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Total Italian domatic number of graphs
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Abstract

Let G be a graph with vertex set V(G). An Italian dominating
function (IDF) on a graph G is a function f: V(G) — {0,1,2}
such that every vertex v with f(v) = 0 is adjacent to a vertex u
with f(u) = 2 or to two vertices w and z with f(w) = f(z) = L.
An IDF f is called a total Italian dominating function if every
vertex v with f(v) > 1 is adjacent to a vertex u with f(u) > 1.
A set {f1, fa,..., fa} of distinct total Italian dominating func-
tions on G with the property that Zle fi(v) < 2 for each vertex
v € V(Q), is called a total Italian dominating family (of func-
tions) on G. The maximum number of functions in a total Italian
dominating family on G is the total [talian domatic number of
G, denoted by d;;(G). In this paper, we initiate the study of the
total Italian domatic number and present different sharp bounds
on di7(G). In addition, we determine this parameter for some
classes of graphs.

Keywords: Total Italian domination number, Total Italian
domatic number.
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1 Introduction

For definitions and notations not given here we refer to [10]. We
consider simple graphs G with vertex set V = V(G) and edge set
E = E(G). The order of G is n = n(G) = |V(G)|. The open neighbor-
hood of a vertex v is the set N(v) = Ng(v) = {u € V(GQ) | uwv € E(G)}
and its closed neighborhood is the set N[v] = Ng[v] = N(v) U {v}.
The degree of vertex v € V(G) is d(v) = dg(v) = |N(v)|. The maxi-
mum degree and minimum degree of G are denoted by A = A(G) and
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d = 0(Q), respectively. The complement of a graph G is denoted by
G. A leaf is a vertex of degree one, and its neighbor is called a support
verter. An edge incident with a leaf is called a pendant edge. We write
P, for the path of order n, C, for the cycle of length n, and K, for
the complete graph of order n. The corona H o K; of a grah H is that
graph obtained from H by adding a pendant edge to each vertex of H.

A set S C V(G) is a (total) dominating set of G if every vertex of
(V(GQ)) V(G) — S is adjacent to a vertex in S. The (total) domination
number of a graph G is the cardinality of a smallest (total) dominating
set of G and is denoted (v,(G)) v(G). The (total) domatic number of
G, (di(GQ)) d(G) is the maximum number of classes of a partition of
V(G) such that each class is a (total) dominating set of G.

Cockayne, Dreyer, S.M. Hedetniemi, and S.T. Hedetniemi [8] intro-
duced the concept of Roman domination in graphs, and since then a lot
of related variations and generalizations have been studied (see [4]-[7]).
In this paper, we continue the study of Roman and Italian dominating
functions in graphs G. If f : V(G) — {0,1,2} is a function, then
let (Vo, Vi, V2) be the ordered partition of V(G) induced by f, where
Vi={v e V(GQ) | f(v) =i} for i € {0,1,2}. There is 1-1 correspon-
dence between the function f and the ordered partition (Vp, Vi, Va).
So, we also write f = (Vp, Vi, V2).

A function f: V(G) — {0, 1,2} is a Roman dominating function
(RDF) on G, if every vertex v with f(v) = 0 is adjacent to a vertex u
with f(u) = 2. The Roman domination number yr(G) is the minimum
weight of an RDF on G.

A total Roman dominating function (TRDF) on a graph G without
isolated vertices is defined in [11] as a Roman dominting function f
on GG with the property that the subgraph induced by V; U V5 has no
isolated vertex. The total Roman domination number vr(G) is the
minimum weight of a TRDF on G.

An [Italian dominating function (IDF) on a graph G is defined in
[3] as a function f : V(G) — {0,1,2} such that f(N(v)) > 2 for
every vertex v with f(v) = 0. The weight of an IDF f is the value
w(f) = f(V(G)) = Xuevq) f(w). The Italian domination number
v1(G) is the minimum weight of an IDF on G. In [3], the authors called
the Italian domination number the Roman {2}-domination number.
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A total Italian dominating function (TIDF) on a graph G without
isolated vertices is defined in [1] as an Italian dominating function f
on G with the property that the subgraph induced by V; U V5 has no
isolated vertex. The total Italian domination number ~;(G) is the
minimum weight of a TIDF on G. A TIDF on G with weight v;(G) is
called a 47 (G)-function.

A set {f1, f2,..., fa} of distinct total Roman dominating func-
tions on a graph G without isolated vertices with the property that
Zle fi(v) < 2 for each vertex v € V(G), is called in 2] a total Ro-
man dominating family (of functions) on G. The maximum number of
functions in a total Roman dominating family on G is the total Roman
domatic number dip(G) of G.

A set {f1,f2,..., fa} of distinct total Italian dominating func-
tions on a graph G without isolated vertices with the property that
S fiv) < 2 for each vertex v € V(G), is called a total Italian
dominating family (of functions) on G. The maximum number of func-
tions in a total Italian dominating family on G is the total Italian do-
matic number diy(G) of G. Ttalian domatic number has been studied
in [12],[14].

If G is a graph without isolated vertices, then v;(G) < %r(G)
and dig(G) < di7(G). On the other hand, if S;USyU---U Sy, is a
partition of V(G) such that each class is a total dominating set of G,
then the family {fi, fo,..., f4,} of functions, where f; is defined on G
by fi(z) = 2 for x € S; and f(x) = 0 otherwise, is a total Italian
dominating family (of functions) on G and so di(G) < dy1(G).

In this paper, we initiate the study of the total Italian domatic num-
ber, and we present different sharp bounds on dy;(G). In particular,
we prove the Nordhaus-Gaddum type result di;(G) + di(G) < n for
graphs G of order n > 4 with §(G) > 1 and 6(G) > 1. In addition, we
determine the total Italian domatic number for some classes of graphs.

We make use of the following known results.

Proposition 1 ( [1]). If n > 3, then v (P,) = [%1 and v1(Cy) =
ExE

Proposition 2 ( [1]). Let G be a connected graph of order n > 2. Then
Y1 (G) < n, with equality if and only if G is the corona F o K1 of some

171



S.M. Sheikholeslami, L. Volkmann

connected graph F' or G = Pj.

Proposition 3 ( [1)). If G is a graph without isolated vertices of order
n, then v1(G) > 2. We have v1(G) = 2 if and only if there exist two
vertices u and v with d(u) = d(v) =n — 1.

Proposition 4 ( [1]). If G is a graph without isolated vertices of order

n, then

Proposition 5 ( [2]). Ift > s > 1 are integers, then dip(Kts) = s.

2 Bounds and Properties

In this section, we present sharp bounds on the total Italian domatic
number and investigate its basic properties. In addition, we determine
this parameter for some classes of graphs.

Theorem 1. Let G be a graph of order n > 3 without isolated vertices.
If G has 2 < p < n vertices of degree n — 1, then di(G) > p.

Proof. Let {v1,va,...,v,} be the vertex set of G, and let, without loss

of generality, vi,v2,...,v, be the vertices of degree n — 1. If p > 3,
then define the functions f; by fi(v;) = fi(vi+1) = 1 and fi(z) = 0
for x # v, vi4q for 1 <4 < p, where vp41 = vi. Then fi, fo,..., fp

are distinct TIDF on G such that >_F_, fi(z) < 2 for each x € V(G).
Therefore, {fi, f2,..., fp} is a total Italian dominating family on G
and, thus, di7(G) > p. If p = 2, then define f1 by fi(v1) = fi(ve) =1
and f1(z) = 0 for = # v1,ve. Moreover, define fa by fa(v;) = 1 for all
1 <4 < n. Since n > 3, it follows that {fi, fo} is total dominating
family on G, and so di(G) > 2 = p also in this case. O

Theorem 2. If G is a graph of order n without isolated vertices, then
Y1 (G) - dr(G) < 2n.

Moreover, if we have the equality ~v1(G) - dir(G) = 2n, then for each
total Italian dominating family {f1, fa,..., fa} with d = di1(G), each
fiis a v1(G)-function and Y%, fi(v) =2 for all v € V(G).
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Proof. Let {f1, fa,..., fa} be a total Italian dominating family on G
with d = di;(G). Then

d d
d-yr(G)=> (@) <) filv) =
i=1 i=1 veV(G)
d
= Z Zfl(v)g 2=2n
veV(G) i=1 veV(G)

If %1(G) - di7(G) = 2n, then the two inequalities occuring in the
proof become equalities. Hence, for the total Italian dominating family

{f1, f2,..., fa} on G and for each i, ZveV(G) fi(v) = %1(G). Thus,
each f; is a y¢7(G)-function and Zle filw)y=2forallv e V(G). O

Proposition [3] and Theorem [2] imply the next result immediately.

Corollary 1. If G is a graph of order n without isolated vertices, then
dt[(G) S n.

Theorem 3. If G is a graph of order n without isolated vertices, then
di(G) <6(G) + 1.
Moreover, if F' = {f1, fa,..., fa, (@)} s a total Italian dominating

family with di1(G) = §(G) + 1, then for any minimum degree vertex v,
the following statements must be held:

(a) ZuEN[’U
u e N

filu) = 2 for each f; € F and Zf-l:l fi(u) = 2 for each
v].

(b) There are exactly 6(G) — 1 Italian dominating functions such that
fi(v) =0, and ezactly two TIDFs such that f;(v) = 1.

(c) If fi(v) =1, then f;(u) =0 for each neighbor of v but exactly one
which is assigned 1 under f;.

173



S.M. Sheikholeslami, L. Volkmann

Proof. Let {fi, fa,..., fa} be a total Italian dominating family on
G with d = di;(G). Assume that v is a vertex of minimum de-
gree. It follows from the definitions that >° cyp, fi(z) = 2 for each
i€{1,2,...,d}. Therefore, we deduce that

2ds§dj§jfi ZZfz 22—2 +1) (1)

=1 zeN[v] z€Nv] i=1 zEN[v

and so, di7(G) =d < (G) +1

Assume that the equality holds, that is d¢;(G) = 6(G)+1. Then the
inequalities occurring in become equalities which gives the proper-
ties given in the statement (a).

Without loss of generality, assume that fi, fo, ..., f# are the TIDFs
such that f;(v) = 0 (for some d’). For each ¢ such that f;(v) = 0, we
must have >, ¢ n(,) fi() = 2. Therefore,

7
2d’<z Yo il = >0 ) file) < DD 2=25G). (2

i=1 2N (v) zEN(v) i=1 2EN(v)

If the equality holds in (2)), that is d = §(G), then we must have
Z?/Zl fi(x) = 2 for each z € N(v). It follows from 2 = Zflzl filx) <
Z?Zl fi(z) < 2that fg(x) = 0 for each z € N(v), which contradicts the
totality of fg. Thus, there are at most §(G)—1 total Italian dominating
functions such that f;(v) = 0. Since there are at most two Italian
dominating functions such that f;(v) > 1, we deduce that there are
exactly §(G) — 1 Italian dominating functions such that f;(v) = 0, and
exactly two TIDFs such that f;(v) = 1. Thus, the statement (b) holds.

(c) immediately comes from }_, ¢ vy, fi(u) = 2 (see (a)). This com-
pletes the proof. O

For regular graphs, we can use the statements about vertices of
minimum degree at equality to every vertex, so that if d = d(G) =
0(G) + 1, and F = {f1, fo,..., fa} is a family of Italian dominating
functions, then this implies each Italian dominating function is a func-
tion f; : V(G) — {0,1}. So we can consider the Italian dominating

174



Total Italian domatic number of graphs

functions as indicator functions, and in what follows, it will be conve-
nient to restate the property that d;;(G) = §(G)+1 for a regular graph
G in terms of a family of sets. The proof of next result is essentially
similar to the proof of Lemma 1 in [12].

Corollary 2. Let G be a 6-regular graph, where 6 > 1. Then dij(G) =
0 + 1 if and only if there are distinct sets S1,Sa,...,Ss+1, S; C V(G),
that satisfy the following:

(a) FEwvery vertex of G appears in ezxactly two sets S;.

(b) Each set S; induces a perfect matching, i.e., the induced subgraph
G|[S;] is 1-regular.

(c) For any vertex v & S;, |[N(v)NS;| = 2.
(d) For each i, |S;| = 52_7”1 =11(G).

Proof. Suppose that there exist sets S1, S2, ..., Ss+1 C V(QG) satisfying
(a),(b),(c) and (d). Let f; be the characteristic function of S; for each
i. By Conditions (b) and (c), each f; is a total Italian dominating
function, and by Condition (a), these functions form a total Italian
dominating family with § + 1 total Italian dominating functions. Since
dir(G) <5+ 1, we get dif(G) =6+ 1.

Conversely, assume that dy;(G) = 0+1 and let F' = {f1, fa,..., fs+1}
be a total Italian dominating family. Since G is d-regular, we deduce
from Theorem [B}(b) that fi(v) < 1 for each i and each v € V(G). For
each f;, define S; = {v € V(G) | fi(v) = 1}. Note that w(f) = |Si|.
Clearly, (a) and (c) come from Theorem [3}(b). Also (b) follows from
Theoreml- . Now we prove (d). Using Proposmonland noting that
G is d-regular, we obtain [5+J(5+1) < Z‘SH |Si| =2n < [5+11(5+1)
Equality is possible only if 2n is divisible by 6 + 1, and |S;| = 2% for

: 5+1
each 1. O

Corollary 3. Let G be a graph of order n > 3 without isolated vertices.
Then di7(G) = n if and only if G = K.

Proof. 1If G = K,,, then Theorem |1 I and Corollary (] I imply di1(G) = n.
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Conversely, assume that di;(G) = n. If §(G) < n—2, then Theorem
yields the contradiction di;(G) < §(G) +1 < n — 1. Therefore,
d(G) =n —1 and, thus, G = K,,. O

The Cartesian product of two graphs G and H, denoted GLIH, is a
graph whose vertex set is V(G) x V(H) = {(z,y) | x € V(G) and y €
V(H)} and two vertices (z1,y1) and (x2,y2) of GLH are adjacent if and
only if either x; = z9 and y1y2 € E(H) or y1 = y2 and z122 € E(G).
It is shown that, for any two graphs G and H without isolated vertices,
di(GOH) > max{d(G),d(H)} [9].

Corollary 4. If n > 2, then diy(K,0K3) = n.

Proof. Since d(K,) = n, we have dy(K,0K>3) > d(K,0K3) >
max{d(K,),d(K2)} = n. On the other hand, one can easily see that
Y1 (KpOK2) = 4 and so by Theoremwe have dy (K,0K3) < %" =n.
Thus, dy (K,0K>) = n. O

Theorem 4. Let C,, be a cycle of length n > 3. Then di(Cy) = 3
when n = 0 (mod 3) and di(Cy) = 2 when n = 1,2 (mod 3).

Proof. Let n = 0(mod3), and let C,, = vjvy...vv1 with n = 3p
for an integer p > 1. Define the functions f,g, and h by f(vs;i_2) =
f(vzi—1) = 1 and f(vs;) = 0, g(vzi—1) = g(v3;) = 1 and g(v3i—2) = 0,
and h(’l}gi) = h(’l)gi_g) =1 and h(UgZ'_1> =0 for1 S ) S p. Then
f,g9, and h are total Italian dominating functions on C),, such that
f(z)+ g(z) + h(z) = 2 for each vertex = € V(C,,). Therefore, {f,g,h}
is a total Italian dominating family on C, and, thus, di;(Cy,) > 3.
Theorem (3] yields to d7(Cy,) < 3 and so di;(C,,) = 3 in this case.

Let now n = 1,2(mod 3) and C,, = vjvy...v,v1. Theorem |2 and
Proposition [I] imply

2n 2n
W) = ey T <

and, hence, d;;(C),) < 2. Define the functions f and g by f(v;) =1 for
1 <i<nandg(v1) =0and g(v;) =1 for 2 <i<mn. Then f and g are
total Italian dominating functions on C), such that f(x)+ g(z) < 2 for
each vertex « € V(C),). Therefore, {f, g} is a total Italian dominating
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family on C,, and, thus, d;;(C)) > 2. This leads to d;;(Cy,) = 2 in this
case. ]

Proposition 6. If P, is a path of order n > 5, then di(P,) = 2.

Proof. Let P, = vjvy...v,. Define the functions f and g by f(v;) =1
for 1 <i <nand g(vs) =0 and g(v;) =1 for 1 <i < n with ¢ # 3.
Then f and g are total Italian dominating functions on P, such that
f(z)+ g(z) < 2 for each vertex x € V(P,). Therefore, {f, g} is a total
Italian dominating family on P, and, thus, d;;(P,) > 2. Theorem
implies di7(P,) < 2 and so we obtain di;(P,) = 2. O

The proof of the next proposition is identical to the proof of Propo-
sition [5| and is, therefore, omitted.

Proposition 7. Ift > s > 1 are integers, then di (K¢ s) = s.

Theorem 5. Let G be a connected graph of ordern > 2. Then dy;(G) =
1 if and only if every vertex of G is a leaf or a support vertex.

Proof. Let G contain a vertex w which is neither a leaf nor a support
vertex. Since w is not a leaf, w has at least two neighbors, and since w
is not a support vertex, G — w has no isolated vertex. Therefore, the
function f with f(w) =0 and f(z) =1 for x € V(G) \ {w} is a TIDF
on G. In addition, the function g with f(x) =1 for all z € V(G) is also
a TIDF on G with the property that f(x)+ g(z) <2 for all z € V(G).
Therefore, {f, g} is a total Italian dominating family on G and, thus,
dir(G) > 2.

Conversely, assume that each vertex of G is a leaf or a support
vertex. Theorem (3] implies dy7(G) < 2. Suppose that {f, g} is a total
Italian dominating family on G. If v is a support vertex, then the
definitions lead to f(v),g(v) > 1. If f(v) = 2, then the condition
f(w)+g(v) < 2 yields the contradiction g(v) = 0. Thus, f(v) = g(v) =
1 for all support vertices v. If follows that f(u) = g(u) = 1 for all
leaves u, a contradiction to the condition that f and g are distinct.
Consequently, d;;(G) = 1, and the proof is complete. O

Theorem 6. Let G be a connected graph of order n > 3. Then
%1(G) + dir(G) < n+ 2,
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with equality if and only if G = K.

Proof. 1f di1(G) = 1, then Proposition[2)implies v, (G)+dy (G) < n+1.
Let next d;;(G) > 2. It follows from Theorem [2 that

%](G) —|—dt[(G) +dt[(G)

dy1(G)

Using the bounds 2 < di;(G) < n (see Corollary [1)), and the fact that
the function g(z) = 2;”—}—30 is decreasing for 2 < x < v/2n and increasing
for v2n < x < n, we obtain

2n

WtI(G) + dtI (G) = dtl(G)

+dir(G) <max{n+2,2+n}=n+2, (3)

and the bound is proved.

If G = K, then we deduce from Proposition [3|and Corollary [3|that
’yﬂ(G) + dt[(G) =n+2.

Conversely, assume that v;7(G) + di7(G) = n + 2. It follows from

that

n+2=y(G)+ du(G) < +di(G) <n+2

dy1(G)

and, therefore, d;;(G) = 2 and v;(G) = n or di7(G) = n and 1 (G) =
2. If di;(G) = n and v7(G) = 2, then Corollary (3| yields G = K,,. If
di1(G) = 2 and ~7(G) = n, then Proposition [2[ implies G = F o K
for a connected graph F' or G = P3. But now Theorem [5| leads to the
contradiction d;(G) = 1. O

3 Nordhaus-Gaddum type results

Results of Nordhaus-Gaddum type study the extreme values of the sum
or product of a parameter on a graph and its complement. In their
classical paper [13], Nordhaus and Gaddum discussed this problem for
the chromatic number. We establish such inequalities for the total
Italian domatic number.
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Theorem 7. If G is a graph of order n > 4 with 6(G) > 1 and
§(G) > 1, then B
dir(G) +di1(G) < n

Proof. Theorem [3| implies
di1(G)+dir(G) < (6(G)+1)+(6(G)+1) = §(G)+1+(n—A(G)—1)+1.

If G is not regular, then A(G) — §(G) > 1, and the inequality chain
above leads to the desired bound.

Let now G be é-regular. Then G is d-regular with 6 = n — & — 1.
Assume, without loss of generality, that § < 4.

If § =1, then G = §K» and, thus, dy;(G) = 1. According to
Corollarlesandl we observe that dy;(G) < n—1 and, thus, di;(G) +
dt[(G) S n.

Thus, let now § > 2 and n = p(d + 1) + r with integers p > 1 and
0<r<é§. Ifr#0, ‘SJZF—I, then Corollary [2 implies di;(G) < § and, as
above, we obtain dy;(G) + di;(G) < n. Next we discuss the case r = 0
or r = 41

2

Case 1: Let r = 0 and, therefore, n = p(d + 1). We also have
n=0+1)+0with2<§ <4 If§# 5'5—1, then Corollary 2| yields
di1(G) < 4, and we obtain dy(G) + di7(G) < n as above. Let now
0= HTl. Then

_ 64+1 3 - 3
n—5+1—|—T—§(5+1)—§(n—5)

and so n = 3. Hence, n = p(d + 1) = 3§ and, thus, p = 2. We deduce
that § = 2 and n = 6. Consequently, G is a cycle of length 6 or the
union of two cycles of length 3. Using Theorem [4] and Proposition
it is easy to verify that dy;(G) + di7(G) = 6 = n in both cases.

Case 2: Let r = 2! and, therefore, n = p(6+1)+ L. As in Case
1, there remains the case that n = 35. Hence, n =35 = (p+ 3)(6 + 1)
and so p < 2. If p = 1, then we obtain the contradiction § = 1. If
p = 2, then § = 5 and n = 15, a contradiction to the fact that the
number of vertices of odd degree is even. O

Since dig(G) < di(G), Theorem [7] leads to the next known
Nordhaus-Gaddum bound.
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Theorem 8 ( [2]). If G is a graph of order n > 4 with 6(G) > 1 and

§(G) > 1, then

dir(G) + dir(G) < n.

Theorem 9. If G is a graph of order n > 5 with §(G) > 1 and
§(G) > 1, then
dt](G) + dt](é) > 3.

Proof. Assume, without loss of generality, that d(G) < di(G). If
di1(G) > 2, then we even see that dy(G) + di7(G) > 4. So let now
di(G) = 1.

If G is not connected, then the condition 6(G) > 1 shows that
G is connected such that §(G) > 2. Therefore, Theorem [5| leads to

di1(G) > 2, and we obtain di1(G) + di7 (G) > 3.

Let now G be connected. Then it follows from Theorem [5] that each
vertex of G is a leaf or a support vertex. Let S(G) = {vi,v2,...,vs}
be the set of support vertices. Since 6(G) > 1, we observe that s > 2.
If s = 2, then the condition n > 5 shows that v; or vq, say v, is
adjacent to more than one leaf. We deduce that v is neither a leaf nor
a support vertex of G. Since G is connected, it follows from Theorem
that dy7(G) > 2 and, thus, di7(G) 4 dyr(G) > 3. If s > 3, then
§(G) > 2, and Theorem [5|leads to di;(G) + di7(G) > 3 again. O

Since dy;(Py) + dy7(Py) = 2, we observe that the condition n > 5 in
Theorem [9] is necessary.
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