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T. Osborne, D. Rhymer ∗, D. Werner, A. Ingram, C.R.K. Windows-Yule
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H I G H L I G H T S

We vary attritor pin number with con-
stant size and constant total projected
area.
Adding more pins of constant size strongly
increases mean pair stress energy.
Changing configuration of the same pin
area has a much weaker effect.
Pin spacing needs to be included when
calculating the mill shear volume.
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A B S T R A C T

Vertical stirred milling is a major technique for grinding fine and ultra-fine particles. In this study, attritor
designs of varying pin number and projected area were examined over a range of impeller rotational speeds
using the Discrete Element Method (DEM). Analysis determined that additional pins improved the potential for
effective grinding due to an increase of average collision energy. However, this was accompanied by a greater
power draw. When projected area was maintained, there were fewer differences between designs, meaning
that the specific configuration of the pins may not be as important. A template of the mill can be found at
https://github.com/darhyme147/ligggghts_stirred_mill_template.
. Introduction

Global demand for high-performance products containing fine par-
icles is increasing, and grinding is vital to their production. Over
0% of products sold worldwide are powders or contain particulates,
ncluding sugars, cereal, sand and cocoa [1]. However, as a unit oper-
tion, grinding and comminution contributes one of the highest energy
onsumption rates; the mining sector alone was responsible for an
stimated 1.8% of global electrical energy consumption in 2015 [2].
oreover, efficiency values can be as poor as 1%–2% [3], so reducing

nergy use while maximising grinding quality is of paramount interest

∗ Corresponding author.
E-mail address: dcr502@bham.ac.uk (D. Rhymer).

to industry, especially considering the current global economic and
energy climate.

Stirred media milling is extensively applied as a grinding tech-
nique, since its relatively high impact energies provide greater size
reduction efficiency and lower energy consumption in comparison to
horizontal ball milling [4,5]. Several forms of stirred mills exist with
each having favourable characteristics for use in certain industries.
The first example was a ‘‘stirred ball mill’’ prototype developed by
Klein and Szegvari in 1928 [6]. In 1946, this evolved into the modern-
day ‘‘Attritor mill’’, a vertically operated pin mill that could grind
particles even at low tip speeds. Since then, several variations have
vailable online 17 July 2023
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been manufactured using this design template [7]. Generally, vertical
designs are used in industry due to their relatively high energy density
and low physical footprint [8].

Experimental and theoretical investigations have improved under-
standing of grinding mechanisms and performance of stirred mills.
A mechanistic stress model was developed by Kwade et al. [6,9],
which transformed a specific energy input into a grinding bead stress
intensity, a metric that can be optimised to produce the finest ground
product. This is stated as

𝑆𝐼 ∝ 𝑆𝐼𝑀 = 𝑑3 ⋅ 𝜌 ⋅ (𝑣𝑡𝑖𝑗 )
2, (1)

with 𝑆𝐼𝑀 being the stress intensity of the media; and is a function
of its diameter, 𝑑, density, 𝜌, and tangential velocity, 𝑣𝑡𝑖𝑗 . Over time
this model was adapted and its accuracy improved. Breitung-Faes and
Kwade [10] introduced geometric and material parameters to enhance
the original model. Here the dominant stress mechanism was assumed
to be compression, expressed by material parameters of compression
strength and Young’s modulus. Energy transfer coefficients were also
introduced to enable calculation of specific power input for particular
grinding outcomes. Radziszewski et al. [11] used dimensional analy-
sis of a stress intensity relationship to form a characteristic physical
parameter for stirred mill geometries and predict mill power. Tokoro
et al. [12] dissociated collision events and developed a relationship
between grinding performance with respect to kinetics, power con-
sumption, and limiting particle diameter. However, little research has
focused on the impact of impeller geometry on flow properties and the
grinding performance of stirred mills.

In the context of optimising the geometry of an impeller, the
Discrete Element Method (DEM) is a valuable modelling technique
which provides insight that would otherwise be experimentally de-
manding. The development of parallel and multi-core computing since
the early 2000’s has enabled researchers to simulate progressively
larger granular systems with a widening variety of applications, in-
cluding: mills [13–15], granulators [16], mixers [17], hoppers [18]
and drums [19]. Although the application of DEM to milling still has
computational limitations, over 106 particles may now be simulated in
a reasonable timescale (within one week). Useful information describ-
ing collision kinetics and grinding media dynamics can be extracted
to predict the effectiveness of a stirred mill. Blais et al. [1] recently
considered the method and numerical implementation of DEM, scru-
tinising and reviewing a range of applications. The article concluded
that DEM is an accurate and versatile tool, highlighting its ability to
model granular flows and potential to extend into multiphysics appli-
cations, along with coupling to CFD to describe solid–liquid systems.
Important challenges were also identified, such as the calibration of
parameters including sliding and rolling friction, damping coefficients
and the coefficient of restitution, which all depend on powder and flow
profiles [20,21].

The central impeller has a large potential for geometrical varia-
tion, with configurations in industry including disc [22], pin, screw
(tower) [23] and combinations of these [11]. Thus, optimising the ge-
ometry could have a vast impact on the energy-effectiveness. Impeller
design and operating conditions have been determined empirically in
industrial procedures, but with the adoption of simulation methods,
wider reaching and more systematic investigations have been possible.
A comparative study by Plochberger et al. [24] showed that a mill had
better energy transfer, greater power intensity and absorbed more input
power if designed with a pin impeller compared to a disc impeller.
A separate DEM based study by Cleary et al. [8,25] of a 1.5 kW
tower mill and a 7.5 kW pin mill showed the tower mill had more
favourable comminution properties. It was shown to be capable of both
convective axial and diffusive radial mixing (the pin mill displayed
poor axial mixing), and the superior particle transport led to a larger
proportion of particles reaching high breakage areas. Therefore the
2

tower mill possessed better grinding capabilities despite the pin mill
having greater levels of energy absorption. Eswaraiah et al. [26] had
previously made the same conclusions experimentally.

Due to difficulty in isolating variables and the financial constraints
of developing multiple physical designs, the extent of research of
impeller designs has been limited and often only looks at a handful
of designs [6]. A study that specifically targeted the impact of impeller
geometry in a vertical stirred pin mill was done by Daraio et al. [14],
who investigated the effect of arm length on grinding media motion.
The authors concluded that a longer arm was more effective in promot-
ing media agitation as the size of regions of maximum shear decreased.
Tokoro et al. [12] compared the performance of three different pin
impeller designs with varying directions relative to the shaft. The best
results were when the pins were perpendicular, as it produced the
narrowest particle distribution, and thus faster and finer grinding. How-
ever, the study was conducted in the horizontal orientation. The impact
of varying pin number and size has not been included in literature.

In the present work, impeller pin number was varied under two
constraints: constant size for each pin, and constant projected surface
area for all pins. DEM simulation provided a detailed description of
the grinding media interactions for each tested geometry, with the base
model having been created and validated in a previous work [15]. The
rotational speed of the impeller was varied to investigate the influence
in different regimes. The interaction of 10mm grinding media was
modelled with an assumption that no media wear occurred over the
simulation time frame investigated. In physical systems, the particu-
lates needing to be ground are significantly smaller than the grinding
media, so these are incorporated into the media restitution and friction
values. This study aimed to extract system kinetics and analyse granular
flow properties to identify an impeller design that provides maximal
grinding effectiveness while limiting energy waste.

2. Methodology

2.1. Discrete element method

The open source DEM software LIGGGHTS® (LIGGGHTS v3.8.0,
DCS Computing GmbH, Austria) [27] was used to model grinding me-
dia interactions. Simulations track translational and rotational particle
motion in granular systems by applying Newton’s second law [15,28].
The resultant forces of two particles in contact can be see in Fig. 1,
and from this, equations describing the normal and tangential forces
are defined.

Fig. 1. The resultant velocities (blue) and forces (red) of two particles, i and j, in
contact with each other [14].

𝑚
𝑑𝑣𝑖 = (𝐹 𝑛 + 𝐹 𝑡 ) + 𝑚 𝑔, (2)
𝑖 𝑑𝑡 𝑖𝑗 𝑖𝑗 𝑖
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𝐼𝑖
𝑑𝜔𝑖
𝑑𝑡

= (𝑅𝑖 × 𝐹 𝑡
𝑖𝑗 − 𝜏𝑟𝑖𝑗 ). (3)

𝑚𝑖, 𝐼𝑖, 𝑣𝑖, 𝜔𝑖 represent the mass, moment of inertia, translational velocity
and rotational velocity respectively. 𝜏𝑟𝑖𝑗 is the rolling friction torque, 𝑅𝑖
is the radius, and 𝑚𝑖𝑔 represents the particle weight. 𝐹 𝑛

𝑖𝑗 and 𝐹 𝑡
𝑖𝑗 are

the normal and tangential forces acting on the particles, are calculated
according to a non-cohesive Hertz–Mindlin no-slip contact model [14];

𝐹 𝑛
𝑖𝑗 + 𝐹 𝑡

𝑖𝑗 = (𝐾𝑛𝛿𝑛𝑖𝑗 − 𝛾𝑛𝑣
𝑛
𝑖𝑗 ) + (𝐾 𝑡𝛿𝑡𝑖𝑗 − 𝛾𝑡𝑣

𝑡
𝑖𝑗 ), (4)

where (𝐾𝑛𝛿𝑛𝑖𝑗 − 𝛾𝑛𝑣𝑛𝑖𝑗 ) and (𝐾 𝑡𝛿𝑡𝑖𝑗 − 𝛾𝑡𝑣𝑡𝑖𝑗 ) are the normal and tangential
forces. Both expressions are quantified as the difference between a
spring and damping component. Each of the spring components con-
tain a stiffness component which is calculated using effective values
for radius, 𝑅∗, Young’s modulus, 𝐸∗, shear modulus, 𝐺∗ and contact
overlap, 𝛿𝑖𝑗 ,

𝐾𝑛 = 4
3
𝐸∗

√

𝑅∗𝛿𝑛𝑖𝑗 , (5)

𝐾 𝑡 = 8𝐺∗
√

𝑅∗𝛿𝑛𝑖𝑗 . (6)

The Hertz–Mindlin model is the most common in DEM simulation due
to its accuracy, simplicity, and robustness [29], although it excludes
attractive surface energy forces, such as van der Waals interactions.
For the current study, which models large, heavy particles, this is a
reasonable assumption as any attractive (cohesive) forces are expected
to be sufficiently small compared to the media contact forces.

2.2. Computational model & validation

The base model is the same one as used in the previous study: ‘‘A
discrete element method investigation within vertical stirred milling: Chang-
ing the grinding media restitution and sliding friction coefficients’’ [15]. In
this work, the model had been validated and calibrated from previous
work by Daraio et al. [14,30], who validated a dry powder vertical
mill using Positron Emission Particle Tracking (PEPT) data and then
used the resulting model in their pin length study previously men-
tioned. This meant that there was no requirement for coupling with
any fluid methods, like Computational Fluid Dynamics (CFD). In the
interests of open and transparent science, a sample copy of the template
mill can also be found at https://github.com/darhyme147/ligggghts_
stirred_mill_template, so scientists and researchers are able to use this
template for their own work or reproduce the findings of the paper in
more detail.

Table 1
The material input parameters used for each simulation.

Parameter Value

Media diameter, d (mm) 10.0
Media density, 𝜌 (kg m−3) 7850
Young’s Modulus (N m−2) 2.1 × 107

Poisson ratio, 𝜈 (–) 0.3
Restitution coefficient, 𝜀 (–) 0.7
Sliding friction coefficient, 𝜇𝑠 (–) 0.25
Rolling friction coefficient, 𝜇𝑟 (–) 0.0
Media fill level (%) 55
Time step, 𝑡 (s) 10−6

The material properties are given in Table 1. These were taken di-
rectly from the previous work and are based on the physical properties
of stainless steel. The effect of rolling friction can be ignored when the
motion of spherical grinding media is considered [8,25]. The value for
the coefficient of restitution, 0.7, was extracted from the investigations
of collisions completed by Radil and Palazzolo [31]. This is towards
the upper limit of the real value range which would be observed,
but still provides a reasonable estimate for the results, particularly on
a qualitative basis. Data was recorded for ten seconds in total, after
the mill had been allowed to stabilise at a steady state. The mill was
filled to 55% of the available volume which follows on from previous
work [14,15]. This equated to 4379 media beads.
3

Fig. 2. Figure showing the dimensions of the 6-pin geometry used in the constant pin
size investigation. All dimensions are in mm.

2.3. Mill geometry

Fig. 2 illustrates a 2D schematic of the 6-pin impeller used in the
constant pin size study. The outer vessel, attritor shaft diameter, pin
length and pin diameter (within the constant pin size investigation),
are based directly off previous work [14,15].

Adding pins to the central impeller shaft appears logical for bet-
ter grinding as it increases the surface area for interaction between
grinding media and the impeller. However, this action could also lead
to changes in the flow of media, since a varying pin distribution and
separation changes flow properties and media interactions. Isolating the
impact of increasing surface area by keeping the total projected surface
area of all pins constant is necessary to dissociate the influence of
surface area and other impeller features. Accordingly, the investigation
was formed of two parts. The first was to simply change the number
of pins on the shaft, while the second maintained the total projected
surface area of all pins. Each study varied the number of pins between
four and ten. A fixed pin length of 83mm was used to maintain a
constant tip speed at the same rpm values. Each attritor geometry is
shown in Fig. 3 and Appendix lists the key attritor dimensions.

2.4. Post-processing

One of the biggest advantages of simulation is that no experiment is
able to generate the same volume and quality of data in a comparable
timescale [32]. This can be further post-processed to add context and
meaning.

2.4.1. Granular temperature
Grinding is only possible if the media are interacting with each

other in a disruptive manner and therefore, a useful method to illustrate
grinding effectiveness of the media is to measure velocity fluctua-
tions relative to a local mean. This metric is known as the granular
temperature and is given as

𝑣𝐺 =
∑

𝑣2𝑐𝑒𝑙𝑙
𝑛𝑐𝑒𝑙𝑙

− �̄�2𝑐𝑒𝑙𝑙 , (7)

where 𝑣𝐺 is the granular temperature and 𝑣𝑐𝑒𝑙𝑙 is the velocity of the
media within each cell. Granular temperature is similar to thermal

https://github.com/darhyme147/ligggghts_stirred_mill_template
https://github.com/darhyme147/ligggghts_stirred_mill_template
https://github.com/darhyme147/ligggghts_stirred_mill_template
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Fig. 3. Figure showing the different geometry designs used in the constant pin size:
(a) 4-pin, (b) 6-pin, (c) 8-pin, (d) 10-pin, and constant projected area: (e) 4-pin, (f)
6-pin, (g) 8-pin, (h) 10-pin simulations.

temperature in the kinetic theory of gases. A low value indicates
possible solid body motion as media are not moving with respect to one
another; a phenomenon which hinders grinding [33]. Although time
averaged when presented, a reference frame was taken with respect to
the pin motion, meaning that the cells rotated in line with the system,
and therefore, the same relative space could be analysed consistently,
even with respect to time.

2.4.2. Collision energies
Computational modelling has allowed researchers to gain an in

depth understanding of milling at collision level. As no physical grind-
ing takes place in most simulations due to processing limitations, the
effectiveness is assumed as a probability for a particle to be milled if
it was to be included. The most common metric to identify this is by
looking at the energy spectra that are produced from the collisions in
the simulation. Beinert et al. [34] studied this principle and determined
that a pair of spherical beads in contact would exhibit at least one of
six main collision mechanisms, shown diagrammatically in Fig. 4 [15].

Table 2 shows the associated Equations for the different collision
energies that can be derived from each of these mechanisms. A more
detailed explanation of each can be found in Rhymer et al. [15]. The
total energy of collision, 𝐸𝑡𝑜𝑡𝑎𝑙, is the sum of all six components. In
literature, abrasion has been most frequently identified as the dominant
breakage mechanism in stirred mills, especially for fine grinding in the
low impeller speed range [35–37].

Table 2
The six Equations defining contact pair collision mechanisms [34].

Mechanism Symbol Equation

Impact 𝐸𝑡𝑛 𝐸𝑡𝑛 =
1
2
𝑚(𝑣𝑛𝑖𝑗 )

2 (11)

Torsion 𝐸𝑟𝑛 𝐸𝑟𝑛 =
1
5
𝑚𝑟2(𝝎𝑛

𝑖𝑗 )
2 (12)

Shearing 𝐸𝑡𝑠 𝐸𝑡𝑠 =
1
2
𝑚(𝑣𝑡𝑖𝑗 )

2 (13)

𝐸𝑟𝑠 𝐸𝑟𝑠 =
1
5
𝑚𝑟2(𝝎𝑡

𝑖𝑗 )
2 (14)

Rolling 𝐸𝑡𝑟 𝐸𝑡𝑟 =
1
2
𝑚(𝒗𝑖 + 𝒗𝑗 )2 (15)

𝐸𝑟𝑟 𝐸𝑟𝑟 =
1
5
𝑚𝑟2(𝝎𝑖 + 𝝎𝑗 )2 (16)
4

Fig. 4. The eight collision mechanisms presented by Beinert et al. [34], separated into
impact, torsion, shearing and rolling effects [15].

2.4.3. Power draw
Power is a highly important grinding metric because it indicates

how efficient a mill is. It is also one of the few outputs which re-
searchers are able to obtain in both simulation and experiments, allow-
ing for direct comparison between the two. While there is no direct
output in LIGGGHTS, the normal media-media power draw, 𝑃 , was
sampled for each time output by summing the product of the dissipative
force components from Eq. (8), 𝐹𝑑𝑖𝑠𝑠, and relative velocity, 𝑣𝑟𝑒𝑙, for each
contact,

𝑃 =
𝑛
∑

𝑖=1
𝐹𝑑𝑖𝑠𝑠(𝑖) 𝑣𝑟𝑒𝑙(𝑖). (8)

Normally, Eq. (8) is, in fact, the integrated velocity over the course
of the contact. However, in our case, all contacts are simultaneously
sampled at a fixed time point such that instantaneous velocity is
constant and the system state is steady enough to assume that power
is similar at any sample point since we are averaging collisions at each
stage of contact. There are two ways of obtaining the dissipative force
in LIGGGHTS from the Hertz–Mindlin derivation (see Eqs. (4)). Either
by calculating 𝛾𝑛 or 𝛾𝑡 directly, or through solving the force balance
from the normal and tangential force outputs that LIGGGHTS gives. The
latter was used because it is calculated from outputs rather than inputs
so absorbs any simulation errors, such as in rounding.

Several papers have investigated the derivation of more universal
power draw formulae, with Herbst and Sepulveda [38] deriving an
equation using multiple regression of data points for stirred media mills
that incorporated rotational speed, mill volume, media diameter and
media density. Kwade et al. [39] derived a now well-established stress
model which Radziszewski and Allen [11,40] later used to derive a
power draw model based on a fluid mechanics definition of shear stress
and an assumption that the main breakage mechanism is abrasion. The
pair concluded that power followed a quadratic proportionality with
impeller rotational speed, 𝜔, with the function producing a relatively
good fit when plotted versus experimental data for three varieties of
stirred mills:

𝑃 = 𝜂𝜔2𝑉𝜏 . (9)

𝜂 is the dynamic viscosity of fluid in the system. It is estimated
from correlations by Gao, Forssberg and Weller [41]. 𝑉 is ‘‘shear
𝜏
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volume’’ [11,40],

𝑉𝜏 = 𝐴
𝑟2𝑠
𝑦
, (10)

where 𝐴 is the total area undergoing shear, 𝑟 is the radius over which
the shear is acting, and 𝑦 is the separation of shear surfaces. Appendix
shows the calculated values for 𝑉𝜏 in each instance using Radziszewski’s
original definition. These are the summation of the 𝑉𝜏 values for the pin
tips, the shaft and the bottom pin surface. Dynamic viscosity is assumed
to be constant for all scenarios.

3. Results and discussion

3.1. Velocity & granular temperature

The simplest measure of milling potential is velocity as it is propor-
tional to the kinetic energy present. Fig. 5 illustrates a monotonic trend
of average media velocity with attritor speed for all simulations. The
trend is slightly non-linear, with the gradient progressively decreasing.
This is a result of greater power dissipation per collision and reduced
contact of beads from increased fluidisation (See Section 3.4). The total
contact area between pins and media is more important than the way
it is configured, with the total projected area simulations, (b), showing
a much tighter distribution of media velocities at the same attritor
rotational speed. At low speeds, this is even smaller because the lack of
energy driving the media upwards means the 4-pin designs, with lower
centre of mass, are a lot more comparable. At higher attritor speeds,
the media velocity favours the 10-pin design a little more because the
area is distributed more evenly throughout the milling height.

Fig. 5. Average media velocity as a function of impeller rotational speed for each
impeller design. (a) constant pin size and (b) constant projected area. Lines are to aid
the reader’s interpretation.

Fig. 6 shows the flow fields of each design at 300 rpm. For both
experimental sets, a high energy region can be observed around the
pin tips, with this becoming larger and more intense as the number of
5

pins increases. There is an overarching recirculatory motion observed
in all cases where the media push out and upwards at the vessel walls
until they reach the top of the milling space and cascade back down.
However, there are individual recirculation loops present in some of the
designs, particularly when the number of pins are low, creating more
gaps for media to flow between. When higher numbers of pins are used,
the increased steric hindrance creates a wall that the media struggle to
pass through. There is a much lower velocity region below the bottom
layer of pins in all cases. This decreases in size when the individual
pins are larger, as shown in (e), because there is a greater amount of
momentum from the pins. Industrially, this is quite important because
there have to be clearances between attritor and vessel to prevent
jamming, often making the bottom region very low energy. If larger
pins are used in that region, they would be able to induce a greater
amount of motion within the media without breaking any engineering
tolerances that need to be considered.

Fig. 6. Velocity fields of all designs in the r-z plane at 300 rpm with arrow lines marking
direction of flow. Constant pin size: (a) 4-pin, (b) 6-pin, (c) 8-pin, (d) 10-pin. Constant
projected area: (e) 4-pin, (f) 6-pin, (g) 8-pin, (h) 10-pin.

The granular temperature is observed to increase with impeller
speed (Fig. 7). This is a result that is expected to correlate to collision
frequency, implying that higher impeller speeds cause more collisions
and thus more opportunity for momentum transfer. Moreover, a higher
impeller speed imparts more momentum transfer per collision, further
contributing to increasing the velocity of the media. Higher impact
velocities at higher impeller speeds are evident from the monotonic
trend of granular temperature and impeller speed, illustrating that
greater variance in velocity is present in the high impeller speed
regime. Outgoing velocities are thus reduced, limiting the average sys-
tem velocity. Hence, the gradient of the average velocity curve shown
in Fig. 5 is slightly non-linear with attritor speed. For a constant pin
size, impellers with greater numbers of pins generated a higher mean
particle velocity because the total projected surface area increased with
each additional pin, forming a larger area for collisions and momentum
transfer between pins and particles. Putting this into depth-averaged
surfaces (Fig. 8) shows that the highest fluctuations occur closest to
the pins tips as this is where the highest input energy is. In all cases,
there is a gradual decrease in 𝑉𝐺 as the circular distance from the pin
increases. Where the projected area is greatest (Fig. 8(b)), the granular
temperature is highest and most consistent through the mill. Apart
from at the tip, where number of pins produces a higher 𝑉𝐺 due to
a larger distribution of energy across the mill height, there is a more
consistent granular temperature when projected energy is fixed, (c) and
(d), compared to when pin number is increasing, (a) and (b).

3.2. Force

To better grasp the grinding mechanisms involved, the average
force transferred to the media was evaluated. It is a useful metric for
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Fig. 7. Granular temperature versus impeller speed for (a) constant pin size and (b)
constant projected area.

Fig. 8. Depth averaged 𝑟 − 𝜃 granular temperature plots of the mill with constant pin
size: (a) 4-pin, (b) 10-pin, and constant projected area: (c) 4-pin, (d) 10-pin. All mills
are rotating anti-clockwise at 300 rpm and the frame of reference is set to the attritor.

measuring grinding effectiveness, since greater collision force improves
the chances of breakage by impact. Fig. 9 illustrates the relationship
between average media force and impeller speed, which like the ve-
locity plot in Fig. 5, showed a monotonic trend. Furthermore, as pin
number increased, the force transferred to the media increased, with
the distribution narrowing when area was kept constant due to a
constant interaction area for force transfer. A higher population of pins
6

was concluded to form a more turbulent flow regime in the system, thus
increasing force transfer in collisions. This was justified by a non-linear
positive correlation between pin number and granular temperature as
more significant velocity fluctuations provided an indication of chaos
in the system. The importance of this industrially is if a greater number
of pins cause more chaos, it increases the chance of the media coming
together with enough force to have successful collisions and increase
grinding.

Fig. 9. Average media force versus impeller rotational speed for each impeller design
for (a) constant pin size and (b) constant total pin projected surface area.

3.3. Contact energies

The energy spectra of the media are provided in Fig. 10. Fig. 10(d)
shows minimal difference in the energy spectra when the projected
area is kept constant and the velocity is high enough to reach all pins,
suggesting that configuration is largely insignificant. This is because in
fixing the area, the amount of input energy being supplied is roughly
equal, providing that the media are able to create enough lift that they
reach all pins. There are slightly higher energies with increased pin
number but these are not as large as some of the other observations
presented. Industrially, this could be highly significant, as attritors can
therefore be designed with the knowledge of maximising the projected
area, but with fatter, more durable pins. While similar energy spectra
is the case at 300 rpm, it is not at 50 rpm (Fig. 10(c)). Here, the 4-pin
has a higher intensity spectrum because more of the pin area is sat
within the media. There is insufficient media volume and energy input
to utilise the top pins within the design, so they are not able to transfer
any of their rotational energy.

When the individual pin area is kept the same and the number of
pins are increased, as in Fig. 10(a) and (b), the spectra show that a
greater number of pins increases the amount of energy present. This
is expected as more energy is being supplied. At 50 rpm, there is a
change between the four and six pin simulation but less of an additional
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Fig. 10. Logarithmic collision energy spectra with constant pin size: (a) 50 rpm, (b)
300 rpm, and constant projected area: (c) 50 rpm, (d) 300 rpm.

effect as further pins are added because again, they start to sit above
the media. This is less of an issue at 300 rpm, as there is enough lift
created for the media to fill the mill, so all of the available pins are
contributing towards successful milling performance. This means that
an optimal design for collision energies would have as much projected
surface area as possible for milling, yet still allow for the media to move
and interact throughout the entire active region.

3.4. Power draw

Fig. 11 illustrates the overall power dissipation in both studies. At
low impeller speeds the grinding media settle, forming an inhomoge-
neous occupancy within the mill, whereas at high impeller speeds, the
media are concentrated towards the system walls due to the centrifugal
force they experience. Consequently, the relationship between power
draw and impeller speed can vary considerably, especially as the data
is sampled. Additionally the flow properties of the media are dependent
on other factors such as material loading and media density, hence
theoretically analysing mill power is complex. Therefore, empirical
formulae are generally valid solely for the particular system they are
applied to. A quadratic curve gave an acceptable fit for each design with
respect to rotational velocity. The constant pin size set, (a), showed
that power draw increased as pins were added. This was because more
obstacles were present and thus, greater turbulence. The presence of
turbulent flow and the level of shear in the system are coinciden-
tal [42], with velocity fluctuation describing the chaotic characteristics
of a system that contribute to both phenomena. The constant area
results, (b), give more interesting results because, like with velocity,
the distribution between designs at the same attritor speed are very
tight, and often do not follow in order of the number of pins present.
This is because of the different surfaces in contact with the media. At
low rpm, the 4-pin design is more submersed within the media so all
of the attritor volume is interacting, whereas some of the designs with
higher pin numbers do not have this.

The derivation by Radziszewski, Eq. (9) [40], was applied and the
corresponding shear volumes are in Appendix. As pin number increases
while size is kept constant, the shear volume increases. It was assumed
that dynamic viscosity is constant across all cases. The power draw
presented in Fig. 11(a) correlates to this, with the higher number of pins
exerting more power, although with a larger ratio that Radziszewski’s
prediction. However, there is an opposite effect in Fig. 11(b) as the
4-pin design, which has the biggest calculated shear volume, dissipates
the lowest power at high velocities. As Radziszewski only investigated
7

Fig. 11. Average power draw versus impeller rotational speed for each impeller design.
(a) constant pin size and (b) constant projected area.

the power between different types of mill with similar dimensions, and
not different configurations of the same type, there could be parameters
needed in addition to his design equation, such as number of pins,
placement and spacing. When comparing across the two experiments,
the power draw trend is coherent with the shear volume trends. The
4-pin, which has greater 𝑉𝜏 in the constant area set, has a greater
power draw in Fig. 11(b). Likewise, the 8-pin and 10-pin designs
have a greater 𝑉𝜏 in the constant pin size study, and draw a greater
power in Fig. 11(a). The 6-pin, which has a nearly identical 𝑉𝜏 in both
experiments, shows very similar results in both cases.

Radziszewski concluded that his shear volume was deemed to have
needed further analysis to be used with confidence [11]. If the deriva-
tion is now applied, but the previous shear volume is calculated with
the addition of the shear surfaces between the pins, as shown in Fig. 12
and Table 3, the correlations become more aligned because the new
shear volume favours the greater number of pins if the whole attritor
is actively shearing. This makes sense because even though adjacent
pins have the same speed, there is a velocity gradient to the fluid
and beads in between. Rotational velocity will have an effect on these
additional shear surfaces due to the vortex created by the mill. This
means some surfaces will not have full contact with the media, reducing
the shear volume. Likewise, low velocity mills may not contain enough
energy to reach all shear surfaces. Overall, the modified equation shows
qualitative agreement in most cases, with further research required to
validate the theory across a greater range of cases.

In both studies but particularly while the surface area was constant,
there is an overlap at low rotational speeds. Studies in which impeller
rotation rate has been varied have agreed with these observations. In
particular, Daraio et al. [14] found a monotonic trend between power
dissipation and rotation speed with differences in power dissipation
between designs negligible at low speeds. This overlap also comes from
variance due to the instantaneous nature of the sampling rate.
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Fig. 12. Indicated shear surfaces which are used to form Radziszewski’s shear vol-
ume [11], and the additional surfaces, considering the separation between pins, which
have been proposed.

Table 3
Calculated shear volume of each design using the Radziszewski definition without
accounting for pin spacing, 𝑉𝜏 and the inclusion of a shear surface between adjacent
pins, 𝑉𝜏 (𝑛𝑒𝑤).

4-pin 6-pin 8-pin 10-pin

Const pin size 𝑉𝜏 0.0010 0.0014 0.0017 0.0021
𝑉𝜏 (𝑛𝑒𝑤) 0.0018 0.0031 0.0053 0.0096

Const pin area 𝑉𝜏 0.0021 0.0014 0.0011 0.0009
𝑉𝜏 (𝑛𝑒𝑤) 0.0031 0.0029 0.0032 0.0040

3.5. Effectiveness of power transfer

In industry, there normally has to be a compromise between ef-
fectiveness and efficiency and this needs to be considered. The study
was extended to two investigations of power transfer effectiveness: a
comparison of force transfer and power dissipation and a comparison of
particle rotational rate and that of the impeller. To gain an understand-
ing of the efficiency of force transfer to grinding media in the system, a
metric of average force acting on grinding media per unit of power dis-
sipated was evaluated; its relationship with impeller speed is illustrated
in Fig. 13. Adding pins of constant surface area produced a negative
correlation between this quantity and speed of the impeller, with a neg-
ative linear correlation deemed an appropriate fit. Since force exhibits
a linear trend with impeller speed, while power displays a quadratic
one (especially in the higher speed regime), a reciprocal relationship
between a force-power draw ratio and impeller speed was expected.
However, it was deduced that the data set was insufficiently large
to display this. Systems containing fewer pins consistently displayed
more effective force transfer to media. This result was expected since
force transferred had little variance between designs, especially for low
impeller speeds and constant projected pin surface area, whereas power
draw varied more significantly as more pins were added. Therefore, the
metric decreases. The simulations for constant projected area, were in
agreement with these general trends, with the exception that at rota-
tional speeds of below 150 rpm the 4-pin design exhibited a non-linear
trend, showing increasingly poorer effectiveness as the impeller rotated
more slowly. Overall the plot implies that although a higher pin count
corresponds to more effective grinding due to greater force transfer to
particles, as displayed in Fig. 9, the efficiency of force transfer generally
8

Fig. 13. Force transferred per unit of power dissipated for varying impeller rotational
speed for systems of (a) constant pin size and (b) constant total pin projected surface
area.

decreases because power dissipation becomes progressively larger as
more pins are added.

Subsequently, the rotational speed of the media relative to the
impeller was considered as this represented the impeller’s capability
of transferring kinetic energy amongst the beads. This is shown in
Fig. 14. Similar to Fig. 13, the efficiency of the energy transfer shows
a linear decrease as the impeller rotational speed increases. However,
additional pins on the impeller shaft appear to generally improve the
corresponding ratio. This result suggests that media are being more
collectively propelled around the chamber as additional pins are in-
cluded, potentially caused by smaller gaps between pins and a more
even coverage of surface area, resulting in collective motion due to
‘bridging’. The separation between pins becomes progressively smaller
for higher pin designs, reducing from 38 mm in the 4-pin set up to
14 mm in the 10-pin set up (see Appendix A.1).

The 4-pin, constant area model showed unusual behaviour in both
assessments of efficiency, with little force transfer per unit of power
dissipated at low impeller speeds while showing relatively similar
rotational motion between media and impeller. As a large portion of
media occupy the lower region of the system when the impeller rotates
slowly, the pins have a relatively large amount of contact with the
media as the surface area of pins was located in the lower portion of the
mill. Therefore, there was a large surface creating resistance to motion.
However, because rotational speed is low, the force transfer is little
and turbulence is less prevalent; the latter contributing further to the
lack of force transfer. Comparing the granular temperature at impeller
speeds of 50 rpm and 300 rpm shows there is a huge difference in the
uniformity of motion, with the lowest rotational speed producing an av-
erage granular temperature of 0.0021m2 s−2, around 1∕25 in comparison
to the granular temperature obtained at the highest rotational speed
which was approximately 0.052m2 s−2. Thus, it justifies the lack of
turbulence for the 4-pin design, and consequent rigid body-like motion,
when rotating at slow speeds.
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Fig. 14. Ratio of average particle rotational speed and the rotational speed of the
impeller for systems of (a) constant pin size and (b) constant total pin projected surface
area.

4. Validity

4.1. Media restitution

While most industrial mills operate under wet conditions, the study
has only used a granular solving method in DEM. The fluid has been
assumed as the media restitution value of 0.7, with any lubrication
between the media on impact softening the collision.

To test the validity of this, the simulations were re-run using resti-
tution values of 0.1, 0.3 and 0.5. The power draw for the constant
pin size simulations are presented in Fig. 15. As one may intuitively
expect, media possessing lower restitution coefficients induce greater
power draw, with the effect being most pronounced at higher rpm as
a greater propensity of contact events can be expected. Nonetheless,
despite the quantitative differences observed for different restitutions,
the qualitative trends as pin number is varied remains consistent across
the full range of values explored. The same general trends can also be
made for the constant total area simulations shown in Fig. 16.

Fig. 17 shows that there is an increase in the net force on each media
as restitution increases. This is expected because the impacts from
the contacts are expected to store more of the momentum at higher
restitution values. Once again, the trends observed are the same, both
in terms of linearity with rotational velocity and the values observed
for each design with respects to the others. Because no grinding has
occurred within the simulations, the study is only able to return an
approximation of the grinding possible within the milling environ-
ment. However, these results demonstrate that our key conclusions are
independent of the media properties.
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Fig. 15. Power draw from the constant pin size setup at different media restitution
values. (a) 0.7 (original value), (b) 0.5, (c) 0.3 and (d) 0.1.

Fig. 16. Power draw from the constant total area setup at different media restitution
values. (a) 0.7 (original value), (b) 0.5, (c) 0.3 and (d) 0.1.

Fig. 17. Average net media force from the constant total area setup at different media
restitution values. (a) 0.7 (original value), (b) 0.5, (c) 0.3 and (d) 0.1.
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Fig. 18. Velocity fields using different media sizes at 300 rpm with the 10-pin equal pin size design. (a) 10 mm (original value), (b) 8 mm, (c) 6 mm, (d) 4 mm.
Fig. 19. Average media acceleration different rotation speeds, normalised with respect
to media size for different configurations in the equal pin size study. (a) 4-pin, (b)
6-pin, (c) 8-pin, (d) 10-pin.

4.2. Media size

One of the other media properties which will have an effect on the
milling dynamics is the bead size. This creates an interaction effect
between the geometry and media. If the velocity fields for the 10-pin
constant pin design, at 300 rpm are displayed with media diameters
of 10 mm (Fig. 18(a)), 8 mm (b), 6 mm (c) and 4 mm (d), there is a
difference in average media velocity between the 4 mm bead and the
rest. Each simulation has the same volume of media, and the overall
flow patterns are very similar but the magnitude is lower because the
smaller beads can get between adjacent flights more easily. There is
also a larger dead zone at the bottom because more layers of media
can fit under the bottom pair of pins. Despite small differences in the
velocity fields, the media acceleration is comparable to within 10%
across all sizes (Fig. 19). Acceleration has been used, as opposed to
force, because it normalises the different media sizes by mass (𝐹 = 𝑚𝑎).
This means the media force exerted is directly proportional to the mass
of the individual media and is significant because it can be used to
predict contact forces. It also applies across all designs tested which
means it is independent of the specific configuration used.

Finally, the power for each simulation, Fig. 20, shows that the
qualitative and quantitative nature of changing the media size is largely
insignificant. This is to be expected due to conservation of energy laws,
as the same amount of input energy is provided by each attritor, but
are significant because the individual contact energies will change with
respect to size. Larger media carry greater momentum but there will
be fewer contact events between them. If the combined dissipation
10
Fig. 20. Average power draw at different rotation speeds, media sizes and con-
figurations in the equal pin size study. (a) 10 mm, (b) 8 mm, (c) 6 mm, (d)
4 mm.

of all contacts is similar, an engineer can therefore make decisions of
whether the number of contacts or the individual magnitudes are more
important within the mill design.

4.3. Variation with scaling

Ultimately, the results observed should have the ability to be scaled,
as most industrial systems operate on much larger chamber volumes.
Therefore, each design was run at 150 rpm using the same media
and percentage fill level, but with double-size geometry. 150 rpm was
used as it meant the tip speed was equivalent of 300 rpm at the orig-
inal size, so the results could be compared by both that and the
rpm.

Fig. 21 shows the power draw obtained by the constant area simula-
tions with the equivalent rotational speed (150 rpm), and equivalent tip
speed (1.30m s−1, 300 rpm) or the original geometry, scaled according to
the predictions made by Radziszewski [11,40] (Eq. (9)) for comparison.
These show differences, with the double scale geometry falling between
the equivalent attritor rotational and tip speed. The general trend fits
more closely with equivalent rpm, which is to be expected as those
are the same units as the design equation. The reason for this is that
the gap between the pin tip and chamber wall is only 12mm in the
original design; only just greater than the media diameter of 10mm.
Doubling this space, while keeping the media size the same, allows
for more media to be consistently within this gap, and provide a more
consistent reading. This will in turn affect the perceived viscosity of
the system, and hence, the slightly lower scaled power for the larger
geometry.
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Fig. 21. Scaled power draw of the 10-pin constant area model under three conditions.
(Blue) Double scaled geometry at 150 rpm, (Red) Original size geometry at the
equivalent rpm of the larger model, (Green) Original size geometry at the equivalent
tip speed of the larger model.

5. Conclusion

The study explored the grinding media dynamics of different ver-
tical attritor mills. The biggest impact to changing conditions is by
increasing the projected area that the pins are able to deliver to the
beads as there is a greater area for surface transfer between attritor
and media. However, the configuration also has an effect, leading to
a proposal that the power draw equation by Radziszewski needs to
include the shear volume between pins as part of the summation. Dif-
ferent options are more suitable depending on if the grinding happens
at low or high velocity. Fewer, fatter pins are better for low velocity
grinding while more pins offer greater energy transfer at higher speeds.
This is important depending on the application, with some industries,
such as food, dealing with soft particles that break down at much lower
energies so do not need the speeds observed in other industries like
mineral ore processing.

While the study is limited to only providing a probability of grind-
ing, the results are industrially relevant as they provide a strong set of
guidelines for system designers, and these are independent of media
properties. Though providing lower force transfer, fewer pins will
transfer energy more efficiently, potentially leading to design with
fewer fatter pins that are not only energy saving but also more durable.
With energy and climate being an increasingly large topic of con-
versation, these guides could lead to important savings across the
industry.
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Nomenclature

Symbol Definition Units
𝐴 Shear area m2

𝐷 Pin diameter mm
𝑑 Media diameter mm
𝐸 Collision energy J
𝐸∗ Effective Young’s modulus Pa
𝐹𝑖𝑗 Contact force N
𝐺∗ Effective shear modulus Pa
𝑔 Gravitational acceleration m s−2

𝐼 Moment of inertia kg m2

𝐾 Stiffness N m−1

𝑚 Media mass kg
𝑛 Media number –
𝑃 Power W
�̄�2 Variance proportion –
𝑅 Particle radius m
𝑟𝑠 Shear radius m
𝑆𝐼𝑀 Media stress intensity kg m s−1

𝑡 Timestep s
𝑉𝐺 Granular temperature m2 s−2

𝑣𝑛𝑖𝑗 Relative normal velocity m s−1

𝑣𝑡𝑖𝑗 Relative tangential velocity m s−1

𝑉𝜏 Shear volume m3

𝑦 Shear separation m
𝛾 Damping coefficient N s m−1

𝛿𝑖𝑗 Media overlap m
𝜀 Coefficient of restitution –
𝜂 Dynamic viscosity Pas
𝜇𝑟 Rolling friction coefficient –
𝜇𝑠 Sliding friction coefficient –
𝜈 Poisson ratio –
𝜌 Particle density kg m−3

𝜏𝑡𝑖𝑗 Rolling friction coefficient –
𝜔 Rotational velocity rads−1

Appendix. Location of pins and pin separation for each design

A.1. Constant pin size study

See Table A.1.

A.2. Constant projected area study

See Table A.2.
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Table A.1
Geometrical parameters for the first experiment. The values for pin location are relative
to the bottom of the impeller shaft.

# Pins Pair Height (mm) z-Sep (mm) 𝑉𝜏 (m3)

10 1 13.6 14 0.0021
2 47.6
3 81.6
4 115.6
5 149.6

8 1 13.6 22 0.0017
2 55.6
3 97.6
4 139.6

6 1 13.6 30 0.0014
2 63.6
3 113.6

4 1 13.6 38 0.0010
2 71.6

Table A.2
Geometrical parameters for the second experiment. The values for pin location are
relative to the bottom of the impeller shaft.

# Pins D (mm) Pair Height (mm) z-Sep (mm) 𝑉𝜏 (m3)

10 12 1 15.0 20 0.0009
2 47.0
3 79.0
4 111.0
5 143.0

8 15 1 15.0 28 0.0011
2 58.0
3 101.0
4 144.0

6 20 1 15.0 36 0.0014
2 71.0
3 127.0

4 30 1 15.0 42 0.0021
2 87.0
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