

[4].  

Every derivation is obviously a Jordan 

derivation, but the converse is not true 

in general. Herstein proved that if  R is 

a prime ring of char.  2, then every 

Jordan derivation of  R is a derivation 

[5].  

   R . Awtar extended the Herstein's 

theorem to Lie ideal, [6]. He proved 

that if  U is a Lie ideal of a prime ring 

of char.  2 such that Uu2  , for 

every  Uu , and  RRd :  is an 

additive mapping such that 
U

d |  is a 

Jordan derivation of U into R, then 
U

d |  

is a derivation of  U into R. 

On the other hand, N. M. Shammu in 

[7] extended the Herstein's theorem to 

Jordan ideals. He proved that if  R is a 

prime ring of char.  2, U is a Jordan 

ideal of  R and RRd :  is an 

additive mapping satisfying the 

condition 

)()()()()( urdurdrudrudruurd 

, for all Uu , Rr , then 

 )()()( rudrudurd  , for all Uu , 

Rr .  

Let NiidD  )(  be a family of additive 

mappings of R such that Ridd 0 . D is 

said to be a higher derivation (resp. 

Jordan higher derivation) if 





nji

jin bdadabd )()()( (resp. 





nji

jin adadad )()()( 2  ), for all 

NnRba  ,, , [8]. M, Ferrero and C. 

Haetinger in [9], extended Hersetine's 

result to higher derivations, they 

proved that every Jordan higher 
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derivation of 2-torsion free semiprime 

ring is a higher derivation.  

   C.Haetinger in [10] extended Awtar's 

result to higher derivation. Also, A. K. 

Faraj, C. Haetinger and A. H. Majeed 

in [2], extended this result to ),( RU -

higher derivation. 

     The main purpose of  this work is to 

introduce the concept of higher N- 

derivation and study this concept into 

2-torsion free prime ring.   we extend 

Nazar's result into higher N-derivation. 

Throughout this paper N will denote 

the set of natural numbers including 0 

and as usual [x,y] will denote the 

commutator xy – yx. 

2. Preliminaries: 

   Now we will introduce the definition 

of higher N- derivations and some 

basic results which extensively to 

prove our main results. 

Definition (2.1): 

   Let U be a Jordan ideal of a ring R 

and 
niidD  )(  be a family of additive 

mappings of R such that d0 = idR D is 

said to be higher N-derivation (HN-D, 

for short ) if for every nN , we have 

)()()()()( udrdrdudruurd ji

nji

jin  


, for all Uu , Rr . 

Example (2.2): 

   Let R be a ring of 22 matrices over 

commutative ring S of char. 2. 

Let 
















 Syx

xy

yx
U ,: . It is clear 

that U is a Jordan ideal of R let 

niidD  )( be a family of mappings of 

R into R defined by 
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0

n

n
nc

bo

dc

ba
dn , for all 

R








d   c

b   a
. Then D is HN-D. 

Throughout this work R is a prime ring 

of char. 2 ring, U is a Jordan ideal, 

niidD  )(  a HN-D of R and we 

denote by n (u,r) the element of R 

defined by 





nji

jinn rdudurdru )()()(),(  for 

all Uu , Rr , n N.  

Lemma (2.3): 

   For all Uu , Rr , n N 

)()()()( udrdudurud k

nkji

jin 


  

Proof: 

   Since 
niidD  )(  is a HN-D, then 

replace r by (2u)r+r(2u) in the 

definition (2.1),  
 

 

)()()()(2)))2()2(())2()2((( udruurdruurduduurruurruud jij

nji

in  


 

                                                                                      





Jt

tt

nji

i udrdrdudud


 )()()()()(2

 

                                                                                





iqp

jqppp

nji

ududrdrdud )()()()()(

  

                                                                                     

)()()()()()(2 udrdudrdudud titj

nti

i 


 


 

                                                           

)()()()()()( ududrdudrdud jqpjq

njqP

p  


 

....(1) 

On the other hand, 

 

)(4)(

)))2()2(())2()2(((

22 urudrurud

uurruurruud

nn

n




 

   

)(4)2()()()2( 22 urududrdrdud njij

nji
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nji
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jtl

nji itl
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)(4)()()(

)()()()(2
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nqpi
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Compare (1) and (2) and since R is 2-

torsion free we get the required 

result. 

A Linearization of 

)()()()( udrdudurud kj

nkji

in 


  gives 

Corollary (2.4): 

   For all NnRrUvu  ,,,  

)()()()()()()( udrdvdudrdudvruurvd kjikj

nkji

in  


. 

 

Lemma (2.5): 

For all uU, if u  Z(R), then dn(u) 

Z(R) for all n  N. 

 

Proof: 

   We prove the lemma by indication 

on nN. Since the lemma is true for 

n=1 ([7], lemma 2.2), we can assume 

that dm(u)Z(R) for all m<n ,m,n   N. 

Since )(RZu and 
niidD  )( is HN-

D, then 

)()()()()(2 udrdrdudurd jij

nji

in  


   

                 

)()()()()()( udrdurdrdudrud j

nj

nji

inj

ni

nji

in 










 

                

)()(2)()( rdudurdrud j

ni

nji

inn 




 .                                                     

....... (1) 

 

Replace r by vr+rv in equation (1), 

then   

)()(2)()())(())((2 rvvrdududrvvrrvvrudrvvrud j

ji

nji

innn  




 ...(2) 

 

On the other hand, since ),(RZu  

)(2))((2 vruurvdrvvrud nn 

)()()()()()( udrdvdvdrdud
kjikj

nkji

i
 



 

                                                     

)()()()()((2 uvrdvdrdudrvud nkj

ni

nkji

in  




)()()( udrdvd kj

nk

nkji

i




  

Since ),()( RZudm  for all m<n then 

the last equation becomes 

))()()(

)()((2)(2

vdrdud

uvrdrvudvruurvd

kj

ni

nkji

i

nnn








 

)()()( rdvdud ji

nk

nkji

k




                                                                            

.......(3) 

Comparing (2) and (3), we have 

dn(u) [v,r]=[v,r]dn(u)  ,i.e 

[dn(u),[v,r]]=0 for  all vU , rR, 

nN. 

In particular , [dn(u),[v,w]]=0 for all 

v,wU , rR ,nN, and this means 

[dn(u),[U,U]]=0, so we get [dn(u),U]=0, 

and hence U contains a non zero ideal I 

of R and so  

0=[dn(u),U]=[dn(u),I R]=[dn(u),I]R +I 

[dn(u),R]. 

Hence I [dn(u),R]=0 . since R is prime 

and I =0 , then [dn(u),R]=0 and this 

means  

d n (u) Z(R) for all uU, nN. 

 

Lemma (2.6): 

   For some u  U and rR , if ur = ru 

then )()()( rdudurd j

nji

in 


 , for all  

nN. 
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proof: 

   We prove the lemma by induction on 

n  N. 

By ([7], lemma 2.3), the lemma is true 

for n=1, then we can assume that 

)()()( rdudurd j

mji

im 


  for all m <n , 

m,nN. 

Since niidD  )(  is HN-D, for any 

vU 

)()()()())()(( vdurdurdvdvururvd jij

nji

in  


  

)()()()()()( vdurdvurdurdvdurvd
i

ni

nji

inj

nj

nji

in 










 

vurdrdudvdurvd
nq

jqp

p

nj

nji

in
)()()()()(  







 

                               

)()()( vdrdud jt

it

nj

nji











  

vurdrdudvdurvd
nqp

nqp

jqpi

in
)()()()()(  





 

                                          )()()( vdrdud
jt

nt

njt










                                                                

.....(1) 

On the other hand , since ur=ru and by 

using corollary (2.4) then  

)())()(( urvvrudvururvd nn   

                                      

)()()()()()( vdrdududrdvd kjikj

nkji

i  


 

                            

)()()()()( udrdvdudrdv kj

nkj

nkji

ik

nkj

j 






 

                        

)()()())(()( vdrdudvrdud kj

nji

nkji

ij

nji

i 






                          ...…(2) 

Compare (1) and (2) and since 

)()()( rdudurd j

mji

im 


 , for all m< n,  

m,n N  then 

0),(  v vr)(u,  urnn .                                                            

…..(3)  

Since n (u,r)= - n (r,u) for all uU , 

rR, nN, then equation (3) becomes 

[ n (u,r) ,v]=0 for all v   U , n   N . 

Since every Jordan ideal contains a non 

zero ideal I of R and since R is prime, 

then n (u,r) Z(R).                                                                                                    

..…(4) 

Since ur= ru , then (2 u
2
)r =r (2u

2
) 

.Thus ,  

)()()2()2(),2( 222 RZrdudrudru j

nji

inn  


.                               .......(5) Also, u(ur) 

= (ur)u, replace r by ur in equation (4) , 

then 

)()()()(),( RZurduduurduru j

nji

inn  


, so 

)()()()((2 RZurduduurd j

nji

in  


                                                  ........(6) 

Subtract equation (6) from equation (5) 

and since R is prime , then  

))()()()((2 2 urdudrdud j

nji

ij

nji

i 


  

))()()()()((2 urdudrdudud j

nji

ijt

njt









 

))()()()()()()()((2 urdudurudrdududrdudu j

nj
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injt
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njt
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njt
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)(),(2 RZruu n   and so 

)(),( RZruu n  .  

If n (u,r) 0 and n (u,r)Z(R) , 

then by (lemma (1.2, [7])) we get 

uZ(R) and by lemma (2.6) we have 

dn(u)Z(R) for all n  N. 

Hence 
)()()()()()(2 udrdrdudruurdurd jij

nji

inn  


 )()(2 rdud j

nji

i


      

Since R is 2-torsion free, 

)()()( rdudurd j

nji

in 


 . 

Lemma (2.7): 

   For all u,vU, r  R, m,nN, if 

m (u,v) =0, m<n , m   N then  

[ 2u ,r] n (u
2
,r) =0 and n (u

2
,r) [ 

u
2
,r]=0. 

 

proof: 

    Let u,vU such that uvU and 

))()(( uvvuuvuvdw n  so 

)()()()()()( uvdudvdvduduvdw kjikj

nkji

i  


 

  

)()()(

)()()()()()()()()(

,

,

uvdudvd

udvduvvudvduduvduvuvdvduduv

kj

nkji

nkji

i

j

nji

inkj

nkji

nkji

ink

nkj

j



















 

 

 

On the other hand, 

))(( 22 vvuuvdw n   

    

)()()()()( 2 vdudvduvduvd kj

nkji

ij

nji

i 




 

   

)()()()()()( vdududvduvduvd kt

nkti

ij

nji

i 







)()()()()()(
,

vdudvuuvduvduvuvduvuvd k

nkt

tj

nji

nji

inn 






 

 

 

)()()()()()(
,

vdududvduvudvd kt

nkti

nkti

i

ni

i 















 

Compare thr right hand sides of w and 

since m (u,v)=0, for all u,vU, mn, 

then  

[ u,v] n (u,v)=0 for all u,vU , nN. 

For any rR and uU,the element v= 

ur+ru satisfies the criterion uvR, 

hence by above [u
2
,r] n (u

2
,r)=0. 

In the same way we can prove that 

n (u
2
,r) [u

2
,r] =0. 

If we linearize the result of lemma 

(2.7) on r we have the following: 

 

 

Corollary (2.8): 

   For all u, vU, rR, m, nN, if m  

(u,v) =0 m<n, then 

(1) [u
2
,r] n (u

2
,s) +[u

2
,s] n (u

2
,r)=0, 

for all uU, r,sR, nN. 

(2) n (u
2
,r) [u

2
,s] + n (u

2
,s)[u

2
,r]=0, 

for all uU, r,sR, nN. 

 

Lemma (2.9): 

   If m  (u,v)=0 for all u,vU , m<n 

,m,nN , then n (u
2
,r) =0 , for all 

uU,  rR,  

 nN. 
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Proof: 

   Multiply equation (2) of corollary 

(2.8) from the left by [u
2
,z] ,zR and 

by using equation (1) and (2) of 

corollary (2.8) we get 

[u
2
,r] n (u

2
,s)[u

2
,z]+[u

2
,z] 

n (u
2
,s)[u

2
,r]=0.                  …..(1) 

Replace z by zt in (1) and using Jacobi 

identities , then 

[u
2
,r] n (u

2
,s) z[u

2
,t] +[u

2
,r] n (u

2
,s) 

[u
2
,z] t+ 

z[u
2
,t] n (u

2
,s) [u

2
,r][u

2
,z]t

 

n (u
2
,s)[u

2
,r]=0. 

By using (1) and corollary (2. 8) ,the 

last equation becomes 

[[u
2
,r] n (u

2
,s),z][u

2
,t]+[u

2
,z][ 

n (u
2
,r)[u

2
,s],t]=0. …..(2) 

Replace z by z[u
2
,z] in equation (2) 

,then 

0= [[u
2
,r] n (u

2
,s),z[u

2
,z]] 

[u
2
,t]+u

2
,z[u

2
,z]][ n (u

2
,r)[u

2
,s]t] 

  =z[[u
2
,r] n (u

2
,s),[u

2
,z]][u

2
,t]+[[u

2
,r] 

n (u
2
,s),z][u

2
,z][u

2
,t]+ 

    z[u
2
,[u

2
,z]] 

[ n (u
2
,r)[u

2
,s],t]+[u

2
,z][u

2
,z][ 

n (u
2
,r)[u

2
,s],t]. 

Substitute equation (2) in the last 

equation , 

[[[u
2
,r] n (u

2
,s),z],[u

2
,z]][u

2
,t]=0, for 

all uU, r,s,zR, n  N.   .….(3) 

Replace t by ct in equation (3) and use 

Jacobi identities, then 

[[u
2
,r] n (u

2
,s),z],[u

2
,z]] 

(c[u
2
,t]+[u

2
,c]t)=0.  .....(4) 

In view of equation (3),the second term 

of equation (4) is zero, then  

[[[u
2
,r] n (u

2
,s),z],[u

2
,z]]R[u

2
,t]=0. 

The primeness of R give us either 

[u
2
,t]=0, for all uU, tR or  

[[[u
2
,r] n (u

2
,s),z],[u

2
,z]]=0, for all 

uU, r,s,z R, nN. 

If [u
2
,t]=0 ,then u

2
Z(R) and by using 

lemma (2.6) we get n  (u
2
,r)=0 for all 

uU, rR, nN. 

   Now ,if [[[u
2
,r] n (u

2
,s),z],[u

2
,z]]=0, 

then 

[[u
2
,r] n (u

2
,s),z][u

2
,z]=[u

2
,z][[u

2
,r] 

n (u
2
,s),z].             ……(5) 

put t=z in equation (2), then 

[u
2
,z][ n (u

2
,r)[u

2
,s],z]+[[u

2
,r] 

n (u
2
,s),z][u

2
,z]=0. 

In view of equation (5), the last 

equation reduce to 

0= [u
2
,z][ n (u

2
,r)[u

2
,s],z]+ 

[u
2
,z][[u

2
,r] n (u

2
,s),z] 

  =[u
2
,z][ n (u

2
,r)[u

2
,s],[u

2
,r] n

 
(u

2
,s),z] 

  = [u
2
,z][ n  (u

2
,r)[u

2
,s]-[u

2
,s] n  

(u
2
,r),z] 

  =[u
2
,z][[ n (u

2
,r),[u

2
,s]],z]. 

A linearization of the last equation 

with respect to z gives 

0= [u
2
,z+t][[ n (u

2
,r),[u

2
,s]],z+t] 

  =[u
2
,z][[ n (u

2
,r),[u

2
,s]],t]+[u

2
,t][[ 

n (u
2
,r),[u

2
,s]],z].  ..…(6) 

Replace t by u
2
t  in equation (6), then 

[u
2
,z]u

2
[[ n  (u

2
,r),[u

2
,s]],t]+u

2
[u

2
,t][[ 

n (u
2
,r),[u

2
,s]],z]=0. 

In view of equation (6), 

[[u
2
,z],u

2
][[ n (u

2
,r),[u

2
,s]],t]=0  .....(7) 

Put t=ct in equation (7), 

0=[[u
2
,z],u

2
][[ n  (u

2
,r),[u

2
,s]],ct] 

=[[u
2
,z],u

2
]c[[ n (u

2
,r),[u

2
,s],t]  + 

[[u
2
,z],u

2
][[ n  (u

2
,r),[u

2
,s],c]t 

=[[u
2
,z],u

2
]c[[ n (u

2
,r),[u

2
,s],t], for all 

uU, r,s,t,zR. 

That is,[[u
2
,z],u

2
]R 

[[ n (u
2
,r),[u

2
,s],t]=0. 

Since R is prime ,then either 

[[u
2
,z],u

2
]=0 for all uU, zR, or 

[[ n (u
2
,r),[u

2
,s],t]=0 , for all uU, 

r,s,t R, n N. 

     Notice that, if [[u
2
,z],u

2
]=0  then by 

(theorem 1.4, [7]) we get u
2
Z(R) and 

by lemma (2.6), n (u
2
,r)=0 for all u   

U , rR, nN. 

Now, if [[ n (u
2
,r),[u

2
,s]],t]=0, then 
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[ n (u
2
,r),[u

2
,s]]= n (u

2
,r)[u

2
,s]-[u

2
,s] 

n (u
2
,r)Z(R). 

Put =
n (u

2
,r)[u

2
,s] and =[u

2
,s] 

n (u
2
,r). 

Now we must show that -=0. 

Trivially we have 
2
=0 and 

2
=0.So 

(-)
3
=- .  

Since [ n (u
2
,r),[u

2
,s]]Z(R), then 

[u
2
,s][ n (u

2
,r),[u

2
,s]]=[ 

n (u
2
,r),[u

2
,s][u

2
,s]. 

By expanding and using the corollary 

(2.8) and lemma (2.7) we get 

-[u
2
,s][u

2
,s] n (u

2
,r)= 

n (u
2
,r)[u

2
,s][u

2
,s].                   …..(8) 

Also,from [ n (u
2
,r),[u

2
,s]] Z(R) we 

have 

n (u
2
,r)[ n (u

2
,r),[u

2
,s]]= 

n (u
2
,r),[u

2
,s] n (u

2
,r). 

Then by expanding and using corollary 

(2.8) and lemma (2.7) ,we get 

n (u
2
,r) n (u

2
,r)[u

2
,s]=-[u

2
,s] 

n (u
2
,r) n (u

2
,r).          .…..(9) 

Now, = n (u
2
,r)[u

2
,s][u

2
,s] 

n (u
2
,r) and by equation (8) we get 

=-[u
2
,s][u

2
,s] n (u

2
,r) n (u

2
,r). 

By applying equation (9) on the last 

equation, 

=[u
2
,s] n (u

2
,r) n (u

2
,r)[u

2
,s]= 

. So ,( )
3
 =0. 

Since R is prime and Z(R), then 

=0. 

That is ,[ n (u
2
,r),[u

2
,s]]=0, for all 

uU, r,s R, n  N.    ……(10) 

Replace s by st in equation (10) and by 

Jacobi identities and by using equation 

(10) itself we have 

[u
2
,s][ n (u

2
,r),t]+[ 

n (u
2
,r),s][u

2
,t]=0, for all uU, r,s,t 

R , n N. 

Put s=[u
2
,s] in the last equation ,then 

[u
2
,[u

2
,s]][ n (u

2
,r),t]+[ 

n (u
2
,r),[u

2
,s]][u

2
,t]=0. 

Again by equation (10) ,then 

[u
2
,[u

2
,s]][ n  (u

2
,r),t]=0. 

So, [u
2
,[u

2
,s]]R[ n  (u

2
,r),t]=0. Since 

R is prime either u
2
Z(R) which gives 

us  

n (u
2
,r)=0 for all uU, r R, nN, 

or [ n (u
2
,r),t]=0, for all uU, rR, 

nN and this means n (u
2
,r)Z(R) . 

By lemma (2.7), n (u
2
,r)[u

2
,r]=0 ,for 

all uU, rR, nN. 

So, if for some u and r, n (u
2
,r) =0, 

since R is prime then [u
2
,r]=0, so by 

lemma (2.6), n (u
2
,r) =0 for all uU, 

rR, nN. 

 

Lemma (2.10), [7]: 

   For any tR ,if tv
2
 + v

2
t=0 for all 

vU, then t=0. 

Now,we reach to the main theorem 

 

Theorem (2.11): 

Let R be a prime ring of char.  2, U 

be a Jordan ideal of R and NiidD  )(  

be a HN-D of R ,such that m (u,v)=0 

for all u,vU, m<n, m,nN, then  

)()(),( rdudrud j

nji

in 


 , for all uU, 

rR, nN. 

proof: 

   We prove by induction on nN. By 

[7], the theorem is true for n=1, then 

we can assume that 

)()()( rdudurd j

mji

im 


 , for all uU, 

rR, m<n , m, nN. 

Since NiidD  )(  is HN-D, then 

)()()()())()(( udurdurduduururud jij

nji

in  


  

)()()()()()( udurduurdurdudurud j

ni

nji

inj

nj

nji

in 










 

Since 0),(  rum , for all uU, rR, 

m<n, then 
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)()()()()()()()())()(( udrduduurdrdududuruduururud jq

nqp

njqp

pntl

ntl

ntli

inn 








 ..... (1) 

 
On the other hand, by using lemma 

(2.9) and lemma (2.3) we have 

)()())()(( 2 urudruduururud nnn   

)()()()()()( udrdudrdudud kji

nkji

jt

njt









 

)()()()()( rdududrdudu jt

njt

njt

j

njt

t 









 

  

)()()()()( udrdudurdud kj

nji

nkji

ij

nji

i 






.                                                ......(2) 

By comparing (1) and (2) we have 

u n (u,r) + n (u,r)u=0 ,for all uU, 

rR, nN. 

A linearization of the last equation 

with respect to u gives 

v n (u,r) +u n (v,r)+ 

n (u,r)v+ n (v,r)u=0, for all 

u,vU,rR, n N.         …...(3) 

Replace v by 2v
2
 in equation (3) and 

by lemma (2.9) then 

 2(v
2
 n (u,r)+ n (u,r)v

2
)=0. 

Since R is 2-torsion free and by using 

lemma (2.10), 

we have n (u,r)=0 for all uU, rR, 

nN. i.e, )()()( rdudurd j

nji

in 


 . 
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 العالي للحلقات الاوليه  Nحول اشتقاق 
 

 **المجيد حميدعبد الرحمن عبد                                   *  فرج خليل أنوار
 

 التكنولوجيه الجامعه ، ،التطبيقيه العلوم قسم*

 بغداد جامعة العلوم، كلية الرياضيات، قسم**

 

 

 :  الخلاصه
العالي والقيام بدراسة هذا المفهوم بالحلقات الاوليه طليقة   N-بحث هو اعطاء مفهوم اشتقاقالهدف الرئيسئ لل

 وقد برهنا  1الالتواء من النمط 

و    R هو مثالي جوردان للحلقه   Uو  1حلقه اوليه ذات مميز  Rاذا كانت 
niidD    N-هو اشتقاق  )(

)()()( فان   Rالعالي للحلقه  rdudurd j

nji

in 


  لكلuU , rR ، .nN 


