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 Graph theory is a branch of algebra that is growing rapidly both in concept and 
application studies. This graph application can be used in chemistry, 
transportation, cryptographic problems, coding theory, design communication 
network, etc. There is currently a bridge between graphs and algebra, especially an 
algebraic structures, namely theory of graph algebra. One of researchs on graph 
algebra is a graph that formed by prime ring elements or called prime graph over 
ring 𝑅.  The prime graph over commutative ring 𝑅 (𝑃𝐺(𝑅))) is a graph construction 

with set of vertices  𝑉(𝑃𝐺(𝑅)) = 𝑅 and two vertices 𝑥 and 𝑦 are adjacent if satisfy 

𝑥𝑅𝑦 = {0}, for 𝑥 ≠ 𝑦. Girth is the shortest cycle length contains in 𝑃𝐺(𝑅) or can be 
written 𝑔𝑟(𝑃𝐺(𝑅)) . Order in 𝑃𝐺(𝑅)  denoted by |𝑉(𝑃𝐺(𝑅))|  and size in 𝑃𝐺(𝑅) 

denoted by |𝐸(𝑃𝐺(𝑅))|. In this paper, we discussed prime graph over cartesian 

product over rings ℤ𝑚 × ℤ𝑛  and its complement. We focused only for 𝑚 = 𝑝1,        
𝑛 = 𝑝2  and 𝑚 = 𝑝1,  𝑛 = 𝑝2

2 , where 𝑝1  and 𝑝2  are prime numbers. Then, we 
obtained some properties related to order and size, degree, and girth. We also 
observe some examples. Moreover, we found that a correction in the statement of 
(Pawar & Joshi, 2019) about the complement graph over prime graph over a ring 
and gave a counter example for that.  
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A. INTRODUCTION  

One of branches of algebra is graph theory. The graph theory is growing rapidly both in 

concept and application studies. This graph application can be used in chemistry, 

transportation, cryptographic problems, coding theory, design communication network, 

thermodynamic characteristic of networks, modeling network intrusions, crystallography, etc. 

We can see application of graph in (Easttom, 2020; Gowda et al., 2021; Kumar & Kumar vats, 

2020; N. Lakshmi Prasanna, 2014; Ye et al., 2015). 

A graph 𝐺 consist of a finite non empty set whose elements are called vertices (𝑉(𝐺)) and 

edges (𝐸(𝐺)) such that the edges are identified by pairs of vertices (Axler & Ribet, 2008).  A 

simple graph is a graph which containing no multiple edges and loop (Vasudev, 2006). A graph 

that containing no edge is trivial graph. A graph if exist at least one path is  a connected graph, 

otherwise that graph is a disconnected graph. A vertex with zero degree called by isolated 

vertex (Vasudev, 2006). Girth of 𝐺 (𝑔𝑟(𝐺)) is the shortest cycle length in 𝐺 (Chartrand, 2016). 

The number of edge connecting with 𝑥  is degree of a vertex 𝑥  (Vasudev, 2006). Size of 𝐺  is 

number of edge and order is number of vertex (Johnson, 2017). For result related to order, size, 
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and girth of graph see (Chang & Lu, 2011; Erskine & Tuite, 2023; Gani & Begum, 2010; Jajcay et 

al., 2018; Jannesari, 2015; Potočnik & Vidali, 2019). 

In this paper, order and size of graph 𝐺 written by |𝑉(𝐺)| and |𝐸(𝐺)|, respectively. In graph 

𝐺, the vertices that are adjacent to a vertex 𝑥 called by neighborhood of 𝑥 (Chartrand, 2016). 

Prime graph over a ring (𝑃𝐺(𝑅)) is a graph with the set of vertices constitutes of all elements 

of rings and two vertices form an edge if it multipled by that rings equal to zero set 

(Satyanarayana, 2010). Complement graph over a ring ((𝑃𝐺(𝑅)𝑐)) is a graph which the set of 

vertices constitutes of elements of rings and two vertices are adjacent in (𝑃𝐺(𝑅)𝑐) if these 

vertices are not adjacent in 𝑃𝐺(𝑅).  

In this paper, we study a connection between algebra and graph theory. In 2010, 

(Satyanarayana, 2010) introduced a new concept about graph theory and algebra that is prime 

graph over a ring.  (Satyanarayana, 2010) discussed 𝑃𝐺(ℤ𝑝) , for any prime 𝑝  and some 

properties. (Rajendra et al., 2019) gives a corrected version of the theorem of (Satyanarayana, 

2010) and gives some counter examples for that. Pawar & Joshi (2019) introduced a 

complement over prime graph over a ring ℤ𝑝, for prime 𝑝 and determined degree and girth of 

prime graph over a ring and the complement graph of that. In 2013, Kalita & Patra (2013) 

defining a prime graph of cartesian product of rings. (Satyanarayana et al., 2015) compared 

cartesian product of prime graph over ring and prime graph over cartesian product of rings. 

(Fatimah et al., 2023; Krisnawati et al., 2023) discussed some characteristics of prime graph of 

ring ℤ𝑚 × ℤ𝑛 , for 𝑚 = 𝑝1, 𝑛 = 𝑝2 , and 𝑚 = 𝑝2, 𝑛 = 𝑝2
2 , where 𝑝1  and 𝑝2  are primes. Study of 

prime graph over a ring are expanded by (Joshi et al., 2018; Joshi & Pawar, 2020; Kalita et al., 

2014; Kalita & Patra, 2021; Pawar & Joshi, 2017).  

Based on some literature about prime graph over a ring, we know that the research on 

prime graph over ring is still relatively few. Moreover, the ring that studied is only focus on ℤ𝑛. 

Therefore, in this paper, we study prime graph over ring where the ring is cartesian product of 

rings. We obtain some properties of prime graph 𝑃𝐺(ℤ𝑚 × ℤ𝑛) and its complement, for 𝑚 = 𝑝1, 

𝑛 = 𝑝2 , and 𝑚 = 𝑝2, 𝑛 = 𝑝2
2 , where 𝑝1  and 𝑝2  are prime numbers. The properties of prime 

graph 𝑃𝐺(ℤ𝑚 × ℤ𝑛) such as order, size, degree, and girth.  Also, some examples of prime graph 

𝑃𝐺(ℤ𝑚 × ℤ𝑛) and its complement have been observed. This paper divided into four section. In 

section B, we explain the method used in this paper. In section C, we discuss the main result 

such as order, size, degree, and girth of prime graph over cartesian product over rings and its 

complement. In the last section, we conclude the main result in section C and we give some 

suggestions for the next research. 

 

B. METHODS 

This study uses the literature research method with reference to some related articles 

about prime graph over a ring. In particular, the analysis of finding the order and size, degree, 

and girth, it is tried first by examining the construction of small order and size graph, then 

expanded on the construction with a larger order and size. However, if we still have not found 

a suitable pattern, repeat the finding for the suitable pattern from the graph construction 

structure with small to large order and size, so that the pattern can be generalized and formed 

theorem.  The research methodology of this research is shown in Figure 1. 
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Figure 1. Flowchart of Research Methodology 

 

Next, the definitions are used in this paper as follows: 

 

Definition 2.1 (Gallian, 2017) : Let 𝑎, 𝑏 ∈ 𝑅, 𝑎, 𝑏 ≠ 0. Element 𝑎 is a zero divisor in 𝑅 if 𝑎𝑏 = 0 

or 𝑏𝑎 = 0. The set of all zero divisors in 𝑅 is 𝑍(𝑅).  

 

End 
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Dividing the construction 
 of prime graph 

 𝑃𝐺(ℤ𝑚 × ℤ𝑛) and its complement into 
two cases 

 

Examining the construction of 
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complement 
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and its complement with a 
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Analyzing the construction of 
prime graph 𝑃𝐺(ℤ𝑚 × ℤ𝑛) 
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larger order and size 
 

Determining order and size of  
𝑃𝐺(ℤ𝑚 × ℤ𝑛) and its complement  

 

Determining degree of  
𝑃𝐺(ℤ𝑚 × ℤ𝑛) and its complement  

 

Determining girth of  
𝑃𝐺(ℤ𝑚 × ℤ𝑛) and its complement  

 

Formulating some theorems 
and proofs 

 

𝑚 = 𝑝1, 𝑛 = 𝑝2 

 

𝑚 = 𝑝1, 𝑛 = 𝑝2
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Definition 2.2 (Kalita & Patra, 2013): Let 𝑅 = 𝑅1 × …× 𝑅𝑛 be a ring. Let (𝑥1, 𝑥2), (𝑦1, 𝑦2) ∈ 𝑅.  

Prime graph over a ring 𝑅  (𝑃𝐺(𝑅)) is a graph with set of vertices 𝑉(𝑃𝐺(𝑅)) = 𝑅  and two 

vertices are adjacent if (𝑥1, 𝑥2)(𝑅)(𝑦1, 𝑦2) = {(0,0)}. 

Definition 2.3 (Pawar & Joshi, 2019): A complement of prime graph over a ring 𝑅 ((𝑃𝐺(𝑅))
𝑐
) 

defined as a graph with 𝑉((𝑃𝐺(𝑅))
𝑐
) = 𝑅 and the set of edges is  𝐸 = {(𝑥, 𝑦)|𝑥𝑅𝑦 ≠ 0, 𝑥 ≠ 𝑦}. 

 

Definition 2.4 (Pawar & Joshi, 2019): The shortest cycle length in 𝐺 called by girth (𝑔𝑟(𝐺)). If 

𝐺 containing no cycle, then 𝑔𝑟(𝐺) = ∞.  

 

C. RESULT AND DISCUSSION  

We obtain the result related to prime graph over cartesian product of rings and its 

complement with some examples, order and size, degree, and girth. First, we discuss some 

examples of prime graph 𝑃𝐺(ℤ𝑚 × ℤ𝑛) and its complement, for 𝑚 = 𝑝1,   𝑛 = 𝑝2 and 𝑚 = 𝑝1,  

𝑛 = 𝑝2
2, where 𝑝1 and 𝑝2 are primes. Let us construct 𝑃𝐺(ℤ2 × ℤ2). Based on Definition 2.2, we 

know that the set of vertices in 𝑃𝐺(ℤ2 × ℤ2) is  𝑉(𝑃𝐺(ℤ2 × ℤ2)) = {(0̅, 0̅), (0̅, 1̅), (1̅, 0̅), (1̅, 1̅)}. 

Neighborhood of vertex in 𝑃𝐺(ℤ2 × ℤ2), we can see in Table 1.   

 

Table 1. Neighborhood of vertex in 𝑃𝐺(ℤ2 × ℤ2) 

(𝒙𝟏̅̅ ̅, 𝒙𝟐̅̅ ̅) ∈ ℤ𝟐 × ℤ𝟐 (𝒚𝟏̅̅ ̅, 𝒚𝟐̅̅ ̅) ∈ ℤ𝟐 × ℤ𝟐 (𝒙𝟏̅̅ ̅, 𝒙𝟐̅̅ ̅)(ℤ𝟐 × ℤ𝟐)(𝒚𝟏̅̅ ̅, 𝒚𝟐̅̅ ̅) 

(0̅, 0̅) 

(0̅, 1̅) (0̅, 0̅) 
(1̅, 0̅) (0̅, 0̅) 
(1̅, 1̅) (0̅, 0̅) 

(0̅, 1̅) 
(1̅, 0̅) (0̅, 0̅) 
(1̅, 1̅) (0̅, 1̅) 

(1̅, 0̅) (1̅, 1̅) (1̅, 0̅) 

 

Based on Definition 2.2 and Table 1, two vertices in prime graph 𝑃𝐺(ℤ2 × ℤ2) are adjacent 

if satisfy (𝑥1̅̅̅, 𝑥2̅̅ ̅)(ℤ2 × ℤ2)(𝑦1̅̅ ̅, 𝑦2̅̅ ̅) = {(0̅, 0̅)} (marked in blue). The set of edges in 𝑃𝐺(ℤ2 × ℤ2) 

can be written 

 

𝐸(𝑃𝐺(ℤ2 × ℤ2)) = {((0̅, 0̅), (0̅, 1̅)), ((0̅, 0̅), (1̅, 0̅)), ((0̅, 0̅), (1̅, 1̅)), ((0̅, 1̅), (1̅, 0̅))} 

 

Therefore, 𝑃𝐺(ℤ2 × ℤ2) is shown in Figure 2. 
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Figure 2. 𝑃𝐺(ℤ2 × ℤ2) 

 

Next, we construct the complement prime graph 𝑃𝐺(ℤ2 × ℤ2). Based on Definition 2.3, we 

can write the set of vertices  𝑉((𝑃𝐺(ℤ2 × ℤ2))
𝑐
) = ℤ2 × ℤ2 and the set of edges 

 

𝐸((𝑃𝐺(ℤ2 × ℤ2))
𝑐
) = {(�̅�, �̅�)|(𝑥1̅̅̅, 𝑥2̅̅ ̅)(ℤ2 × ℤ2)(𝑦1̅̅ ̅, 𝑦2̅̅ ̅) ≠ 0} 

 

It means that two vertices are adjacent in (𝑃𝐺(ℤ2 × ℤ2))
𝑐
 if those vertices are not adjacent 

in 𝑃𝐺(ℤ2 × ℤ2). Therefore, (𝑃𝐺(ℤ2 × ℤ2))
𝑐
 is shown in Figure 3. 

 

 
Figure 3.  (𝑃𝐺(ℤ2 × ℤ2))

𝑐
 

 

Based on Figure 3, the set of edges of (𝑃𝐺(ℤ2 × ℤ2))
𝑐
 is 

 

𝐸((𝑃𝐺(ℤ2 × ℤ2))
𝑐
) = {((0̅, 1̅), (1̅, 1̅)), ((1̅, 0̅), (1̅, 1̅))} 

 

A vertex (0̅, 0̅)  forms a subgraph trivial. Since (0̅, 0̅)  is adjacent to all other vertices in 

𝑃𝐺(ℤ2 × ℤ2), so (0̅, 0̅) is not adjacent to all other vertices in (𝑃𝐺(ℤ2 × ℤ2))
𝑐
. Similarly, we can 

construct 𝑃𝐺(ℤ2 × ℤ3), (𝑃𝐺(ℤ2 × ℤ3))
𝑐
, 𝑃𝐺(ℤ2 × ℤ4), and        (𝑃𝐺(ℤ2 × ℤ4))

𝑐
 used Definition 

2.2 and Definition 2.3. Those graphs are shown in Figure 4, Figure 5, Figure 6, and Figure 7. 
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Figure 4.  𝑃𝐺(ℤ2 × ℤ3) Figure 5.  (𝑃𝐺(ℤ2 × ℤ3))

𝑐
 

 
 

Figure 6.  𝑃𝐺(ℤ2 × ℤ4) Figure 7.  (𝑃𝐺(ℤ2 × ℤ4))
𝑐
 

 

1. In Figure 4, 𝑉(𝑃𝐺(ℤ2 × ℤ3)) = {(0̅, 0̅), (0̅, 1̅), (0̅, 2̅), (1̅, 0̅), (1̅, 1̅), (1̅, 2̅)} . Based on 

Definition 2.2, one of edges in prime graph 𝑃𝐺(ℤ2 × ℤ3)  is ((0̅, 2̅), (1̅, 0̅)) . Since 

(0̅, 2̅)(ℤ2 × ℤ3)(1̅, 0̅) = {(0̅, 0̅)}. Similary, we know that the other edges in prime graph 

𝑃𝐺(ℤ2 × ℤ3)  is ((0̅, 0̅), (0̅, 1̅)) , ((0̅, 0̅), (0̅, 2̅)) , ((0̅, 0̅), (1̅, 0̅)) , ((0̅, 0̅), (1̅, 1̅)) , 

((0̅, 0̅), (1̅, 2̅)), and ((0̅, 1̅), (1̅, 0̅)).  

2. In Figure 5, complement of prime graph 𝑃𝐺(ℤ2 × ℤ3) can construct by observing the 

vertices in 𝑃𝐺(ℤ2 × ℤ3)  that are adjacent or not. Two vertices are adjacent in  

(𝑃𝐺(ℤ2 × ℤ3))
𝑐
, if those vertices not adjacent in 𝑃𝐺(ℤ2 × ℤ3). Therefore, one of edge in 

(𝑃𝐺(ℤ2 × ℤ3))
𝑐

 is ((0̅, 1̅), (0̅, 2̅))  due to (0̅, 1̅)(ℤ2 × ℤ3)(0̅, 2̅) ≠ {(0̅, 0̅)} .    So, we get 

other edges in (𝑃𝐺(ℤ2 × ℤ3))
𝑐

 that is ((0̅, 1̅), (1̅, 1̅)),   ((0̅, 1̅), (1̅, 2̅)) , ((1̅, 2̅), (0̅, 1̅)) , 

((1̅, 2̅), (1̅, 1̅)), ((1̅, 2̅), (1̅, 0̅)), ((1̅, 0̅), (1̅, 1̅)), and ((0̅, 1̅), (1̅, 1̅)).  

3. In Figure 6, by Definition 2.2 the set of vertices in 𝑃𝐺(ℤ2 × ℤ4) is ℤ2 × ℤ4. A vertex (0̅, 0̅) 

is adjacent to all other vertices in prime graph 𝑃𝐺(ℤ2 × ℤ4). Then, two other vertices are 

adjacent in 𝑃𝐺(ℤ2 × ℤ4)  that is ((0̅, 1̅), (1̅, 0̅)),   ((0̅, 2̅), (1̅, 0̅)) , ((0̅, 3̅), (1̅, 0̅)) , and 

((0̅, 2̅), (1̅, 2̅)). 

4. In Figure 7, a vertex (0̅, 0̅)  is not adjacent to all other vertices in complement prime 

graph (𝑃𝐺(ℤ2 × ℤ4))
𝑐

. Since a vertex (0̅, 0̅)  is adjacent to all other vertices in 

𝑃𝐺(ℤ2 × ℤ4) . As well as the other vertices in (𝑃𝐺(ℤ2 × ℤ4))
𝑐

, to determine the 
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neighborhood of vertex in complement prime graph (𝑃𝐺(ℤ2 × ℤ4))
𝑐

 , observe the 

neighborhood of vertex in prime graph 𝑃𝐺(ℤ2 × ℤ4). 

 

Based on Figure 3, Figure 5, and Figure 7, we can easily write this following lemma. 

 

Lemma 3.1. Let (𝑃𝐺(ℤ𝑚 × ℤ𝑛))
𝑐
 be a complement graph of 𝑃𝐺(ℤ𝑚 × ℤ𝑛). Construction prime 

graph of (𝑃𝐺(ℤ𝑚 × ℤ𝑛))
𝑐
 is two components disconnected graph that is a trivial subgraph and 

a simple subgraph with (𝑚𝑛 − 1) vertices.  

 

Note. One component of complement prime graph (𝑃𝐺(ℤ𝑚 × ℤ𝑛))
𝑐
 is a trivial subgraph with 

vertex (0̅, 0̅) . Hence a vertex (0̅, 0̅)  is always adjacent to all other vertices in prime graph 

𝑃𝐺(ℤ𝑚 × ℤ𝑛). Therefore, a vertex (0̅, 0̅)  is not adjacent to all vertices in (𝑃𝐺(ℤ𝑚 × ℤ𝑛))
𝑐

. A 

vertex (0̅, 0̅) refers to isolated vertex. Next, we give a correction statement of (Pawar & Joshi, 

2019). We begin by giving some counter examples. 

 

Example 3.2. Let construct 𝑃𝐺(ℤ𝑝) and (𝑃𝐺(ℤ𝑝))
𝑐

, where 𝑝 = 2 and 𝑝 = 4. The set of vertices 

in prime graph 𝑃𝐺(ℤ2) is 𝑉(𝑃𝐺(ℤ2)) = {0̅, 1̅}. By the Definition 2.2, it is clear that vertex 0̅ and 

1̅ are adjacent. Since those two vertices are adjacent, then vertex 0̅ and 1̅ are not adjacent in 

complement prime graph (𝑃𝐺(ℤ2))
𝑐
 . Then, 𝑉(𝑃𝐺(ℤ4)) = {0̅, 1̅, 2̅, 3̅}. A vertex 0̅ is adjacent to 

all other vertices in 𝑃𝐺(ℤ4) and there are no vertices are adjacent. In complement prime graph 

of (𝑃𝐺(ℤ4))
𝑐
, a vertex 1̅ and 2̅ are adjacent, by Definition 2.3. Similary, we can get other vertices 

in (𝑃𝐺(ℤ4))
𝑐

 are adjacent. Prime graph 𝑃𝐺(ℤ2) , 𝑃𝐺(ℤ4)  and complement prime graph  

(𝑃𝐺(ℤ2))
𝑐
 and  (𝑃𝐺(ℤ4))

𝑐
 are shown in Figure 8, Figure 9, Figure 10, and Figure 11.  

 

 
 

 

Figure 8. 𝑃𝐺(ℤ2) Figure 9. (𝑃𝐺(ℤ2))
𝑐
 

 

  

Figure 10. 𝑃𝐺(ℤ4) Figure 11. (𝑃𝐺(ℤ4))
𝑐
 

 

We see that (𝑃𝐺(ℤ2))
𝑐

 not containing complete graph but both are trivial graph. Then, 

(𝑃𝐺(ℤ4))
𝑐

 is a disconnected graph consisting of a trivial subgraph and (𝑝 − 1) vertices that 

0̅ 
 

(0̅, 1̅)

1̅ 
 

(1̅, 1̅)

0̅ 
 

(0̅, 1̅)

1̅ 
 

(1̅, 1̅)

0̅ 
 

2̅ 
 

1̅ 
 

3̅ 

 

3̅ 

1̅ 

2̅ 

0̅ 
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form a complete graph. The statement of the Observation 3.4 (1) in (Pawar & Joshi, 2019) is as 

follows:  

 

Observation 3.4 (1) (Pawar & Joshi, 2019): 

Let ℤ𝑝  be a ring and (𝑃𝐺(ℤ𝑝))
𝑐

 be the complement of prime graph. For any prime 𝑝 , then 

(𝑃𝐺(ℤ𝑝))
𝑐

 is a disconnected graph with two components in which one component is a trivial 

graph containing one vertex and other component is always a complete graph with (𝑝 − 1) 

vertices. By our Example 3.2, it follows that the Observation 3.4 (1) is not true for 𝑝 = 2 and 

alsotrue for 𝑝 = 4. The corrected version of that observation shown in lemma as follows:  

 

Lemma 3.3  

Let ℤ𝑝  be a ring and (𝑃𝐺(ℤ𝑝))
𝑐

 be the complement of prime graph of a ring. For prime                   

𝑝 > 2 and 𝑝 = 4, then (𝑃𝐺(ℤ𝑝))
𝑐

 is a disconnected graph with two components in which one 

component is a trivial subgraph containing one vertex and other component is always a 

complete subgraph with (𝑝 − 1) vertices.  

 

Now, we obtain the result about the order and size of complement prime graph 

(𝑃𝐺(ℤ𝑚 × ℤ𝑛))
𝑐
, for 𝑚 = 𝑝1, 𝑛 = 𝑝2 and 𝑚 = 𝑝1, 𝑛 = 𝑝2

2 , where 𝑝1 and 𝑝2 are primes. Firstly, 

we review the theorem about order and size of prime graph 𝑃𝐺(ℤ𝑚 × ℤ𝑛). 

 

Theorem 3.4 (Krisnawati et al., 2023): Let 𝑃𝐺(ℤ𝑝1 × ℤ𝑝2)  be a prime graph of  ℤ𝑝1 × ℤ𝑝2 , 

where 𝑝1 and 𝑝2 are prime numbers. Then, 𝑃𝐺(ℤ𝑝1 × ℤ𝑝2) has order and size 

 

|𝑉 (𝑃𝐺(ℤ𝑝1 × ℤ𝑝2))| = 𝑝1𝑝2 , and 

|𝐸 (𝑃𝐺(ℤ𝑝1 × ℤ𝑝2))| = 2𝑝1𝑝2 − 𝑝1 − 𝑝2 

 

Theorem 3.5 (Fatimah et al., 2023): Let 𝑃𝐺(ℤ𝑝1 × ℤ𝑝22) be a prime graph ℤ𝑝1 × ℤ𝑝22, where 𝑝1 

and 𝑝2 are prime numbers. Then, 𝑃𝐺(ℤ𝑝1 × ℤ𝑝22) has order and size 

 

|𝑉 (𝑃𝐺(ℤ𝑝1 × ℤ𝑝22))| = 𝑝1𝑝2
2 , and 

|𝐸 (𝑃𝐺(ℤ𝑝1 × ℤ𝑝22))| =
1

2
(𝑝2(6𝑝1𝑝2 −  4𝑝1 −  3𝑝2 + 1)) 

 

The order and size of complement prime graph (𝑃𝐺(ℤ𝑚 × ℤ𝑛))
𝑐
 for 𝑚 = 𝑝1, 𝑛 = 𝑝2 and 𝑚 =

𝑝1, 𝑛 = 𝑝2
2 , where 𝑝1 and 𝑝2 are primes in the next two following theorems.  

 

Theorem 3.6. Let (𝑃𝐺(ℤ𝑝1 × ℤ𝑝2))
𝑐

 be a complement of prime graph of  ℤ𝑝1 × ℤ𝑝2 , where 𝑝1 

and 𝑝2 are prime numbers. Then, (𝑃𝐺(ℤ𝑝1 × ℤ𝑝2))
𝑐

 has order and size 
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|𝑉 ((𝑃𝐺(ℤ𝑝1 × ℤ𝑝2))
𝑐

)| = 𝑝1𝑝2 , and 

|𝐸 ((𝑃𝐺(ℤ𝑝1 × ℤ𝑝2))
𝑐

)| =
1

2
(𝑝1

2𝑝2
2 − 5𝑝1𝑝2 + 2𝑝1 + 2𝑝2) 

 

Proof. Based on Definition 2.3, 𝑉 ((𝑃𝐺(ℤ𝑝1 × ℤ𝑝2))
𝑐

) = ℤ𝑝1 × ℤ𝑝2 , so it is clear that 

|𝑉 ((𝑃𝐺(ℤ𝑝1 × ℤ𝑝2))
𝑐

)| = 𝑝1𝑝2. 

 

Suppose the size in complete graph with 𝑝1𝑝2 vertices is  
1

2
(𝑝1𝑝2(𝑝1𝑝2 − 1)). 

By Theorem 3.4, the number of edges in 𝑃𝐺(ℤ𝑝1 × ℤ𝑝2) is 2𝑝1𝑝2 − 𝑝1 − 𝑝2. 

We know that two distinct vertices are adjacent in (𝑃𝐺(ℤ𝑝1 × ℤ𝑝2))
𝑐

 if these vertices are not 

adjacent in 𝑃𝐺(ℤ𝑝1 × ℤ𝑝2). Therefore, the number of edges in  (𝑃𝐺(ℤ𝑝1 × ℤ𝑝2))
𝑐

 can be written 

 
1

2
(𝑝1𝑝2(𝑝1𝑝2 − 1)) − (2𝑝1𝑝2 − 𝑝1 − 𝑝2) 

=
1

2
(𝑝1

2𝑝2
2 − 5𝑝1𝑝2 + 2𝑝1 + 2𝑝2) 

 

Thus, we obtain |𝐸 ((𝑃𝐺(ℤ𝑝1 × ℤ𝑝2))
𝑐

)| =
1

2
(𝑝1

2𝑝2
2 − 5𝑝1𝑝2 + 2𝑝1 + 2𝑝2). ∎ 

 

Theorem 3.7. Let (𝑃𝐺(ℤ𝑝1 × ℤ𝑝22))
𝑐

 be the complement of prime graph of  ℤ𝑝1 × ℤ𝑝22 , where 

𝑝1 and 𝑝2 are prime numbers. Then, (𝑃𝐺(ℤ𝑝1 × ℤ𝑝22))
𝑐

 has order and size 

 

|𝑉 ((𝑃𝐺(ℤ𝑝1 × ℤ𝑝22))
𝑐

)| = 𝑝1𝑝2
2 , and 

|𝐸 ((𝑃𝐺(ℤ𝑝1 × ℤ𝑝22))
𝑐

)| =
1

2
(𝑝2(𝑝2

3𝑝1
2  +  (3 − 7𝑝1 )𝑝2  +  4𝑝1  −  1)) 

 

Proof.  It follows from Definition 2.3, that  |𝑉 ((𝑃𝐺(ℤ𝑝1 × ℤ𝑝22))
𝑐

)| = 𝑝1𝑝2
2. 

Suppose the size n complete graph with 𝑝1𝑝2
2 vertices is 

1

2
(𝑝1𝑝2

2(𝑝1𝑝2
2 − 1)). 

By Theorem 3.5, the number of edges in 𝑃𝐺(ℤ𝑝1 × ℤ𝑝22) is  
1

2
(𝑝2(6𝑝1𝑝2 −  4𝑝1 −  3𝑝2 + 1)). 

Therefore, the number of edges in  (𝑃𝐺(ℤ𝑝1 × ℤ𝑝22))
𝑐

 can be written 

 

1

2
(𝑝1𝑝2

2(𝑝1𝑝2
2 − 1)) − (

1

2
(𝑝2(6𝑝1𝑝2 −  4𝑝1 −  3𝑝2 + 1))) 

=
1

2
(𝑝2(𝑝2

3𝑝1
2  + (3 − 7𝑝1 )𝑝2  +  4𝑝1  −  1)) 

Thus, we obtain |𝐸 ((𝑃𝐺(ℤ𝑝1 × ℤ𝑝22))
𝑐

)| =
1

2
(𝑝2(𝑝2

3𝑝1
2  + (3 − 7𝑝1 )𝑝2  +  4𝑝1  −  1)). ∎ 
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For each vertex in prime graph 𝑃𝐺(ℤ𝑚 × ℤ𝑛) and its complement has a different degree.   So, 

we give theorem about degree of a vertex in 𝑃𝐺(ℤ𝑚 × ℤ𝑛) and its complement, for  𝑚 = 𝑝1, 𝑛 =

𝑝2 and  𝑚 = 𝑝1, 𝑛 = 𝑝2
2 , where 𝑝1 and 𝑝2 are primes. 

 

Theorem 3.8 

Suppose (�̅�, �̅�) be a vertex in 𝑃𝐺(ℤ𝑝1 × ℤ𝑝2), then a vertex (�̅�, �̅�) has degree 

 

 
 

Proof.  Degree of of vertex (�̅�, �̅�) ∈ 𝑉 (𝑃𝐺(ℤ𝑝1 × ℤ𝑝2)) divided into four cases as follows: 

1. For �̅� = 0 and �̅� = 0. 

Since a vertex (0̅, 0̅) is adjacent to all vertices of 𝑃𝐺(ℤ𝑝1 × ℤ𝑝2), then (0̅, 0̅) has degree 

𝑝1𝑝2 − 1 .  

2. For �̅� ≠ 0 and �̅� = 0. 

Since a vertex (0̅, �̅�)  is adjacent to (�̅�, 0̅)  and (0̅, 0̅) , then (0̅, �̅�)  has degree                              

(𝑝1 − 1) + 1 = 𝑝1. 

3. For �̅� = 0 and �̅� ≠ 0. 

Since a vertex (�̅�, 0̅)  is adjacent to (0̅, �̅�)  and (0̅, 0̅) , then (�̅�, 0̅)  has degree                            

(𝑝2 − 1) + 1 = 𝑝2. 

4. For �̅� ≠ 0 and �̅� ≠ 0. 

Since a vertex (�̅�, �̅�) is not adjacent to all other vertices in 𝑃𝐺(ℤ𝑝1 × ℤ𝑝2) except (0̅, 0̅), 

then (�̅�, �̅�) has degree 1. ∎ 

 

Then, the following theorem describe the degree of each vertex in 𝑃𝐺(ℤ𝑝1 × ℤ𝑝22).  

 

Theorem 3.9 

Suppose (�̅�, �̅�) be a vertex in 𝑃𝐺(ℤ𝑝1 × ℤ𝑝22), then a vertex (�̅�, �̅�) has degree 

 

 
 

Proof.  Based on Definition 2.1,  𝑍(ℤ𝑝22) = {𝑝, 2𝑝, 3𝑝, . . . , (𝑝 − 1)𝑝}. It means that the number of 

zero divisor in ℤ𝑝22 is (𝑝2 − 1) . Degree of vertex (�̅�, �̅�) ∈ 𝑉 (𝑃𝐺(ℤ𝑝1 × ℤ𝑝22)) divided into five 

cases as follows: 

1. For �̅� = 0 and �̅� = 0. 

, if �̅� = 0 and �̅� = 0 
, if �̅� ≠ 0 and �̅� = 0  
, if �̅� = 0 and �̅� ≠ 0 
, if �̅� ≠ 0 and �̅� ≠ 0  

deg((�̅�, �̅�)) =  

𝑝1𝑝2 − 1 
𝑝1
𝑝2
1

 

 

, if �̅� = 0 and �̅� = 0  
, if �̅� = 0 and �̅� ≠ 0  

, if �̅� ≠ 0, �̅� = 0, and �̅� ∈ 𝑍(ℤ𝑝22) 

, if �̅� ≠ 0, �̅� ≠ 0, and �̅� ∈ 𝑍(ℤ𝑝22) 

, if �̅� ≠ 0, �̅� ≠ 0, and �̅� ∉ 𝑍(ℤ𝑝22) 

deg((�̅�, �̅�)) =

 
 
 

 
 
𝑝1𝑝2

2 − 1 

𝑝2
2

𝑝1𝑝2 − 1
𝑝2
1
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Since a vertex (0̅, 0̅)  is adjacent to other vertices in 𝑃𝐺(ℤ𝑝1 × ℤ𝑝22) , then (0̅, 0̅)  has 

degree 𝑝1𝑝2
2 − 1 .  

2. For �̅� = 0 and �̅� ≠ 0. 

Since a vertex (�̅�, 0̅)  is adjacent to (0̅, �̅�)  and (0̅, 0̅) , then (0̅, �̅�)  has degree                               

(𝑝2
2 − 1) + 1 = 𝑝2

2. 

3. For �̅� ≠ 0, �̅� = 0, and �̅� ∈ 𝑍(ℤ𝑝22). 

In this case, we consider three cases as follows: 

a. (0̅, �̅�) is adjacent to (�̅�, 0̅) and (0̅, 0̅), then the degree of (0̅, �̅�) is (𝑝1 − 1) + 1 = 𝑝1. 

b. (0̅, �̅�) is adjacent to (�̅�, �̅�), then the degree of (0̅, �̅�) is (𝑝2 − 1)(𝑝1 − 1). 

c. (0̅, �̅�) is adjacent to (0̅, �̅�), except it self, then the degree of (0̅, �̅�) is (𝑝2 − 2). 

 

By (a), (b), and (c), the degree of (0̅, �̅�) is 𝑝1 + (𝑝2 − 1)(𝑝1 − 1) + (𝑝2 − 2) = 𝑝1𝑝2 − 1. 

4. For �̅� ≠ 0, �̅� ≠ 0, and �̅� ∈ 𝑍(ℤ𝑝22) 

Since a vertex (�̅�, �̅�)  is adjacent with (0̅, �̅�)  and (0̅, 0̅) , then the degree of (�̅�, �̅�)  is 

(𝑝2 − 1) + 1 = 𝑝2. 

5. For �̅� ≠ 0, �̅� ≠ 0 and �̅� ∉ 𝑍(ℤ𝑝22) 

Since a vertex (�̅�, �̅�) is only adjacent to (0̅, 0̅), then the degree of  (�̅�, �̅�) is 1. ∎ 

 

Let 𝑑𝑒𝑔((�̅�, �̅�)) be a degree of  a vertex (�̅�, �̅�) ∈  𝑃𝐺(ℤ𝑚 × ℤ𝑛). Based on the degree of 

prime graph 𝑃𝐺(ℤ𝑚 × ℤ𝑛), we can obtain degree of complement prime graph (𝑃𝐺(ℤ𝑚 × ℤ𝑛))
𝑐
 

by |𝑉(𝑃𝐺(ℤ𝑚 × ℤ𝑛))| − 1 − 𝑑𝑒𝑔(�̅�, �̅�), so that degree of (𝑃𝐺(ℤ𝑚 × ℤ𝑛))
𝑐
 can be written on this 

following lemma: 

 

Lemma 3.10 

If (�̅�, �̅�) be a vertex in (𝑃𝐺(ℤ𝑝1 × ℤ𝑝2))
𝑐

, then a vertex (�̅�, �̅�) has degree 

 
 

Proof.  Based on Theorem 3.8, we can obtain the degree of vertex in (𝑃𝐺(ℤ𝑝1 × ℤ𝑝2))
𝑐

 as 

follows:  (i) For �̅� ≠ 0 and �̅� ≠ 0: 𝑝1𝑝2 − 1 − 1 = 𝑝1𝑝2 − 2; (ii) For �̅� = 0 and �̅� ≠ 0: 𝑝1𝑝2 −

𝑝2 − 1; (iii) For �̅� ≠ 0 and �̅� = 0: 𝑝1𝑝2 − 𝑝1 − 1: (iv) For �̅� = 0 and �̅� = 0: 𝑝1𝑝2 − 1 − (𝑝1𝑝2 −

1) = 0.   

 

 

Lemma 3.11 

If (�̅�, �̅�) be a vertex in (𝑃𝐺(ℤ𝑝1 × ℤ𝑝22))
𝑐

, then a vertex (�̅�, �̅�) has degree 

 

, if �̅� ≠ 0 and �̅� ≠ 0  
, if �̅� = 0 and �̅� ≠ 0  
, if �̅� ≠ 0 and �̅� = 0   
, if �̅� = 0 and �̅� = 0  
 

deg((�̅�, �̅�)) =  

𝑝1𝑝2 − 2 
𝑝1𝑝2 − 𝑝2 − 1
𝑝1𝑝2 − 𝑝1 − 1

0
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Proof.  Based on Theorem 3.9, we can obtain the degree of vertex in  (𝑃𝐺(ℤ𝑝1 × ℤ𝑝22))
𝑐

 as 

follows: 

1. For �̅� = 0 and �̅� = 0: 𝑝1𝑝2
2 − 1 − (𝑝1𝑝2

2 − 1) = 0;  

2. For �̅� = 0 and �̅� ≠ 0: 𝑝1𝑝2
2 − 𝑝2

2 − 1;  

3. For �̅� ≠ 0, �̅� = 0, and �̅� ∈ 𝑍(ℤ𝑝22): 𝑝1𝑝2
2 − 1 − (𝑝1𝑝2 − 1) = 𝑝1𝑝2

2 − 𝑝1𝑝2;  

4. For �̅� ≠ 0, �̅� ≠ 0, and �̅� ∈ 𝑍(ℤ𝑝22): 𝑝1𝑝2
2 − 𝑝2 − 1;  

5. For �̅� ≠ 0, �̅� ≠ 0, and �̅� ∉ 𝑍(ℤ𝑝22): 𝑝1𝑝2
2 − 1 − 1 = 𝑝1𝑝2

2 − 2. ∎ 

 

Next, we give theorem about girth of prime graph 𝑃𝐺(ℤ𝑚 × ℤ𝑛) and its complement, where 

𝑚 and 𝑛 are integers. 

 

Theorem 3.12 

Let 𝑃𝐺(ℤ𝑚 × ℤ𝑛) be a prime graph over cartesian product of rings and (𝑃𝐺(ℤ𝑚 × ℤ𝑛))
𝑐
 be a 

complement prime graph of 𝑃𝐺(ℤ𝑚 × ℤ𝑛). 

1. If 𝑚, 𝑛 ∈ ℤ+ and 𝑚, 𝑛 ≥ 2, then 𝑔𝑟(𝑃𝐺(ℤ𝑚 × ℤ𝑛)) = 3.  

2. 𝑔𝑟((𝑃𝐺(ℤ2 × ℤ2))
𝑐
) = ∞. 

 

Proof. (i) Based on Definition 2.2, a vertex (0̅, 0̅) is adjacent to other vertices in 𝑃𝐺(ℤ𝑚 × ℤ𝑛) 

and a vertex (�̅�, 0̅) is adjacent with (0̅, �̅�). Moreover, a pairwise vertices are adjacent if at least 

one of the vertex containing zero divisors. Hence, it is clear that in 𝑃𝐺(ℤ𝑚 × ℤ𝑛) is always exist 

a subgraph which forms a triangle with one of the vertex in that triangle is (0̅, 0̅)  and the 

probability of two other vertices is (�̅�, 0̅) and (0̅, �̅�) or vertices are containing zero divisors.  

Therefore, it forms a shortest cycle of length 3 . In other words,  𝑔𝑟(𝑃𝐺(ℤ𝑚 × ℤ𝑛)) = 3 . If   

𝑚, 𝑛 < 2, no triangles are forms. (ii) Based on example on section 1, (𝑃𝐺(ℤ2 × ℤ2))
𝑐
 does not 

form the shortest cycle. Therefore, by Definition 2.4, 𝑔𝑟((𝑃𝐺(ℤ2 × ℤ2))
𝑐
) = ∞. ∎ 

 
D. CONCLUSION AND SUGGESTIONS 

In this paper, we study a connection between algebra and graph theory. Especially an 

algebraic structures, namely theory of graph algebra. One of research on graph algebra is a 

graph that formed by prime ring elements or called prime graph over ring 𝑅. Based on section 

C, we obtain some properties of prime graph 𝑃𝐺(ℤ𝑚 × ℤ𝑛)  and complement prime graph 

(𝑃𝐺(ℤ𝑚 × ℤ𝑛))
𝑐
 such as order and size, degree, and girth. The analysis of finding the order and 

size, degree, and girth, it is tried first by examining the construction of small order and size 

graph, then expanded on the construction with a larger order and size. On the next research, 

, if �̅� = 0 and �̅� = 0  
, if �̅� = 0 and �̅� ≠ 0  
, if �̅� ≠ 0, �̅� = 0, and �̅� ∈ 𝑍(ℤ𝑝22) 

, if �̅� ≠ 0, �̅� ≠ 0, and �̅� ∈ 𝑍(ℤ𝑝22) 

, if �̅� ≠ 0, �̅� ≠ 0, and �̅� ∉ 𝑍(ℤ𝑝22) 

deg((�̅�, �̅�)) =

 
 
 

 
 

0 
𝑝1𝑝2

2 − 𝑝2
2 − 1

𝑝1𝑝2
2 − 𝑝1𝑝2

𝑝1𝑝2
2 − 𝑝2 − 1

𝑝1𝑝2
2 − 2
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we can develop to observe prime graph 𝑃𝐺(ℤ𝑚 × ℤ𝑛), where 𝑚,𝑛  are not prime numbers. 

Moreover, we can analyze some properties such as energy, Wiener index, line graph, coloring, 

labeling, etc. 
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