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List of Symbols

Table 1: List of Symbols

Quantity Symbol
Set of road segment IDs to be connected Ir

Length of a road segment lltotal
Length of a parking lot lpa

Number of lanes of a road segment nl

Position of its center pc
Diverging point pdiverge

Road segment position data pl
Merging point pmerge

Radius of a roundabout r
Outer radius of a roundabout ri
Inner radius of a roundabout ro

Start point of a parking lot with respect to the associated road segment length spa
Traffic matrix T

Angle of start and end points of outer boundary line of a roundabout θb
Coefficient for moving the control point along the gradient of a lane ushift

Lane width of a road segment wl

Width of a parking lot wpa

Width of a circular virtual lane of a roundabout wr

Set of x coordinates of a road segment xroad

Set of y coordinates of a road segment yroad
Set of x coordinates of a drawn Bezier curve xb

Set of y coordinates of a drawn Bezier curve yb

3



Chapter 1

Introduction

Autonomous driving technology, which has developed rapidly in recent years, has been the focus of much
attention in the automotive industry. Occupant safety is essential to autonomous driving, which requires
accuracy at all levels of the decision-making process. This includes accurate road network information, path
planning and real-time motion planning for obstacle avoidance, lane changes, and intersection negotiation,
as well as vehicle positioning with robust control systems [10]. Road network data is all information about a
road, including geometric information such as the length and width of road segments and attribute informa-
tion such as traffic laws at intersections (e.g., whether U-turns are allowed). Such information is fundamental
and important because all other levels are built upon it, and therefore must be sufficiently accurate to make
appropriate driving decisions on a complex road network. Furthermore, it is also important to store the vast
amount of data on the road network in a compact form that can be updated and downloaded wirelessly [6].
In concrete terms, for example, in the case of road segments, information such as the location of roads can be
made into a function, so that instead of storing all the data points, a single function representing many data
points can be stored, thereby making the information compact. This project focuses on how to efficiently
accumulate road network data, generate graphical representations of the road network, and build algorithms
to path planning based on this data.
In chapter 2, which road network elements are considered, how those elements are connected in a graphical
representation, and how they are represented in a realistic visualization are explained. In chapter 3, the con-
struction of paths using functions corresponding to lanes is explained. In chapter 4, the simulation results of
the generated road network and path planning algorithm are discussed. Finally, chapter 5 summarizes the
project, discusses areas for improvement, and offers suggestions for future work.
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Figure 1.1: Illustration of the hierarchy of decision-making process. To safely perform autonomous driving,
the system must have sufficient accuracy and a robust decision-making process. These include path planning,
behavioral decision making such as obstacle avoidance, local motion planning, and vehicle position with
robust control system. [10]
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1.1 Project Description
The goal of this project is to design and implement a lane-level representation of the road network for path
planning of autonomous vehicles. This project describes the design of a graphical representation of the road
network, including single lanes, intersections, roundabouts, and traffic laws at intersections (e.g., U-turns,
right turns allowed/not allowed). The graphical representation generated by the above method is used to
find the shortest path between two nodes and combined with the corresponding pre-built realistic paths to
generate the overall path to the destination.
In order to generate graphical representation of road network, the placement of nodes (event points) rep-
resenting road network elements is first discussed. Next, the connectivity (edges) of the placed nodes is
discussed, including the inter-connectivity of nodes belonging to different road network elements. Once the
road network graph is generated, the exploratory path planning algorithm and the method used to calculate
travel costs on the road network are discussed. Finally, methods for constructing realistic path and path
conversion from the road network graph to the physical road network are discussed. Once the road network
graph and path planning algorithm have been created, numerical simulations is performed to verify their
performance.
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1.2 Literature Review
In this section, existing literature related to road network generation and path planning algorithms is pre-
sented.

1.2.1 Autonomous Driving Techniques

Autonomous driving requires a certain level of safety and the safety task is a crucial in every single decision-
making process [10]. This literature presents the current state of the art in planning and control algorithms
and is useful to first understand what autonomous driving is, what path and trajectory planning is, and
what vehicle dynamics is. It is also useful to analyze what path planning methods are used, their limitations
and advantages.

1.2.2 Road Data Acquisition

There are several methods for extracting lane-level road geometry from road network data collected by
sensors: trajectory-based, 3D point cloud-based, and vision-based [16]. The literature also introduces a
mathematical modeling approach for lane-level road networks (Lanes at road segments and intersection).
As for data filtering, by performing morphological dilation and erosion on the collected data [15], outliers
can be removed and the data can be augmented.

1.2.3 Road Network

High-definition (HD) maps, which are gaining attention in advanced automated driving technology, play an
important role in automated vehicles. In addition to providing detailed map information to support HD
positioning of smart cars, HD maps can help determine optimal driving routes using global path planning
based on prior knowledge of maps and dynamic traffic information, effectively improving driving safety [17].
The literature presents a more in-depth method of generating HD road networks, including a typical line
extraction method based on the PCA algorithm and a method of representing locations where road attributes
change(event points).
When modelling a road network, following three requirements must be met [6];

• Centimeter-level accuracy:

– The geometry of all lanes with accuracy at the centimeter level and the 3-D structure of roads to
represent various types of roads, including sloped roads, overpasses, etc.

• Storage efficiency:

– The geometry of the road should be expressed in a compact form such that the map can be
downloaded and updated via wireless networks.

∗ e.g. Reduce the number of functions representing roads and intersections

• Usability:

– The road geometry should be expressed in an application-friendly format for autonomous decision
making process

1.2.4 Path Planning

When constructing a global path to a certain destination, it consists of a set of individually generated paths.
The global continuity and smoothness of the global path is important from the standpoint of comfort, so
that the movement of the vehicle does not become jerky when transitioning to the next path. There are
several types of functions that are used to generate paths and road networks; for example, Bezier curve [18],
Clothoid, B-spline curves and several types of spline curves [6] [14] are proposed as an efficient parametric
representation of smooth paths in literature in the history of this technological development so far.

1.2.5 Virtual Lanes

For road network elements that do not have physical lanes to mark travel routes, such as intersections,
virtual lanes are used to construct driving path under these circumstances. Virtual lanes are widely used for
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autonomous navigation at intersections [8]. Driving lines can be used to abstractly represent virtual lanes
with information on both the path and normal turning traffic [5]. An example of a virtual lane is shown in
Figure 1.2.

Figure 1.2: An example of the virtual lanes at an intersection [16]
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Chapter 2

Road Network

One goal of this project is to establish a method for generating a graphical representation of a given road
network. This section therefore presents the road network elements implemented in the graphical represen-
tation and the assumptions made about them and how the nodes are arranged. In addition, the nodes within
the elements, the connectivity between the elements, how the nodes are connected, and how to detect pairs
of nodes that need to be connected are discussed. In parallel, a realistic visualization based on information
given about the road network (length, width, traffic laws, etc.) is also presented.

2.1 Graphical Representation of Road Network
Graphical representation of road network shows the spacial relations between two adjacent intersections such
as how they are connected by road segments. There are many different ways of graphically representing the
road network depending on literature.
Important information to be included in the graphical representation in general is as follows [9];

• Metric relations: take into account quantitative aspects of space

• Topological relations: give qualitative information about geometrical interactions between two spatial
objects

• Order relations: specify the relative position of two spatial objects

The details of representation, such as the direction of travel on road network elements and connectivity of
them, vary slightly from literature to literature. There are two main types of graphical representations of
road networks: primal and dual graphs, as shown in Figure 2.1.
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Figure 2.1: Primal and Dual graph representation [9]

In primal graph representation, a road network is represented by a graph whose nodes are the intersections
and the edges are the roads segments joining the two adjacent intersections. This is the most commonly
used method, found in various studies. In dual graph representation, road segments are represented by
nodes instead of edges, and when two road segments intersect, an edge representing the intersection is added
between the nodes.
Advantages of the primal graph is that it is more natural for human understanding because the attribute of
the road segment such as the length can be associated with the edge of the graph. Furthermore, any types of
intersections(T, X, roundabout etc.) can be expressed as a node, which improves the visibility of the graph.
Advantages of the dual graph is that it can express road network which is much closer to the real setup where
the primal graph is more abstracted version of it. Thus, the dual graph better represents the relationship
between the two road segments, i.e., a more realistically represented traffic flow at the intersection. Since
lane connectivity at intersections is important for path planning and physical path construction, dual graph
representation is chosen for this project.

Figure 2.2: Example of dual graph representation of road network [11]

Figure 2.2 shows the example of incorporating the dual graph in the road network representation. In the

10



example, the road segments are further divided into multiple sections. Nodes b3, b4, b9 and b10 are the
end/ start of the road segments and they are connected by edges e3, e8, e13 and e18 to express the relations
between the road segments at the intersection. The need for dual graphs depends on the application and
whether it requires such detailed information about connectivity of lanes.

Table 2.1: Comparison between the primal and dual graph representation

Primal Graph Dual Graph
Advantages

• Simple and intuitive for hu-
man understandings

• Easier to see which road
segments are connected to
which intersections

• More detailed visualization
of the intersections

– Connectivity of lanes
– Whether U-turn is al-

lowed

Disadvantages
• Lane connectivity at inter-
sections are not visualized

• The intersections are less
visible

• Visualization of the road
network becomes more
complex

2.2 Road Network Elements
The road network refers to the spatial distribution state of the various road network elements. Functionally,
it consists of various roads (highways, normal roads, and pedestrian roads), as well as intersections where
roads intersect, runabouts, parking lots etc., and has a variety of information about the elements. From a
micro perspective, each road network element includes traffic laws, such as the need for a stop and whether
or not a U-turn is allowed at an intersection. By representing these road network elements as nodes and the
edges connecting them, and storing their attribute information in a certain format, the physical road network
can be abstracted to a graphical representation. This allows the shortest path to a certain destination to be
calculated based on the length of the edges and converted into a physical road network path. The four road
network elements implemented in the model in this project are road segments, intersections, roundabouts,
and parking lots, which are the basic elements of the actual road network.

2.2.1 Road Segment

Road segment is defined as a road that connects two adjacent intersection, and it has a start/end points
at the intersections. A road segment is defined as a road connecting two adjacent intersections, with a
starting and ending point within those two intersections, respectively. A road segment may be divided into
one carriageway (one-way) or two carriageways (multi-directional). There are several ways to express road
segments in graphical representation of road network. If a road has lanes in opposite directions, whether it
is represented by two arrows or not varies from literature to literature. Some literature do not indicate the
direction of the road segment, while others use arrows or colors.
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Figure 2.3: Graphical representation of road net-
work expressing each lanes going different directions
in road segments [18]

Figure 2.4: Graphical representation of road net-
work expressing lanes going different directions as
one line in road segments [3]

Figure 2.3 expresses a road segment with both direction as two lines with an arrow to the direction, and one
with only one direction as a line with an arrow. On the other hand, Figure 2.4 expresses a road segment
with lanes going both directions as a single line and the one with lanes going one direction as a dotted line
with its direction.
The road network shown in Figure 2.3 is clearer and intuitive for human understandings because the direc-
tions of the road segments are clearly expressed with arrows, and the one-way road is expressed in a different
color. On the other hand, in terms of simplicity, the one shown in Figure 2.4 is more preferable because
there are less lines to show road segments and the difference between one-way and multi-way road segments
is sufficiently visualized by the solid and dotted lines. To represent lane connectivity at intersections, lanes
must be visualized on the graph representation. For this reason, the Figure 2.3 method is selected for lane
visualization (Color is ignored).

2.2.2 Intersection

An intersection is an element that connects adjacent road segments, and the physical road network has a
variety of shapes.
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Figure 2.5: Basic intersection forms [4]

Figure 2.5 shows the basic intersection configuration in the physical road network. The roundabout in the
lower left is identified as a roundabout. The channelized intersection in the lower right is omitted in the
model.

2.2.3 Parking Lots(street parking)

A parking lot is an area where vehicles can be parked. Since it is common in the Netherlands to have areas
for parking vehicles on the side of roads, the model considers them as a subclass of road segments, and when
defining road segments, the presence or absence of parking lot is also defined together.

2.2.4 Roundabout

A runabout is an element that has the same role as an intersection, connecting road segments with a ring
road as shown in the lower left in Figure 2.5. The model assumption associated with them is that they have
a constant radius. The value of this radius is taken to be the average value of runabouts existing in the
Netherlands.

2.3 Road Network Connectivity
In order to graphically represent the road network, it is important to define the connectivity of nodes within
and between elements, how nodes are connected, and how to detect pairs of nodes that need to be con-
nected. This allows the relationships between the elements of the road network to be known and later used
for search-based path planning. There are two levels of connectivity: the macro level shown in Figure 2.6b,
which indicates the connectivity of road segments and intersections, roundabouts and other elements, and
the lane-level shown in Figure 2.7, which indicates the connectivity of lanes, including virtual lanes. Namely,
the macro road network is abstracted version of the lane-level road network. This section describes the
procedure for creating a lane-level road network based on the given element information.
Connectivity can generally be defined by connecting a start point and end point. In lane-level, it can be de-
fined by connecting the starting point of lanes in a class type to the ending point or vice versa. For example,
the endpoint in the intersection is always connected to the start point of a lane of a road segment, and the
start point of the lane is always connected to the endpoint in the intersection. There are also situations that
lanes in a road segment join and split. The points where lanes merge or diverge shall also be the start and
end points.
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(a) BFMC track
(b) Primal graphical representation of road network
(blue: intersections, orange: roundabout)

Figure 2.6: BFMC track in road network

Figure 2.7: Dual graphical representation of road network

2.3.1 Event Point

To clarify the definition of nodes in graphical representation of road network, the term ”event point” is used
in this project. An event point is defined as a point on an element of the road network where its attributes
change [17] and a vehicle must pass through. This makes it possible to represent complex situations such as
roundabouts, or to add event points at locations where lane numbers change in the graphical representation
to represent lane numbers. In detail, event points are placed in the following location;
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• Start/end points of lanes

• Points where lane number changes

• Start/end points to access a parking lot

• Start/end points of parking lots

• Merging/diverging points in roundabouts

Based on the above definition of event points, event points in road network elements are expressed as follows;

(a) Standard intersection (b) Expressed with nodes and edges

Figure 2.8: Example of standard intersection

Figure 2.8b shows the graphical representation of the standard 4-leg intersection. Event points are placed
at the beginning and end of the road and they are connected by edges representing virtual lanes. The green
lines connecting the event points next to each other represents the possibility and virtual lane of U-turn.The
blue circle represents the center of the intersection, is not connected to any edge, and is placed only in this
image to visualize the location of the intersection.

Traffic laws (lane connectivity) at intersections, such as whether U-turns, left turns and straight ahead are
allowed, need to be defined. This can be done using a concept introduced as ’Traffic matrix’ [14]. Table 2.2
shows the example of the traffic matrix corresponding to the intersection with the connections visualized
in Figure 2.8b. Rows are start points and columns are end points. Numbers in the matrix, 1 indicates
connectable, 0 indicates not connectable.
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Table 2.2: Example traffic matrix

start/
end

p1 p2 p3 p4 p5 p6 p7 p8

p1 0 1 1 1 0 1 0 1
p2 0 0 0 0 0 0 0 0
p3 0 0 0 0 0 0 0 0
p4 0 0 0 0 0 0 0 0
p5 0 1 1 1 0 1 0 1
p6 0 0 0 0 0 0 0 0
p7 0 1 1 1 0 1 0 1
p8 0 0 0 0 0 0 0 0

(a) Road segment (b) Expressed with nodes and edges

Figure 2.9: Example of change in the number of lanes in the road segment and Y-shape intersection

Figure 2.9b shows an example of the graphical representation when the number of lanes in the road segment
increases. Event points are located where lane number increases, at the beginning of a lane.

(a) Parking lot (b) Expressed with nodes and edges

Figure 2.10: Example of a parking lot event points

An example of the placement of event points in a parking lot is shown in Figure 2.10b. Event points have
been added along the lane for entering and exiting the parking lot. The location of the event point for
entering must be set in advance by the user. Within the parking lot, there are two event points that indicate
the start and end of the parking lot. The location of the event points within the parking lot is determined
based on the length of the parking lot. In this model, the length of the parking lot is 6m and the event
points are located at 2m and 4m along the parking lot.
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Figure 2.11: Potential paths; paths to enter/exit(yellow) and paths within the roundabout(cyan)

For roundabouts, there is a high degree of freedom in choosing where to place event points, and thus several
methods are available. In this project, in addition to the starting and ending points of the lanes, n event
points are used to represent the number of lanes connected to the roundabout, where n is the number of
lanes. Figure 2.11 shows the potential paths that can be taken by a vehicle at the roundabout. Paths taken
to enter/exit are indicated in yellow and the paths taken within the roundabout is shown in cyan. The
reason for separating these two paths is that the paths within the roundabout are shared, and vehicles follow
the same path no matter where they enter or exit the roundabout. For example, if a driver wants to go from
node 1 to 7 in Figure 2.11, the shortest path is 1-2-3-5-6-7. If another driver wants to go from node 8 to 7,
the path is 8-9-10-2-3-5-6-7. In this case, 2-3-5-6 identical paths would be followed within the roundabout.
Therefore, dividing the roundabout with n (the number of lanes connected to the roundabout) event points
makes constructing the path easier, since it can be done by a simple combination of corresponding paths
to the edges passed. For example, if there are 6 lanes, the roundabout is represented by a graph like Fig-
ure 2.12b with 6 additional event points.
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(a) Standard roundabout

(b) graphical representation of the roundabout

Figure 2.12: Example of roundabouts

2.3.2 Event Points Detection in Roundabouts

(a) Conflict points [13]

(b) How conflict points are defined and example path(light
blue)

Figure 2.13: Roundabout with conflict points

A conflict point is defined as the point where two different vehicle paths intersect, and the number of conflict
points affects the potential risk of an accident [13]. The point where two virtual lanes begin to diverge is
defined as the ”diverging point,” and the point where two virtual lanes merge is defined as the ”merging
point”. Figure 2.13a shows the conflict points at standard roundabouts. In this case, the point where the
virtual lane of the roundabout intersects the virtual lane between the two road segments is indicated as
the conflict point. This concept, which defines the diverging and merging points of two virtual lanes at a
roundabout, is useful in graph representation to split paths at the roundabout in an efficient way and to
facilitate path construction from the graph and to know which points on the roundabout to pass through in
path planning as shown in Figure 2.13b. Therefore, this idea of using conflict points (merging and diverging
point) is incorporated in the graphical representation as event points in roundabouts.
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Figure 2.14: 4-leg roundabout

Figure 2.14 shows the regular 4-leg roundabout and this is used to demonstrate the proposed method to
identify the event points. The detailed explanations of each step is as follows.

1. The roundabout is first considered the same as a normal intersection, and a virtual lane to take the
nearest exit is drawn with a quadratic Bézier curve with a lane or road starting/ending point and the
center of the intersection, as shown in Figure 6.8a.

2. A circular virtual lane with a radius corresponding to the roundabout is drawn with a Bézier curve as
well (Figure 6.5b)

3. Finally, define the intersection points of the virtual lanes, as well as the start and end points as event
points (Figure 2.15c)

Quadratic Bézier curves are used because of their ease of use and accuracy. Details are explained in chapter 3.

(a) Step 1: Draw virtual lines connect-
ing start/end points of lanes

(b) Step 2: Draw virtual line around
the roundabout(light green)

(c) Step 3: Find 2 intersection points
of the two virtual lanes

Figure 2.15: Identifying event points at roundabout

The same procedure is used for path construction, and the mathematical derivation and other details are
explained in chapter 3. Once all event points on the circular virtual lane are found, the angles of the event
points relative to the center of the roundabout are calculated and sorted in ascending order. Connectivity is
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defined by connecting the event points in that order. The used function and control points, and the resulting
graphical representation of an example roundabout are as shown in Figure 2.16.

(a) Virtual lanes to find the event points (b) Graphical representation

Figure 2.16: 8 entry/exit lanes (4-leg) roundabout

The event point detection method proposed above relies on the intersection of a virtual lane from the start
point to the end point and a circular virtual lane, which depends on the size of the circular radius and the
location of the entry and exit lines where the virtual lane is drawn. The drawback is that if the radius of
the roundabout is smaller than a certain value, the two virtual lanes may not intersect and the event point
may not be identified. In this case, the proposed method is invalid. We conclude that this drawback is not
much of a problem. More details and investigations are explained in Appendix A.

2.4 Road Network Visualization
The objective is to generate a graphical representation of the road network for path planning based on the
definition of connectivity explained in the previous section and a realistic visualization. Realistic visualization
takes into account the number of lanes, boundary lines, width, parking lots, center lines, etc.. Graphical
representation of road network expresses the given road network with nodes (event points) and their edges
(connectivity). Using a MATLAB function digraph(), graphical representations can be easily created by
defining edges using a traffic matrix for intersections, merging and diverging points for roundabouts, and
event points for accessing parking lots and start and end points for road segments introduced in the previous
section.

2.4.1 Road Network Information

In order to generate a graphical representation of a road network, information about the road network is
first required in advance. The road network elements and the necessary information about them are defined
as follows;

• Road segment:
R(nl, wl, pl, pa)

– nl: Number of lanes

– wl : Lane width

– pl: Road segment position data

– pa: Parking lot information

where number of lanes nl is 1 × 2 vector that has a first component indicating the number of lanes in one
direction and a second component indicating the number of lanes in another direction. The road segment
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position data pl is a set of x and y representing location of the road segment. The other parameters are
scalars.

• Parking lot (Sub-class of a road segment):

pa(npa, lpa, wpa, spa)

– npa: Number of a parking lot

– lpa: Length of a parking lot

– wpa: Width of a parking lot

– spa: Start point of a parking lot with respect to the associated road segment length

where 0 ≤ spa < 1, the location where the parking lot begins, expressed as a ratio of the length of the road
to that location and the total length of the road as shown in Figure 2.17. All parameters are scalars.

Figure 2.17: Visualization of how spa is used

• Intersection:
C(pc, T, Ir)

– pc: Position of its center

– T : Traffic matrix

– Ir: Set of road segment IDs to be connected

• Roundabout:
D(r, w, pc, Ir)

– r: Radius

– wr: Circular virtual lane width

– pc: Position of its center

– Ir: Set of road segment IDs to be connected

The main objective is to generate a graphical representation and realistic visualization of a simple, basic
road network. Several assumptions are made to simplify the complex physical road network as listed below;

• All lanes have the same width of w = 3.5m [7]

• The inscribed diameter of roundabout is [12];

Droundabout =

{
40m(virtual lane with 18.25m radius) Single-Lane

60m(virtual lanes with 28.25m and 24.75m radius) Double-Lane
(2.1)
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• Road segments connected to a roundabout are multi-way

• Each direction of the road segment has one lane

• Lanes in both directions have the same distance from the center line of the road segment

• Road segments are straight

The first assumption is to make the lane widths independent and reduce complexity. The second assump-
tion is also to reduce the complexity when investigating the limitation of the event point detection method,
and double-lane roundabout is omitted in the model. The third assumption is added in order to ensure
that event points around a roundabout will always be in the same repetitive pattern(merging-diverging-....).
Since road segments connected to roundabouts are often multi-directional, this assumption often holds true,
but exceptions are expected to exist. Lastly, since lane approximations are computationally expensive, road
segments are assumed to be straight.

2.4.2 Boundary Lines in Road Segments

Road segments include lanes, center lines, boundary lines, and stop lines. Boundary lines are the side edges
of the road where vehicles cannot cross. All the stated lines are calculated using simple trigonometry. In the
part of the road segment where there is a parking lot, the boundary line shifts by the width of the parking
lot. Equation 2.2 shows how boundary lines are calculated;

boundary1(t) =


[
xroad(t)− wl · cos(π/2− θ(t)) , yroad(t) + wl · sin(π/2− θ(t))

]
ll(t) < spalltotal, ll(t) ≥ npalpa + spalltotal[

xroad(t)− (wpa + wl) · cos(π/2− θ(t)) , yroad(t) + (wpa + wl) · sin(π/2− θ(t))
]

spalltotal ≤ ll(t) < npalpa + spalltotal

boundary2(t) =


[
xroad(t) + wl · cos(π/2− θ(t)) , yroad(t)− wl · sin(π/2− θ(t))

]
ll(t) < spalltotal, ll(t) ≥ npalpa + spalltotal[

xroad(t) + (wpa + wl) · cos(π/2− θ(t)) , yroad(t)− (wpa + wl) · sin(π/2− θ(t))
]

spalltotal ≤ ll(t) < npalpa + spalltotal

(2.2)

where ll(t) denotes the length from the start point of the lane to a certain point along the lane.

Figure 2.18: Road segment

2.4.3 Boundary lines at intersections

Road segment boundary lines have the same start and end points as the lanes within the road segment.
Therefore, within intersections, the boundary lines of the associated road segments need to be connected in
order to fully represent the physical road network.Second- or third-order Bezier curves are used to connect
boundary lines. Although second-order Bezier curves are mainly used, there are cases where second-order
Bezier curves are not suitable, such as when the curves to be drawn are unrealistic. For example, the
following cases are possible, in which case third-order Bezier curves are used.

• The intersection point of the boundary lines to be connected is located outside the intersection area
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• The gradients of the boundary lines to be connected are equal

When using a quadratic Bezier curve, the intersection of the line segment drawn from the start point of
the boundary line considering the direction drawn and the line segment drawn from the end point is used
as the control point. When using a cubic Bezier curve, the two intersection points of the line segment
drawn considering the start (end) point and direction of the boundary line and the line segment with a slope
perpendicular to the average slope of the two boundary lines are defined as the intermediate control points.
The same procedure is used for path construction, and the mathematical derivation and other details are
explained in chapter 3.

Figure 2.19: Intersection without connecting the boundary lines

(a) Step 1: Find intersection points of the boundary lines
(b) Step 2: Connect the boundary lines using found con-
trol points

Figure 2.20: Boundary line connection in an intersection

2.4.4 Boundary lines at roundabouts

A roundabout has an inner and outer boundary, the inner boundary line is inner perimeter of the roundabout.
The outer boundary is a outer parameter, each radius determined by the user-defined runabout radius value
and the width of the lane. The inner boundary can be drawn in all ranges from 0 to 2π. However, the outer
boundary must be open within a certain angular range to allow connection to the road segment entering the
roundabout.
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Figure 2.21: Roundabout without connecting the boundary lines

Figure 2.21 shows realistic visualization of a roundabout without connecting the boundary lines. The outer
boundary line is drawn only within a certain angular range, which is determined based on the angles to the
center of the roundabout of the start and end points of the boundary lines of the road segments entering
the roundabout, and 0.05 radians are added or subtracted from that angle so that a Bezier curve is properly
drawn.

boundaryi(θb) =ri
[
cos(θ), sin(θ)

]
0 < θ ≤ 2π

boundaryo(θ) =ro
[
cos(θ), sin(θ)

]
θb[i] + 0.05 < θ ≤ θb[i+ 1]− 0.05, i = 0, 2, 4, ...

(2.3)

Same procedure as for the intersections is taken to connect the boundary lines as shown in Figure 2.22.

(a) Step 1: Find intersection points of the boundary lines
(b) Step 2: Connect the boundary lines using found control
points

Figure 2.22: Boundary line connection in a roundabout
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Chapter 3

Path Planning

3.1 Search-based Path Planning over Road Networks

Dijkstra algorithm is a common method used to find the shortest path to a certain destination [10]. Matlab
function shortestpath() can be used in the model to find it in the graphical representation of the road
network.

(a) Undirected roads (b) One-way roads

Figure 3.1: Result of shortestpath()

Figure 3.1 shows the result of running shortestpath() function. Depending on the cost(travel time and
distance), the shortest path can be chosen. The direction/s of the road segments can also be implemented
by using digraph() function as shown in Figure 3.1b. In this way, vehicles entering the road from the wrong
direction can be easily constrained. However, such road network graphs generally have the disadvantage
that start and end points can only be placed at nodes. Therefore, when the shortestpath() function is
executed in the model, the start and end points are selected by clicking on the realistic visualization created,
and the nodes closest to the clicked position become the actual start and end points.

Travel cost, defined as the physical length of an edge, is important for finding the shortest path using a
graphical representation of the road network. This is implemented as ’weights’ in the model. A mathematical
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derivation of the physical length is as follows;

normp(t) =

√
dx

dt

2

+
dy

dt

2

ll =

∫ e

s

normp(t)dt =

∫ e

s

√
dx

dt

2

+
dy

dt

2

dt

(3.1)

where, s and e are the limits of integration, which depend on the function used for path construction. When
Bezier curve is used, the limit is [0, 1], and when circle function (runabout circular virtual lanes) is used, the
limit is the range of angles to be drawn.

3.2 Path Conversion from Road Network Graphs to Physical Road
Networks

A path in a road network graph only contains information about which edges and nodes a vehicle needs to
pass through to get to a certain destination. However, it does not contain information about how a vehicle
should behave within that edge (lane) or node (intersection, roundabout, etc.). Therefore, it is necessary to
convert the path in the road network graph into physical path to obtain the location information where the
vehicle actually passes. There are several existing road modelling techniques to express the lanes in the road
segments and intersections.

• Polyline

– Combination of linear segments

• Clothoid

– Curves whose curvature varies linearly with curve length [2]

x(l) = x0 +

∫
(cos(τ + κ0l +

cl2

2
))dl, 0 < l < L

y(l) = y0 +

∫
(sin(τ + κ0l +

cl2

2
))dl, 0 < l < L

(3.2)

where

– x0, y0 :initial coordinates of the curve;

– τ0 : initial bearing of the curve;

– κ0: initial curvature;

– c: curvature rate with the curvilinear abscissa (dκ/dl), with κ = κ0 + cl;

– l: curvilinear abscissa;

– L: total length of the curvature;

• Cubic Hermite Spline

– CHS is C1 and C2 continuous curves made of cubic polynomial that connects two control points
[14]

fCHS(x) =


2x3 − 3x2 + 1
2x3 + 3x2

x3 − 2x2 + x
x3 − x2




pi
pi+1

vi
vi+1


x =

u− ui

ui+1 − ui
u ∈ [ui, ui+1]

(3.3)

where
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– pi, pi+1: coordinate of control points

– vi, vi+1: tangent vectors of control points

– u: knot of control points

• B-spline

– A B-spline is a spline composed of control points, node vectors, and primary functions. The shape
of a B-spline curve can be changed by modifying one or more of these control parameters. [16]

B(t) =

n∑
j=0

pjNj,k(t) (tk−1 < t < tn+1)

Nj,k(t) =
(t− tj)Nj,k−1(t)

tj+k − tj
+

(tj+k+1 − t)Nj+1,k−1(t)

tj+k+1 − tj+1
(tk−1 < t < tn+1)

Nj,0(t) =

{
1 (if tj < t < tj+1)

0 (others)

(3.4)

where

– pj : coordinate of control points

– Nj,k: Primary function

– t: Node vectors(polynomial with highest degree k)

• Bézier curve

– a Bézier curve is contained in the convex hull of its control points (i.e., parameters), and it
smoothly interpolates between the first and last control point. [1]

second-order Bezier curve[
xb yb

]
= (1− t)2 · p1 + 2(1− t)t · pc + t2 · p2 0 ≤ t ≤ 1 (3.5)

third-order Bezier curve[
xb yb

]
= (1− t)3 · p1 + 3(1− t)2t · pc1 + 3(1− t)2t · pc2 + t3 · p2 0 ≤ t ≤ 1 (3.6)

where

– p1, pc, pc1, pc2, p2: control points

Each has its advantages and disadvantages in terms of computational cost, accuracy, and storage efficiency.
Storage efficiency is defined as the number of functions and control points required to represent a road
of a given shape. In addition, in road modeling techniques, it is very important to choose a universal
method that can represent any type or shape of road segment or intersection. Global continuity is also
important to prevent jerky vehicle movements and ensure comfort. Therefore, a road modeling method that
is computationally inexpensive, accurate, storage efficient, and universally applicable to all types of roads is
optimal. Polylines do not preserve global continuity, so the polyline method is not going to be evaluated.
Since accuracy is an essential element in road modeling, we calculated the number of control points required
to achieve a certain level of accuracy for each road modeling method and the number of functions to represent
the shape of road segments, and compared the storage efficiency and searched for the optimal method.
To test the road modeling techniques, two real setups (intersection and lane) extracted from OpenStreetMap
were used; the OpenStreetMap data (OSM files) were imported into MATLAB and used as a row data for
road modeling.
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(a) in OpenStreetMap (b) Imported in Matlab

Figure 3.2: A road ’Vestdijk’ in Eindhoven

This road was chosen because it contains both small and large changes in angle and is suitable for looking
at the different behaviors of road modelling techniques and how they react to them.The row data has the
coordinate of the road in GPS data(log, lat), so it is converted to meters. The number of the data points of
the row data is n = 1000 and the curves will be drawn using data points k = [3, 9, 27, 37, 111, 333] as control
points. The error between curve and row data at each data point for a given number of control points is
calculated and used to compare the performance of road modeling techniques.

row data

k= 1000

k= 333

k= 111

k= 37

k= 27

k= 9

k= 3

(a) Second order

row data

k= 1000

k= 333

k= 111

k= 37

k= 27

k= 9

k= 3

(b) Third order

Figure 3.3: Bezier curves with different number of control points
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row data

k= 1000

k= 333

k= 111

k= 37

k= 27

k= 9

k= 3

(a) 2nd order

row data

k= 1000

k= 333

k= 111

k= 37

k= 27

k= 9

k= 3

(b) Third order

Figure 3.4: B-spline curves with different number of control points

(a) Clothoid curves with number of control points k = 27

row data

k= 1000

k= 333

k= 111

k= 37

k= 27

k= 9

k= 3

(b) CHS curve

Figure 3.5: Other curves

The method of reducing the number of control points described above is to take data at certain intervals.
This method results in poor curve response to relatively abrupt changes in road geometry. The solution
is to optimize the method in a way that adds more points where this occurs. This is beyond the scope of
this project and will not be discussed in detail. Roads modeled with clothoids have been found to exhibit
jiggly behavior and are not well suited for modeling such roads. Choosing a different function for different
situations will lead to the best road modeling.
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Figure 3.6: Errors with different road modelling methods

Figure 3.6a shows the mean error and Figure 3.6b shows the max error between the curve and the row data.
These two graphs show that while the average error converges to a centimeter level, the maximum error
can be in decimeters, indicating that it is important to look at both errors when evaluating road modeling
methods. According to Figure 3.6, the third order bezier curves best models the road shape with minimum
control points and the CHS curve is the next best choice. The average error for all the techniques except
for clothoid curve is found to converge to 1 cm or less at about 320 control points out of 1000 points. The
clothoid curves shows a strange behavior with no clear trend visible, which may be a problem with how it is
implemented. The problem may be that there is noise in the row data and the scripts or the curves are not
built to be robust against noise. For modeling road network, cubic Bezier curves were chosen for ease of use
and accuracy, and quadratic Bezier curves when accuracy is not critical.

3.2.1 Path construction

In order to optimize path construction, a distinction is made between the use of quadratic curves, cubic
Bezier curves, and other functions for each road network element. This section describes what functions are
used for each road network element.
At the intersection, virtual lanes need to be constructed using Bezier curves and the boundary lines of road
segments entering/exiting an intersection need to be connected. As for the virtual lanes construction, both
second and third order Bezier curve are used depending on cases. For example, left-turn and right-turn lanes
are constructed with second order Bezier curves, while straight ahead and U-turn lanes are constructed with
third order Bezier curves. This is because in the case of straight ahead and U-turns, the entry and exit lanes
often have approximately the same slope, and the intersections of the lanes are likely to be far from the
intersection or never intersect, which will result in improperly drawn quadratic Bezier curves. Virtual lanes
with third-order Bezier curves are constructed in the same way as those for entering and exiting a parking
lot.
A virtual lane for turning right or left at an intersection is constructed with a second order Bezier curve
when the entry/exit lane is within the intersection area. Three control points used to construct it are the
start point, the intersection point of the two lanes and the end point. In case when the gradient of the lanes
are almost equal or the intersection points lie outside the intersection area, third order Bezier curve is used.
The mathematical expression of second-order ant third-order Bezier curve and the procedure when they are
used is as follows;

Second-order Bezier Curve

1. Find the intersection of the line segment drawn from the start point of the boundary line considering
the direction drawn and the line segment drawn from the end point
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2. Construct 2rd order Bezier curve using the obtained intersection and start and end points as control
points

Third-order Bezier Curve

1. Compute mid-point of start/end points

2. Compute the gradient of a line perpendicular to the mean gradient of the two points

3. Calculate the intersection of a perpendicular line drawn from the point and two straight lines.

4. Construct third order Bezier curve using the obtained intersection and points as control points

Figure 3.7: Virtual lanes at an intersection: third order Bezier curve(blue), second order Bezier curve(red)

Figure 3.7 shows virtual lanes constructed using Bezier curves based on the conditions described. Red is the
virtual lane constructed using a second Bezier curve and blue is the virtual lane constructed using a third
Bezier curve, since the intersection of the entry and exit lanes is outside the intersection area.

A U-turn is defined as entering an intersection from one road and exiting from a lane belonging to the same
road. Based on one of the assumption, the both entry and exit lanes have exactly the same gradient. Since
the intersection of the two lanes does not exist, a third-order Bezier curve is used to construct the virtual
lane. The virtual lanes are constructed in the similar way as those for entering and exiting a parking lot.
In addition, a coefficient is used to move control points along a gradient of the lanes in order to adjust the
path as shown in Figure 3.8.
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Figure 3.8: Virtual lanes for U-turn with coefficient for shifting the control points; [0.1, 0.3, 0.5, 0.7, 1](from
nearest to farthest)

The reason for using the coefficient is that without the coefficient, the path to make a U-turn would be
unnecessarily long, requiring drivers to go closer to the center of the intersection to make the U-turn,
unnecessarily confusing other drivers. The y-intercept of the line segment orthogonal to the entrance/exit
lanes is computed with respect to the intersection center. This line segment is used to find the two control
points, i.e., the intersection of the control point and the two lanes. Shifting the control point shortens the
path length and prevents a path from getting too close to the center of the intersection.
The coefficient ushift to shift the control points along the gradient of the lane is implemented as follows;

p2shift = ushift(p2 − p1) + p1

p3shift = ushift(p3 − p4) + p4
(3.7)

The coefficient ushift is determined by shifting the control point along the slope of the lane so that the
distance between the control point and the start or end point of the lane is 4m. Its implementation is as
follows;

p2shift =ushift(p2 − p1) + p1

p2shift − p1 =ushift(p2 − p1)

||p2shift − p1|| =||ushift(p2 − p1)|| = 4

ushift =
4

||p2 − p1||

(3.8)

Figure 3.9 visualizes how the control points are shifted. All the constructed paths in an intersection can be
seen in Figure 3.10.
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Figure 3.9: A virtual lane for U-turn and its control points shifted with the coefficient ushift

Figure 3.10: Intersection with all the virtual lanes

At a roundabout, event points are first found by applying the previously proposed event point detection
method, and virtual lanes connecting them are constructed using a second order Bezier curve and a simple
circle function.
Specifically, a second Bezier curve is used to connect the starting point to the merging point found, and the
diverging point to the end point. A circle function, i.e., a circular virtual lane centered on the roundabout,
is used to connect the merging and diverging points.
The circular virtual lane around the roundabout can be simply defined as;

x2 + y2 = r2 (3.9)

where r is the radius of the circle drawn by the virtual lane. By substituting Equation 3.5 into Equation 3.9,
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t corresponding the merging and diverging point(intersections of the two functions) can be found;

x2
b + y2b = r2 (3.10)

((1− t)2 · x1 + 2(1− t)t · xc + t2 · x2)
2 + ((1− t)2 · y1 + 2(1− t)t · yc + t2 · y2)2 = r2 (3.11)

Once a merging or divergence point (pmerge, pdiverge) is found, the gradient of the circular virtual lane at
that point is calculated, the intersection with the entry/exit lane is obtained, and used as a control point for
creating the Bézier curve. Equation 3.12 shows sets of control points used;

Pset merge =
[
p1, pc1, pmerge

]
Pset diverge =

[
pdiverge, pc2, p2

] (3.12)

Where;

• p1, p2; Start/end point respectively

• pc1, pc2; Intersection point of the line segment with the slope at the starting point and the line segment
with the slope of the circular virtual lane at pmerge, pdiverge.

Figure 3.11 shows all resultant paths constructed based on the above derivation.

Figure 3.11: Roundabout with virtual lanes

In the Netherlands there is usually a parking lot next to a road segment. Third-order Bezier curves, which
are more flexible than second-order Bezier curves, are used to construct virtual lanes to access parking lots.
This is because if the intersection of the start and end points cannot be found, a quadratic Bezier curve
cannot maintain global continuity.
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Virtual lane for entering

Virtual lane for exiting

Driving line

Driving line

Virtual lane inside parking lot

Figure 3.12: Virtual lane construction to access/exit parking lots

Figure 3.12 shows how the control point is found by constructing a virtual lane connecting the event point
in the lane and the event point in the parking lot. The procedure as for intersections is used for constructing
a virtual lane. The constructed virtual lane never crosses the boundary line. Figure 3.13a shows how the
virtual lanes look like in the physical road network.

(a) Multi-way road segment (b) One-way road segment

Figure 3.13: Virtual lanes to enter/exit parking lots in the visualization

In order to allow parking to be added on both sides of a one-way road segment, the event points associated
with parking lots on one side are distinguished from those associated with parking on the opposite side to
make it easier to find out which event points on the road segment need to be connected to which event
points in the parking lot. The results are shown in Figure 3.13b. Table 3.1 shows the summary of which
functions are used to construct paths in each road network element. The found physical paths are assigned
to the corresponding edges in the graphical representation in order to make it easy to convert paths in road
network graph to physical road network. In this conversion, after finding a combination of edges and nodes
for the shortest path, the preconstructed physical paths corresponding to each of the edges found are called,
and the set of physical paths are joined together to create a global physical path to a certain destination.
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Table 3.1: Road network elements and function used to construct paths

Road Network Element Functions
Road Segment

• third-order Bezier curve

Parking Lot
• third-order Bezier curve

Intersection
• third-order Bezier curve
• second-order Bezier curve

Roundabout
• third-order Bezier curve
• second-order Bezier curve
• Circle function
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Chapter 4

Numerical Simulation

A realistic visualization and graphical representation of the road network is created based on the method of
modelling the road network elements and constructing paths defined in the previous section. The created
model is tested on different road networks and elements to observe its behavior and validity, including how
it handles complex situations. Figure 4.1 shows example of positional information defined by a user, and
the visualizations are created based on this type of input data. The corresponding realistic visualization and
graphical representation are shown in Figure 4.2.

Figure 4.1: User-defined positional information (road location, intersection center, roundabout center).
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(a) Graphical representation(For visibility, not all node
IDs are shown)

(b) Realistic visualization

Figure 4.2: Road network visualization

Figure 4.2b shows the realistic visualization with several road network elements with different configurations.
Thus, the model can handle one-way and multi-directional road segments and can handle either or both
parking lots at any location along a road segment. In order to make it clear how many vehicles can fit
in a parking space, a line segment dividing the parking space for each vehicle is added. In addition, a
dotted line separating the lane and the parking lot from the road segment is also drawn. For intersections,
different 3-leg, 4-leg, T-leg, and Y-leg (and L-leg) geometries are modeled appropriately, and roundabouts
with different associated lane locations can also be handled. A graphical representation of the road network
ensures that all nodes are correctly positioned, all edges show correct connectivity, and are oriented in the
correct direction.

Figure 4.3: Realistic visualization of the road network with all paths
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Figure 4.3 shows all the constructed paths plotted on the realistic visualizations. These preconstructed
physical paths are used for path planning.

(a) Graphical representation (b) Realistic visualization

Figure 4.4: Path Planning Over Road Networks

Figure 4.4 shows the found shortest path in graphical representation and the realistic visualization. It can
be seen that the road network graph Figure 4.4a is properly converted to the physical path Figure 4.4b.

(a) Graphical representation (b) Realistic visualization

Figure 4.5: Path Planning Over Road Networks that prominently represents connectivity at the intersection
and a directional constraint at the roundabout

Figure 4.5 shows the path that is clearly influenced by directional constraints. At the second intersection
through which the route passes, the destination is located at one of the starting points associated with the
intersection. However, the vehicle cannot go directly to that point because the destination and the node
entering the intersection are not connected. Therefore, it moves to another node and enters a roundabout.
The roundabout has directional constraint and the vehicle can only travel counterclockwise, so it goes around
the roundabout to reach its final destination.
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(a) Graphical representation (b) Realistic visualization

Figure 4.6: Path Planning Over Road Networks including U-turn

Figure 4.6 shows an example path that includes U-turn. Due to the directional constraints, the vehicle
cannot go directly to its destination and instead makes two U-turns to detour. Furthermore, directional
constraints prevent vehicles from going in the opposite direction of the lane direction, so the path becomes
different if the start and end points are interchanged as shown in Figure 4.7.

(a) Graphical representation (b) Realistic visualization

Figure 4.7: Path Planning Over Road Networks with start and end points of the path shown in Figure 4.6
interchanged
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Chapter 5

Conclusion

The goal of this project is to design a graphical and physical representation of the road network for path
planning for autonomous vehicles. Several road network elements are discussed, including road segments,
parking lots, intersections, and roundabouts, and how they are implemented in the representation. To create
a graph of the road network, it is important to consider where to place the nodes, how to connect them at
the edges, and effectively store the data in a way that maintains accuracy, storage efficiency, and ease of use.
Information to include in the road network elements such as connectivity and directional constraints, and
the assumptions that must be made when modeling them are also discussed. A method for detecting event
points at roundabouts using merging and diverging points is presented, and its limitations are simulated
using existing roundabout configurations. In parallel, realistic visualizations and their creation based on
given data were discussed.
With regard to path planning, several road modeling techniques for physical path construction are presented
and their performance, especially their accuracy, is tested. Second and third order Bezier curves are finally
selected as the road modeling techniques for the current project, and which function to use in which context
for each road network element is discussed.
Finally, numerical simulations are performed on the created graphs and paths to observe and validate their
behavior for different scenarios.

5.1 Improvements and Future Steps
The proposed approach has several issues related to computational cost. One of the most computationally
expensive procedures is where the event point detection method is applied. This solves a fourth-order
polynomial, which is relatively computationally expensive and consequently time-consuming. In order to
reduce the computation time, it is necessary to shorten the computation time with a simpler method. Another
cause is the use of the Matlab function fplot() for realistic visualization. The realistic visualization created
has hundreds of functions to plot, which significantly increases the computation time. Also, since each edge
of the graph is plotted by a function, the arrangement of nodes and edges must be modified to reduce the
number of functions.
As explained in chapter 2, there are several prerequisites for generating a road network graph. Some of them
are critical when modeling road networks involving complex configurations. For example, road segments
are currently assumed to be straight, which is not necessarily true. The lanes of the road segment were
approximated using a cubic Bezier curve and four control points, which did not work correctly when the
lanes were not straight. Attempts were made to fit lanes of all shapes with sufficient accuracy, but the
computational cost was high because the accuracy had to be calculated by measuring the offset between the
data points and the curve. It was found that the more data points each Bezier function approximated, the
higher the computational cost became, and since it was not possible to come up with an alternative that
would reduce the computational cost, and since this was not a problem for straight roads, it was decided to
omit it.
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The basic road configuration, multi-lane, has not yet been implemented. This was omitted first to simplify
the model, but time constraints prevented this from being implemented in the proposed approach and this
assumption still remains.
There are several forms of roundabouts that are different from those implemented in the model, as described
in section 6.2. These are those with multiple lanes and have not yet been incorporated into the model. By
modifying the proposed approach and removing as many of these approximations as possible, the proposed
approach will eventually have the flexibility to handle a variety of complex situations. The following is a list
of the necessary modifications known at this time.

Future Steps

• Reduce computational cost

Modify event points detection method

Reduce number of functions to proposed approach the road network

• Find an alternative method to approximate the lanes using Bezier curves

• Implement multi-lanes

• Implement different roundabout and intersection forms
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Chapter 6

Appendix A: Limitation of Event
Point Detection Method at
Roundabouts

The method proposed to detect event points relies on the intersection of a virtual lane from the start point
to the end point and a circular virtual lane, which depends on the size of the radius of the roundabout
and the location of the incoming and outgoing lanes where the virtual lane is drawn. If the radius of the
roundabout is lower than a certain value, the two virtual lanes may not intersect and the event points cannot
be identified. In this case, the proposed method is invalid. In this section, the radius limits are discussed.
The Euclidean distance of the constructed Bezier curve to the center of intersection can be computed by
rewriting Equation 3.5;

dic = ||Pb(t)− Pic|| (6.1)

The minimum of Equation 6.1 is the minimum radius of the roundabout required to for the virtual lanes to
intersect.

tmin = argmin(||Pb(t)− Pic||) (6.2)

Specifically, the derivative of Equation 6.1 was determined and the value of t such that the derivative is zero
was found to be the t corresponding to the minimum dic. To investigate the effect of the angle between
lanes, the end point P1 was moved along the perimeter of the roundabout and the minimum required radius
was calculated as shown in Figure 6.1.
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Figure 6.1: How the influence of the angle is investigated

The intersection point Pc of the virtual lane shown in Figure 6.1 is calculated such that the distance from
that point to the start and end points, respectively, is equal.

Pc =

[
xc

yc

]
=

[
− w

2tan(θ)

−w
2

]
P1 =

[
xc + cos( θ2 )(xc − x0)

√
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Figure 6.2: Example roundabout with virtual lanes for event points detection with different angles
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Figure 6.2 shows the roundabout with virtual lanes drawn to detect event points. The blue dotted line shows
the center of the circular lane around the roundabout and the intersection points of that and the virtual lanes
with different position of end points are defined as event points. Virtual lanes run outside of the boundary,
but do not necessarily have to be inside. This is because these lanes are used to detect event points, and the
appropriate virtual lanes will be redrawn using the detected event points.
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Figure 6.3: Minimum radius of roundabout required

As shown in Figure 6.3, the minimum radius of roundabouts required decreases as the angle increases. In
other words, this limitation of the proposed method becomes more critical when the lanes intersect with
smaller angle. For example, when θ = 11.4592◦, the virtual lanes do not intersect. This is considered
negligible because the roads would interfere with each other when intersecting at such small angles, which
is not practical.

6.1 Investigating the limitation of the proposed event point iden-
tification method by applying it to the existing setup

The minimum required radius was investigated using an existing roundabout in Eindhoven. The intersection
points of two virtual lanes are determined numerically using the Bisection method to find the radius r when
there is only one intersection in different setups. The Bezier curves are drawn using the start/end points
and the intersection point of the entering/exiting lane.
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Figure 6.4: Minimum required radius when the intersection is located at [5.25, 0.75] and angle θ = 90, 153.4◦

5.5 6 6.5 7 7.5 8 8.5 9 9.5 10

X (m)

-1.5

-1

-0.5

0

0.5

1

1.5

2

2.5

3

3.5

Y
 (

m
)

Minimum radius required r=2.3726

=45.571

virtual lane enter/exit

circular virtual lane r=2.3726

intersection points

Intersection center

(a) Entrance:[10, -1] Exit:[10, 3]

5.5 6 6.5 7 7.5 8 8.5 9 9.5

X (m)

-1.5

-1

-0.5

0

0.5

1

1.5

2

2.5

3

Y
 (

m
)

Minimum radius required r=2.3762

=23.7162

virtual lane enter/exit

circular virtual lane r=2.3762

intersection points

Intersection center

(b) Entrance:[10, 0] Exit:[10, 2]

Figure 6.5: Minimum required radius when the intersection is located at [5.25, 0.75] and angle θ = 45.6, 23.7◦

From the above figures, it can be seen that the angle between the lanes affects the required minimum radius,
and the further away from 90 degrees, the larger the minimum radius. Now the method is applied to the
existing roundabout to investigate whether the limitation is fatal or not.
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Figure 6.6: Minimum required radius(r=19.0m) and the actual radius of the roundabout(r=50m)
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Figure 6.7: Minimum required radius(r=6.0m) and the actual radius of the roundabout(r=10m)
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(a) Example 3, r=70m
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Figure 6.8: Minimum required radius(r=69.2m) and the actual radius of the roundabout(r=70m)

The first two cases shown in Figure 6.6 and Figure 6.7 can safely modelled using the proposed method
because the difference between the minimum required radius and the actual roundabout radius is considered
large enough. However, the last case, Figure 6.8, may pose a problem because the difference between the
radius of the roundabout and the minimum radius is small, about 0.8 m, and the merging and diverging
points are close together. This problem is due to the fact that the angle between the entering and exiting
lanes is close to 180◦(θ = 152◦) and the entry/exit lanes are located close together, so the intersection of the
two lanes is close to the edge of the roundabout. This indicates that the risk of the proposed method is that
two intersections may not occur if the entry and exit lanes are close to each other and the angle between
them is large, close to 180circ.

Figure 6.9: Satellite image of the roundabout shown in Figure 6.8

Also, the roundabout in Figure 6.8 has multiple lanes and the entry and exit lanes are separated from the
circular lanes aorund the roundabout as shown in Figure 6.9, making it similar to a channelized roundabout
shown in Figure 2.5. Therefore, treating such a roundabout as a channeling roundabout rather than a regular
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roundabout can prevent risk. This problem may also be solved as a byproduct of implementing multilanes
in the model.

6.2 Various Roundabout Forms

Figure 6.10: Symmetric multi-lane roundabout with constant radii; 3 entry lanes(2 out of 3 actually enter)
and 2 exiting lanes each

Figure 6.10 shows the existing multi-lane roundabout in Eindhoven. This roundabout contains two lanes
inside. The virtual lanes drawn in the figures follows the first step introduced in the previous section(take
the nearest (possible) exit). However, the virtual lanes shown in pink in the figure does not actually enter
the roundabout, but use additional lanes that are not part of the roundabout. Therefore, it is necessary
to improve the method to detect such lanes and treat them differently from other lanes. Alternatively, a
solution could be to allow for the existence of lanes that do not intersect, although there is a risk that lanes
that should intersect will not intersect. Additionally, knowing which lanes should intersect which circular
lanes is important for proper placement of event points.

Figure 6.11: Symmetric multi-lane roundabout with inconstant radii
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Figure 6.11 shows another existing roundabout in Eindhoven. This roundabout does not have a constant
radius for the circular lanes. Since the current method assumes that the radii of the circular lanes are
constant, it is necessary to rewrite the function that constructs the lanes to account for changes in radius.
A solution can be to just use the Bezier curve. Furthermore, in this case, since the circular lane is not a
perfect circle, it is also necessary to define the start and end points of it.
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Chapter 7

Appendix B: Matlab Implementation

This section describes how the graphical representation and realistic visualization of the road network, the
construction of paths and the execution of path planning are implemented in Matlab.

7.1 Input Data
Firstly, the code below shows an example of how the road network information described in subsection 2.4.1
are input to Matlab.

1 R(5) . n l =[1 , 1 ] ; %number o f l ane s in each d i r e c t i o n

2 R(5) .w=3.5;%Width o f the lane

3 R(5) . p l=[ l i n s p a c e (0 , 20 , 100) ’ , l i n s p a c e (0 , 0 , 100) ’ ] ;%lane po s i t i o n s e t

4 R(5) . pa (1 ) . n=3;%number o f parking l o t s

5 R(5) . pa (1 ) . l =6;%length o f a parking l o t

6 R(5) . pa (1 ) .w=3;%width o f a parking l o t

7 R(5) . pa (1 ) . s =0.3;%s t a r t i n g po int o f a parking l o t . e . g . 0 .3∗ t o t a l l ength o f a road

8 R(5) . pa (2 ) . n=3;%Parking l o t on the other s i d e

9 R(5) . pa (2 ) . l =6;

10 R(5) . pa (2 ) .w=3;

11 R(5) . pa (2 ) . s =0.1;

12
13 C. i =1;%i n t e r s e c t o i n id

14 C.w=3.5;%width o f v i r t u a l l ane s

15 C. p i c =[35 , 0 ] ;%cente r o f an i n t e r s e c t i o n

16 C.T=[0 , 1 , 0 , 1 , 0 , 1 , 0 , 1 ;%t r a f f i c matrix

17 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ;

18 0 , 1 , 0 , 1 , 0 , 1 , 0 , 1 ;

19 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ;

20 0 , 1 , 0 , 1 , 0 , 1 , 0 , 1 ;

21 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ;

22 0 , 1 , 0 , 1 , 0 , 1 , 0 , 1 ;

23 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ;

24 ] ;

25 C. Ic =[1 , 2 , 5 , 6 ] ;%Road segments connected at the i n t e r s e c t i o n

26
27 D(1) . n l =1;%Number o f c i r c u l a r v i r t u a l l ane s o f a roundabout

28 D(1) . r =18.25;%Radius o f a c i r c u l a r v i r t u a l lane o f a roundabout

29 D(1) .w=3.5;%Width o f the v i r t u a l l ane s

30 D(1) . p i c =[80 , 0 ] ;%Center o f the roundabout

31 D(1) . I c =[2 , 3 , 4 ] ;%Road segments connected at the roundabout

7.2 Road Segments

The code below computes the position of the lane centers in case of multi-way road segments. R(i).l(1).p
contains function flip() to match the direction of travel.

1 R( i ) . l ( 1 ) . p=f l i p ( [R( i ) . p l ( : , 1)−R( i ) .w/2∗ cos ( p i/2−R( i ) . ang le ) , R( i ) . p l ( : , 2)+R( i ) .w/2∗ s i n ( p i/2−R(
i ) . ang le ) ] ) ;%po s i t i o n o f a lane
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2 R( i ) . l ( 2 ) . p=[R( i ) . p l ( : , 1)+R( i ) .w/2∗ cos ( p i/2−R( i ) . ang le ) , R( i ) . p l ( : , 2)−R( i ) .w/2∗ s i n ( p i/2−R( i ) .
ang le ) ] ;

The code below computes the position of the event points inside the parking lots and along the lane to
access the parking lots. R(i).dpl cumsum is the cumulative sum of the road length and it is used together
with R(i).pa(1).s to compute the where the parking lot starts. dist s point relative indicates position of
the event points inside the parking lots and it is the relative distance from the start point of the parking lot.
After the parking location expressed as the length of the road segment from the start point to the location
of the parking event point is found, the row data is interpolated to have exactly equal data point(s) to their
coordinates as written in line 9-10. Same procedure is taken for boundary line computation.

1 R( i ) . dpl cumsum=[0; cumsum( sq r t (R( i ) . dpl ( : , 1) .ˆ2+R( i ) . dpl ( : , 2) . ˆ 2 ) ) ] ;%Cummulative sum of the
road length

2 R( i ) . pa (1 ) . s e i d=round ( l ength (R( i ) . p l ) ∗R( i ) . pa (1 ) . s ) ;%index in row data o f p o s i t i o n data where
parking spot s t a r t s and ends

3 R( i ) . pa (1 ) . d i s t s=R( i ) . dpl cumsum−max(R( i ) . dpl cumsum ) ∗R( i ) . pa (1 ) . s ;%d i s t ance between cummulative
sum at s t a r t i n g po s i t i o n o f parking l o t and road segment

4 d i s t s p o i n t r e l a t i v e =[2 , 4 ] ;%Distance between the 2 po in t s in a parking l o t and a point to a c c e s s
i t

5 d i s t s p o i n t = [ ] ;

6 f o r j =0:R( i ) . pa (1 ) . n−1

7 d i s t s p o i n t =[ d i s t s p o i n t , d i s t s p o i n t r e l a t i v e +( j ∗6) ] ;%Locat ion o f po in t s in parking l o t s
in terms o f l ength o f road segment .

8 end

9 R( i ) . pa (1 ) . p=in t e rp1 (R( i ) . pa (1 ) . d i s t s , R( i ) . pl , d i s t s p o i n t ) ;%coo rd ina t e s o f po in t s on a road
segment used to f i nd the p o s i t i o n s o f parking l o t s

10 R( i ) . pa (1 ) . ang le=in t e rp1 (R( i ) . pa (1 ) . d i s t s , R( i ) . angle , d i s t s p o i n t ) ’ ;%Angle o f the coo rd ina t e s
o f po in t s on a road segment used to f i nd the p o s i t i o n s o f parking l o t s

11
12 R( i ) . pa (1 ) . p=[R( i ) . pa (1 ) . p ( : , 1)−(R( i ) .w. ∗ ( sum(R( i ) . n l ) /2)+R( i ) . pa (1 ) .w/2) .∗ cos ( p i/2−R( i ) . pa (1 ) .

ang le ) , R( i ) . pa (1) . p ( : , 2)+((R( i ) .w. ∗ ( sum(R( i ) . n l ) /2)+R( i ) . pa (1 ) .w/2) ) .∗ s i n ( p i/2−R( i ) . pa (1 ) .
ang le ) ] ;%Coordinates o f parking l o t s

13 R( i ) . l ( 1 ) . ang le=in t e rp1 (R( i ) . dpl cumsum ’ , R( i ) . angle , [ 0 , l i n s p a c e ( R( i ) . pa (1 ) . s ∗R( i ) . dpl cumsum (
end ) , R( i ) . pa (1 ) . s ∗R( i ) . dpl cumsum ( end )+R( i ) . pa (1 ) . l ∗R( i ) . pa (1 ) . n , R( i ) . pa (1 ) . n+1) , max(R( i ) .
dpl cumsum ) ] ) ; %angle o f the road segment ( lane ) at the po int on lane to ac c e s s parking l o t

14
15 po int s pa= int e rp1 (R( i ) . pa (1 ) . d i s t s , R( i ) . pl , 6∗ l i n s p a c e (0 , R( i ) . pa (1 ) . n , R( i ) . pa (1 ) . n+1) )+[−((R(

i ) .w/2 .∗ ( sum(R( i ) . n l )−1) ) ∗ cos ( p i/2−R( i ) . l ( 1 ) . ang le ( 2 : end−1) ) ) ’ , ( (R( i ) .w/2 .∗ ( sum(R( i ) . n l )−1) ) ∗
s i n ( p i/2−R( i ) . l ( 1 ) . ang le ( 2 : end−1) ) ) ’ ] ; %po s i t i o n s o f the parking l o t s

16 R( i ) . l ( 1 ) . P set=[R( i ) . l ( 1 ) . P set (1 , : ) ; po in t s pa ; R( i ) . l ( 1 ) . P set (2 , : ) ] ;%Event po in t s on the
road segment

7.3 Intersection
The following code calculates the distance from each data point on the boundary and lane to the center of
the intersection. The minimum value of this distance is the start and end point.

1 norm l1=sq r t ( (R(C( i ) . I c ( j ) ) . l ( 1 ) . p ( : , 1)−C( i ) . p i c (1 ) ) .ˆ2+(R(C( i ) . I c ( j ) ) . l ( 1 ) . p ( : , 2)−C( i ) . p i c (2 )
) . ˆ 2 ) ;%Distance o f lhe lane cente r to the cente r o f i n t e r s e c t i o n

2 norm l2=sq r t ( (R(C( i ) . I c ( j ) ) . l ( 2 ) . p ( : , 1)−C( i ) . p i c (1 ) ) .ˆ2+(R(C( i ) . I c ( j ) ) . l ( 2 ) . p ( : , 2)−C( i ) . p i c (2 )
) . ˆ 2 ) ;

3 norm b1=sq r t ( (R(C( i ) . I c ( j ) ) . boundary1 ( : , 1)−C( i ) . p i c (1 ) ) .ˆ2+(R(C( i ) . I c ( j ) ) . boundary1 ( : , 2)−C( i ) .
p i c (2 ) ) . ˆ 2 ) ;%Distance o f boundary l i n e to the cente r o f i n t e r s e c t i o n

4 norm b2=sq r t ( (R(C( i ) . I c ( j ) ) . boundary2 ( : , 1)−C( i ) . p i c (1 ) ) .ˆ2+(R(C( i ) . I c ( j ) ) . boundary2 ( : , 2)−C( i ) .
p i c (2 ) ) . ˆ 2 ) ;

The following code construct a Bezier curve to connect associated boundary lines in an intersection in case
3rd-order Bezier curve is used. Lines 2 and 3 ensure that the gradient m b perpendicular is always integer.
p b mid is the mid point of two points to be connected and this is used to compute two intermediate control
points p2, p3.

1 m b perpendicu lar=−2/(C( i ) .m b(2∗k+1)+C( i ) .m b(2∗k+2) ) ;

2 m b perpendicu lar ( i s i n f ( m b perpendicu lar ) )=1e13 ;

3 m b perpendicu lar ( i snan ( m b perpendicu lar ) )=1e−13;

4
5 p b mid=mean(C( i ) . p b ((2∗ k+1) : ( 2∗ k+2) , : ) ) ;

6 y i n t b p e rp end i c u l a r=p b mid (2)−m b perpendicu lar ∗p b mid (1) ;

7 x2=(y in t b pe rp end i cu l a r −C( i ) . y i n t b (2∗k+1) ) . / (C( i ) .m b(2∗k+1)−m b perpendicu lar ) ;

8 y2=C( i ) .m b(2∗k+1)∗x2+C( i ) . y i n t b (2∗k+1) ;
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9 y i n t b p e rp end i c u l a r=p b mid (2)−m b perpendicu lar ∗p b mid (1) ; %y−i n t e r e p t o f a l i n e pe rpend i cu la r
to the one with the mean o f a s e t o f entry / e x i t lane

10 p2=[x2 , y2 ] ;

11 x3=(y in t b pe rp end i cu l a r −C( i ) . y i n t b (2∗k+2) ) /(C( i ) .m b(2∗k+2)−m b perpendicu lar ) ;

12 y3=C( i ) .m b(2∗k+2)∗x3+C( i ) . y i n t b (2∗k+2) ;

13 p3=[x3 , y3 ] ;

14
15 P bez=[C( i ) . p b (2∗k+1, : ) ; [ x2 , y2 ] ; [ x3 , y3 ] ;C( i ) . p b (2∗k+2, : ) ] ;%Control po in t s to draw be z i e r

curve to connect the boundary l i n e s

16 C( i ) . boundary connect (k+1, : )= s imp l i f y (B 3∗P bez ) ;

7.4 Roundabout
Same procedure as one for intersection is taken for finding start and end point is taken at roundabout.
D(i).dpol is the gradient of the contour line at the start and end points and is used to compute the coordinates
of the control points connecting the boundary lines.

1 D( i ) . o l =[(D( i ) . r+D( i ) .w/2) ∗ cos ( t )+D( i ) . p i c (1 ) , (D( i ) . r+D( i ) .w/2) ∗ s i n ( t )+D( i ) . p i c (2 ) ] ;%Outer
rad iu s o f a roundabout

2 D( i ) . do l=d i f f (D( i ) . o l ) ;

3 D( i ) . po l =[(D( i ) . r+D( i ) .w/2) ∗ cos (D( i ) . d ang le )+D( i ) . p i c (1 ) , (D( i ) . r+D( i ) .w/2) ∗ s i n (D( i ) . d ang le )+D(
i ) . p i c (2 ) ] ; %Star t /end po in t s where the c i r c u l e should be drawn

4 D( i ) . dpol=vpa ( subs (D( i ) . dol , D( i ) . d ang le ) ) ;

5 D( i ) . m pol=D( i ) . dpol ( : , 2) . /D( i ) . dpol ( : , 1) ;

6 D( i ) . y i n t p o l=D( i ) . po l ( : , 2)−D( i ) . m pol .∗D( i ) . po l ( : , 1) ;

7
8 D( i ) . p b c =[(D( i ) . y i n t po l −D( i ) . y i n t b ) . / (D( i ) .m b−D( i ) . m pol ) , D( i ) . m b . ∗ (D( i ) . y i n t po l −D( i ) .

y i n t b ) . / (D( i ) .m b−D( i ) . m pol )+D( i ) . y i n t b ] ;%I n t e r s e c t i o n po int o f the boundary l i n e s

7.5 Construction of physical paths and assignment to correspond-
ing edges

To identify event points, the index number of p, an array of all event points, is used as the node ID. The
following code shows how to assign edges to lanes of a road segment and construct a physical path using
the Matlab function ismember() to find the index number of p of event points along the road segment and
assign the start point of an edge to the edge’s assign to s, the set of all start points, and to u, the set of all
end points of the edge. At the same time, the physical path corresponding to the edge is computed (lines
5-14) and assigned to ’edgep’.’ s’, ’u’ and ’edgep’ are later combined to create a dataset with the full set
of start and end points of the edge and the corresponding physical paths. bez lane fit is a function that is
created to approximate lanes of road segments.

1 i ndex s=ismember (p , R( i ) . l ( j ) . P set (k , : ) , ’ rows ’ ) ;

2 index u=ismember (p , R( i ) . l ( j ) . P set ( k+1, : ) , ’ rows ’ ) ;

3 s=[s , f i nd ( index s==1) ] ;

4 u=[u , f i nd ( index u==1) ] ;

5 i f s i z e (R( i ) . l ( j ) . m func , 1)==0 %Fit the lane po s i t i o n

6 R( i ) . l ( j ) . l f u n c =[R( i ) . l ( j ) . l f u n c ; b e z l a n e f i t (R( i ) . l ( j ) . p (R( i ) . l ( j ) . p id (k ) :R( i ) . l ( j ) . p id (
k+1) , : ) , [ ] ) ] ;

7 e l s e

8 R( i ) . l ( j ) . l f u n c =[R( i ) . l ( j ) . l f u n c ; b e z l a n e f i t (R( i ) . l ( j ) . p (R( i ) . l ( j ) . p id (k ) :R( i ) . l ( j ) . p id (
k+1) , : ) , R l m func (1) ) ] ; %To maintain cont inu i ty , use the s l ope o f the lane at the
s t a r t i n g po int o f the data

9 end

10 R( i ) . l ( j ) . m func=[R( i ) . l ( j ) . m func ; d i f f (R( i ) . l ( j ) . l f u n c ( end , 2) ) . / d i f f (R( i ) . l ( j ) . l f u n c ( end , 1) )
] ;

11 R( i ) . l ( j ) . ang l e func=[R( i ) . l ( j ) . ang l e func ; atan2 ( d i f f (R( i ) . l ( j ) . l f u n c ( end , 2) ) , d i f f (R( i ) . l ( j ) .
l f u n c ( end , 1) ) ) ] ;

12 R l m func=matlabFunction (R( i ) . l ( j ) . m func ( end )+1e−13∗ t ) ; %matlabFunction to avoid g e t t i ng e r r o r s
due to d i v i s i o n by 0

13 edge p ( end+1) . l f u n c=R( i ) . l ( j ) . l f u n c ( end , : ) ;

14 edge p ( end ) . range =[0 , 1 ] ;

The entire set of physical routes, edges, and nodes have been prepared now. Based on this information,
a graphical representation of the road network and a path conversion from the road network graph to the
physical road network are performed.
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